
Chapter 3

Complex random variableP
p � log.1 �

e.� log p/
p� / on .RB; P /

In this chapter, we define the complex random variable in the heading above, whose dis-
tribution is the limit distribution in the Bohr-Jessen limit theorem.

3.1 Complex random variables e.�/

Definition 3.1 For � 2 R n f0g, we define

e.�/ W RB ! C

2 2

.xf /f 2B 7! xcos�� C
p
�1xsin��;

where cos�� and sin�� denote almost periodic functions t 7! cos�t and t 7! sin�t ,
respectively.

Note that e.�/ D �cos�� C
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2o Let U.dt/ be a uniform distribution on Œ0; 2�/, i.e., U.dt/ D dt
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(t 2 Œ0; 2�/), and
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which shows the assertion of 2o.

3o For f W C! C bounded Borel measurable, we have by 2o that
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Corollary 3.1 je.�/j D 1 P -a.e.

Proof. Clearly C 3 ´ 7! 1Rnf1g.j´j/ 2 R is bounded Borel measurable. Then, by
Claim 3.1,
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Claim 3.2 If f�kg1kD1
is AI, then a sequence

˚
e.�k/
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kD1
of complex random variables is

i.i.d.

Proof. We divide the proof into three steps:
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Thus

R.H.S. (D the right-hand side) in the above
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if ni 2 2N (1 � i � r):
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In particular, when r D 1,
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Putting this into the above, we have
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This shows the independence of .�cos�1�; �sin�1�/; : : : ; .�cos�r �; �sin�r �/. Thus fe.�k/g1kD1

is independent.

3o From 2o in the proof of Claim 3.1, P B .�cos�k �; �sin�k �/
�1 D U B R�1 for 8k. This

tells us that fe.�k/g1kD1
is identically distributed. �

3.2 Logarithm functions of a complex variable

Before stating Theorem 3.1 below, we here explain the logarithm function of a complex
variable.

For ´ 2 C n .�1; 0�, we define
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w
dw: (3.1)
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In particular, when r D 1,
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Since Cn .�1; 0� is a simply connected domain of C, this integral is determined only by
´ in virtue of Cauchy’s integral theorem. In other words, this is independent of paths in
C n .�1; 0� connecting 1 with ´. Clearly log.�/ is holomorphic. Also when ´ 2 .0;1/,
log ´ is just a usual logarithm function of a real variable.
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Now, let D � C be a simply connected domain and a 2 D. For a holomorphic
function f W D ! C satisfying f .w/ 6D 0 (w 2 D) and f .a/ 2 C n .�1; 0�, we define
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Here log of R.H.S. is the one defined by (3.1). Clearly log f .�/ is holomorphic. And it
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, from which (3.5) is obvious. By (3.2) and (3.5), we have
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By the uniqueness theorem, such a log f .�/ is unique.
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Proof. We divide the proof into two steps:
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By Claim 3.1 and Corollary 3.1,
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2o (3.7) and (3.8) follow from (3.11) and (3.10) with � D � logp, respectively. By
Example 2.1 and Claim 3.2,
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Next, by (3.7),
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Remark 3.1 The distribution of
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is just the limit distribution in

Bohr-Jessen limit theorem !

3.4 Some properties of the distribution ofP
p � log.1 �

e.� log p/

p� /

We view what is easily seen from concrete calculations.
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By the lemma below, the distributions of Re
�
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�
1 �
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1

��
and Im

�
� log

�
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e.� logp1/

p�
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��
are both absolutely continuous. Thus we have the assertion of the claim. �

Lemma 3.1 Let � > 1
2

and p prime. Then
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(ii) Define  p� W R! R by

 p� .t/ D

�
tan�1

� 1
p� � cos t

sin t

�
C tan�1

�cos t

sin t

�
; t 2 R n �Z;

0; t 2 �Z:

 p� is a smooth function with period 2� . Its first derivative test on Œ0; 2�� is as follows:
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2
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2
% 0

Here  ´  p� and t� ´ cos�1
�
1
p�

�
. Thus  jŒ0;t� � W Œ0; t� � ! Œ0; �

2
� t� � and

 jŒ2��t� ;2�� W Œ2� � t� ; 2�� ! Œt� �
�
2
; 0� are strictly increasing, and  jŒt� ;2��t� � W

Œt� ; 2� � t� � ! Œt� �
�
2
; �
2
� t� � is strictly decreasing. Denoting their inverse functions

by
�
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��1
,
�
 jŒ2��t� ;2��

��1
and

�
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, respectively, we have
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Proof. First, for w 2 C, jwj < 1,
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Fix � > 1
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and prime p. From the above,

