Chapter 3

Complex random variable
5, —log(1 — £=XEP)) on (RE, P)

In this chapter, we define the complex random variable in the heading above, whose dis-
tribution is the limit distribution in the Bohr-Jessen limit theorem.

3.1 Complex random variables e¢(A)

Definition 3.1 For A € R\ {0}, we define
eM): RE — (B

w w
(xf)fE[B = Xcosa- + v —1Xgn A-,

where cos A- and sin A- denote almost periodic functions ¢ + cos At and ¢t +> sinAt,
respectively.

Note that e(A) = meosa. + v — 170 2.
Claim 3.1 For f : C — C bounded Borel measurable,

B o] = o= [ sl

Proof. We divide the proof into three steps:
1° For f € Cy(C; C), i.e., bounded continuous function f : C — C,

EP[f(e@)] = EP [ f (Teosr +vV=Trgnn) |

- // fla+~=1bPo ﬂ(_C(}sk,sin,l.) (dadb)
[RZ

LT .
= Th_r)rgoﬁf_T Jf(cos At +~/—1sinAt)dt

1 T
= lim — [ f(e¥™"")dt
T—o0 2T -T
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T
— tim — [ (e
-T

T—o00 2T
1 AT V=
= lim —/ fleV ' F)dr
T—>c>02|)k|T —|AIT ( )

1 T
T -1t
N Th—r};o 2T J_r f(e )dt

L, 7] ~I7]
= lim —(/ f(eﬁz’”)dwr/ f (e a1

T—o00 2T —|T] -T

+[T fe FZ’”)dr)

[T]-1 LT

3 / (e¥712m1) dt+/ £ (Y= dr

= ﬁ(
—>0Q0 — LT_] T

+/ fe FZ’”)dt)
L7]-1 -IT]

_ - J:Zn(t+n) =127t
=, ZT( _XETJ/ )d[+[T /e i

[t
—-LT]

1
= lim @/0 fe Fz’”)dz+2le f(e¥V™"2)d1

T—ooo\ T
.\ 1 T f(eﬁznt)dt)
2T Jit)

-/ eV

1 2w S
=— “)dt.
2 0 f(e )
2° Let U(dt) be a uniform distribution on [0, 27), i.e., U(dt) = g—; (t € [0,2m)), and
R(t) = (cost,sint). Then P o), o0 =UoR™

@ For Y f € Co(R%:R), put f € Go(C:R) as f(z) := f(Rez,Imz), z € C. By 1°,

/ f(a, b)P o n(_c;sk,sink)(dadb) = EP [f(ncos)m nsin)v)]
R2
= EP[f(e))]

1 2w

— | FEe

:27r
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1 2w

= — f(cost,sint)dt
2 0

= / f(a,b)U o R (dadb),
R2

which shows the assertion of 2°.
3° For f : C — C bounded Borel measurable, we have by 2° that

E¥[fe@)] = [[ £+ VEIbP onils 0 (dadh)
R2
=f fa +~/=1h)U o R"\(dadb)
R2

1 2
=— | fe Mt ]
27 0
Corollary 3.1 |e(A)| =1 P-ae.

Proof. Clearly C > z + 1gr\(3(|z]) € R is bounded Borel measurable. Then, by
Claim 3.1,

2w
P(et] £ 1) = E (e (e@)] = 5 [ tmun(ear 0. m

Claim 3.2 [f{Ax}32, is AL then a sequence {e(kk)};:o:l of complex random variables is
i.id.

Proof. We divide the proof into three steps:
1° Forr € N, (a;,b;) € R2\ {(0,0)} (1 <i <r)andn; e N(1 <i <7),

EF [l_[(aincoski- + binsin/\,‘l)ni] = 1_[ EP[(aincosAi- + biﬂsin/lf)ni]-
i=1

i=1
() First
L.H.S. (= the left-hand side)

For simplicity, let p; = /a? + b? > 0 and 6; € [0,27) be such that a; = p; cos 6;,
b; = p; sin ;. Clearly
a; cosA;t + b; sind;jt = p; (cos 0; cos A;t + sin 6; sin)tit)
= p; cos(kiz - 9,~).
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Thus

R.H.S. (= the right-hand side) in the above
1 (7L
= lim — l—[p cos” (Az—@)dr
T

i=1

= Jim o7 | (HP)
o [ (Lo )(H P () i)
= o [ (1) ([T 50)

2, (0)

