CHAPTER 1

Fourier transforms on the hyperbolic space

1. Basic geometry in the hyperbolic space

1.1. Upper-half space model. We begin with reviewing elementary geo-
metric properties of the hyperbolic space H". Throughout this note, H" is the
Euclidean upper-half space

(1.1) R" = {(z,y); zeR" y >0}
equipped with the metric
s |daf + (dy)?
v
In the following, for v = (vq,--- ,v4) € R%, |v] means its Euclidean length : |v| =

( Z?:l 1%2) 1/2-

Theorem 1.1. (1) The following 4 maps are the generators of the group of
tsometries on H" :
(a) dilation : (x,y) — (Az,\y), A >0,
(b) translation : (x,y) — (v +v,y), v € R*71,
(c) rotation : (x,y) — (Rz,y), R € O(n —1),
(d) inversion with respect to the unit sphere centered at (0,0) :

(1.2) ds

Sz = (&)
(z,y) — (Z,7) EEEmmEE

(2) Any isometry on H" is a product of the above 4 isometries.

Proof. The assertion (1) follows from a direct computation. We use

de 2x dy 2y
=5~ adn dy=15 - 3
where 72 = 22 + y?, T = x/r?, § = y/r?, to prove (d). The proof of the assertion

(2) is in [15] pp. 21, 24. O

Recall that the inversion with respect to the sphere {|z — x| = r} is the map:
x — r%(x — x0)/|r — 20| + 19. We give examples of the isometry in H? and H3,
which can be proved by a straightforward computation.

1.2. H? and linear fractional transformation. When n = 2, it is conve-
nient to identify a point (z,y) € H? with the complex number z = x + iy. For a
matrix

a b
= (0 )) esiem)

11



12 1. FOURIER TRANSFORMS ON THE HYPERBOLIC SPACE

the linear fractional transformation

defines an isometry on H?2.

1.3. H? and quarternions. Represent a point (1,22, 73) € H? by a quar-
ternion

Z—.’E11+$2i+$3j—<x1+2$3 T2 >

—X9 X1 — il’g

with k-component equal to 0 ; then H? C Q. For a matrix

a b
v = ( . d > € SL(2,0),
the Mobius transformation
z—y-z:=(az+b)(cz+d)".

acts from H® to Q. Using ad — bc = 1, straightforward although lengthy com-
putations show that v - z actually belongs to H3. Thus 7 defines an isometry on
H3.

1.4. Geodesics. The equation of a geodesic in a Riemannian manifold with
metric ds? = gijdx*da’ is
d?z* p dat dx?

@
ot — Lo (0%n | O9in _ 09i
Y2 dxrt  Oxd  Qxp )’
where (g%/) is the inverse matrix of (g;;). It is well-known that this may be rewritten
as Hamilton’s canonical equation with Hamiltonian h(z, &) = % gIE&iE;:

de'  Oh  d&  Oh

dt — 8¢ dt ozt

. . . 8gij . 89;” .
(One can check it directly by using the formula B —g* [ ==X ) g™). In the

™ ox™
case of H”, with (&, 7n) dual to (z,y), Hamilton’s equation turns out to be
de 4 dy _ 4
g VS =Y
d§ dn 2 2
S0, Yo .
%0 We (e + )

Hence & does not depend on . If § = 0, the curve becomes a straight line {z = x(0)}.
When & # 0, (z(t),y(t)) moves in the 2-dimensional plane spanned by 2 vectors
(£,0) and (0,1), which is denoted by II. We use the same (z,y) to denote the
rectangular coordinates on II. Since the energy h is conserved, y(t)?(|¢]? + n(t)?)
is a constant, which is denoted by 2FE. Then n? = 2E/y? — |£|?, which implies

r_dy _ A 28

y = — = — 1, - -
dz [¢] v [€1?

Solving this equation, we get (z + B)? + y? = A. We have thus proven
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Lemma 1.2. There are only two kinds of geodesics in H™ :
(a) the hemi-circles with center on the hyperplane {y = 0},
(b) the straight lines perpendicular to the hyperplane {y = 0}.

We see by Lemma 1.2 that for two points P, € H"™, there exists only one
geodesic passing through P and Q).

Lemma 1.3. For two points (a,b), (a’,b') € H", there exists an isometry which
maps (a,b) to (0,1) and (a’,b") to (0,c), where

tanh llog |\ 2 _ la—d ]+ (b-V)?
2 la—a'|2+ (b4 V)%

Proof. By the following isometries, (a,b) is mapped to (0,1) :

(a,b) — (%, 1) (dilation) — (0,1) (translation).
Then (a’, ') is mapped to (“/;“7 %). Therefore, we have only to show that for any
(x,y) there exists an isometry which maps (z,y) to (0,c¢) with suitable ¢ leaving
(0,1) invariant. The problem is then reduced to 2-dimensions. Consider the linear
fractional transformation by

_ cosf —sinf
T sing cosf )

which leaves i invariant. Then for given z = x + iy,

|2°~1

=5—sin 20 + x cos 20 + iy
|z sin @ + cos 6|2

By choosing # so that the real part vanishes, we get the isometry which maps x + iy
to ic. Let us compute c. Assuming that x > 0, by our choice of 6,

vz =

1—z)? 2z
20 = in20 = .
TP A T [ ) e
Therefore
1 21— |22
|zsinf + cos 0] = +2|Z‘ + 2|Z| cos 20 + x sin 20
1
= SR (=) 40?7
hence
. 2 Ll (o) 0?12
14|22 4 (1 — |2[2)2 4 422)"/2 2y '
This implies
2 2
tanh | log | _ 1+ || 2y.
2 14 2|2 +2y
Putting x = |a — d’| /b,y = b’ /b, we complete the proof of the lemma. O

The hyperbolic distance from (0,1) to (0,c¢) is given by

“d
/ y‘ = |logc|.
1 Y

This and Lemma 1.3 imply the following formula.
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Lemma 1.4. The hyperbolic distance d = d((z,y), (2',y’)) between (z,y) and
(z',y') is given by

d 2 )2 12
<tanh> _ e Prly -y
2 o — 2P+ ly +y'|?

From this lemma, we get

2 —2'|> + |y —v/|?

1
(1.3) §(coshd —-1) = Ty

Lemma 1.5. The geodesic sphere in H" 1s a Fuclidean sphere.

For example the geodesic sphere in H™ with center (0,1) and radius r > 0 is
written as

lz)? 4 (y — (14 26))* = 45(1+6), & = (coshr —1)/2.

This is a Euclidean sphere with center (0, coshr) and radius sinhr.
The following formula is a corollary of the previous considerations :

(1.4) ds? = (dr)? + sinh® (d6)?,

where (r,60) € [0,00) x S"~! are geodesic polar coordinates centered at (0,1), and
(d6)? is the standard metric on S™~1.

1.5. Estimate of the metric. Let dj(x,y) be the hyperbolic distance be-
tween (z,%) and (1,0). For w € R?, we put (w) = (1 + |z|?)'/2, and define

(1.5) po(x,y) = log(z) + (logy).

Lemma 1.6. There exists a constant Cy > 0 such that on H"

Proof. By (1.3), coshdy, = (|z|?> +y?+1)/(2y). If y is small, e?» ~ (|z|2+1)/y,
and we obtain the lemma easily. If y is large, e ~ y + |2|?/y. The estimate from
above is easy, since e < C(y + |z|?). The estimate from below is obtained by

cosidering two cases y > +/|z| and y < +/|z|. O

2. Besov type spaces

-~

The Fourier transform f(€) of a function f(x) on R™ becomes smooth if f(z)

~

decays rapidly at infinity, and we can restrict f(£) on a hypersurface in R"™. The
best possible space to describe the relation between the decay at infinity of R™ and
the restriction of its Fourier transform on a hypersurface was found by Agmon-
Hormander [2]. Let us point out that Murata ([106], [107]) had discovered this
space in his study of the asymptotic behavior at infinity of solutions of linear partial
differential equations. This space furnishes a natural framework to characterize
solutions to the Helmholtz equation. We introduce this space for H™.
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2.1. The Besov type space. Let h be a Hilbert space endowed with inner

product (, ) and norm || - ||n. We decompose (0, 00) into (0,00) = Ugez Ik, where
(exp(eF~1), exp(e®)], E>1
I = (e‘l,e], k=0

(exp(—e‘k‘),exp(—e'k‘*l)], kE<-—1.
We fix a natural number n > 2 and put
dy
du(y) = —

Definition 2.1. Let B be the space of h-valued function on (0, c0) satisfying

1/2
1flls = Zelk/2</ £ ()17 dpa )) < o0.

kEZ

Lemma 2.2. (1) The following inequality holds :

/0 Y02 () Indp(y) < Cllf s, VS € B

(2) For any T € B*, there exits a unique vy € L? ((0,00);h) such that

() = /0 T (Fw)or () duly). Vf € B,

1/2
Il = sup e~ 4172 ( / ||vT<y>||%du<y>) .
keZ Iy

Proof. By the Schwarz inequality, we have

* e dy dy\ "/ FWIR  \Y?
[T <35 ([ ) () M)
0 Yy A I, Y Iy Yy

Since flk dy/y < CelFl we get the assertion (1).
Let T}, be the restriction of T on L?(Ij;H). Then we have for f which vanishes
outside I

1/2
L) = 0 < 12 = 170 ([ 1 wlRau)
Therefore by the theorem of Riesz, there exists v( )( ) € L*(Ix;'H) such that

1) = [ ()2 W), dutw). vF € (i),

Iy

1/2
(/ 1) () ||hdu<y>) < T2,

Putting vr(y) = ’Ugﬂ )( ), y € Ii, we then have

1/2
s 141 ( / |vT<y>||%dﬂ<y>) < Il
k
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Let xi be the characteristic function of I. Then for any f € B

T(f) = > T(xf)
k

k

= X[ (t0.Fw), )

= /0 (f(y), vr(y)n du(y).

