CHAPTER 13

Examples

When we classify tuples of partitions in this chapter, we identify the tuples
which are isomorphic to each other. For example, 21,111,111 is isomorphic to any
one of 12,111,111 and 111,21, 111 and 21,3, 111, 111.

Most of our results in this paper are constructible and can be implemented in
computer programs. Several reductions and constructions and decompositions of
tuples of partitions and connections coefficients associated with Riemann schemes
etc. can be computed by a program okubo written by the author (cf. §13.11).

In §13.1 and §13.2 we list fundamental and rigid tuples respectively, most of
which are obtained by the program okubo.

In §13.3 and §13.4 we apply our fractional calculus to Jordan-Pochhammer
equations and a hypergeometric family (generalized hypergeometric equations), re-
spectively. Most of the results in these chapters are known but it will be useful to
understand our unifying interpretation and apply it to general Fuchsian equations.

In §13.5 we study an even family and an odd family corresponding to Simpson’s
list [Si]. The differential equations of an even family appear in suitable restrictions
of Heckman-Opdam hypergeometric systems and in particular the explicit calcula-
tion of a connection coefficient for an even family was the original motivation for
the study of Fuchsian differential equations developed in this paper (cf. [OS]). We
also calculate a generalized connection coefficient for an even family of order 4.

In §13.7, §13.8 and §13.9 we study the rigid Fuchsian differential equations
of order not larger than 4 and those of order 5 or 6 and the equations belonging
to 12 maximal series and some minimal series classified by [Ro] which include
the equations in Yokoyama’s list [Yo]. We list sufficient data from which we get
some connection coefficients and the necessary and sufficient conditions for the
irreducibility of the equations as is explained in §13.9.2.

In §13.6 we give some interesting identities of trigonometric functions as a
consequence of the explicit value of connection coefficients.

We examine Appell hypergeometric equations in §13.10, which will be further
discussed in another paper.

In §13.11 we explain computer programs okubo and a library of Risa/Asir
which calculate the results described in this paper.

13.1. Basic tuples

The number of basic tuples and fundamental tuples (cf. Definition 6.15) with
a given Pidx (cf. (4.27)) are as follows.

y Pidx | o] 1[ 2] 3] 4] 5] 6] 7] 8] 9] 10] 11]
# fund. tuples | 1] 4[13[36]67[103 [ 162243 [305 [ 456 [ 578 [ 720
# basic tuples 13 [36 [ 67| 90 | 162 [ 243 | 305 [ 420 | 565 | 720
# basic triplets 9124|144 | 56| 97| 144 | 163 | 223 | 291 | 342

# basic 4-tuples 31 9|17 24| 45| 68| 95| 128 | 169 | 239
maximal order 12118 24| 30| 36| 42| 48| 54| 60| 66
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Note that if m is a basic tuple with idxm < 0, then
(13.1) Pidxkm = 1 + k*(Pidxm — 1)  (k=1,2,...).

Hence the non-trivial fundamental tuple m with Pidx m < 4 or equivalently idx m >
—6 is always basic.

The tuple 2m with a basic tuple m satisfying Pidxm = 2 is a fundamental
tuple and Pidx2m = 5. The tuple 422,44, 44, 44 is this example.

13.1.1. Pidxm =1, idxm = 0. There exist 4 basic tuples: (cf. [Ko], Corol-
lary 6.3)

Dy:11,11,11,11  Eg: 111,111,111 E7: 22,1111,1111  Ej: 33,222,111111

They are not of Okubo type. The tuples of partitions of Okubo type with
minimal order which are reduced to the above basic tuples are as follows.

Dy:21,21,21,111  Eg: 211,211,1111  Er: 32,2111,11111  Eg: 43,322,1111111

The list of simply reducible tuples of partitions whose indices of rigidity equal
0 is given in Example 6.18.

We list the number of realizable tuples of partitions whose indices of rigidity
equal 0 according to their orders and the corresponding fundamental tuple.

[ord | 11,11,11,11 | 111,111,111 [ 22,1111,1111 | 33,222,111111 | total |

2 1 1
3 1 1 2
4 4 1 1 6
5 6 3 1 10
6 21 8 5 1 35
7 28 15 6 1 50
8 74 31 21 4 130
9 107 65 26 ) 203
10 223 113 69 12 417
11 315 204 90 14 623
12 616 361 205 371 1219
13 808 588 256 36 | 1688
14 1432 948 517 80 | 2977
15 1951 1508 659 100 | 4218
16 3148 2324 1214 179 | 6865
17 4064 3482 1531 194 | 9271
18 6425 5205 2641 389 | 14660
19 8067 7503 3246 395 | 19211
20 12233 10794 5400 715 | 29142

13.1.2. Pidxm = 2, idxm = —2. There

are 13 basic tuples (cf. Proposi-

tion 6.10, [O6, Proposition 8.4]):

+2:11,11,11,11,11
4:1111,22,22,31
5:11111,221,221
*8:22211,2222,44

¥12:2222211,444,66

Here the number preceding to a tuple is the order of the tuple and the sign “x”
means that the tuple is the one given in Example 7.51 (Dim)7 Eém), Eém) and Eém))
and the sign ”+” means d(m) < 0.

The tuples 22211,422,422 and 4211,422,2222 are of Okubo type with the
minimal order which are reduced to 2211,222,222.

3:111,111,21,21
4:1111,1111,211
6:111111,2211,33
8:11111111,332,44

*4:211,22,22,22
5:11111,11111,32

*6:2211,222,222

10:22222,3331,55
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13.1.3. Pidxm = 3, idxm = —4. There are 36 basic tuples

+
N

:11,11,11,11,11,11

3:

111,21,21,21,21

4:

22,22,22,31,31

+3:111,111,111,21 +4:1111,22,22,22 4:1111,1111,31,31
4:211,211,22,22 4:1111,211,22,31 *6:321,33,33,33
6:222,222,33,51 +4:1111,1111,1111 5:11111,11111,311
5:11111,2111,221 6:111111,222,321 6:111111,21111,33
6:21111,222,222 6:111111,111111,42 6:222,33,33,42
6:111111,33,33,51 6:2211,2211,222 7:1111111,2221,43
7:1111111,331,331 7:2221,2221,331 8:11111111,3311,44
8:221111,2222,44 8:22211,22211,44 *9:3321,333,333
9:111111111,333,54  9:22221,333,441 10:1111111111,442,55
10:22222,3322,55 10:222211,3331,55 12:22221111,444,66

*12:33321,3333,66 14:2222222 554,77 *18:3333321, 666,99

13.1.4. Pidxm =4, idxm = —6. There are 67 basic tuples

+2:11,11,11,11,11,11,11 3:21,21,21,21,21,21 +3:111,111,21,21,21
+4:22,22,22,22,31 4:211,22,22,31,31 4:1111,22,31,31,31
+3:111,111,111,111 +4:1111,1111,22,31 4:1111,211,22,22
4:211,211,211,22 4:1111,211,211,31 5:11111,11111,41,41
5:11111,221,32,41 5:221,221,221,41 5:11111,32,32,32
5:221,221,32,32 6:3111,33,33,33 6:2211,2211,2211
+6:222,33,33,33 6:222,33,33,411 6:2211,222,33,51
*8:431,44,44,44 8:11111111,44,44,71 5:11111,11111,221
5:11111,2111,2111 +6:111111,111111,33 +6:111111,222,222
6:111111,111111,411 6:111111,222,3111 6:21111,2211,222
6:111111,2211,321 6:2211,33,33,42 7:1111111,1111111,52
7:1111111,322,331 7:2221,2221,322 7:1111111,22111,43
7:22111,2221,331 8:11111111,3221,44 8:11111111,2222,53
8:2222,2222,431 8:2111111,2222,44 8:221111,22211,44
9:33111,333,333 9:3222,333,333 9:22221,22221,54
9:222111,333,441 9:111111111,441,441 10:22222,33211,55
10:1111111111,433,55 10:1111111111,4411,55 10:2221111,3331,55
10:222211,3322,55 12:222111111,444,66 12:333111,3333,66
12:33222,3333,66 12:222222,4431,66 *12:4431,444,444
12:111111111111,552,66 12:3333,444,552 14:33332,4442,77
14:22222211,554,77 15:33333,555,771 *16:44431,4444,88
16:333331,5551,88 18:33333111,666,99 18:3333222,666,99
*24:4444431,888,cc
Here a,b, c,... represent 10,11,12,..., respectively.