0<li<n,
0<l,<n,
n n —_ —_ e p—
ST T (1) (et
i ll lr
o<li<ni,
=iy zn, .
% lim 1 eﬁ((ﬂl—nl)/\l+~--+(21r—n,)xr)rdt
T—o0 2T
m n =1 (11 —210)61 4+, —21,)6,
(Hp )(H n) > N R P e ALY
i L I,
0<ly<ny,
0<l,<n, )(1(211_,“))“+...+(2]r_nr)/1r=0
r r 1 n "
i 1 -
= ([T)(I15%) >
; : 2ni 11 lr
i=1 i=1 0<ly<ni,...,0<l<n,;
@hmmhit+ @l =n)Ar=0 « eﬁ((nl—zll)&+---+(nr—2l,)0,)
ni ny
[ % (1)-(7)
i=1 i=1 0<li<ni,...,0<l-<n,;
2l1=n1,....2l,=n,
0 if 1<3% <r st n€e2N—1,

= (T5()(2) =110 (2)

if n; €2N (1 <i <r).
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In particular, when r = 1,
0 if n; € 2N —1,

EPI:ancos)L~+b7Tsin)L~n]i|: 1
(@17 + b1Tini) (") i gy e 2N
oni |\ L

2

Putting this into the above, we have

r

i=1

2° Fix Yr > 1. For V((al,bl), el (a,,b,)) € ]—[f=1 R?, it follows from 1° that

r
EP |:l_[ e\/?l(ainCOSAi‘—i_binSin)ti‘)]

i=1

r o0 .
( _l(aincosk" +binsinl--))n’
—er {1 @ b
i=1n;=0 n;!

= EP|: Z IL[ (ﬁ(aincoski~ + biﬂsinki-))ni 7

n;!
N1, lpr>0i=1 ! i

Il
™

n,-!

EP |:1L[ (V -1 (aiﬂcosk,w + biﬂsinli-))ni i
i=1

n;!
Y yenns n,>0i=1 ! =

= Z lL[ EP[(«/—_I(aiﬂcosA,-. + biTina;)" ]

l’ll'!

_ lL[ Ep[i (\/—_1(ai7fcosli- + binsinli'))ni]
i=1

n; =0

r
— 1_[ EP [e v _1(ai”cosli~+biﬂsin/\i-):|‘
i=1

,
EP [l—[(aincoski- + binsin/\f~)ni] = 1_[ EP[(aincosAi- + bi”sin/\,—-)ni]-
i=1

This shows the independence of (o5 2+ Tsina;-)s - - - » (Teos s Tsina,-)- Thus {e(Ax) 2,

is independent.

3° From 2° in the proof of Claim 3.1, P o (7cos 2, Tsina,) - = U o R™! for Yk. This

tells us that {e(Ax) )72, is identically distributed.

3.2 Logarithm functions of a complex variable

Before stating Theorem 3.1 below, we here explain the logarithm function of a complex

variable.
For z € C \ (—o0, 0], we define

21
logz:=/ —dw.
1 W

(3.1)
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Since C \ (—o0, 0] is a simply connected domain of C, this integral is determined only by
z in virtue of Cauchy’s integral theorem. In other words, this is independent of paths in
C \ (—o0, 0] connecting 1 with z. Clearly log(-) is holomorphic. Also when z € (0, 00),
log z is just a usual logarithm function of a real variable.

Note that log z = log |z| + ~/—1 arg z, where —7 < argz < 7. Because

z
logz = /
1

2l <1
=/ —dw + —dw
1

w lz| W

dw

g~

[ b [ oo
= —dx ——|zle -
1 o |z]ev—1e

= log|z| +v—largz.

Thus we have an identity

elogz — elog\z\+«/—1 argz __ elog\z| v—largz
|Z|e ldrgz
=Z. 3.2)

(log(+) is an inverse function of z = e¢™!) Also note that for |z| < 1
o0 —
(_l)n lzn
1 = e .
og(l+2) =) . (3.3)
n=1
Because, by the bounded convergence theorem,

1+z 1 1 ds
10g(1+Z)=/ —dw:Z/
1 w o 1+2zs

= /Z( —zs)'ds

I

]
N
_|_
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Now, let D C C be a simply connected domain and a € D. For a holomorphic
function f : D — C satisfying f(w) # 0 (w € D) and f(a) € C\ (—o0, 0], we define
“f(w)
log f(2) 1= log f(a) +

a f(w)

Here log of R.H.S. is the one defined by (3.1). Clearly log f(-) is holomorphic. And it
holds that

dw, ze€D. (3.4)

efcz %dw — f(Z) VZ,VC e D. (35)

fle)

For, from

'z £ (w) / 'z
(efc T d“’) = el

([T L@y

e Jw)
- / w /
_ JiLwman [ @)
f(@)
it follows that
(eff' ',/}Q(Ju”))dW)’ (e %dw)/f(z) _ ol T v (g
f (@) (@)
4 f/(w)d ’ z /f(w)d
_ LG ) — ol i p1(g)
f2(z)
=0, "zeD.
, , , JE Gl aw , ,
Since D is a domain, wy € C s.t. eT = wo (Yz € D). Putting z = ¢ yields

that wy = %, from which (3.5) is obvious. By (3.2) and (3.5), we have

. 24 44
elos f@) _ elos f@+[> ../f((lx); dw _ elos f(a)efuZ './f((lluu))dw

_ fa)- 1@
= f@- 5o

= f(z), YzeD. (3.6)

By the uniqueness theorem, such a log f(-) is unique.