We now put

1/2 1/2

ay = elI/2 (/ ||f<y>||idu(y>) , bk—e—kw( ||vT(y>|%du<y>)
I Iy
Then since
T(f)] < Z/ ILf @) Inllvr(y) |nde(y)
PRl
<

D agb <> ax (SuPbk> ;
K K k
we have ||T']| < supy, bg.
By this lemma, B* is identified with the Banach space with norm

1/2
lolls- = sup e~ 1k1/2 ( IIU(y)IIidu(y)> .
kEZ Iy

However, the following norm is easier to handle.

Lemma 2.3. There exists a constant C > 0 such that

1/2
Cllvlls- < (Sup / ||U(y)||id/~0(y)> < C7 M5~
R %<y<R

se log R

Proof. We put

_ 1
A=swpe ™ [ o)lRde. B=sw o [ uwlide
kez I R>e log R J1oycr
For any € > 0 there exists k € Z such that

e lo(y)ladn > A - e
Iy
By putting log R = e!*I, we have

1 / 2 —k|/ 2
v(y)|ldu > e v(y)||Ldu-

This implies B > A.
On the other hand for any € > 0 there exists R > e such that

1 / 5
v(Y)||lndy > B —e.
e L
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Choosing k € Z such that exp(ef) < R < exp(ek“) we then have

1 / 9
o) 2dn < /ﬁuv )12 dp
log R <y<R p|§+1
Z Pl < CA. O
\|<k+1

Definition 2.4. We identify B* with the space equipped with norm

1/2
* 1 / 2
ullg = | sup —— w(y) ||y dp < 00.
Juls (habgR o )

The following inequality holds :

Uwﬂ—(Amﬁw%Mwm¢4§CWHMWMa

Lemma 2.5. (1) The following assertions (2.1) and (2.2) are equivalent.

1
2.1 lim 2du=0.
( ) R—oo logR/ < <R||u<y)”h 1%

2.2 lim
(2:2) Ao logR/ (logR

(2) A function u belongs to B* if and only if

*  logy ) o
| oL utwlfan < . Ve )

Mlu@)llzdu =0, Vpe C5°(R).

su
roe log R
Proof. To prove (1), we have only to note that (2.1) is equivalent to

2.3 li
( ) Rl—r>noo log R

[l =0, —oo<va<wb<o.
Ro<y<Rb
Indeed, letting R = R, ¢ = max {|al, |b|}, in (2.1), we get (2.3). Lettinga =1, b=

—11in (2.3), we get (2.1). Since a and b are arbitrary, (2.3) is equivalent to (2.2).
The assertion (2) is proved similarly. O

In the upper half-space model R, we represent a point of R} as (z,y),z €
R" !y >0, and put h = L2(R"1).

2.2. Weighted L? space. The following spaces are also useful.

Definition 2.6. For s € R, we define the space L?* by
we I e ulfd = [ (14 ogal P July) I} duy) < o.
0

Lemma 2.7. For s > 1/2, we have the following inclusion relations :

> CcBCL*?c?cL?>Y?2cB cL>>.
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Proof. We put

ap,s = (/Ik(l + |logyI)ZSIIU(y)IIidu(y)>1/2~

Since
Clelfl <14 |[logy| < cel*l. yelr,
we have
C el layy < aps < CelMlay.

This implies

[ullij2 = Z(ak,1/2)2 < Zam/z < CZG““I/Qak,o = Cl|u[.
\/ k k k

Letting € = s — 1/2 > 0, we have

lullg = e Meela, o < 0> e Wea, , <0 ai )V = Clluls.
k k k

These two relations yield L>* ¢ B ¢ L*'/2. Passing to the dual spaces, we have
L2712 cBr c L?7*, O

3. 1-dimensional problem

3.1. Some facts from functional analysis. Let us recall basic terminolo-
gies. A densely defined linear operator A on a Hilbert space H is said to be sym-
metric if (Au,v) = (u, Av), Yu,v € D(A). If A is symmetric, D(A) C D(A*) and
A*u = Au for u € D(A). A symmetric operator A is said to be self-adjoint if
D(A*) = D(A). The closure A of a symmetric operator A is defined as follows:
u € D(A), Au = f if and only if there exists {u,} € D(A) such that u, — u,
Au,, — f. A symmetric operator A is said to be essentially self-adjoint if A is
self-adjoint. A is essentially self-adjoint if and only if Ker (A* 4 4) = {0}. This is
equivalent to Ker (A* — z) = {0} if Imz # 0. For the proof of these facts, see e.g.
[115], Vol. 1 and Vol. 3.

Suppose we are given a differential operator A = a(y)d2 + b(y)dy + ¢(y) on the
interval (0,00). We shall assume that the coefficients of A is sufficiently smooth,
a(y) # 0 on (0,00), and that there exists a function p(y) > 0 such that A|Cg°((0,oo))
is essentially self-adjoint in H = L?((0, c0); p(y)dy). For Imz # 0, let yo(y) and
©¥oo(y) be non-trivial solutions of (A — z)u = 0 on (0,00) such that

vo(y) € L2((0,1); p(y)dy),  pooly) € L*((1,00); ply)dy).
Lemma 3.1. ¢o(y) and ¢ (y) are linearly independent.

Proof. If they were linearly dependent, then ¢q(y) € H. Therefore, since A is
self-adjoint, ¢o(y) = 0, which is a contradiction. O

Let W (y) be the Wronskian:

W (y) = 0o(y)#he (¥) — £0(1)Psc(y) # 0
and define the Green function G(y,y’) by

1 { o W)ps(y), 0<y<y,

CO-9) = L@ | em(m)eol)s 0 <y <.
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The integral operator

GI) = | Gl 1w )ot) )y
0
is called the Green operator of A — z. Let || - || be the norm in H.

Lemma 3.2. (1) IfImz # 0,
b
[Tm 2|

IGSII < £

(2) For fe H, (A—2)Gf = f.

Proof. (1) is a standard fact (see e.g. [115] Vol 1). For f € C§°((0,00)), we
put u = Gf. One can then find a small € > 0 such that v = Cp(y) for y < € and
u = C'pso(y) for y > 1/e. Hence u € H. Using (A — 2)po = (A — 2)po = 0, we
have, by a direct, computation

/ ap
(A= 2)u = (popo — 906%000) Wf = f.

This implies that G = (A — 2)~! on C§°((0,00)), and proves (2) for such f’s. As
1(A)7Y| < [tmz|~", by approximating f € L*((0,00)) by fn € C5°((0,00)), we
obtain (1) and (2) for the whole H. O

We explain the elliptic regularity theorem in the 1-dimensional case. Let I C R
be an open interval and A = —d?/dz? + a1 (x)d/dz +ao(z) be a differential operator
with smooth coefficients. The formal adjoint A is defined by

Alpla) =~ o(a) - (a(@le(a)) + ar(@ela)

A function u(x) is said to be a weak solution of the equation Au = f on I if
[ @ ATe@de = [ s, Ve e o).
I I

Lemma 3.3. If u is a weak solution to the equation Au = f on I with f €
C>(I), then actually uw € C*(I) and Au = f holds in the classical sense.

Proof. By Corollary 3.1.6 of [55], we have u € C?(I) if, e.g. f € C*(I). Since
u/(x) is a weak solution to the equation

dx

we have v/ € C?(I), hence u € C3(I). Repeating this procedure, we prove the
lemma. O

d2 / d / / /
*@+(a1+a1)—+ao U :f — Ay,

3.2. Bessel functions. We summarize basic knowledge of Bessel functions
utilized in this note. For the details, see [103], [94] and [131].

The modified Bessel function (of 1st kind) I,(z) with parameter v € C is
defined by

(3.1) I,(z) = (;)Vzm, z € C\ (—00,0].

n=0

It is related with the Bessel function J,(z) by
L(y) = e ™2 ], (iy), y>0.
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The following function K, (z) is also called the modified Bessel function, or the
K-Bessel function, or sometimes the Macdonald function:

EI,V(Z) _IV(Z)
2 sin(vm)
K,(z)=K_,(2) = VHL%K”(Z)’ neZ.