13.1.5. Dynkin diagrams of basic tuples whose indices of rigidity
equals —2. We express the basic root ay, for Pidxm = 2 using the Dynkin dia-
gram (See (7.11) for Pidxm = 1). The circles in the diagram represent the simple
roots in supp ap, and two circles are connected by a line if the inner product of
the corresponding simple roots is not zero. The number attached to a circle is the
corresponding coefficient n or n;, in the expression (7.12).

For example, if m = 22,22,22,211, then am = 4ag + 2091 + 20011 + 2001 +
2a3.1 + a2, which corresponds to the second diagram in the following.

The circle with a dot at the center means a simple root whose inner product
with ay, does not vanish. Moreover the type of the root system II(m) (cf. (7.47))
corresponding to the simple roots without a dot is given. The symmetry of the equa-
tion describing the isomonodromic deformation of Fuchsian systems of Schlesinger
canonical form with a given spectral type, which are induced from Katz’s operation
and Schlesinger transformations, is described by the Weyl group corresponding to
the affinization of the Dynkin diagram with simple roots in I (cf. §13.1.6).
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4

2 5 8 7 6 5 4 3 2 1

O—"OC—""C0—""CO0—""O0—"C0C0—""C0C—""0C—"—C——=0
44,332,11111111 Do

13.1.6. Isomonodromic deformations. R. Fuchs [Fu] obtained the sixth
Painlevé equation from the isomonodromic deformation of the second order Fuch-
sian equations with 4 essential regular singular points. The other classical Painlevé
equations can be obtained from the degeneration of the sixth Painlevé equation and
this procedure corresponds to the confluence of the Fuchsian equation. Form this
view point the Garnier system corresponds to the equation describing the isomon-
odromic deformation of the Fuchsian system with the spectral type 11,11,--- 11.

Haraoka-Filipuk [HF| proved that the equations describing isomonodromic de-
formations of Fuchsian systems of Schlesinger canonical form are invariant under the
Katz’s additions and middle convolutions. Hence it is important to study isomon-
odromic deformations of Fuchsian systems of Schlesinger canonical form with the
fundamental spectral types. Moreover we ignore the Fuchsian systems with only
three singular points because of the non-existence of their isomonodromic deforma-
tions. Among them the higher-dimensional Painlevé type equations corresponding
to the following spectral types have been deeply studied (cf. [FIS]).

’ order \ index \ Painlevé type equation partitions ‘
2 [ 6-2p Garnier 11,11,---, 11 e P
m+1|2—-2m Fuji-Suzuki-Tsuda 11 1, ml
2m | 2 —2m Sasano 12™ m? m?,2m — 11
2m | 2 — 2m | matrix Painlevé (Dim)) m?,m2, m?, mm — 11

When the index of rigidity equals —2, there are 4 fundamental spectral types that we
should consider. They are in the above list and Sakai [Sa] calculates the Hamilton-
ian functions of the corresponding Painlevé type equations. Then the Painlevé type
equations corresponding to the spectral types 111,111,21,21 and 1111,22,22, 211
coincide with the Fuji-Suzuki system and the Sasano system, respectively, and the
new system called matrix Painlevé system is obtained. These systems in the above
list are now extensively studied together with their degenerations (cf. [KNS], [FIS],
[Ts] etc.). Note that Katz’s operations keeping their spectral types invariant induce
so-called Backlund transformations of the Painlevé type equations.

13.2. Rigid tuples

13.2.1. Simpson’s list. Simpson [Si] classified the rigid tuples containing the
partition 11---1 into 4 types (Simpson’s list), which follows from Proposition 6.17.
They are H,,, EOap,, EO2p,4+1 and Xg in the following table.

See Remark 7.11 ii) for [A(m)] with these rigid tuples m.

The simply reducible rigid tuple (cf. §6.5) which is not in Simpson’s list is
isomorphic to 21111, 222, 33.

’ order \ type \ name \ partitions ‘
n H, hypergeometric family 1™ 1", n—11
2m EOs, even family 12" mm — 11, mm
2m+1 | EOgpmy1 odd family 127+t mml, m+ 1m
6 X6 = 76,2 extra case 111111,222,42
6 76,6 (see §13.9.14) 21111,222,33
n P, Jordan Pochhammer | n—11,n—11,... ¢ ’P,(LTI

H, = EO,, Hy = EOy = Py, Hy = EOs.
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13.2.2. Isomorphic classes of rigid tuples. Let R;fj_)l be the set of rigid

tuples in P Put Rpeq = U, REY, RO = U2, RYY, and R = U, R™.

The sets of isomorphic classes of the elements of Rgfl (resp. Rp+1, R and R)

are denoted 7@1(3_)1 (resp. Rpt1, R(™ and R). Then the number of the elements of

R™ are as follows.

AR [#R™ || n | #RM | #R™ | o] #RMW | #R™

n
2 1 1115 1481 2841 || 28 | 114600 | 190465
3 1 2| 16 2388 4644 || 29 | 143075 | 230110
4 3 6 || 17 3276 6128 || 30 | 190766 | 310804
5 5 11 ]| 18 5186 9790 || 31 | 235543 | 371773
6 13 28 || 19 6954 | 12595 || 32 | 309156 | 493620
7 20 44 || 20 | 10517 | 19269 || 33 | 378063 | 588359
8 45 96 || 21 | 14040 | 24748 || 34 | 487081 | 763126
9 74 157 || 22 | 20210 | 36078 || 35 | 591733 | 903597

10 142 306 || 23 | 26432 | 45391 || 36 | 756752 | 1170966
11 212 441 || 24 | 37815 | 65814 || 37 | 907150 | 1365027
12 421 857 || 25 | 48103 | 80690 || 38 | 1143180 | 1734857
13 588 1177 || 26 | 66409 | 112636 || 39 | 1365511 | 2031018
14 1004 2032 || 27 | 84644 | 139350 || 40 | 1704287 | 2554015

13.2.3. Rigid tuples of order at most 8. We show all the rigid tuples
whose orders are not larger than 8.

2:11,11,11 (Hs: Gauss)

3:111,111,21 (Hs: 3F) 3:21,21,21,21 (Ps)

K

:1111,1111,31 (Hy : 4 F3)
:211,211,211 (By, IIy, ay)
:22,22,22,31 (Py4)

S

:1111,211,22 (EO4: even)
:211,22,31,31 (Iy, IT3)
:31,31,31,31,31 (Py)

S
S

S
S

:11111,11111,41 (Hs : 5F))
:2111,2111,32 (Cs)
:221,221,221 (as)
:221,32,32,41
:32,32,32,32 (Pys)
:41,41,41,41,41,41 (P5)

:11111,221,32 (EOj5: odd)
:2111,221,311 (Bs, I11,)
:221,221,41,41 (J5)
:311,311,32,41 (I, I113)
:32,32,41,41,41 (Ms)

g oo oo

(S22 NG NG BN e

6:111111,111111,51 (Hg:gF5)  6:111111,222,42 (Dg = Xg: extra)
6:111111,321,33 (EOg: even) 6:21111,2211,42 (Ej)
6:21111,222,33 (76) 6:21111,222,411 (Fy, IV)
6:21111,3111,33 (Cp) 6:2211,2211,33 (f;)
6:2211,2211,411 (Gp) 6:2211,321,321
6:222,222,321 (ag) 6:222,3111,321
6:3111,3111,321 (Bg, I13) 6:2211,222,51,51 (Jg)
6:2211,33,42,51 6:222,33,33,51
6:222,33,411,51 6:3111,33,411,51 (I, IT})
6:321,321,42,51 6:321,42,42,42
6:33,33,33,42 (Pue) 6:33,33,411,42
6:33,411,411,42 6:411,411,411,42 (Ng, IV¥)
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:33,42,42,51,51 (M)
:411,42,42,51,51