3.3 Complex random variable Zp —log(1 — —e(';?,g P))

Theorem 3.1 Foro > 1,

-2

is a sequence of independent complex random variables, and

EP [— log(l - w)} —0, (3.7)

g

p:iprime



50 Chapter 3 Complex random variable Zp —log(1 — %) on (RE, P)

e N
Thus e(—log )
23 a1 -705)

is convergent P-a.e.

Proof. We divide the proof into two steps:
1° Let A € R\ {0} and p prime. Since |e(’l) = L € (0,1) P-ae. by Corollary 3.1,

PO'
log( — @) is defined P-a.e. Noting that for |z| < 1,

|log(1+Z)|:|Z|‘/0 1+st‘ 5|Z’|/ |1+st|

S'Z'/ -

[O 1 +zs|=1—]zls = 1 - |z]]

|z|
- , 3.9
T—|2] (3.9

we have an estimate

A > 1 29 1
‘—log(l—e( ))‘< L = - < —.

pO‘

(3.10)

By Claim 3.1 and Corollary 3.1,

B | -tog(1 - <0 | = £7| - 1og(1 - iﬁ)lm,u(w(w))]

2 F
_ _/ —log —1p, 1](|eﬁf|))dt

2
1 «/jlt
= — —log<1 ¢ )dt
27 Jo p°
V=1t
1 2n—10g<1—ep(, )
= J—TeV 1l qy
27+ —1 Jo eV/-1t
1 — log(l — pz—g) J
= ——=dz
2w/ —1 Jiz)=1 Z
0
= — log(l — —a> [@ Cauchy’s integral representation]
p
=0. (3.11)
2° (3.7) and (3.8) follow from (3.11) and (3.10) with A = —log p, respectively. By

Example 2.1 and Claim 3.2, {e(— log p)}

variables. Thus {— log(l — %)}p:pﬁme is independent.

.. 1is a sequence of i.i.d. complex random
p:prime
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Next, by (3.7),

EP[Re(— 1og(1 _ %))] =0,

E? |:Im(— log(l - —e(—;(;g p)))]
by (3.8),

o) ] (o)
< EP|:(Re(—10g(1 = e(+°gp)))) + (Im(_log(l B e(—;ﬂ))) }

= EP[ —log(1- w)ﬂ

p°
29 N2 1
< —.
- (20 — 1) p20‘

Since Y. ime p%(, < o0 [@ 20 > 1], we can apply the a.s. convergence theorem for

independent random variables [cf. Claim A.6] to see that

Z Re(— log(l — W)),

0;

p:prime
—1
Z Im(— 10g(1 _ e(—(()rgp)>)
Dp:prime p

are convergent P-a.e. Therefore
—1
Z —log(l el ng))
- p°
p:prime
is also convergent P-a.e. |

Remark 3.1 The distribution of 3, — log(1 — ﬂ#p)) is just the limit distribution in
Bohr-Jessen limit theorem !

3.4 Some properties of the distribution of
e(—log p)
Y, —log(1 — =leen)y

We view what is easily seen from concrete calculations.

Claim 3.3 The distributions of real random variables Re(}_, —log(1 — e(+?,gp))) and
Im(zp — log(l — %)) are both continuous. Namely, for Yo, V,B e R,

P(Re(z —log(1 — @)) = a) =0,

p
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P(Im(Z—log(l - e(_;%p))) - 5) — 0.

p

Proof. Fix o > % From the independence of {— log(l — W)}n , it follows that

fora, B € R,

P(Re(i—log(l - w)) . a)

= P
= P(Z Re( log e(—+§gm))) = oz)
= P(Re(— log(1 — w ) ZRe( log(1 e(—+’({gm))) = a)

:P(Re<—log(1 %) ZRe( log &ngn))))

1 pn

= E? |:P (Re(— log(l - %f’q))) = - x)

1

b
—1
x=Y2, Re(— log(1— ¢ ;ép")))i|

oo

F(1m( -t =) =)
_p(i m(—tox(1 - “E ) — )
:P(Im(—log(l w) Zlm( log(1 e(_+,z;gm)) =/ )
(TR L B S EIRE T

— EP |:P (Im(— log(1 — %)) =p- y)

1

o0 _ __e(=log pn) :|
y=Y52, Im(— log(1—<1520)) )

By the lemma below, the distributions of Re(—log(1 — e(_;’—g‘%pl))) and Im(—log(1 —
1

e(_;’#)) are both absolutely continuous. Thus we have the assertion of the claim. W
1

Lemma 3.1 Leto > % and p prime. Then

(i) P(Re(— log(1 — %ng))) e du)

S 2 =) (=@ - ?)