(3.2) K, (z)= , véZ,

These I,,(z), K, (z) solve the following equation

22U+ 2 — (22 +v?)u =0,

and have the following asymptotic expansions as |z| — oo:
e? e—z+(l/+1/2)7‘ri

T 7r
3.3 I,(z) ~ + , |zl —m oo, —— <argz < —,
(3.4) K,(z) ~ ,/216%, |z| = 00, —m<argz<m.
z
The asymptotics as z — 0 are as follows:
1 Z\"

3.5 I(2) ~ —— (7) :
(3:5) SRS TTESIAC:

T 1 z\ 7V 1 Z\V
3.6 Ky (2) ~ — (7) S (7) , Z
(3:6) (2) 2sin(vm) (I‘(l —v) \2 IF'1+wv)\2 v ¢

—logz, n=0,

K, (2) ~
(2) {2"_1(n—1)!z_", n=0,1,2,--

Let n > 2 be an integer, and a parameter ¢ € C satisfy Re({ > 0. We consider
the differential operator

12
(3.7 Lo(©) = y?(~32+ ) + (n — 2, — 2
on the interval (0,00). Let (, ) be the inner product of L?((0,0); dy/y™). We have
(3-8) (L0<C>uvv> = (U,LQ(C)U), Vu,v € C°((0, OO))

When (¢ # 0, the equation (Ly(¢) +v?)u = 0 has two linearly independent solutions
y"ILL(Cy), vV PKL(Cy),

and when ¢ = 0 and v # 0, these two linearly independent solutions are y

Theorem 3.4. If ( > 0, Ly

n—1
ooEr,

(<)|C°’°((0 wo)) 8 essentially self-adjoint.
0 5

Proof. We have only to show that
(u, (Lo(¢) £i)p) =0, Vo € C5°((0,00)) = u = 0.
Suppose (u, (Lo(¢) + i)p) = 0, Ve € C§°((0,00)). Then by Lemma 3.3, u €
C*((0,00)) and (Lo(¢) —i)u = 0 holds in the classical sense. Picking v =
exp(—mi/4), we have
u=ay" V2L (Cy) + by "V (Cy).
Since u € L?((1,00);dy/y"™), we have a = 0 by (3.3). Since Rerv > 0 and u €
L2((0,1);dy/y™), we also have b = 0 by (3.6). When ¢ = 0, u is written as
u = ay(n—l)/Q—i-a—iﬁ + by(n—l)/Q—a—H,B’ Oé,ﬂ >0
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Asabove a = 0, since u € L2((1,00));dy/y™), and b = 0 since u € L?((0,1)); dy/y").
O

3.3. Green function. We construct the Green function of Ly(¢) + v? when
Re ¢ > 0. In the following we always assume that

veé&Z, Rev>0.
Definition 3.5. We put
(yy") "V PE,(Cy)L(CY), vy >y >0,
(yy") "V PL(CY) K (CY), ¥ >y >0
and define the integral operator Go((,v) by

Go(C,v) f(y) = /OOO Go(y,y':¢,v) f(y) (Z}yyf

Lemma 3.6. (Lo(¢) + v*)Go(C,v)f = £, Vf € Cg°((0,00)).

Go(y,y';¢,v) = {

/

Proof. Using the equality

LK) ~ ()KL (2) =
we have
(v L) (y(”’””Ku(Cy))/
~ (s w) (5 EC)) =
We then compute as in the proof of Lemma 3.2 (2). O

Lemma 3.7. The Green function Go(y,y’;(,v) is analytic with respect to ¢
when Re > 0, and the following inequalities hold.

(3.9) 1Goly, v ¢, v)| < Clyy) 172,
C
(3.10) Gol(y,y'3¢, )| < m(yy’ﬂ”*”/z,
0 C
(3.1) [5G0l '3 )| < (G )2y + ),

Here the constant C' depends on v, but is independent of ( when Re{ > 0.
Proof. By virtue of (3.3) ~ (3.6), we have

|Z| fev —1/2 _Rez
. v < )
(3.12) L(z) <C (1 TE) T
’Z| —Rev
. < 71/2 —Rez
(313) el () arlh

Since t/(1 + t) is monotone increasing for ¢ > 0 , we have for y >y’ > 0
e_RGC(y_y,)

(1+ Iy 21+ [Cy' )2

1K, (Cy) L (Cy) < C
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Hence,
e_Regly_yll
(14 [CyD'2 (1 + [Cy')1/2
which implies (3.9), (3.10). By the following formulas
(3.15) 210(2) = I-1(2) + T (2),
—2K(2) = Ky-1(2) + Kuqa(2)
(see e.g. [103] p. 173) and (3.3) ~ (3.6), we have

Rev
|zI;<z>|sc( il ) (14 [2)/2eRe,
yA

(3.14) Go(y,y's ¢, v)| < Clyy) /2

I Res
|2K,(2)| §C<1+|z| (1+\z|)1/2e Rez

Therefore we have

0 C \Cy| )Rey 1/2 _Re (¢
7]'1/ < — 1 y’
e < o (T ) e

0 c ICyl >_ReV 1/2,—Re(
—K, < — 1 Y,

Using the straightforward inequality
1/2
<1+ ICy’|> / < yty
1+ ¢yl =y
we obtain (3.11). O

One can check that the constants C' in (3.9) ~ (3.11) may be chosen indepen-
dently of v when v varies over a compact set in {Rev > 0} \ Z.

We define B, B* by putting h = C in §2.
Lemma 3.8. We have
|Go(¢,v) flls- < Cllfls,

where the constant C' is independent of v when v varies over a compact set in
{Rev > 0} \ Z, and also of ¢ when Re( > 0.

Proof. We put u = Go(¢,v)f. By (3.9), we have

u@)® _C ([ IfW) dy \?
yn Sy</o (y’)l/Q(y’)"”)’

Hence we have

s < € [ N —— 25,3%52 "
— Z/zk 11/2 |f()?i/ldy
= 2(/3 7 ([ 1rrau) ) " <ce.

k
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Lemma 3.9. (1) If u € B* satisfies (Lo(¢) —2)u =0 for ( >0, Im z # 0, then
u = 0.
(2) If u € L?((0,00)) satisfies (Lo(¢) —t)u=0 for ¢ >0, t € R, then u = 0.

Proof. We prove the assertion (1). Letting v = +iy/z, Rev > 0, u is written as
u = ay™ Y2, (Cy) + by V2K, (Cy). Since u € B*, letting y — oo, we see that
a = 0. Letting y — 0, we also see b = 0. The assertion (2) is proved in a similar
way. [l

Corollary 3.10. If{ >0, z = —v%, Imz # 0, then
(3.16) Go(¢v) = (Lo(¢) =)~
holds, where the right-hand side is the resolvent of Lo(¢) in L?*((0,00); ;—Z)

3.4. Limiting absorption principle. Let X be a Banach space and X* its
dual. A sequence {u,}52; C X* is said to converge to u € X* in *-weak sense if

(Up,v) = (u,v), YveX.
Theorem 3.11. For ( >0, A >0, f € B,
(Lo(¢) = A Fie) ™ f —= Go(¢, FiVA)f, e—0
mn x-weak sense.

Proof. We put u(v) = Go((,v)f, where v = —iy/A +ie for A + ie, and v =
iv/ A —ie for X —ie. By Corollary 3.10, u(v) = (Lo(¢) — X\ Fie)~1f. Since, by
Lemma 3.8, u(v) are bounded in B*, by Lebesgue’s convergence theorem (u(v), g) —
(Go(¢, FivN) £, 9), Vg € C((0,00)). As C§°((0,00)) is dense in B, applying again
Lemma 3.8 proves the theorem. O

In the following, we write
(Lo(¢) = AFi0) ™ = Go(¢, FiVA).

By Lemma 3.8, we have the following uniform, with respect to { > 0, estimate

(317) 21;[0) H(Lo(C) . + i0)71||B(B;B*) = C()\) < 00,
where, for 0 < a < b < oo,
(3.18) sup C(N) < oc.

a<A<b

Later we will also prove (3.18) by using techniques from partial differential equa-
tions.

3.5. Eigenfunction expansions.
Lemma 3.12. For ( >0, o(Lo(¢)) = [0,00) and 0,(Lo(¢)) = 0.
Proof. We have for u € C§°((0, c0))

—1)2 o0 d <, d
(Lo + Pl = ¢ [P+ [P




24 1. FOURIER TRANSFORMS ON THE HYPERBOLIC SPACE

By integration by parts and Cauchy-Schwarz’ inequality, we have

& d & d
0 y" 0 y"
o 2 1/2 0o 1,12 1/2
([ ) ()
o Yy" o Yy"

0 19,ul? n—1)2
[ e

yn—

IN

This implies that

Therefore,

(Lo(¢ uu></ y>|2

Therefore o(L(¢)) C [0,00).
Let us recall that for A > 0, (Lo(¢) — A) [y V2K, (Cy)] = 0. Take x(t) €
C*((0,00)) such that x(t) =0 (¢t < 1), x(t) =1 (¢t > 2), and put

un (y) = x(Ny)y"DPK, 5 (Cy)

By (3.6)
fuxlP = [ X (PN AOPT
(8.19) > [ K s0PT 4O C:ch
> Clog N + 1).
We it n(4) =)/l Tl =1, nd
(Lol€) = Neow = oot L Y (NI, g5 (C)

—2NyN (N, (5" 2K, 5 (Cy) + (0 = 2Ny (Ny)y 2K, 5 (Cy) -
Taking into account (3.15) and (3.19) and facts that
e dy e dt
| @ = [ v <o
0 Y 0

and also [~ (Ny)*x'(Ny)?dy/y < oo, [;~ (Ny)*X"(Ny)*dy/y < oo, we have ||(Lo(¢)—
ANen| — 0. By Weyl’s method of singular sequence (see [115] Vol 1, p. 237), we
have A € o(Lo(¢)). Lemma 3.9 proves that Ly(¢) has no eigenvalues. O

Let us recall Stone’s formula ([115] Vol 1, p. 237). Let H be a self-adjoint
operator, R(z) = (H — z)~! the resolvent of H, E(\) the spectral decomposition
for H. If a,b & 0,(H), letting I = (a,b), we have

(Ea(D)f,9) = ((Eu(d) — Eu(a)lf,g)
b
— lim —— / ([RO + i€) — R\ — ie)]f, g) dA

Using K, (z) = K_,(z) and (3.2, we have

K_,()_,(¢) - K,(2)I,(z) = @Ky(z)[(y(z’), vl

(3.20)
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Therefore, the integral kernel of (Lo(¢) — A —i0)~! — (Lo(¢) — A +i0) ! is given by

(3.21) 2SI (DI, 3 (G ()
We now put, for f € C§°((0,00)) and k& >0
sinh(km 12 oo
B2 e = CEI e )%,

Theorem 3.13. (1) F¢ is uniquely extended to a unitary operator from
L2((0,00); dy/y") to L2((0, 50); d).
(2) If f € D(Lo(C)), then (FcLo(O)f) (k) = k2 (Fcf) (k).
(3) For f € L?((0,00);dy/y"™), the inversion formula

(3.23) [ = FFf

o in 1/2
(329 = oo [T D)y
holds.