:1111111,1111111,61 (Hy)
:211111,2221,52 (Dy)
:22111,22111,52 (Ey)
:22111,3211,43
:2221,2221,43 ()
:2221,322,421
:2221,331,4111
:31111,322,421
:3211,3211,421
:3211,322,4111
:2221,2221,61,61 (Jy)
:3211,331,52,61
:322,331,511,61
:322,43,52,52
:331,43,511,52
:4111,43,511,52
:421,421,52,52
:43,43,43,43 (Py7)
:331,331,61,61,61 (L)
:43,43,43,61,61

:511,511,52,52,61 (Ny)
:52,52,52,61,61,61 (My)

:11111111,11111111,71 (Hg)
:2111111,2222,62 (Dy)
:2111111,422,44
:221111,2222,611 (Fy)
:221111,332,44 (7g)
:22211,22211,611 (Gg)
:22211,3311,44
:22211,41111,44
:22211,44,53,71
:2222,32111,53
:2222,3311,521
:2222,422,431
:311111,332,521
:32111,32111,53
:32111,3311,521
:32111,422,431
:3221,3311,5111
:332,332,332 (ag)
:332,41111,422
:3221,4211,431
:3311,332,422
:3311,4211,422
:41111,4211,422
:22211,2222,71,71 (Jg)
:3221,332,62,71
:3221,44,62,62

6
6
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:321,33,51,51,51 (Kj)
:51,51,51,51,51,51,51 (F)

:1111111,331,43 (EOy)
:211111,322,43 (v7)
:22111,2221,511 (F)
:22111,331,421
:2221,31111,43
:2221,331,331
:31111,31111,43 (Cy)
:31111,331,4111 (B, III3)
:3211,322,331
:322,322,322 (o)
:2221,43,43,61
:322,322,52,61
:322,421,43,61
:331,331,43,61
:4111,4111,43,61 (I, IIL%)
:421,421,421,61
:421,43,43,52
:421,43,511,511
:421,43,52,61,61
:43,52,52,52,61
:43,43,61,61,61,61 (K7)
:61,61,61,61,61,61,61,61 (P;)

:11111111,431,44 (EOy)
:2111111,332,53
:221111,22211,62 (Ej)
:221111,3311,53
:221111,4211,44
:22211,3221,53
:22211,332,521
:22211,431,431
:2222,2222,53 (fs.2)
:2222,3221,44 (fs.4)
:2222,332,5111
:311111,3221,53
:311111,41111,44 (Cy)
:32111,3221,44
:32111,332,5111
:3221,3221,521
:3221,332,431
:332,332,4211
:332,4211,4211
:3311,3311,431
:3221,422,422
:41111,41111,431 (Bg, I1,)
:4211,4211,4211
:2222,44,44,71
:3221,44,521,71
:3311,3311,62,71
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by [Ro].
(cf. Example 10.5 and §13.9.13).

00 00 00 0O 0 C0 00 00 00 0O 0O OO0 C0 C 00 00 00 00 0O 00 O 0

:3311,332,611,71
:3311,44,611,62
:332,431,44,71
:332,53,53,62
:41111,44,611,62
:4211,44,611,611
:422,422,44,71
:422,431,62,62
:431,44,44,62
:422,53,53,611
:431,521,53,62
:44,5111,521,62
:44,521,53,53
:5111,521,53,611
:332,332,71,71,71
:4211,44,62,71,71
:431,53,53,71,71
:44,53,611,62,71
:521,53,62,62,71
:53,62,62,62,62
:53,53,62,71,71,71
:611,62,62,62,71,71 (Mg)

13. EXAMPLES

0 00 00 C0 0 00 0O 00 00 0O 00 GO O C 0 00 00 0O 0O 00 0

Yokoyama’s list in [Yo] (cf. §13.9.15).

:3311,431,53,71
:332,422,53,71
:332,44,611,611
:41111,44,5111,71 (Ig, I1})
:4211,422,53,71
:4211,53,53,62
:422,431,521,71
:422,44,53,62
:431,44,53,611
:431,431,611,62
:44,44,44,53 (Pug)
:44,521,521,611
:5111,5111,53,62
:521,521,521,62
:332,44,62,71,71
:422,44,611,71,71
:44,44,62,62,71
:521,521,53,71,71
:53,53,611,611,71
:611,611,611,62,62 (Ng)
:431,44,71,71,71,71 (K3)
:71,71,71,71,71,71,71,71,71 (Fy)

Hierarchy of rigid triplets

Here the underlined tuples are not of Okubo type (cf. (11.33)).

The tuples H,,, EO,, and Xg are tuples in Simpson’s list. The series A,, = FO,,,
B,, Cy, Dy, E,, F,, Gom, I, Jn, Kn, Lom+1, M, and N,, are given in [Ro] and
called submaximal series. The Jordan-Pochhammer tuples are denoted by P, and
the series H,, and P, are called maximal series by [Ro]. The series ay,, By, ¥n and
dp, are given in [Ro] and called minimal series. See §13.9 for these series introduced
Then 4, = P,, and they are generalized Jordan-Pochhammer tuples
Moreover 1L, IT;,, 11T, IIT;, IV and IV* are in

12,12,12 —— 21,1313 ———=31,1*,1* ——41,1°,1° ———51,1°,1¢

1,1,1\\\\\\\\\\\\:iiiiiiiiéi\212\::\\\*\\iii:221 1° — 32 321,1°

212,212,212

N

32, 213,213

312,221,218

42,23 16

)

321,313, 23

T

2°1,2°1,2°1 2214444e>321 321, 2212

Here the arrows represent certain operations dy of tuples given by Definition 5.7.
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13.3. Jordan-Pochhammer family

We have studied the the Riemann scheme of Jordan-Pochhammer family P, in
Example 1.8 iii).
m=(p—11,p—11,...,p—11) € P,

p
r=0 1= % e c,,l_l 00
[O](pfl) [O](pfl) T [O](pfl) [1 - ,UJ](pfl)
)\O‘i’ﬂ >\1+,U/ N )\p_1+u 7A07"'7)\p—17,u‘

A(m) = {ag, ap+1;j=0,...,p}
[A(m)] =177 (p - 1)
Pp:Hl@Pp—l p+1: (pf].)Hl@Hl 01
Here the number of the decompositions of a given type is shown after the decom-
positions. For example, P, = H1 ®P,_1 :p+1 = (p—1)H; & H; : 1 represents the
decompositions

v v

m=10,...,01,...,108p—21,....p—10,....,p—21 (v =0,...,p)
— (p— 1)(10,...,10) @ 0L, ...,01.

The differential equation Pp, (A, u)u = 0 with this Riemann scheme is given by

p—1
Pp, (A, 1) :==RAd(07") o RAd(x*o [Tc- cjx)*f)a
j=1
and then
Zpk )P,
(13.2)
—p+p—1\ & —pu+p-—1 _
(@)= (T ) @)+ (TP T ) )
k k-1
with

(13.3) po(x) :xH(l—cjx), q(x) zpo(ac)<—/\0—|—zl(i);m>.

It follows from Theorem 10.10 that the equation is irreducible if and only if
(13.4) N&Z (j=0,....,p—1), p¢Z and X+ -+ A1+ ué¢Z.

It follows from Proposition 11.13 that the shift operator defined by the map v — du
is bijective if and only if

(13.5) we{1,2,...,p—1} and Ao+ ---+ A1+ p #0.