- ;l(log(l-i- )1 log(1— )~
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(ii) Define Yp0 : R — R by

1

—& —Cost cost
tan_l(p—> +tan_1( - ) teR\nZ,
Ypo (1) = sin ¢t sin ¢

0, ten’Z.

Vpo is a smooth function with period 2. Its first derivative test on [0, 21 is as follows:
t o |--- ty % . T |- %7[ e [ 2w —ty |- | 27
A R EEEET e Ear
v 0 | /151 N\ 0 N b—5 /] 0O

Here ¥ = VYo and t, = cos_l(p%,). Thus Y¥ljo,1 : [0.t6] — [0,5 — t5] and

Vli2n—ty,2n] © [2 — 10,271] — [te — %,0] are strictly increasing, and V|1, .2n—1,] :
[t, 21 — t5] — [to — 5.5 — s is strictly decreasing. Denoting their inverse functions

by (1ﬂ|[0,,g]) , (W|[2n_,c,2ﬂ])_l and (1ﬁ|[,m2,,_,o])_l, respectively, we have

P(Im(— log(l — e(_;#p))) € dv)

N (v)( = + : )
T g\ G20 ‘/f/((W[zg,zn—ta])_l(U)) W((W[Z”—’mz’f])_l(v))

—1 1
o.z_r, d
Tlog “”( (Vi ame) @) '((w[o,to])—l(v)))) '

Proof. First, forw € C, |w| < 1,
1
—log(1 —w) = / d ds
o 1—sw
1 1—sw
=/ w( sw)_ s
o (I=sw)(1—sw)
/1 w — s|wl|?
= N
0o 1—s(w+w)+ s?|w|?

1 2 1
Rew — s|w| Imw
= ds v-l/ ds
fo 1 —2sRew + s%|w|? + o 1—2sRew + sZ|w|?

1 1
= _E/ (log(1 —2sRew + 32|w|2))’ds
0

1
— I
n _1[ mw
0

1 —2sRew + s2|w|?

1 ! I
:—Elog(1—2R6w+|w|2)+\/—1/ v
0

ds
1 —2sRew + s%|w|?

Fixo > % and prime p. From the above,

Nasy
e 1 2 1
Re(~log(1 - pa )) == log(1 - oSt + F)’ (3.12)
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1 sint
m(—logl— )=/ Lad ds
( r° ) 0 1—;—§cost—|—pSTz(,

1 ! sin ¢
= — ds. (3.13)
r° Jo 1——cosz+p20

(i) By Claim 3.1 and (3.12),

3 _e(=logp) )

P(Re( log(l P )) €
2w

= % | 1.(Re(— log(l _¢

| 1 2 1
= — 1. ——log(l——cost+—) dt
27 0 2 pa p20‘

1 (7 1 2 1
=3 . 1.(—§log(l + Fcost + ﬁ))dr

[@ change of variable: T =t — n]

= l/n 1.(—110g(1 + icosr + L))dt
7 Jo 2 pa p20
[@ T > COST is even]
- 1/1 1.(—llog(1 + 2y i))L
7 J 2 pe PV =52
[@ change of variable: s = cos 7,']
Lyt
_! / W pre du
T Jiog(1+ 55! \/1 _ (%(e—zu — 1= p%))z
[@ change of variable: u = —% log(1 + p%s + p%)]
2 [loel—gm)! 1.(u)

_2 du.
T Jiog(14 )1 \/((eu(l+pia))2—1)(1—(e"(1—,,%))2) '

Here the last equality comes from the following calculation:

pae—2u
Y= (G =1 )’
( p T oT4u 1/2
= (1 _ %(672" —1= ng ))(1 + o (efzu _ p%))

~( t” )"
e (1= Bl e — 1= Jh))2e (14 B (e — 1 — k)

4p20

1/2
- ((262” _pa(l — p2u _ 19)2" )(282" +p (1 — e2u _ 32’; ))
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4p20' 1/2
= ((eZu(pg +po + 2) _ p()')(p(f _ezu(pa +p° _2))
4 1/2
= (p_a(ezu(paﬂ + p—a/2)2 _ pa)p—a(pa _ ezu(pa/z _ p—a/2)2)>
4 1/2
= ((ezu(l + p—o)Z _ 1)(1 _ e2u(1 _ p—a)z))
2