Proof. It follows from (3.20) and (3.22) that for 0 < a < b < 00

Vb
(3.25) ([ELoc)(b) = Erye)(a)lf, 9) =/ (Fef(k), Feg(k)) dk,

where we have used

(3.26) Kir(y) = Kir(y) = K_ir(y)-

Letting a — 0,b — oo, we see that F¢ is an isometry from L?(0,00);dy/y™) to
L?((0,00);dk). We show the surjectivity later. For f € C§°((0,00)), by part
integration, we have

| o) o0 £ S =8 [y R )
This proves (2), if we take into account the density of C5°((0,00)) in D(Lo(()) (see
Theorem 3.4).
The isometric property of F. entails (3.23). However, the integral formula
(3.24) requires a subtle analysis. Since F¢ is bounded from L?((0,00);dy/y™) to
L2((0,00);dk), for any f € L?((0,00);dy/y") the strong limit

: 1/2
lim (2k sinh(km))

a—0,b—o00 T

Vb d
/ y U2 K (Cy) fy) 2 =
Vva y"

= (Fef) (F)

exists in L2((0, c0); dk). To study the inverse transformation, we define an operator
F¢(k) by

Fek)f = (Fef) (k) for k>0 and feC((0,00)).

Remark 3.14. In the following we often use such a notation. Namely, let a
given be an operator F from a Hilbert space H to another Hilbert space L?((0, 00); h; dk),
where h is an auxiliary Hilbert space. For k£ > 0 we define an operator F(k) from
a suitable subspace S of ‘H to h by

F(k)f=(Ff)k), [fes.
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Conversely if we are given a family of operators {F(k)}r>o, with range in h, we
define an operator F with range in L?((0,00); h; dk) by the above formula.
Lemma 3.15. For any k > 0, there exists a constant 0 < C(k) < oo such that
sup || F¢ (k) lBs:c) < C(K),
¢>0
where C'(k) is uniformly bounded on any compact in (0, 00).
Proof. Using Lemma 3.8 and Theorem 3.11, and differentiating (3.20) and
(3.25) by b, we have, in view of (3.21),

Rk = = ([(LolQ) K —i0) ™ — (Lo() — K +i0)) '] £, ) .

Using (3.17), we prove the lemma. O
By (3.22), F¢(k)* is simply a multiplication operator :
2k sinh (kr))1/2
C5a - PRI b, ey

T
Lemma 3.15 implies
sup || Fe(k)*||B(cis+) < C(K),
¢>0

By (3.18), this C(k) is bounded when k varies over a compact set in (0, c0). Hence,
for any g € L?((0, 0); dk),

N
Fe(k) g(k)dk € B, YN > 0.
1/N
Letting x () be the characteristic function of (1/N, V), we have for h € C§°((0, 00))
N N
(3.27) (/ Fe(k) g(k)dk,h) = / (k) (Fe(R)h)dk = (xng, Feh).
1N 1N

Here the left-hand side is the coupling between B* and B, the right-hand side is
the inner product of L?*((0,00);dk). However, since F¢ is an isometry between
L?((0,00);dy/y™) and L2((0,00);dk), the right-hand side makes sense for all h €
L2((0,00);dy/y™) Thus, the left-hand side can be extended by continuity to h €
L?((0,00));dy/y™). This implies, by Riesz’ theorem, that

N

L Fe(k)*g(k)dk = FE(xng) € L*((0,00);dy/y").

Since JF{ is partial isometry, in the sense of strong convergence in L2((0,00); dy/y™),
N
lim Fe(k) g(k)dk = Fig

holds. Taking g = F¢f and using again that F¢ is a partial isometry, we see that,
in the sense of strong convergence in L?((0, 00); dy/y™),

N

= lim / Fe(k)* (Ff) (k)dk.
N—o0 1/N

This is the meaning of the inversion formula (3.24).

Let us prove the surjectivity of F¢. Denote by Cy((0, 00)) the class of continuous
functions with compact support in (0, o).
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Lemma 3.16. For f € Cy((0,00))
Fe(k)f = Ca(k) lim y= "= D2ER(Lo(Q) — k2 Fi0) 7 f,
y—>
1 { +ik
Cy(k) = - <2) ['(1 F ik)(2k sinh(kr))Y/2.

Proof. By the definition of Green’s function, it follows from the asymptotics
(3.5) that, for small y > 0,

] 2):Fz‘k 3 ) 00 B dy’
G , Z\/E ~ (C/ : (n 1)/2:|sz/ 7\ (n 1)/2Ki / / ,
(¢, FivEk) f(y) EIDL ; (v) k(Cy)f(y)(y,)n
from which the lemma follows. O

Lemma 3.17. Suppose u € B* satisfies (Lo(¢) —k*)u =0 for ¢ >0,k > 0 and
lim, oy~ ("=V/2+ky exists. Then u = 0.
Proof. Since u is written as u = ay" /2T (Cy) + by " —V/21_41.(Cy),
y~ D2k ey (k) y?F 4+ be_ (k) as y — 0

with constants c4 (k) # 0. If the limit of the right-hand side exists, a = 0. Hence
w = by Y/2I_;1(Cy). Looking at the behavior as y — 0o, we have b = 0. O

Lemma 3.18. (1) Suppose ¢ > 0,k > 0, and f € Cp((0,00)),u € B* satisfy
(Lo(¢) — k*)u = f. Furthermore assume that as y — 0, u ~ Cy"=D/2=%_ Thep
u = (Lo(¢) — k* —i0) ' f.

(2) Suppose ¢ > 0,k > 0, and f € Cy((0,00)),u € B* satisfy (Lo(¢) — k?)u = f.
Furthermore assume that as y — 0, u ~ Cy(»=V/2+k  Then o = (Lo(¢) — k? +
i0)71f.

Proof. By Theorem 3.11, (Lo (¢)—k%—i0)~! f € B* and behaves like C'y("~1)/2=k
near 0. To prove (1), we put u — (Lo(¢) — k? —i0) "' f = v, and apply the previous
lemma. Taking the complex conjugate of (1), we obtain (2). O

Lemma 3.19. RanF; = L?((0, 00); dk).
Proof. For (k) € L}, .((0,00)), let L£(1)) be the set of Lebesgue points of 1,

loc

i.e. the set of £ > 0 such that
1 l+e
w@:m/ w(k)dk.
¢

It is well-known that (0,00) \ £(¢) is measure 0 for any ¢ € L} ((0,00)). Let

loc

o(k) € L?((0,00); dk) be othogonal to the range of F¢, and take

te L(e(k)) N L(lp(k)[?).
We take x(y) € C>((0,00)), x(y) =1 (y < 1), x(y) =0 (y > 2), and put

w(y) = x(y)y" 2L (Cy),

9e(y) = (Lo(¢) = )ue = [Lo(¢), x]Lie (Cy).-
Since g¢(y) € C§°((0,00)), ug = (Lo(¢) — £? +1i0)"1g, by Lemma 3.18. The formula
(3.22) and Lemma 3.16 imply that F¢(k)g, =: C(k) is a continuous function of & > 0
such that C(¢) # 0. For the characteristic function x; of an interval I C (0, c0),
we have

(Fexr(Lo(€))ge) (k) = x1(k*)(Fege) (k) = x1(k*)C (k),



28 1. FOURIER TRANSFORMS ON THE HYPERBOLIC SPACE

which implies

| et —o

I
for any interval I C (0,00). We then have

L+e -
SO0 = (0T — / (k) CR)dk

7 lte Lte -
= ) (s@(f) -5/ so(k)dk> ~5 | o (CH-Cm) a.

When € — 0, the 1st term of the right-hand side tends to 0 since £ € L(¢(k)). The
2nd term also tends to 0 by the Schwarz inequality,

2 [ et (€W W) a

—€

1 e ) 1/2 1 [te , 1/2
< | = — _
< (5 A_E ek | x (5 /E_E Ck) - COPdk)|

the assumption that £ € L(]p(k)|?), and continuity of C(k). Therefore p(¢) = 0,
which proves the lemma due to the density of L(p(k)) N L(|¢(k)[?). O

3.6. Kontrovich-Lebedev’s inversion formula. By FF. =1,
® [ 20 sinh(om _
sy = [ I R ) Ko )1
o Jo
and from FcFr =1,

% 100 9(75)1/2 (sinh(o7) sinh(rm)) /2 K;y i
g(a):/o/o 2(ro)"/* (sinh(om) sinh(rm)) " Kio (y) Kir (y)

2 Y

g(r)drdy,

which are called Kontrovich-Lebedev’s inversion formulae. The convergence of the
integral in L? is proven above. Conditions for the pointwise convergence are given
in [94] p. 132.