The normalized solution at 0 corresponding to the exponent \g + p is

p—1
FXo+p+1) . _

Ao+p 0 Ao 1— ¢, Aj _ p\u—1

@) = Fo (M)/ (1 ]1:[1( o) )(q; pe-lds
F()\0+,LL+1)/ (= Ap—1)m,
T+ 1T Z Z . 1!
02 . ;”f lt/\o+m1+ +mp 1( _ )M*ldt
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o0 oo

= Z - Z (AO + 1)m1+"'+mp—1(7)‘1)m1 to (7)‘p—1)mp—1

()\0 + u+ 1)m1+...+mp_1m1! s mp_1!

m1=0 myp—1=0
C;n2 "CZL_pll Aotptmitetmpoy
B 1:)‘°+“(1 QoD+ + Ap_lcp_l)x 4. )
Ao+p+1

This series expansion of the solution is easily obtained from the formula in §3.1
(cf. Theorem 8.1) and Theorem 11.3 gives the contiguity relation

(136)  u)"t(x) = up i (a)

A0 o+t
|A1>—>A1—1 7(/\0—1—/1%0 H(l’))

Ao—Ao+1 7
)\1>—>)\171

Lemma 12.2 with a = Ag, b = A\; and u(z) = Hf;;(l — ¢;x)* gives the following
connection coefficients

T( Ao + p+ 1)I(—
]_i
()\04-11_‘ H C]

c(0:Xg+pu~1:XA +p)=

7

1
DN+ p+ 1) /1A N1 T N
: w1:0) = bt [ o — )t T - )Nt
c(0: Ao+ p~1:0) C()C(ho +1) o ( ) jzz( cjt)

C(Xo + 1+ DI(A1 + p)
T(u)T(Ao + A1 + o+ 1)

Here we have

(13.7) ug" M (x) =Y Crlw = 1)F + ) Cpla — et

F(Xo+1,=X2, 0+ A1 + 1+ 15¢0) (p=3).

for0 <z <1withCy=¢c(0:Ag+pu~1:0)and C) =c(0: Ag+p~1:A + p).
Ao+n
Since kz;z is a solution of the equation Pp,(\, u — k)u = 0, we have

—1
Lo +p+1) /1 A Mbn—k—1 ] X\
13. = oL —)MrTH 1 —ct)Mdt.

When p = 3,
F(Xo+p+ DA + p— k)

= F(A 13 —A 7)\ A 1— k; .
k F(M—k)r()\0+A1+M+1_k)k| (O+ 2, Ag + 1+#+ 62)
Put

1 T p—1
i) = o [ (0 [T =e0™ )@ =yt =0,
) Jo ol
p—1
ua(@) =™ [[(1 - ).
j=1
We have
U1 = 0 P oy = 07107 oy = 0ty y,
UAoF+L AL cop = a_MU)\0+1,)\1,... =0 Hzuy = —Na_”_l’l},\ + 20" oy
(13.9) = —u{)*lu%u + zuy .,
U1, = 01— gz)oy = 07 oy + cjua_“_lv,\ — cjx0 Huy

= (1— cjm)uny + o0 un
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From these relations with Pp uy , = 0 we have all the contiguity relations. For
example

(13.10) 810\07 Ap_1,u+l = UX s
QUng+1,... Ap_1.u = (0 + 1 = puy
5“...,>\j+1,...,ﬂ = ((1 —c¢z)d — (1 - M))“A,u

and
Pp,(\pu+1) = ij 0P + py,
Pp = (—1)17*1@1...013_1((—#— 1 p 1 Z)\ )
P SN WS WY
and hence

(Zpi )oP I 1)“/\7/1 = —DPnUxput1 = _pna_lu/\,p-

Substituting this equation to (13.9), we have Q; € W(a; A, ) such that Qjuy ,
equals u(x, 15, ), 1. 07 j = 0,...,p — 1, respectively. The operators R; €
W (x; A, 1) satisfying R;Qjux,, = ux,, are calculated by the Euclidean algorithm,
namely, we find §; € W(a:; A, i) so that R;Q; + S;Pp, = 1. Thus we also have
Tj € W(x; A\, p) such that Tjuy , equals u(x,—s for j=0,....,p—1,
respectively.

As is shown in §2.4 the Versal Jordan-Pochhammer operator Ppp is given by
(13.2) with

Vi) v=0,...,p—1:1

P P P
(13.11) po(x) = H(l —cjz), q(zr)= Zx\kxk_l H (1—c¢jx).
j=1 k=1 j=k+1
If c1,...,cp are different to each other, the Riemann scheme of ppp is
;U:Cij(jzl,...,p) o)
, [0]p—1) = He-y
Ak (—1)F N
Z ¢ [1 (¢;j —cv) s Z C.o.cp
= j 1iu§k J v =1 1.--Ck

The solution of ]E’ppu = 0 is given by

uc(z) = /(}(eXp /Otzi:l HK:jjjg__lcus)ds) (z — t)*Ldt.

Here the path C starting from a singular point and ending at a singular point is

chosen so that the integration has a meaning. In particular when¢; =--- =¢, =0,
we have
» ,
At?
uc(x) = / exp(— Z J—) (x —t)*tdt
c =

and if A, # 0, the path C starts from oo to one of the p independent directions

v/ —1
)\;162 F (t>1, v=0,1,...,p—1) and ends at x.
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Suppose n = 2. The corresponding Riemann scheme for the generic characteris-
tic exponents and its construction from the Riemann scheme of the trivial equation
u' =0 is as follows:

r=0 1 oo

bo co  ao (Fuchs relation: ag+ a1 +bg+b1+co+c1 =1)
b1 Cc1 a1
%0 (1—g)°09 =1 —b1—e1 =0 1 00
7&1760761 70,171)17C0 *a0+a1+1
pta (g [p=0 1 oo
0 0 0f°

Then our fractional calculus gives the corresponding equation
(13.12) 2?(1—z)*u" — 2(1 — z)((ao + ar + 1)z + by + by — 1)u’
. + (a0a1x2 — (a0a1 + b0b1 - C()Cl)l‘ + bobl)u = 0,

the connection formula
F(Co — Cl)F<b1 —bo + 1)
((10 —+ b1 —+ C())F(al —+ bl + Co)

and expressions of its solution by the integral representation

(13.13) c(0:by ~ 1:cp) = T

/-T xbo(l _ ,’L‘)CO (.’17 _ S)a1+b1+c1—18—a1—01—b0(1 _ S)—al—bl—cods
(13.14) 0

o F(CLO + bl + C())F(al + b1 + Cl) by
- F(bl _ bO + 1) x d)bl (J")

and the series expansion
(ao + b1 + co)n(ar + b1 + co)n

1— co,.b1+n

= (]. — I)COZL'blF(ao + bl + ¢, a1 + b1 + Co,bl - b() - ].,{L')

Here ¢y, (z) is a holomorphic function in a neighborhood of 0 satisfying ¢, (0) =
1 for generic spectral parameters. We note that the transposition of ¢y and ¢;
in (13.15) gives a nontrivial equality, which corresponds to Kummer’s relation of
Gauss hypergeometric function and the similar statement is true for (13.14). In
general, different procedures of reduction of a equation give different expressions of
its solution.

13.4. Hypergeometric family

We examine the hypergeometric family H,, which corresponds to the equations
satisfied by the generalized hypergeometric series (0.7). Its spectral type is in
Simpson’s list (cf. §13.2).

m=(1"n—11,1") : ,F,_1(a, 5;2)

1" n—11,1"=1,10,1® 1", n—21,1""!
A(m) ={ag+ao1 + -+ ag, +ags+-+ag,;
0<v<mn, 0<V <n}
7L2
[Am)] =1
H,=H ® H,_1:n?

1
H, — H,_
" paEo "1
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Since m is of Okubo type, we have a system of Okubo normal form with the
spectral type m. Then the above R2FE0 represents the reduction of systems of
equations of Okubo normal form due to Yokoyama [Yo2]. The number 1 on the
arrow represents a reduction by a middle convolution and the number shows the
difference of the orders.

rz=0 1 00 z=0 1 00
Aot Ml A2 1-61  [0lm—1y 1
(13.16) : : , j :
Ao,n—1 A2.n—1 1—- B Op—1
>\O,n >\1,2 >\2,n 0 —Bn 78

n

Z(Ao,u +A2) +(n=DA1+M2=n—1,

v=1

a1++an:ﬂl++ﬂn
It follows from Theorem 11.7 that the universal operators
Pi,(N), Pir,(N), Pr,,(N), Py, (V). Py, (V).

are shift operators for the universal model Py, (A\)u = 0.
The Riemann scheme of the operator

P =RAd(O"1) o RAd(z""1) 0 --- o RAA(0™"1) o RAd(2™ (1 — )7 )

equals
=0 1 00
0 [0](71,1) 1- Hn—1
('Yn—l + ,Un—l) 1- ("Yn—l + Hn—l) — Hn—2
n—1 n—1
> (it uy) L= > (1) — s
j=n—2 j=n-—2
(13.17) )
n—1 n—1
> (1) L= (v +pi) =
j=2 j=2
n—1 n—1 n—1
Stvitm) A+ n —y = (v + 1)
j=1 j=1 j=1

which is obtained by the induction on n with Theorem 5.2 and corresponds to the
second Riemann scheme in (13.16) by putting

/ —

’Yj:aj+1_ﬁj (]:17,71—2), Y = a1+ﬁ1_17

(13.18) :
Hj = — 41 +ﬁj+1 (]:17777‘_1)7 ,unflzl_an-

The integral representation of the local solutions at = 0 (resp. 1 and oo) corre-
sponding to the exponents Z;L:_ll (vj+ ;) (resp. 'y’—l—zy;ll pj and — —Z;:ll('yj +
;) are given by
(13.19) I(l;n—lx')’nfl 1571—2 .. -Ié“ m’h (1 _ CE)WI
by putting ¢ = 0 (resp. 1 and o).