\/(eZM(l + p—o)z _ 1)(1 _ eZu(l _ p—a)z) ‘

Thus we have the assertion (i).
(i1) For simplicity, put

NasY,
e
Ypo (t) := Im(— log(l — I ))
1! sin ¢

= — ds |cf. (3.13)].
P° Jo l—lz,—f,cost—l—ps% [ ]

Clearly v,0 is smooth. Also it has period 277 and vanishes on 7Z. Since, fort € R\ nZ,

1
(B0 -
ds sin ¢ 1+(p‘7 )

sin?
sint

sin® ¢ + (35 —cost)?
sint

|_. “tg|~

Q

P sin® t—|— = — —cost + cos?t
smt

1
Pcl—;—icost—l—

S —cost\]!
wpa([) = [tan_l (I)ST>:|
0

it follows that

Differentiating it in ¢, we have

.2 1
) 1 sin t—(p—,, —cost)cost
Wp” (t) = p%—cost 2 Sinzl
1 + ( sint )
1 —sin®t — cos? ¢

+ 1+ (mf sin® ¢

sint
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sin2t+coszt—°;—f,’ —sin®f — cos?t
= . 2
sin t+(——cost) sin” 7 + cos? ¢
sin t+pTU—p—acost+coszt
1—‘22,’ 1+—cost—p%a
1—p—acost+p7
pia(cost—L)
N 1——cost+p2c,

from which, the first derivative test of ¥, on [0, 27] is given as in (ii).
Now, by Claim 3.1,

—1
P(Im(— log(l — %)) € )
V1t

=% 02” 1.(Im(—log(1— — )))dr

1 2
=5 ), 1.(Ypo (1))dt
to 2r—ty 2n
= ﬂ(/o L (Vo (1))dr + /ta L (Ypo (1))dt + /M_t[f 1~(Wpff(l))df)
1 37l dv
= — 1.
o (/0 O ol )
2 lo —1
1. d
+[a—§ (v)1//1/7“((1)”170|[10,27T—t0])_1(v)) ’
0 dv
+ 1. .
/ta_g (U) wl/,a ((Wp" |[27‘[—t0,2ﬂ])_1(v)))
This shows the assertion (ii). u

Corollary 3.2 For —oo < o] < oy < 00, —o0 < fB1 < B, < 00, a closed rectangle
Ed],(xz;ﬂl,ﬂz = {a + \4 _lbval 5 a S a27 131 E b S ﬁz} (314)

is a continuity set of the distribution of Zp - log(l — %). Namely,

P(Z—IOg(l - %(;gp)) € aEal,az;ﬂl,ﬁz) = 0.

p

Proof. Since

0Eq, ari1.8 C {a1 +vV—1b;b € R} U {an + v —1b;b € R}
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U{a—l—«/—_lﬂl;a €eR}U{a ++/=1B5a € R},

we have by Claim 3.3 that

toa(1_ €102 p) | )
P(; IOg(l o ) € aEal,az,ﬂl,ﬂz
< P(Re(Z—log(l — W)) = 0(1)

p
e(—log p)
+ P(RC(XP: —IOg(l — T)) = 0(2)
-1
+ P(Im(z —log(1 — w)) = ﬂl)
> p
-1
+ P(Im(z —log(1 — W)) E /82)
> p
=0. |
We regard a complex random variable Zp —log(l — e(+‘(’,g”)) as a 2-dimensional

random variable

e(—log p) e(—log p) )
Re —log(l — ——=—)),Im —log(l - ———
({1 = 2. (3 s - 22
and denote this distribution by p,(dxdy):

B e(—logp)))’

o(dxdy) = -
po(dxdy) =P ((Re(z log(1 =

p
—1
pO'
p
) compact set, if 1 <0 < o0,
t1 —
Claim 3.4 supp (pg(dxdy)) { R2. if %< o<1

Proof of the first assertion of Claim 3.4. Incase 1 < o < 00, it follows from (3.10) that

Z—log(l B e(—;igp)) < ; —log(l B e(—logp))'
1

p pe
20
= 2o 1 ZF P-ae.,
P

T1For a probability measure v on (R*, B(R")),
supp v 1= ﬂ{F C R”; F is a closed set such that v(FD) = 0}

is called the support of v.
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or, equivalently

pa({(x,y);\/x2 +y2 < 2(,2_ 1 ;%}) =1,

which shows that supp( Do (dxdy)) is compact. |
For the proof of the second assertion of Claim 3.4, we present the following lemma:

Lemma3.2 Letn >2andsy,...,s, >0, andput S = {z € C;|z| = 1}. Then

" +
ZSka; Z1,--+,2n €8 = {Z; max (sk—zs,-> <|z| <s1+ -+ sn
k=1 1<k<n ik

Here, fora € R, a™ :=a V0.