4. The upper-half space model

4.1. Laplace-Beltrami operator. We return to the upper-half space model
(1.1) with the Riemannian metric (1.2). The volume element is dxdy/y". Therefore,

L") = (R ),
yn
The Laplace-Beltrami operator is given by
n—1
Ay =1 (=0] = Au) + (n—2ydy, Ay =) (9/0x;)?
=1
We put
(n—1)?
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The partial Fourier transform f(£,) of f(x,y) is defined by
Fof (€)= f(€9) = (n) @072 [ (o).

R»—1
Letting Lo(¢) be as in (3.7), we have

—

(Hof) (&) = (Lo1€DF (&) (v).

Lemma 4.1. H()’ is essentially self-adjoint.

G5 (RY)
Proof. We have only to prove that, for u € L?(H"),
(Ho —i)p,u) =0 Vo e C°(RY) = u =0,

and the same assertion with ¢ replaced by —i. Passing to the partial Fourier trans-
form and choosing ¢(z,y) = . (@) (), ws € CE(R™1), @, € C5((0,00)), for
almost all £ € R"™!, we have

(Lo(1&]) = Dy (1) (&, Y)) L2 (0,00)sdy /ym) = O-
By the result for the 1-dimensional case (Theorem 3.4), we have 4(&,y) = 0. O

4.2. Limiting absorption principle and Fourier transform. We put
Ryo(2) = (Ho—2)"", z€C\R,
and define the spaces B, B* by taking h = L2(R"!;dx) in Subsection 2.1.
Theorem 4.2. (1) o(Hy) = [0,00).

(2) op(Ho) = 0.
(8) For A\ >0 and f € B, the following limits exist in B* in the weak *-sense

ling) Ro(A Lie)f =: Ro(A£1i0)f,
and the following inequality holds
(4.1) [Bo(A +i0) fll5- < C| f]l5,

where the constant C' does not depend on A if it varies over a compact set in (0,00).
(4) We put for k >0, k* = X, f € C§°(R7),

(2k sinh(km)) 1/2
T

(féi)(k)f> (z) = (2m)~(r=1)/2

% // em'g(%)]Fiky(”_l)/QKik(lﬁly)f(g,y) df;fy

R~ 1x (0,00)

(4.2)

Then we have

(43) (R +i0) ~ Ro(k —i0) £, ) = | F5 ()2
and
(4.4) 1FSE &) fll 2 ey < CI 1,

where the constant C is independent of k if it varies over a compact set in (0, 00).
(5) We put (Féi)f)(k) = Féi)(k)f. Then Féi) is uniquely extended to a unitary
operator from L?(H™) to L?((0,00); L2(R"~1);dk). For f € D(Hy), we have

(4.5) (FSO Hof) (k) = KX(F§ £)(k).
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Proof. (1) Since Lemma 3.12 implies o(Lo(|¢|)) = [0,00), for z & [0,00) the
operator

(1.6 m) 72 [ e ((Laleh - 2) e e

is bounded on L?((0, c0); L2(R™1); y~"dy) and is equal to Ro(z). Therefore o(Hy) C
[0,00). The converse inclusion relation is proved by the method of singular sequence
as in Lemma 3.12. Namely we take xy € C5°(R) such that x(¢) =1 (|t| < 1), x(t) =
0 (|t| > 2), and normalize

lz[\ 108 Y \ ipe (n—1)/2
x(ﬁ)x(log]\,)e y K, /5 (€ly)-

We omit the computation.
(2) If there exists an L2-solution of (Hy—A)u = 0, we have (Lo(|£]) = A)u(€, ) =
0, where, for almost all &, @(¢,-) € L?((0,00); dy/y™). Lemma 3.9 yields (¢, y) = 0.
(3) We shall prove this statement in Chap. 2, §2 (see Lemma 2.2.9). In this
section we confine ourselves to f € L?*, Vs > 1/2. We start with estimates

(4.7) [Ro(A £i0)fl[5- < Csl[fls,

where the constant Cy is independent of A when A varies over a compact set in
(0,00) and |- ||5 is the norm in Definition 2.6 with h = L?(R""!; dx). Observe that

1 /R [/ 5| dy 1 [ o dy
sup FeoPas| < [ s [ pEuP | de
r>elogR Ji/p [JRn— G ) y* = Jre-1 |R>e log R 1/R| ol

Y
Taking F(&,y) = (Lo(&) — A Fi0)~! A(ﬁ, y) and using (3.17), (3.18 ), and Lemmata
2.3 and 2.7

[Ro(X +40) f]

b [ IRl = A% i0)7 e, Ol
rRn—1
=¢ /R 1F(&. e < ¢ /R IFE e = Cl 12,

which proves (4.7).

Returning to formula (4.6), where f € C§°(H™) and using Theorem 3.11, we
see that there exist limits Ro(A+£40) f = lime_.o Ro(A£ie)f. Using (4.7), we extend
them to f € L%,

(4) The equality (4.3) follows from (3.25), which together with (4.1) proves

4.4).

( )(5) Taking into account of the 1-dimensional result, we have only to prove the
unitarity. Restricting ourselves to fé_), we obtain by the Parseval formula (4.3)
that 7~ is isometric. We take o(k,z) € L%((0,00) x R"1), x(y) € C*(0,0)
such that x(y) =1 (y < 1), x(y) =0 (y > 2), and put

o) = x5 | (5) " ratewea.o

where for any 1

(48) i = (2m)~ (172 / ¢ (€)de.

Rn—1
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Let (Ho — ?)u; = f;. When y — 0, £ # 0,
1 .
=~ ~ (n—=1)/2+1l ~ 1 )
Since for any fixed £ € R"~* we have f(¢,-) € C8°((0,00)), @/(&, ) € B*, by Lemma
3.18, 4y(€,-) = (Lo(J€]) — 12 — iO)_1 and u; = Ro(I? — i0)f. Therefore, by Lemma
3.16 fé_)(l)f = C(D)e(l,-), with some constant C'(l) # 0. Therefore by the same

(=)

argument as in the proof of Lemma 3.19, F; ’ is onto. U

4.3. Helmholtz equation. Theorem 4.2 implies

(4.9) FSE (k) € B(L2R1); B),
. 1/2
(A9 0)°) (2. = L2
(4.10) e
<5 |(5) v

and by (4.5) in the weak sense
(Hy — K2 FF (k) =0, Ve 2R,

The aim of this subsection is to prove the following theorem (Modified Poisson-
Herglotz formula).

Theorem 4.3. For k >0
{u € B (Hy — k*)u =0} = FS (k)" (L2(R")).

Namely, any solution in B* to the Helmholtz equation can be written as a
Poisson integral of some L2-function on the boundary at infinity. As will be shown
later, the space B* is, in some sense, the smallest space for the solutions to the
Helmholtz equation. Namely, recall the inclusion relations in Lemma 2.7. One
can show that if u € L>»~1/? satisfies the Helmholtz equation (Hy — k?)u = 0 for
k > 0, then u = 0. Therefore, all the non-zero solutions to the Helmholtz equation
decays at most like or slower than the functions in B*. The largest solution space
was characterized by Helgason [50], who proved that all solutions of the Helmholtz
equation (Hy — A)u = 0 is written by a Poisson integral of a Sato’s hyperfunction
on the boundary. This result was extended to general symmetric spaces by [100],
[74]. This was also extended to the Euclidean space using more general analytic
functionals by [47].

In the Euclidean case, Theorem 4.3 was proved by Agmon-Hormander [2]. It
was also extended to 2-body Schrédinger operators by Yafaev [132], and for the
3-body problem by the author [60].

The proof of Theorem 4.3 requires a series of Lemmas.

Lemma 4.4. (A-priori estimate)
(1) If u € B* satisfies (Hy — z)u = f € B*,z € C,

B« + [y0zullp- < C(||ul
(2) If u € B* satisfies (Hy — 2)u = f € B* and

5+ || flls~)-

\|y(9yu|

R
d
/ [||u<y)||§2(m_1) + ||f(y>!|i2<m—1>} i

1/R

<

I
R log R
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we have

d
)
yn

R
| W0u@ sy + lodsulas)

li
Rgnoo log R 1/R

Proof. We put D, = y0,, D, = y0,. Then

12
H027D5+(n71)Dy7D37%,
and for u,v € C§°(RY)
—1)2
(1) (Howv) = (Dyu D) + (Do, Do) — ",

We pick p € C§°(R) such that p(t) =1 for |[¢t| < 1, and put

(2.y) = m log y () = logy
Pr,R\T,Y P r P 10gR ) PR\Y P IOgR )

for large parameters r, R >> 1. If u € B* satisfies (Hy — z)u = f € B, we have, cf
(4.11),

(4-12) (fv pr,Ru) = (Dl'uv D, (pr,Ru)) + (Dyu, Dy(pr,Ru)) - E(Z) (U7 pr,RU%

with E(z) = (n — 1)?/4 + 2. Let us note that putting p, = Dypr r, py = Dypr.gs
we have

~ 1 ~
Re (Dxua pwu> = —5(”&, (Dmpw>u)7

_ 1. P
Re (Dyuapyu) = 75(“7?/ (yngl)/u)’ ' :83;‘
We take the real part of (4.12) and let » — oo. Since, pointwise
~ ~ 1 logy
DI xT 07 ! 9
Po =5 Py 155 RP (logR)
we obtain
1
Re (f, pru) = (prDgu, Dyu) + (prDyu, Dyu) — i(u,wRu) — Re E(2)(u, pru),
1 logy
=y"0 ! :
YR =Y"0y <y"—1 long (logR)>
Using Cauchy-Schwarz inequality and dividing by log R, we obtain
1 o° d
i [ (orDat. Do)+ (orDyu, D]
(4.13) et Jo Y
1 o dy
< <
<t ) (Gruu)+ @af )5S,
1
where ¢ has the form ¢g(y) = C(R)é(%) for some ¢ € C§°(R) and C(R) is
og

bounded on (e, 00). Taking the supremum with respect to R, we obtain, by Lemma
2.5, the assertion (1).
Letting R — oo in (4.13) and using Lemma 2.5 (1), we obtain (2). O
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Lemma 4.5. For ¢ € L2(R"™1),

R
; () * 2 dy 2
f k : n—1) " — :C n—1Yy
dim oo | N W ey g = Clllomensy

where C' = C(k) > 0.