For simplicity we express this construction using additions and middle convo-
lutions by

’

(1320) w = O Hn=1pVn-1 .. . T H2,72 97 H2 M1 (1 _ x)"/ .
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For example, when n = 3, we have the solution

t
/I t(l3*52 (IE _ t)lfﬂt;sdt/ 8042*51(1 _ 8)*a1+ﬁ1*1(t _ 5)*a2*ﬁ2d$'
C C

The operator corresponding to the second Riemann scheme is

n—1 n
(13.21) Po(a;B) == [J@W-8))-0— [ — ).
j=1 j=1

This is clear when n = 1. In general, we have

p)

RAdA(0™H) o RAd(z7) Py (a,
=RAd(0") o Ad(z” (nl_[ (9 +B) -0 — Hx(ﬁ-l-aj))

— RAd(9 " (f[ 19+5j—1—7>(19—7)—Hx(19+aj—7))

j=1 j=1

n—1 n
(H D8 =) (0 =7+ D0 = [J0+1)(0 +a;-7))

j=1
n—1 n
=[[0+8—v—w - W=y —p+1) H?Hl— (0 +aj =y —p)
i=1 e

and therefore we have (13.21) by the correspondence of the Riemann schemes with
Y ="n and p = fin.
Suppose A; ;1 = 0. We will show that
&0 o,
(13.22) = IT52) o — Aoy + 1ik!

— xko,nn Fro1((A2,5 = Xo.n) =1, (Ao = Aoj + 1)j=1,...n—15 )

is the local solution at the origin corresponding to the exponent Ag ,. Here

= an 1)k(an)k k
(13.23)  pWFa_i(oa, ... 0m,B1,. .. Bt ) Z k.
—0 Bn l)kk

We may assume Ag; = 0 for the proof of (13.22). When n = 1, the correspond-
ing solution equals (1 — z)~*21 and we have (13.22). Note that

N H;L 1()‘271' - )\O,n)k
= T Qo — Aoy + ik
o~ L= (os = don)k  TQon+y+k+1)

kOH ()\On—)\oj—kl) MITXopm +y+p+k+1)
TMon+7+1) = IT=i A2 = Aok - Qo + 5+ D)y - atontrteth
S Tom+y+p+1) ,;) [T o — Ao + Dk Qo 47+ 1+ 1)kl

prontk

e
Igx

gcx\o,n+7+u+k

Comparing (13.17) with the first Riemann scheme under A1 = A1 = 0and vy =,
and p = p,, we have the solution (13.22) by the induction on n. The contiguity



13.4. HYPERGEOMETRIC FAMILY 153

relation in Theorem 11.3 corresponds to the identity

nanl(ala ey Oy 1,0 + 1;51, e ,571,1;1')

(13.24) = nfnorlon, o ani By B )
a ...ani
o B (e + L an LB L B + 1),
ﬁl "'ﬁn—l

The series expansion of the local solution at x = 1 corresponding to the expo-
nent v + py + -+ + pn_1 is a little more complicated.
For the Riemann scheme

T =00 0 1
—p2 +1 [0](2) 0
1=y — 1 — po Yo + p2 ’

Y =y =y — =2 Y e 2

we have the local solution at z =0

oo
I(l)w(l — x)7216‘1z'y/(1 — )" = I(l)m(l — )" Z (;Zi'l)Tixn
n=0 :

#2 Z 7 +14+n ( 71)n 1’7/+M1+n(1 7‘%)72
I(

!
n=0 'y—l—,ul—l—l—i—n)n

IU’2 Z F(’V/ + 1 + n)(_’h)”(_,m)mx"/-&-m—&-m-i-n
0 L(y 4+ p1 + 1+ n)mln!

m,n=0

B R T R e P P P i
(Y 4+ p1 +p2 +14+m+n)L(Y 4+ p1 + 1+ n)m!n!

m,n=0
F(’y/ 4 1)x7/+u1+u2
T e +1)

oo

(Y 4+ p1 4+ Dmgn (Y + 1>n(_71)n(_'72)m$m+n
(V' + w1+ p2 + Dmgn (Y + 1 + 1)mlnl

n=0
Applying the last equality in (3.8) to the above second equality, we have

I (1 — 2)2 127 (1 — )™

72 '7 +1+Tl( 71)n 7+H1+H2+"(171)*V2
«I'(y +p1+1+n)n!

o0

'Y +pm+1+mn) (12)m(=72)m ( z )m
o T+t pe+14n) (Y +p 0+ pp+ Dmm! Nz — 1

o0

_ T(y + 1)x7/+u1+u2<1 — ) Z V' + Dn(=71)n(—72)m (12)m :v"( x )m
Ly +p +p2 +1) (Y + p1 + p2 + V)mgnmin! z—1
_ (v +1)
C(y' 4 p1 + p2 + 1)
’ X
Y TR (] — )T By (=g, =y, p2, Y + 1Y+ + p2 + 1, - 1)’

m,n=0

where Fj is Appell’s hypergeometric function (13.53).
Let ul_ﬁ" (1, .. ap; 81, .., Bno1; ) be the local solution of P, (a,S)u =0 at
z = 1 such that u;”" (o; ;) = (¢ — 1)"#» mod (z — 1)'~P» O, for generic a and
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(. Since the reduction

Aot [0]n—1) A2 01 [Olm—2y Aoy

)
Omaa

Zmaz,
i i /
Aon A2 Aon on—1 A2 2,n—1

satisfies )\/172 = /\172 + )\071 + )\0’2 — 1 and )\{lj + /\/21]- = /\Q,j+1 + /\27j+1 for j =
1,...,n—1, Theorem 11.3 proves

wp (e Bix) = up P (an, e + 15 By Bt + 1)

(13.25) e
+ ﬁl%ﬂui ﬁn(oﬁﬂlw-wﬁnfl +1;2).

The condition for the irreducibility of the equation equals
(13.26) Ao +AMatrew ¢Z  (I<v<n, 1<V <n),

which is easily proved by the induction on n (cf. Example 10.17 ii)). The shift
operator under a compatible shift (e;,) is bijective if and only if

(13.27) Ao+ A1+ A2 and Ao, +eo A1 Fer Ao Fea

are simultaneously not integers or positive integers or non-positive integers for each
ve{l,...,n}and v € {1,...,n}.

Connection coefficients in this example are calculated by [Le] and [OTY] etc.
In this paper we get them by Theorem 12.6.

There are the following direct decompositions (v =1,...,n).
1...1;m —11;1...1=0...01; 1 Q;O...OIO...O
®1...10;n—21;1...101...1.