Proof. Since the triangle inequality gives that for z;,...,z, € S,
n n n
)ZSka‘ < Zsk|2k| = Zsk,
k=1 k=1 k=1
n
‘Zskz'k‘ = ‘sz.j + Z SkZ.k‘
k=1

kef{l,...,n}\{j}

> Sj|Zj|_) Z Ska)

ke(l ()
>silel— ) sklzd
ke(l N}

=5 — Z s (j=1,...,n),
ke{l,...n\{j}

it is seen that
+ n n
max (s; — S < s < Sk
[ CERD SIS ) SR b
ke{l,..n\{j} k=1 k=1

which shows the inclusion ‘C’.
In the following, we show the opposite inclusion ‘D’ by induction on 7.

1° Letn = 2 and 51,5, > 0. Incase s; = s, =: §,

51+ 852 = 2s,
+
+ +
max (S — S =(s1— ¢ V(s — s =0.
15k§2<k % z) (1 2) (52 1)
1

Note that for ¥, ¥, € R,
sleﬁ(lﬁ2+1ﬁ1) + Szerl(¢2—W1) — Seﬁwz(e«/jlW1 + e—«/:%)
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= (25 cos wl)eﬁ‘“.
Letz € C, |z| < 2s. If z = 0, putting ; = 7 yields that
swﬁ(!ﬁﬁ-%) +S2€\/j1(1/f2—lﬁl) — (25 cos ) V=T _ =0=z;
if z # 0, letting z = |z|eﬁ'” for some ¢ € R and putting {1 = cos_l(%) and Y, = ¢
yield that
slex/jl(1//2+1ﬁ1) + s2e«/j1(¢2—1ﬁ1) — (2S cos wl)e«/jh#z — 2S|2z_|e\/j11//
s
= lzle” "1
= Z.
Thus it is seen that
{z:1z] < 25} C {s121 + 52225 21,22 € S}.
In case 51 > 50 > 0,
+ + + 0
121]3;(2(& - Zsi) =(s1—52)" V(s2—51)" =51 —52>0.
i#k
Note that for ¥1, ¥, € R,
Sles/jl(lﬁ2+1/!1) +s2erl(1ﬂz—W1)
— eﬁwz(sleﬁwl +Sze—ﬁwl)
= eﬁv’z((sl + 52) cos Y1 + v —1(s1 — 52) sin ¥y). (3.15)

Leta € [s1 — $2,51 + $2]. Since

- (2g2)°

(1f2)? — (uz2)?

by 0 < $1752 < | < its2 s1s2  sit8 ape
a a a

€[0,1]

a

1= cos™! - (SI;SZ)Z ) S il .
' ( gy - ooy ) 2]

a

Then

2
<s1 + 2 cos wl) + ( L 2 sin w1>
a a
2 _
(Sl + SZ) cos? v+ <s1 SZ) sin® 2}
a a
2 —§50\2
(Sl + S2) cos® ¥y + (s1 SZ) (1 — cos? 1/f1)
a a
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—§\2 2 —§o\2
_ (S1 SZ) N ((S1 +sZ) B (sl Sz) )0052 "
a a a
— (Sl _52>2 n ((S1 + S2)2 <S1 —S2)2) - (g2)°
- - Tso0\2 )
“ ‘ o Ve - ()

=1,

SO
S1+ 52

cos Y1 = cos Y,

Hw € [gn 27r] s.t
S M ” S1— 82

sin Y, = sin y,.
By (3.15),
Sleﬁ(wzwl) +s26ﬁ(wz—wl)

— eﬁ‘/’z((sl + 52) cos Yy + v/ —1(s1 — 52) sin ;)

= eﬁ‘/’za(cos Y2 — v/ —1siny)
ﬁer—lelﬁz

=ae
=a.
For a general z € C, 51 — s, < 2| <851+ 83, letz = |z|eﬁ‘” (¥ € R), and from
the above take 0;, 6, so that sleﬁel + s2e*ﬁ192 = |z|. Then
slerl(91+¢) + Sze«/j1(92+1ﬁ) — (sle“/jlgl + SZe«/sz)e«/jllﬁ
= lzleY™"
= Z.
Hence it is seen that
{Z; s1—52=1z] <& +Sz} C {Slzl + 82225 21,22 € S},

so that the opposite inclusion ‘D’ is valid for n = 2.