Proof. By (4.10) and (3.13) and Lebesgue’s convergence theorem, we have
1 + . ~
WD ey = CO) [ Kalel)e(©) e

Yy
< C(k) / e 21EM| o 6) e

Rn—1

Thus,
1

+ *
ST I(FS (R @) ()l — 0, asy — .
This implies that, as R — oo,

(4.14) 1 /R|<f<*><k>* o) o 2
. logR . 0 @)Y LZ(Rn—l)yn

To compute the limit as y — 0, we first use (3.6) to see that

I EDE DDy = OB [ Kl Pl

~ C’(k)||g0||2L2(Rn,1) + Re [C(w)y—%k} ’
where C(k) > 0 and

— 0.

Cle)=Co [ I lple)Pde.

Hence,

1
10;3 / . ||<féi><k>*so><-,y>||%2<m1)33 — CB)lelzamery O

The above lemma and (4.9) imply the following corollary.

Corollary 4.6. There exists a constant C' = C(k) > 0 such that

Cllellzzns) < 1757 (K) ells- < CH el Lamn—y-

Next we show that the Fourier transform }'éi) (k) is derived from the asymptotic
expansion of the resolvent as y — 0, cf. Lemma 3.16.

Lemma 4.7. For f € B we put

us = Ro(k* £140)f,
v (@,y) = w (R)y "2 (FE () ) (),

0

(2k sinh(kr))/*T(1 F ik)

(4.15) wi(k) =

Then we have as R — oo

— 0.

1! ) "
log R /1/R (- y) — 'l/j;(-,y)“Lz(Rn,l)y—n
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Proof. First we show the lemma for f € Cg°(R%). Since supp f is compact,
we have as y — 0

7 — n=/27 X N(=1)/2 Nae o dY
(416) ax(&y) =y Jwﬂﬂwl (¥) mgmyﬁ@w)ww

~w (k)y VTR R (k).
It then follows from (4.4) and (3.17) that

1 ' 2 dy
u+(y) —vx(, n-1y— — 0,
g ), 100 =) ey

as R — oo. The general case is proved if we note that by (4.1) and (4.4)

Ogl /1H H ( ) ( )HQI R Y < C||f||2
U4 (- V- n— s
1 R 1/ + 7y + 7?J 2( 1)yn = B

and approximate f by f,, with f, € Cie(RL). O

By the well-known formula

TS
I'(1 (1 —3s)=sl(s)['(1—-35)=
(14 5)T(1 = 5) = ST = ) = 202
we have
Yixea
4.17 I'(1+4i0)|]* = 0
(4.17) P +io)2 =0 o >0,
which implies
2 Vs
(4.18) wa (k)] = o2

The function (4.15) and the formulas (4.17), (4.18) will be used frequently through-
out these notes.

Corollary 4.8. For uy = Ry(k? £40)f, with f € B, we have

N > dy _ T ) g 2
(4.19) ngnoo log R /1/R ||Ui('7y)”L2(Rnfl)y7 = ﬁ”fo (k‘)fHL?(Rnfl),

(4.20) lim

1
n—1 . dy
Jin o [0, = T )0 By S = 0

1/R y"

Proof. Let uy,v4+ be as in the previous lemma, and denote them by wu,v.
Let |- || = || - lr2@n-1)- Since [Jul|® — |[v]|* = (v — v,u) + (v,u — v), we have
[[[ull> = [[v]|?| < ([[ull + llv])|lw = v]. Thus, by (4.1), (4.4) and Lemma 4.7 that, as

R — oo,

1 /1 2 2\ 4y
ul|” = |jv||*)—=
et |, = D,
1/2 1/2
1 /1 ) o dy 1 /1 o dy
< ull“ + ||v]|®)— X u—v||*)— — 0.
o R< P T < (=l
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We then obtain (4.19) by using

1
+ 1 dy
o () PIFSE (k) £ 132 1 / ||vi('ay)||2L2(Rn—1)*yn-

B log R 1/R

Noting Lemma 4.4 (1) and differentiating (4.16), we obtain (4.20). O

Lemma 4.9. For f € B, let u = Ro(k* £40)f, Dy = y05, Dy = yd,. Then we
have

R
dy
. 2 o
(4.21) Jin o [l ) ey S =0
. f 2 2 dy

422) i o [ DG + 1D ) o] =0

Proof. We first prove (4.21) for ]?E C(R™Y), u= Ro(k*—i0)f. If f(z,y) =0
for y < C~!and y > C, (¢, y) is written as for y > C

C R dy'
i) ="K () [ 00 S

where, due to (3.12), (4.6) and Definition 3.5, h € L?*(R".). Denoting

C R d ’
9€) = [ W) ey
o1 (¥)
we have by (3.13)
a(¢,y)| < Cy e Rlvg(e), g e LPR™).
Hence,

1 R 5 dy C R dy
: ey — < —I€ly 2 .
logR/l [lu( ay)||L2(R Hyn S 10gR/1 lle g(f)HL?(R hy

Therefore, (4.21) for f € Cg°(R?) follows from Lebesgue’s convergence theorem.
Taking note of

1 r 2 dy
. =2 < O£l
IOgR/l ||u( 7y)||L2(R 1)yn — ||f||B?

we have only to approximate f by functions from C3°(R1) to prove (4.21) for the
general case.
We put

(woh = [ ()00 d, dpp = dy/y

where (-,-) is the inner product of L2(R"™!). Take p € C*°(R) such that p(t) =
0 (|t] > 3), p(t) =1 (|t| < 2), and put pr(y) = p((logy)/(log ). We multiply the
equation (Hy — k?)u = f by pr(y)u and integrate by parts to see

n( PR \/
(Dyu, prDyu) + (Dyu,y (yn—l) u) + (DyU,PRU)|y:1
n—1 n—1 ns PR \/
7T(uapRu)‘y:1 - 2 <U,y ( n—l) ’LL>

+(Dyu, prDyu) — E(k*)(u, pru) = (f, pru).



36 1. FOURIER TRANSFORMS ON THE HYPERBOLIC SPACE

(We should insert p(|x|/7), and let 7 — oo using Theorem 4.2(3) and Lemma 4.4(1)).

We now put 9(t) =1 (¢t < 3), ¢(t) =0 (t > 4), ¥r(y) = ¥((logy)/(log R)), and
[l =1"llz2@n-1) to obtain

(Dyu, prDyu) + (Dgu, prDyu)
< W [ ormIDtl - luwlda+ [ vat)lutlPd

+ [T wr@IL - T da+ (1D,u] + [ (]

We divide both sides by log R. Then the first term of the right-hande side is
dominated from above by

1/2 1 0o , 1/2
<logR/ Vr(y)|| Dyull du) (logR/l Yr(Y)]|ul du) ,

By Lemma 4.4 (1), we have

sup
RrR>2 log R

Using (4.21), we see that

/ br(w)|Dyul2dp < oo.

%m¢mmmww%u=o

Using the same considerations to estimate ﬁfloo YrW)IfW)] - lu(y)|du, we
arrive at (4.22). O

i
Ao log R

Lemma 4.10. If u € B*, (Hy — k*)u =0, f € B, and either féﬂ(k)f =0 or
FSk)f = 0 holds, then (u, f) = 0.