These n decompositions m = m’ @ m"” satisfy the condition mg ,, = mfy, =1in
(12.10), where ng = n and ny = 2. Since ng +n1 — 2 = n, Remark 12.8 i) shows
that these decompositions give all the decompositions appearing in (12.10). Thus
we have

n—1
H F()\O,n - )\071, + 1) . F()‘Ll - )\172) " 1"(5 )
c(Aopn ~ A2) = v= m - H F(ay)
H FAon + A1+ A2) v=lt
v=1
= lim (1-2)’,F, 1(a,B;) (Re By, > 0).
x—1—0

Other connection coefficients are obtained by the similar way.

c(Aon ~ A2n):  When n =3, we have
11T,21,111=001, 10,100 001,10,010 101,11,110 01T,11,110
¢110,11,011=110,11,101=010, 10,001 =100, 10,001
In general, by the rigid decompositions

0---0L, 1 0,0...010---
1--100n =21 122101 ---

11T, n—11,1---11

@ |l
—o

7

~101---1T,n—21,1---10
..010---00, 1°00---01

@l
o
O
=
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fori=1,...,n—1 we have
= )\2k )\2n)
Aon ~ A2 n) :
Dan = 2 1] T on Aix Aoxl])
nl:[ T(Xon — Aok +1)
A v v A n— A v v<n—
= (Ao, )1%#%n Ailin—2)  (A2w)icv<n—t )
A12

Moreover we have

P(A2—A1+1)- | I'(Xow — Aon)
(’{(AO,V)lgygn—l [)\1,1](77,72) (AQ,U)lgygn, u#]}’)

AL2

c(A1,2~Aon) =

E]:

<.
I
—_

F(l - BV)
F(l —ay)’

I
i :j:

Here we use the notation in Definition 4.12 and denote

H1
M1 N
He " 1 n—1
(m)isvsn = | . | €C" and (whi<v<n=| iy | €C
im v :
in
for complex numbers g1, ..., fiy.
We have
_1(01,,8;17):ZC;€ (1—1x) —i—ZC’ ) L
k=0
(13.28) Co = nFp_1(a, ;1) (Reﬂn <0),

(Bv)
NG

S|
I
»':15
.

v=1

for 0 < x < 1 if @ and g are generic. Since

dk
wnFn—l(Ohﬂ;x)
_ (an)k o (am)k |
_mnFn—l(al+k7...705n+k761+k’,...7ﬁn_1—|—]§’m)7
Dk (Bn_1
we have
(13.29) Cy, (@1)i - () Fp_1(on+Fk, ... an+k Bi+k, ..., Bo_1+k;1).

(51) o (Bno1)kk!"

We examine the monodromy generators for the solutions of the generalized
hypergeometric equation. For simplicity we assume 3; ¢ Z and 8;—3; ¢ Z for i # j.

Then u = (ua\("l, e ué‘”’") is a base of local solution at 0 and the corresponding
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monodromy generator around 0 with respect to this base equals
6271’\/ - 1)\0,1

My =
62‘“—\/—1)\0’“’

and that around oo equals

My = (Z 2™V =2 e\~ A2k )c(Azk ~ Ahj)) 1<i<n

k=1 1<5<n

= <zn: 2V =TAz,y H sin27r(/\07i + A1+ /\2#)
k=1 ve{l,...n}\{k} sin 27r()\0’k _ >\0,u)

sin2m(Xo; + A1+ A2w)
1<i<n’

vetampgy S22~ o) 12720

Lastly we remark that the versal generalized hypergeometric operator is
P =RAA(@1) o RAA((1 — c12) 1 ) 0+-- 0 RAA(")

o RAd ((1 —cpp)a TEEE (1 - c2x)ca<c3—m> 0

= RAA(9™" ) o RAdei( =) o--- 0 RAA(9 ")
-G

. " V'
RAd 0
° el<1clx+ (1clx)(1021)>

and when n = 3, we have the integral representation of the solutions
x t s /
N —cou) +7'u 1 z -1
- du)(t = )7 (1= ext) s (o — ) ds .
/C /C exp( /c (1 —cra)(1 = con) u)(t—s) (1—cit)r (z—1) s

L or .
ca

Here ¢ equals i or

13.5. Even/0Odd family

The system of differential equations of Schlesinger canonical form belonging to
an even or odd family FO,, is concretely given by [Gl]. We will examine concrete
connection coefficients of solutions of the single differential equation belonging to
an even or odd family. The corresponding tuples of partitions and their reductions
and decompositions are as follows.

m+ 1m,m?1,1>™*1 =10,10,1 @ m?, mm — 11,1?™
=1%21%0,1> @ mm — 1, (m — 2)*1,1*™~!
m?, mm —11,1*™ = 1,100,1 ® mm — 1, (m — 1)*1,1?™~}
=1%110,1*® (m — 1)*,m — 1m — 21, 1*™~2

EO, = H,® EO,_, :2n = Hy & EO,_o : (Z)
[A(m)] = 1)+
EOn ;> EOn—l
R1EOROEO
E02 = Hz, EOS = H3

The following operators are shift operators of the universal model Pgo, (A)u = 0:

P}%h (/\)v P]%?On,l()‘)v PéOn,l(A)7 PI2-12 (A)v PElen,g (/\)’ P)%On,g()‘)'
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EOs, (m = (1" mm — 11,mm) : even family)

T =00 0 1
Ao,1 Al el

A2lm—1)  [A2:2]m)
)\O,2m )‘1,3

2m

Z )\07,, + m(/\1,1 + /\2,1 + /\2,2) + (m — 1))\172 + )\173 =2m — 1.

v=1
The rigid decompositions
1---11, mm — 11, mm
—0---0T,100, 10 1---10, m — 1m — 11, 01
J J

—0---1T, 110, 11® 1---00, m — Lm — 21, m — 1m — 1,
which are expressed by EOs,, = Hi ® EOsp—1 = Hy ® EOgyy, o, give

(A1 — A1s) 2 T(ho2m — Aoy +1)
No.zm ~ ALg) = i : : :
¢(Ao,2 1,3) 11;[1 T([{do2m A1 Ai}|) HP(H Ao A )\2,1}

)

)

>\O,2m >\1,2 )\2,2

2 T(MAs— A +1
c(M,3 ~ Noam) = H (A1 = A )

1 Malm-y  Pawlm)
F( (/\O,V)ISVSmel [)\1,2}(m,1) [Az’gfi](mfl) )
A1,3
. 2ﬁ1 T'(Xo,; — Xo,2m)
j=1 [Al,l](ﬂl—l) [)\2,1](777,—1)
L(|q Qop)icv<om—1  [Mglm-2)  [M22]m-1)
v#j A 3

These formulas were obtained by the author in 2007 (cf. [O6]), which is a main
motivation for the study in this paper. The condition for the irreducibility is

)\O,u+)\1,l+)\2,k ¢Z (]. § I/SQm, k:].,?),
Ao+ Ao FAi1+ 2+ A1+ —1 ¢7 (1<v< vV <2m, k= 1,2).

The shift operator for a compatible shift (; ) is bijective if and only if the values
of each linear function in the above satisfy (11.30).

For the Fuchsian equation Pu = 0 of type EO4 with the Riemann scheme

r=o00 0 1
la1]i2y b1 [0l ;o
(1330) [ag}(g) bg C1
bs ¢
0

and the Fuchs relation
(13.31) 2a1 +2as + by +by+bs+c1+c2 =3
we have the connection formula

(13 32) C(OO ~1:c ) _ F(Cl - C2)F(_C2) Hi:l F(l — by)
' S T e (a) T, Tlas + az + b, + ¢ — 1)
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Let Q be the Gauss hypergeometric operator with the Riemann scheme

T =00 0 1
ai l—a;1—as—c1 O
a9 0 C1

We may normalize the operators by
P=23(1-2)0*+ - and Q=2z(1—- )0+
Then

3
P = SQ Ha1+a2+b —l—Cl—l) 0
v=1

= (z(1 =)0 + (a1 + az + c1 — (a1 + az + 1)2))d — araz

with a suitable 5, T € W(z] and e € C and as is mentioned in Theorem 11.7, Q is
a shift operator satisfying

r=o00 0 1 T = 00 0 1
[a1]y b1 [Oly 52| - |l +1]@ -1 [0 ;=
(1333) [CLQ](Q) bo 1 — [02 + 1](2) by — 1 C1
b3 Co bg —1 Cy — 1
0 0

Let u§ = 1+4--- and u$?> = (1—x)®+--- be the normalized local solutions of Pu = 0
corresponding to the characteristic exponents 0 at 0 and ¢, at 1, respectively. Then
the direct calculation shows

Quo N a1a9 Hi (a1 +a2 + b +c1 — 1)

0= e
[l (1—0)

Quf? = ca(ca —c1)(1— )2t oo

Denoting by ¢(ay,as, by, ba, bs, c1,c2) the connection coefficient ¢(0:0 ~» 1:¢g) for
the equation with the Riemann scheme (13.30), we have