2° Assume that the opposite inclusion ‘2’ holds forn = v (> 2),i.e., that for Vi, ..., Vs, >

0,

+ v
%z; max (sk_zs") <|z|] <8 +-~-+s,,} C {ZSka; Z1,.-.,2v €Sy,
k=1

1<k<
sk=vy i#k

Letsy,...,s,41 > 0, and z € C satisfy

+
ma (- 30) <l o1t s
1<k<v+1 .
i#k

In case 3k s.t. s > > sy,
i £k

sy s ("1#k).
i#l
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For if not so, the following implications hold:

3l;«fék s.t. s1>2s,-:>sk>2s,-=sl+ Z s,->Zs,-+ Z S

i#l ik idtk,l} i#l i¢lk,l}
=5+ 2 Z S;
ig{k,l}
> Sk.
Thus
+ + +
max <Sl — Zs,-) = (Sk — Zs,-) Vv max (Sl — Zsi>
1<l<v+1 oy = 1e{1,...,v+1\{k} oy
= Sr — Zs[ > 0,
i#k
00 <sp— Y. s <|z| <sk+ > s;. From 1°, it follows that
ik i#k
39, 3y st skeﬁe + (Z s,-)eﬁ'” =z
|
skeﬁe + Zs,-eﬁ‘/’.
ik
Incase sy < > 5; Yk =1,...,v+1),
i#k
+
max (sk — Zs,-) =0,
1<k=<v+1 ,
i#k
thus |z] < sy + -+ spp1. IF 3 st 0< Y si —s5; <|z|,then0 < Y s, —s5; < |z| <
i#l i#l
> si + 8. By 1°,
i#l
9, 3y st (Zs,-)eﬁe e
7 I
Zsieﬂe +sleﬁ‘”.
i#l
IfY si—s;>|z] Yl =1,...,v+1),then
i#l

J?l(w+n)} — ||z_|eﬁ"’ —sloeﬁ‘/’eﬁﬂ = |z] + 51, < Zsi
i#lo

{Z — Siy€

where s;, = rlnax s;and z = |z|ef‘/’ (¢ € R). On the other hand,
1<l<v+1

|z| + 51, > max(sl Z s,)
i¢{l.lo}
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by |z] + 810 > 810 =51 > 851 — Y. 8 ("I # ly). By combining these,

ié¢{l,lo}
+
_ . _ V=1 +m) .
r,%f)‘(sl Z s,) < |z —sie | < Zs,.
i¢{l,lo} i#lo

Our assumption of induction shows that

ly — —
301, .Y.,39v+1 S.t. ZS]e —10 _ Z — 8|y€ —1(1//+7r)’
1#lo
1.€.,
Z speV 1o 4 sloev_l("”r”) =z.
1#lo

Hence it is seen that
v+1
z€ %Zskzk; e Zop1 €8¢,

so that the opposite inclusion ‘D’ is valid forn = v + 1.

By induction, the proof of the lemma is complete. |
Proof of the second assertion of Claim 3.4. For simplicity, put F(z) = —log(l — z),
|z] < 1. By (3.3),

oo zm oo | m z 00 |Z|2
F@-zl=|Y = 5= Sy e = o 3.16
F(z) -z Zm_zm_22| 20 —120 (3.16)
m=2 m=2 m=0
We divide the proof into two steps:
LY iow
p:prime

() From Claim 4.3 below and (3.2), it follows that for s > 1,

(@ =[] ;== 1%

)/ :prime p p:prime

— eZp:prime F(ﬁ) — ezpiprime(F(# _%) Z[J prlme%‘

By (3.16),
o Zpiime 75— g(s)e—zp:mme(F(#)—ﬁ) > t(s)e~ oo FGO= 75
1
_Z ‘prime L
Z{O
Z é-(s)efzp:prime ﬁ .
o0
Since li{‘n L(s) = > % [@ By the monotone convergence theorem] = 0o, we have
s\ n=1

> %zoo.

p:prime
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2° Let: <o < 1.Fix Ve > 0and Yzo € C. Since ). p < 00,

p:prime
=1 1
EI[V() € N s.t. Z T < 2(1 — 2—0)8.
i=No+1 ¥t
Putz; := Z F( ) € R. Since Z 20 — [@ By 1°, Zp:prime pLU z Zp:prime% =
i=1 ppnme
o0
oo]and Y F(%) — 0 P-ae. as N — oo [(D Theorem 3.1],
i=N+1 i
3 i=No+1 p’q 1 ’ 20’
N1 e NN (No+ 1,00) s.t. -
-1 )
p(| X r(CE ) <o) >0
Di