Proof. Assume that fé_)(k:)f = 0. Take p(t) € C§°(R) such that p(t) =
1 (]t| < 1), and put

logy logy logy /t
j— r e 5 t - d .
Pr(Y) p(logR), PR (Y) x(lOgR)p(IOgT) x(t) - p(s)ds
Letting v = Ro(k? —i0) f, we then have
0 = (pr(W)v, (Ho — k*)u)

= (prof,u) = (Dyprar)v,w) = 2((Dypr,r) Dyv, w) + (n = 1)((Dyprr v, u).
Let 7 — oo. Then, for any R > 0 and sufficiently large 7,

logy logy\  (logy
P log R P logr -7 logR) "

Using this formula, together with the fact that

D,p log y _ 1 e logy
Y7 \logr log r logr )’

so that we obtain an extra factor @, we can use Lemma 4.9 to show that it is

possible to replace pr , in the above equation by xr(y) = x(logy/log R). Thus,
(423)  (xrf,u) = (Dyxr)v, w) + 2((Dyxr) Dyv, u) — (n = 1)((Dyxr)v, u).
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Observe that, due to the assumption }'éf)(lc) f =10, it follows from Corollary 4.8
and Lemma 4.9 that

dy
2
v(-,y ny— — 0, as R — oo.
et ey POV o
Since . | ) |
ogyY 2 ;0 108Y
D - D g
yXE(Y) long(logR)’ “XR(Y) o B (1ogR)’

it then follows that the 1st and 3rd terms in the right-hand side of (4.23) tend to
0 as R — oco. Integrating by parts in the 2nd term of the right-hand side of (4.23)
and using the fact that, by Lemma 4.4(1), D,u € B*, the same considerations show
that this term also tends to 0. Thus, (f,u) = 0. O

Lemma 4.11. Let X,Y be Banach spaces, and T € B(X,Y). Then the follow-
g 4 assertions are equivaent.
(1) RanT is closed.
(2) RanT™ is closed.
(3) RanT = N(T*)* = {y € Y;(y,y*) = 0 Vy* € N(T")}.
(4) RanT* = N(T)* = {z € X*;{x,2*) =0 Vz € N(T)}.

@ For the proof, see e.g. [133] p. 205.

Proof of Theorem 4.3. We put X = B, Y = L2R"1), T = 7 (k) in the
above lemma. By Corollary 4.6, Ran T™ is closed. Hence Ran T is closed. Corollary
4.6 also implies N(T*) = {0}. Therefore RanT = Y, and RanT* = N(T)*.
Lemma 4.10 shows that if u € B* and (Hg — k?)u = 0, then u € N(T)+. Therefore
u € RanT™. O

Corollary 4.12.  F{F(k)B = L2(R"1).

5. Modified Radon transform

5.1. Modified Radon transform on H™. The Radon transform is usually
defined as an integral over some submanifolds (see e.g. [52]). In this section, we
define the Radon transform in terms of the Fourier transform. For this purpose it
is convenient to change its definition slightly.

Definition 5.1. For k € R\ {0} we define operators FY(k) and Fy(k) by

FOk)f(x \[ \/m
« By ((I&!)“’“/O yanKik(|5|y)f<§vy)Z:Z)’

V2
—1 km
(1 —ik) \/ sinh(km)

Here g(k) := (kn/sinh(km))/? is defined on C\ {iT; 7 € (—00,1] U [1,00)} as a
single-valued analytic function. In particular, g(k) = g(—k) for k& > 0.

Fo(k) = FO(k),

Qk) =
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Note that by (4.2), F°(k) = Fé+)(k) for k > 0, and by (4.17), |Q(k)| = 1. The
following lemma follows easily from this definition and Theorem 4.2.

Lemma 5.2. (1) Fy is uniquely extended to an isometry from L*(H") to H
= L*(R; L>(R"1); dk), and it diagonalizes Hy :

(FoHof) (k,z) = k* (Fof) (k,2).
(2) Let ry be the projection onto the subspace Hy = L?((0,00); L2 (R 1); dk).

Then the range of T Fy is ﬁ+.
(8) g € H belongs to the range of Fo if and only if

- (1 —ik) (™"
-k =—— == k vk .
N e I C I CONRTEY
We then define the modified Radon transform associated with Hy by

Definition 5.3. For s € R, we define
1 .
R 5,x) = —(— e*s (Fof) (k, x)dk.
(Rof)(s.2) = o= [ ™ (Fof) k)

Recall that Fy is written explicitly as
—ik €]\ —ik /oo n-1 n dy
51)  Folk :71?*(* K, PRIAY
61 AW = gy B (G v Kalen fe v )
Lemma 5.2 implies the following theorem.
Theorem 5.4. Ry is an isometry from L*(H") to H. Moreover we have
RoHo = —0°Ry.

5.2. Asymptotic profiles of solutions to the wave equation. The Radon
transform thus defined describes the behiavior of solutions to the wave equation at
infinity. Recall that the solution to the wave equation

0?u+ Hou = 0,
{u‘t—o =1 atu‘tzo =9
is written as
u(t) = cos(t\/Hp) f + sin(t HO)\/FO_lg.
Theorem 5.5. For any f € L*(H"), we have as t — +o0

y(n—l)/2
cos(tv/ Ho)f — =——=—(Rof)(—logy Ft,2) — 0,
V2 L2 (1)
. Z'y(n—l)/2 ‘
sin(t\/ Ho) f F ——=—(Rosgn(—ids) f)(—logy F t,z) — 0,
\/§ LZ(Hn)

where
sEn (~i0)6(s) = 5- / /R Mg (R)o( )
l>< 1

and where sgn (k) =1 (k > 0), sgn (k) = —1 (k <0).
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Proof. We prove this theorem only for the case ¢ — oo. Since the map :
f(k,z) — y»=V/2 f(logy, x) is unitary from H onto L?(H"), it follows from The-
orem 5.4 that we have only to prove the case when ¢(k,§) := (Fofé+)f)(k,§) €
C°(Ry x R 1). Let supp ¢(k, &) C {6 < k <5 '} x {R™ < |¢| < R} for some
dg, R > 0. We put

ult, &,y) = Foe "VHo f
— F, (]_-é+)) *e—itk}—é+)f

:/000 (2k sinh(km))*/? <g|> Kin([€ly)e 6 (k, €)dk

(5.2)

™

By the well-known integral representation

1 oo
KV(Z) — 2/ e_ZCOSh(S)GVSdS,

(see e.g. [131], Chap. 6, formula (7) or [94], formula (5.10.23)), one can show that
if z > &g for some g > 0,

0 Kir(2)] < Crne™*/2, ¥m >0,
where the constant C, is independent of k. Therefore, for any 6 > 0, by using
(—it)"1Ope~"** = e—itk and integrating by parts, we see that, for any N > 0,

>~ dy Cn
(5.3) / ||’LL(t, ',y)||22 n—1 S .
5 PR yn = (14 [t)N

In the region 0 < y < §, K;;(|¢|y) is expanded as

KMWWZ=2M£%ﬂ<u1mK@%ZkuiMxi%m)

+r1(k, [€]y),
where |1 (k, |€|y)] < C|¢|y uniformly for 6o < k < d5*, R™' < |¢] < R. We put

& sinh(km))!/2
mwasz (2k sinh(km)) (KU y* 1k, [Ely)e (k. €)dk

i
Then 1/8
n+1 0
s (£, )] < C(€)y A (k. €)|d,

0

hence
)

d

(5.4) anmwmwg;s%&

where Cy is independent of ¢ € R. We put

€|y ik £y ik
uo(t,€,y) /\/J 1—zk 2|y) _P<11+zk)<2|y>)

(Ié!)”“ 2L =it o, €)

Then,
(5.5) uolt,€,y) = ulT (1€, y) +ul ) (1,6, y).
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(+) = —zk:(t-i—logy)
Yo / \/ QSlnh Em)T(1 — zk ok, £)dk

(n—1)/2
S vl A G A DTIOTS

) |£| 2ik "—71 —zk:(t log y)
(t.¢,9) / \/ 2Slnh kr)T(1+ zk: ) o(k, §)dk

y(n /2 ik(— log y+t)
=T e VT (FoFo(k)f) (&)dk.

Here

In the last equation we have used that, in view of (5.1), (3.26), (|¢]/2)?* FoFO(k)f =

—FoFO(—k) f. Rewriting u £)(¢,¢,y) as

uS (8,6, y) = g (—logy F t,6)y" /2

with g+ € L2(R x R"™1), we have

e 2 dy > 5
L e = [ oo sy

—logd—t

which tends to 0 as t — —oo. Similarly

/ 16§ ) 1) 2 - / RO [—
log 6+t

which tends to 0 as ¢t — co. In view of (5.3), (5.4), we have thus proven that
llu(t,-) — uéi)(t, N2@ny — 0 as t — Foo.
In other words

|Foe™ Vo f —uST ()| p2my — 0 (¢ — o0),

[Foe ™o f — 0l ()| p2qany — 0 (¢ — —o0),

1Foe™ ™0 f —ug” (=t)|| 2amy = 0 (¢ = o0).

The theorem follows from these formulas together with Definition 5.3 and (5.5).

By the change of variable s = —logy — t, we get the following corollary.

Corollary 5.6. For any f € L*(H"), we have as t — 00

V2e(n=D(s+1)/2 (Cos(t Ho)f) (z,e ") — (Rof)(s,x) in L*R").

O
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6. Radon transform and the wave equation

6.1. Radon transform and horosphere. As is seen in Theorem 5.5, the
modified Radon transform is closely connected with the wave equation. We shall
also study its geometrical feature in this section. The fundamental solution for the
wave equation on H"™ is written explicitly in terms of spherical mean. For n = 3,
it has the following form (see e.g. [51] or [25]):

(6.1) cos(1/F0) [ (x) = = (Mlnh@) / » f<x’>ds),

where x = (z,y),7 € R%,y > 0, S(x;t) = {x/;dp(x',x) = t}, and djy(x’,x) is the
hyperbolic distance. It follows from (1.3) that

S(x,t) = {(z",y'); 2" — z” + |y — cosh(t)y|* = sinh?(t)y*} .
Therefore, dS = sinh?(t)y?dw, dw being the Euclidean surface element on S?, and

o (e

cos(t/ Hp) f(x) = e g .

f((z,cosh(t)y) + sinh(t)yw)dw) :
Let t — oo and y — 0 keeping t + logy = —s. Then

(z, cosh(t)y) + sinh(t)yw — (z, e

Therefore, the sphere S(x,t) converges to the sphere

—s —2s
Y(s, 1) = {(m’,y’); |:L" — m|2 + |y/ — 67|2 = 64 }

This is the horosphere tangent to {y' = 0}. We then have

cos(t/ Hp) f(x) ~ g—g% (es /2( )fdw) ,

which, compared with Theorem 5.5 with n = 3, implies that

-2 0
Rof(s,z) = 8\7{§83 (e‘s/z( )fdw) .