Re
�
� log

�
1 �

e
p

�1t

p�

��
D �

1

2
log
�
1 �

2

p�
cos t C

1

p2�

�
; (3.12)
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are both absolutely continuous. Thus we have the assertion of the claim. �

Lemma 3.1 Let � > 1
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and p prime. Then
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(ii) Define  p� W R! R by
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tan�1

� 1
p� � cos t

sin t
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C tan�1

�cos t

sin t
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; t 2 R n �Z;

0; t 2 �Z:

 p� is a smooth function with period 2� . Its first derivative test on Œ0; 2�� is as follows:
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Here  ´  p� and t� ´ cos�1
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; 0� are strictly increasing, and  jŒt� ;2��t� � W
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2
� t� � is strictly decreasing. Denoting their inverse functions

by
�
 jŒ0;t� �
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,
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and
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, respectively, we have
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Proof. First, for w 2 C, jwj < 1,
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0
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ds
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p
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Fix � > 1
2

and prime p. From the above,
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�
1 �

2
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1
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; (3.12)
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�
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�
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e
p
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��
D

Z 1

0

sin t
p�
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p� cos t C s2

p2�

ds

D
1

p�

Z 1

0

sin t

1 � 2s
p� cos t C s2

p2�

ds: (3.13)

(i) By Claim 3.1 and (3.12),

P
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2 �
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D
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�
�
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�
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2

p�
cos t C

1

p2�

��
dt

D
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2
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�
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D
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0
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�
�
1

2
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�
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2
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1
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�
...� � 7! cos � is even

�

D
1

�

Z 1
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�
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2
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�
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1
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�� ds
p
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...� change of variable: s D cos �
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D
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�
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2
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�

D
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�
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��
1 � .eu.1 � 1

p� //2
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Here the last equality comes from the following calculation:

p�e�2u

q
1 �

�
p�

2
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D
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2
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D

� 4p2��
2e2u � p�.1 � e2u � e2u

p2� /
��
2e2u C p�.1 � e2u � e2u

p2� /
�
�1=2
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D

� 4p2��
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�
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Thus we have the assertion (i).
(ii) For simplicity, put
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�
� log
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e
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�1t
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D
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0
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�
cf. (3.13)

�
:

Clearly  p� is smooth. Also it has period 2� and vanishes on �Z. Since, for t 2 Rn�Z,

d
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�
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it follows that
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Differentiating it in t , we have
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(i) By Claim 3.1 and (3.12),
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Thus we have the assertion (i).
(ii) For simplicity, put
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Clearly  p� is smooth. Also it has period 2� and vanishes on �Z. Since, for t 2 Rn�Z,
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from which, the first derivative test of  p� on Œ0; 2�� is given as in (ii).
Now, by Claim 3.1,
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p�.dxdy/. The following is due to Jessen-Wintner [16]:
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Since " > 0 and ´0 2 C are arbitrary, the second assertion follows at once. �

Before closing this chapter, we introduce some known results for the distribution of
p�.dxdy/. The following is due to Jessen-Wintner [16]:

Fact 3.1 (i) p�.dxdy/ is absolutely continuous w.r.t. the 2-dimensional Lebesgue mea-
sure, and its probability density p�.x; y/ is smooth.

(ii) When 1
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Claim 3.3 is obvious from Fact 3.1(i).
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So (3.18) is valid without taking the limit. On the other hand, when 1
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Thus we have a question of determining the speed of the convergence (3.18). This has
been solved by Hattori-Matsumoto [14]:
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I0.�/ is the 0th modified Bessel function, i.e.,
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The case where � D 1 remains open, i.e., when � D 1, we have no limit theorem as
above.

For the proofs of Facts 3.1 and 3.2, we need much efforts
�
cf. [33]

�
.

Chapter 4

Riemann zeta function

In this chapter, following Kanemitsu [17], let us view the Riemann zeta function. For
those readers who are not familiar with this, we here give detailed proofs for almost all.
The matter in this chapter is necessary for the Bohr-Jessen limit theorem stated in the next
chapter. Since this limit theorem is concerned with the Riemann zeta function (precisely
the log zeta function), we may well view this function here.

4.1 Euler-Maclaurin summation formula

Definition 4.1 We define the Bernoulli number Bn (n � 0) by
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We call Bn the nth Bernoulli number.
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