i=N1+1

We observe that for Ny + 1 < Yj < Ny,

N
1 1 1 2 1 2 1 1
E = E _0__0 0 T 0T 0 0 o
No+ Pj p; p; P; P

ietNo+ 1NNy DT =
Thus
Ny
I N !
N D DI ML LR D=3
oFI=I=NIAP; N+ 1oy P i=No+1 1

Apply Lemma 3.2. We can take On,+1, ..., 0y, € [0,27) such that

N1 |
Z _Ueﬁo,- =Zo—Z1-
i=Nop+1 pi
Then
N V16
F( - )—zo [Wher691=~-=01v0:=0]
i=1 p;
No 1 Ny e\/jlei
- F _")+ Z F s )—Zo
i=1 pl l=N0+1 pl
Ny e\/jlez e«/TIBi Ny Fe
=z1+Z(F —)- O)Jr =,
i=No+1 Di Di =N 1 ;
Ny eV—16i oV—16;
=it Z F< o )_ o + 20— 21— 20
i=No+1 Di P
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> (RS-

i=No+1 pi pi
N e«/—719i e\/jlei
= 2 |F(0 ) e
i=No+1 Pi Pi
N ;
=2 3 1”' [© (3.16)]
i=No+1 (1— )
1 % 1
S
1 i 1
2(1 - _U i=No+1 pl
<e¢ [@ By the choice of No]. (3.17)

Now we put Q¢ € Bx(RE) as
Ny J—16;
. e(—log p;) A &
o= [P —F () < 5

o
i=1

0l ¥ AR <

Note that

P(|F(%) —F(%)‘ < Fl) >0, 1<i<N.

Because, by Claim 3.1,

2n
LHS. = — 1 —i1 —16i dt
2 J |F(~1/; )*F(egg’)}<ﬁ
1 i3
= — 1} ( f(z-&-e)) (e~/p—?9i) N%dt

> —/ Lij<(py -1y, d1
© Since [Flun) = Flun)] < izl
) — () = e 1 =
> 0.

Thus, by the independence of {F (%)}l |» this, together with the choice of Ny,

i
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implies that

P(Qo) = HP()F(M) —F(%)‘ - Nil)

(‘ Z F(e( logpz))‘ )

i=N;+1 p’
> 0.

On the other hand, we observe that on 2,

iF(e(—logpi)> _ZO‘ _ i(F(e(—logpi)> _ F(@))

i=1 pi i=1 Di pi

+ %F(Njgi) — 2o+ i F(—e(_lofp"))‘

i=Nj+1 P
—Z (e( logpz)>_F< )'
py

V16

al eV 16 > e(—log p;)
P )- PR

Z ( )24 <0 i=%:+l pl‘? )

i=1 !

+ +

<Ni-—+s+e [OByG17)]
1

= 3e.

Therefore

o . (¢(=log pi)

P( ZF( - ’ )—zo < 38) > P(Q) > 0.
i=1 i
I
po ({6, 2):1(x, ) = Re 20, Tmz0)| < 3¢}

Since ¢ > 0 and zo € C are arbitrary, the second assertion follows at once. |

Before closing this chapter, we introduce some known results for the distribution of
ps(dxdy). The following is due to Jessen-Wintner [16]:

Fact 3.1 (i) p.(dxdy) is absolutely continuous w.r.t. the 2-dimensional Lebesgue mea-

sure, and its probability density ps(x, y) is smooth.
1

(i) When 3 <o <1, po(x,y) > 0("(x,y) € R?). Also, when < 0 <1, ps(x,y) is
real analytic.
(iii) ForYa,YB €{0,1,2,...} and YA > 0,

go+B
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Claim 3.3 is obvious from Fact 3.1(i).

For !l > 0, put
R(l) = {z € C;|Rez|, |[Imz| < l} = {x +v=1y;|x|, |y| < l}.

As | — oo,

P (Z—log(l - %) eC\ R(l)) 0. (3.18)

p

since R(I) /' C. When o > 1, itis seen from Claim 3.4 that

P (Z—log(1—e(+(fp)) € (E\R(l)) =0, I>1.

p

So (3.18) is valid without taking the limit. On the other hand, when % <o <1,

P (Z—logu—e(_;#p)) c o:\R(z)) >0, YI>o.

p

Thus we have a question of determining the speed of the convergence (3.18). This has
been solved by Hattori-Matsumoto [14]:

Fact3.2 When 3 <o <1,

! logP (Z—log(l — e(—;*p)) e C\ R(l))

lim - p
[=oo (1 — o)l (logl)T—= >

l—o [ - 7
= - ( / log Io(y )dy) :
o 0

Here
1 (2
Iy(x) = —/ e ¥ du.
21 J_n

1o () is the Oth modified Bessel function, i.e.,

o0

Lhx =Y @(g)z’".

m=0

The case where 0 = 1 remains open, i.e., when 0 = 1, we have no limit theorem as
above.
For the proofs of Facts 3.1 and 3.2, we need much efforts [cf. [33]].