3

a1az H(a1 +az+b,+c1—1)
C(a1,a2,b1,b2,b3,61,62) _ v=1

C((Z1+1,a2+1,b1—1,b2—1763—1,61,02—1)_ 3
(Cl—CQ Hl—b

which proves (13.32) since limy o c(a1+k, as+k, by —k,ba—k,bs—k,c1,ca—k) = 1.
Note that the shift operator (13.33) is not bijective if and only if the equation

3
Qu:H(a1+a2+by+cl—1)'3u:0

v=1
has a non-zero solution, which is equivalent to

3
a102 H(a1 +as+0b,+c¢1—1)=0.
v=1

In fact, there is a shift operator

R=2°(1-2)20° — 2*(1 — 2)(2a1 + 2az + T)x + by + by + b3 — 6)9° + - -- € W[a]
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so that
RQ = (Jc(l —2)0— (a1 +az+ Dz + (a1 + a2 + cl))l5
3
+ ajas H(a1 +a2+by+61 —1)
v=1

By the transformation x — —*5 we have

r=00 0 1
Ol 0 [ai])
c1 br  [az]2)
C2 b2
b-
3 T =00 0 1
2 —2aq ai

(1—)*191 =1 (1—g)~ 1

l+c¢i—ay ayp+b—1 [Ch-‘rag—l}(g)
1—|—C2—CL1 a1—|—b2—1

a1 =+ b3 — ].
T = 00 0 1
',L‘lfal—bl (1_x)17a1—a2 a2 + bl 1 - a2
a1+a2+b1+cl—1 0 [0](2)
a1+a2+b1+02—1 b2—b1
bs — by

and therefore Theorem 12.4 gives the following connection formula for (13.30):
F(b1 + 1)F(CL1 - ag)
F(a1 + bl)F(l — CLQ)

a1 +ag +by+co—1;b1 —byg —1,by —b3—1;1).

C(Oibl'\ﬁ-)OOIag): -3F2(a2—|—b1,a1+a2+b1+cl—1,

In the same way, we have
F(Cl + 1)F((L1 - G,Q)

F(al + Cl)F(l — ag)
a1 +ci,c0 —co+ 1; 1).

c(licg » 0:ag) =

-3F5(b1 —c1,b9 — 1, b3 — c1;

REMARK 13.1. When the parameters are generic under the condition

(1334) l—ay—as—by—c1 € Zzo,

Pu = 0 has a solution such that its monodromy group is isomorphic to the solution
of the hypergeometric equation Qu = 0 and it has 1 — a; — as — by — ¢; apparent
singular points. This solution is constructed by a successive applications of the
shift operators R to Gauss hypergeometric function. This can be considered as a
generalization of Proposition 11.15.

We will calculate generalized connection coefficients defined in Definition 12.17.
In fact, we get

. - 0:la _ Hi=1 I'2-c)- H?:l I(a; —az +1)
(13.35) c(1:[0] (2 las](2)) (@) [T oy + ) ;
12, T(c, — 1) - TIi_y D(ag — ay — i)
I(1—a) ]l T(1—a—by)

according to the procedure given in Remark 12.19, which we will explain.

(13.36) c(oo:[az]) ~ 1:]0](2)) =
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T =00 0 1
ar [0z [0
The differential equation with the Riemann scheme Qg Bley m
as Y2
Qg

is Pu = 0 with

4
P=]](W+a;)+0(0—B)((0—20+7 +7 —1)(¥ —B)
(13.37) =1
+ Y e —(B-2n—2%m 4B -1) - +1).

1<i<5<3

The equation Pu = 0 is isomorphic to the system

@_é”+ b T
dr =« r 1"
0 01 0 00 0 O Uy
13.
(13.38) a_l00o0 ] 5 foooo| o fu
0 0 ¢ 07T " |s 1 a O |us
0 0 0 ¢ r t 0 b Uy
by the correspondence
up = u,
uy = (z— Dav + (1 —a—c)z+a—1)u — su,
us = zu',

ug = 2% (x — D" + (B—a—c)az? + (a— 2)z)u” + (1 —a — ¢ — s)av/,
where we may assume Revy; > Re~ and

6:67 ’Yl:a+]—a 72:b+2a
4
[[E€—a) ="+ (a+b+20)8 + ((a+ ) (b +¢) — 5 —1)&”
v=1

—((b+¢)s+ (a+c)t)E+ st —r.

Here s, t and r are uniquely determined from ay, asg, ag, oy, 5,71, ¥2 because b+c #
a + c¢. We remark that Ad(z~°)u satisfies a system of Okubo normal form.

Note that the shift of parameters (a1, ..., a4, 8,71,72) — (@1, ..., a4, -1, 71+
1,742 + 1) corresponds to the shift (a,b, ¢, s,t,7) — (a+1,b+ 1,¢—1,s,t,7).

Let u£17---»a47ﬂa’717"/2 () be local holomorphic solutions of Pu = 0 in a neighbor-

hood of x = 0 determined by

ai,..,04,8,71,72 (O) = 5j’0’
d j _
(Eufll ----- 044,@71,72)(0) - 5j)1

for j =0 and 1. Then Theorem 12.10 proves

. v
kll)n;o (fa:i”ug,ﬁfk,’hﬁ’k,’yl*Fk(x) = (507,} (V = O, 17 2, . )

uniformly on D = {x € C; |z| < 1}
Put w = va,84,,40 = (’}/1 —2)7'uf, 5. Then Theorem 12.10 proves

klgr;o %vaﬁ*kﬁﬁrkﬁfr/@(az) =0 (V =0,1,2,...),

. 2
lim ((33 Ve +(2-B-y)z+m+k-2)% - S>U@7ﬂ—k771+k772+k(m) =1

k—o0
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uniformly on D. Hence

d
klgn dz aﬁ kvt +k(T) =1

uniformly on D. Thus we obtain

lim c(oo:[az]2) ~ 1:[0](2))|arsar—k, crrsertk, carseath = 1
k—oo

for the connection coefficient in (13.36). Then the procedure given in Remark 12.19
and Corollary 12.22 with the rigid decompositions
22,1111,211 = 12,0111, 111 & 10, 1000, 100 = 12,1011, 111 ¢ 10, 0100, 100
— 12,1101, T11 & 10,0010, T00 = 12,1101, T11 & 10,0010, T00

prove (13.36). Corresponding to Remark 12.19 (4), we note

2 1 3

Z(cy—l)—l—Z(ag—al—i)z(l—al)—l—Z(l—al—by)

v=1 =0 v=1

because of the Fuchs relation (13.31). We can similarly obtain (13.35).
The holomorphic solution of Pu = 0 at the origin is given by

up(z) = Y

m>0, n>0

(a1 +a2+bs+ca—1), H,, (@) man(ar +az + by 4+ c1 — 1))
(1 — bl)m+n(1 — b2)m+n(1 — bg)mm'n'

l,ern

and it has the integral representation

[T, T(1—by)
( )I‘(l—al,—b)F(bl,—f—cl,—l—al—l—ag—l))

—b1— ba+a;—1 —bo—
/ / / (E—So 1 a1802 1 (80—81) 2—a2

ba+a2 1 81) b3—c1—az— a1+1( ci1+bi+az+a;—2

. ng+cz+a2+a1 2(1 _ 52)7527b17a27a1+1d52d51d50_

up(z) =

S1 — 82)

The equation is irreducible if and only if any value of the following linear functions
is not an integer.
a;  as
a1+b1 ar+by a1 +bs as+by as+by as+bs
ai+as+by+e1—1 ai+ag+by+ca—1 a;+as+by+ecp—1
a1 +as+by+co—1 aj+ay+byg+ci—1 aj+as+by+co—1.