From this formula, one can easily see that, if f is supported in the region y > & > 0,
then Rof(s,z) = 0 for e* < 0. The converse is also true. Namely, if R f(s,x2) =0
for e7% < 4, f(x,y) vanishes for y < §. This is the support theorem for the Radon
transform. See [93] and [120].

6.2. 1-dimensional wave equation. In the Euclidean space, there are 3
ways of constructing fundamental solutions to the wave equation : (1) the method
of spherical means, (2) the method of plane waves and (3) the method of Fourier
transforms. In the hyperbolic space, the first method is usually adopted. For
example, in the work of Helgason [51], a generalization of Asgeirsson’s mean value
theorem on two-point homogeneous space is used to derive the formula (6.1). In
the following we shall apply the Fourier analysis to the fundamental solution. Let
us start with the 1-dimensional case. The basic formula is
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Lemma 6.1.
T
Ky (2) Ko (y) = 2sin(v)
log(y/x)

(x >0,y >0,|Rev| <1/4).
Proof. See [29], p. 302 and [94] p. 140. O

[oe]

o(\/2zy cosht — x2 — y2) sinh(vt)dt

For z > 0 and k € R, we have by (3.1) and (3.2)

(62) I,k(x) = I,ik(ib'), KZ]C(CL') = Klk(.’E) = K,ik(.’b),
Let 0(t) be the Heaviside function: 6(t) =1 (t > 0), 8(t) = 0 (¢t < 0). By Lemma
6.1 and (6.2), we have for z,y > 0
/ sinh(mwk) K () Kk (y) sin(tk)dk
(6.3) 70;2
=5 (9(t - log(%)) —0(—t— log(%))) Jo(\/2zy cosht — a2 — y2).

We put
2k sinh (k)

2 Y

p(k) =

T
and define for ¢ > 0

Uadv(t yvy g) p(k)e_itwdkdw,

(yy') 21/ Klk (Cy)Kir(CY')
2 R2 W+ZO)

p(k)e™ ™ dkdw.

Nt K, i (CY'
Upet (t7 Y, y/; C) = (nyZT /RQ ; Cyu) —kl(g)%)

The subscripts adv and ret mean advanced and retarded, respectively.

Lemma 6.2. (1) Fort >0 and y,y" > 0, we have
Uaao(t,9,9'5C) = ()% 0( tfllog(y ))Jo(¢v/2yy cosht — 2 — (y')?),

and fort <0,

Uadv(tvyay/;g) =0
(2) Fort € R,
Tet(t Z/,y C) adv( tay>y/7C)

Proof. Let us recall that if a > 0

< elar 2mietat  (-)
6.4 - dr=
(64) /Ooa:—b:l:i()x { 0 (+),
and if a < 0
00 elax _ 0 (7)
(65) / r—bFi0 dz = { —27T’L'€iab (+)
Using

1 1 1 1
k2 — (w+1i0)2 2k \w+k+i0 w—k+i0/’
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we then have

e} —itw 2 i
/ - e . dw = [ (t>0)
o0 K% — (w +10) 0 (t <0).
Therefore by (6.3) we have if y,3' > 0

Kl Kl —itw

{%@ulm »9(Fbﬁ)0%@ﬂwwmhy—ww (t>0)

0 (t <0),
which proves (1). Using (6.2), we prove (2). O

Lemma 6.3. (1) For f € C§°((0,00)), we put

oo d !
uy(t,y,() :/0 Uadv(t,y,y’;C)f(y’)(y,y)n~
Then the following formulas hold:
(6.6) (Lo(Q) + 07 )u(t,y,C) = F(y)o(t),
(6.7) ug(t,y,{) =0 for ¢ <0,

Proof. Observe that, due to Lemma 6.2, for f € C§°((0,00)), uy(t,y,¢) is
a well-defined smooth function of (y,t), y,¢ > 0. The formula (6.7) is obvious.
Consider now, for ¢t > 0,

(Lo ¢) + 0 yus(t,y. C)
_ . /
= o [ [ o F KaoRatcs e L oy <o
R?2 (')
where we have used Theorem 3.13 (2) and (3). Using (6.4) and (6.5), we have

> 2w it
de
/_ookQ—(eriO)?e “

e e] e—itw oo e—itw
- S R
/_ook:—w—io” /_Ook+w+z'0w

{ 4micos(tk) (t > 0),
0 (t<0).

(6.9)

Therefore, we have

dus (t,y,¢) / / (yy') T Kun(Cy) K (CY') cos(tk)p(k) f ()

which proves (6.8).
Formula (6.6) follows from (6.7) and (6.9). O

dkdy’
(y )’

‘We now define
Ut, 4,95 ¢) = Uado(t, 4,9'; C) = Urer(t, 4,9 C).

The following lemma is an easy consequence of Lemma 6.2 (2) and Lemma 6.3.
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Lemma 6.4. For f € C§°((0,00)), we put

ult,y,C) = / S Uy OF)

Then we have

(07 + Lo(¢))ult, y,¢) =0,
u(0,y,¢) =0,
dru(0,y,¢) = f(y).

Note that Uaqgy(t,y,y’;€) is the Scwartz kernel of the operator %sin(tLo(g))
and, therefore, defines a bounded operator in L?((0,00);dy/y™). This can be also
directly observed from Theorem 3.13 (1) and (3), if we take f € L2((0,00); dy/y").

6.3. Wave equation in H". We define an operator P(t,y,y’) by

_n—1

610)  Play)f@) = o [ e fo

p(&ty,y") = Jo(|€]/2yy cosh(t) — y2 — (¥/)2),

which is a Fourier multiplier acting on functions of z € R"~!, depending on pa-
rameters ¢,y,y’. Since Jy(z) is an even function of z, p(§;t,y,y’) is smooth with
respect to £ and all the other parameters y,y’ and ¢. By Lemma 6.4, the solution
of the Cauchy problem

0?u + Hou = 0,
u(0) =0, Owu(0)=f

is written as

n—1

i) = | " ) (9<t ~J1og L))~ o(~1 - |1ogj,|>)

< (Plt ) ) ()

Differentiating this formula with respect to t, we get the fundamental solution.

Theorem 6.5. Let P be defined by (6.10). Then we have the following formula:

cos(t lLf’o)f(x,y)=/Oc>o ()™ <5(t—10g5,|)+5(t+|10g5,|)>
< P ) o) o
+/OOO ()T (9(t—|1ogj,|)—9(—t—|1ogyy,|)>
x 0:P(t,y,y' ) f(-, 0" ) () (Cyif/)/”'

In view of Corollary 5.6, we can derive an explicit form of the modified Radon
transform Ry f. Take f € C5°(H") and s € R. We let ¢ — oo and y — 0 keeping
—t —logy = s. Then we have y = e 57t t — |log(y/y')| = —s — logy/, and
t + |log(y/y')| — oco. Moreover, under these conditions,

p(£7t7y>y/) - J0<|§| \% eisyl - (y/)2)7
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1y Y Ve Y~ W)
2 ey - w2
where we have used Jj(z) = —Ji(z). Note that the right-hand side is again a

smooth function of s,¢ and ', and when y' = e™*, this p(&,t,y,y’) = 1. Therefore
the modified Radon transform has the following expression.

Theorem 6.6. For f € C5°(H") and s € R, we have

op(&5t,y,y

Rof(s,2) = V2elr= D52 f(z &%) — /2e™* / YT Als ) [ y)dy,

where A(s,y)f(-,y) is defined by

-~

A(s,y) f (- y) = (2m)~ (12 /Rnlei”'gA(é“;s,y) (& y)dE,

€7 Ji(l€lVe y —y*)
2 ey —y?

Passing to the Fourier transform in Theorem 6.6 and using Definition 5.3, we

have
/ [e(5) m_fkk)y k(1€19) F (&, )y

ECU g2 e’ _n-1Jy |§|m
fees) =it [ A — )fe.v)

Taking f &,y) to be of the form ¢(&)Y(y), and then letting || = 1, we have

= eths ot i dydk
= B A ra—m? K
n s n— —S 92
:26(21)1/}(69)—68/ y —ap h(VeT'y —y?)
0 Vey —y?
Since this holds for any C§°((0, 00))-function ¢ (y), we have proven the following
lemma.

A& s,y) =

Y(y)dy.

Lemma 6.7. Fory >0

— ihs 721 K;
- / € (1 — k) zk( )dk

Ji(ve sy —y?)

=2e%6(e" —y) —e yble" —y)

where 0 is the Heaviside function.

Letting s 4 log 2 = ¢, one can rewrite the above formula as follows
1 [ 4 —ik
il ikt "
21 J_ o (1 —ik)

=2e7'5(2et —y) —e Ty h(2e7 —y)

K (y)dk

J1(v/2e7ty — y?)