In the same way we have the connection coefficients for odd family.
EO2,41 (m = (12" 'mm1,m + 1m) : odd family)

T =00 0 1
Ao,1 A1y Pe2alimt)

A2lm)  [A22lm)
A072m+1 )\173
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22m+1 >\O,y + m()\l,l + )\1’2 + )\2’2) + (m + 1)/\2)1 + )\1,3 = 2m.

v=1
F()\Lk; - )\1,3)
C([{hozm+1 Ax Aea}])

F()\O,Qm.l,-l - )\O,k + ]-)
A0k A1 A2
1T ’ ’ ’
(‘ {)\O,2m+1 A1,2 )‘272} )
(A3 — Ak +1)
AL k](m) [/\2,1}(m)

C(AO,2’"L+1 ~ )\1,3) -

—e T

)

ol
Il

C(>\1,3 ~r >\0,27n+1) =

—

k=1
F( ()\O,V)lgug%n [A1,3—k](m71) [AQ,Q (m) )
AL3
_ ﬁ I'(Aok — Ao,2m+1)
k=1 Ailm-1) P2l
T ( (Aow)icv<om  [M2lm-1) [A22)m-1) )
v#k
A3

s

The condition for the irreducibility is

)\O,u+)\1,k+)‘2,l¢z (1§V§2m+17k:1a2)7
Aoyt FA1t+de+ A1+ —1¢Z 1<v<v <2m+1, k=1,2).

The same statement using the above linear functions as in the case of even family is
valid for the bijectivity of the shift operator with respect to compatible shift (¢; ).

We note that the operation RAd(7*) o RAd(z~*12(1 — x)~*22) transforms
the operator and solutions with the above Riemann scheme of type EQO,, into those

of type EOp41:
Mo Pualgzy  Peales

[Molqezry  DPaelag)
Ao,n A3

)

Aogt A+ A2 [ = A2z A2 — )\2,2]([%1])
T M2 (1—g) T 2.2

: [0]([%1]) UIEN)
Aon + A2 + A2 A1z — A2
Aottt A2+ Ao —p Mg — A2+ M}([g]) [A2,1 — A22 + M]([%D

R : TNEESI) [ (242,
Aon + A2+ Ao — 1 A3z —Aa2+p
L—p

13.6. Trigonometric identities

The connection coefficients corresponding to the Riemann scheme of the hy-
pergeometric family in §13.4 satisfy
Zc(l i A120: A0) (0 A 1A 0) =1,
v=1
C(OO : )\2,1‘“‘%0 : )\07,,) 'C(O : )\QWWOO : )\27]‘) = (S”

v=1
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These equations with Remark 12.8 iii) give the identities

- i s s

k=1 Hue{l,_..,n}\{k} sin(zg — z,,)
n sin(y; — z,) sin(z, — u) N
S sin(zy o) II S —5=0 <ij<n.

k=1ve{l,...,n}\{k} sin(zy, — 2y vell, ..o \{j} sin(y; — yu)

We have the following identity from the connection coefficients of even/odd families.

sin(zg + x, + 2u)

n
> _sin(a, +s) - sin(a, +1) - sin(zy — 7,)

k=1 ve{l,...,n}\{k}

n

sin(nu—&-Za:V) sm(s—i—t—i—(n—Q Z ) if n=2m,
v=1 v=1
sin(s—i—(n—l)u—&—Za:l,) Sln(t+ +le,) if m=2m+1.
v=1

The direct proof of these identities using residue calculus is given by [Oc]. It is
interesting that similar identities of rational functions are given in [Gl, Appendix]

which studies the systems of Schlesinger canonical form corresponding to Simpson’s
list (cf. §13.2).

13.7. Rigid examples of order at most 4
13.7.1. order 1. 1,1,1
U(JT) = .’L‘)\l(l — 1‘)A2 {7)\1 - AQ )\1 )\2}

13.7.2. order 2. 11,11,11 : Hy (Gauss) [A(m)] = 14

_ —up +1 0 0
=y K1
He u(z) {—>\1 — A —p1 A Fpr e+ M1}

13.7.3. order 3. There are two types.

111,21,111 : H3 (3F3) [A(m)] =17
=0 g sy,
L — po 0 [0](2)
—A3— 1 —pe+1 A3+ o
“AM = A= A3 = — 2 AL FA3Fpr A+ pe Ao g+ e
21,21,21,21 : P3 (Jordan-Pochhammer) [A(m)] =1*-2

up, = 07 2 (1 — )M (cy — )2

{ [1- ple 0]y 0]y [0]<2)}
“A =A== A+p At+p Atp

13.7.4. order 4. There are 6 types.
211,211,211: a9 [A(m)] =1%0.2
O M2 (1 — )My,

[—p2 + 1](2) [0](2) [O](2)
—p1—A3— A —pe+1 A3+ 2 Ag+ 2
A=A — A3 =g —pr— e A FA3FprF e Ao+ A+ pn e
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1111,31,1111 = Hy (4F5) [A(m)] = 116
8_H31}/\4UH3
—hs + 1 0 0l
—A—p2—pu3+1 A4
A3 —Ad—p1—p2 —pz+1 Az + Aa + p2 + ps
“A =M — e —py At At petps As g2+ ps
211,22,1111 : EO4 [A(m)] =11
o7 (1— x)f)‘/tu N =X+ 1+ po
Ao+ p1 — p2 —pz+ 1 [0](2) [=A2 — p1 — p2 + psl2)
A2 — A3 —pu3+1 A3+ p2 + ps
—A1— A3 —u3 A+ A3+ p + pe + ps [0] 2y
—ps +1

We have the integral representation of the local solution corresponding to the ex-
ponent at 0:

T t s
///(1—t)_’\z_‘“_”Q(x—t)”3_1s’\3(t—s)’”_lu’\l(l—u)/\2(s—u)“_1dudsdt.
o Jo Jo

211,22,31,31: I,  [A(m)] = 1622

072 ¢y — ) um,

[—p2 + 1] (2) [0](3) [0](3) [0](2)
X3 —p1 — pz+ 1 [As + p2](2)
A=A —A3—p1—p2 At prtpe A4 pn+ pe

31,31,31,31,31: P, [A(m)] =1°-3
up, = 07 2 (1 — )M (cy — )2 (5 — )

{ [—p+ 13 Olsy  [Olsy  [0lzy  [O]3) }
“Ad—Ae—A3—p X+p AM+p A+pu A3+p

92,22,22,31: P,y [A(m)] = 15-2
oM a1 — 2) M (cy — x) Mup,, Ny=Xj+p, 0 =X+A+ X +2u

{ L=wle M+ retule Potre+ule Aot i+ u](2>}
—Xo— A1 — X2 [0](2) [0](2) [0](2)

13.7.5. Tuple of partitions : 211,211,211. [A(m)] =1%0.2
21172117211:H1®HB6:H2@H24:2H1@H2 01

From the operations

Tr =00 0 1
1—}1,1 O 0
—a1 =B —pw o+ St
Tr =00 0 1
z92 (1—z)P2
-, l—ag—f2— (e%) P2
—ar—ar—B1—Fo—p1 ottt P+ B+
T =00 0 1
o n [—p2 + 1] (2) [0](2) [0]2)
Z 5
1— B —p1 — p2 Qg + fig B + p2

—o1—B1—=PBo—p1—p2 o F+pr+pe B4 Batpn 4 pe
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Tr =00 0 1

2
A2al) [Poale) [Auie) . ' | N
A22 0,2 A1,2 with Z(”‘Jvl + X2+ Aj3) =3,

=0
A23 0,3 A3

—

we have the integral representation of the solutions as in the case of other examples
we have explained and so here we will not discuss them. The universal operator of
type 11,11,11 is

Q= 2*(1—2)%0% — (ax + b)x(1 — 2)0 + (ca® + dx + e).

Here we have

b= )‘6,1 + >‘6,2 -1, €= >\6,1)\6,27
—a—b=XN,+N,—1, c+d+e= N\ o,
c= )\/2,1)\/2,27
)‘6,1 = Qg, )\6,2 = a1 +ag + 1,
11 = B2, 12 = B1+ B+ pa,
b1 =1— P2 —p1 — o, Nyop=—a1 — 1 — P2 — 1 — iz

corresponding to the second Riemann scheme in the above. The operator corre-
sponding to the tuple 211,211,211 is
P =RAd(07"*)Q
= RAA(O ) (9 = o, (9~ Xg.)
+ (=202 4+ (2A) 1 + 2002 + A1y + Ao = DI+ N M 5 — Ao iAo — Ao A5s)
+ 220+ Ny 0) (9 + X))
= 82(19 - )\6,1 - M2)(79 - )\6,2 — p2)
+ 00 — o+ 1) (=209 — p2)® + (2001 + 200 + Ay + Ao — (0 — pio)
+ >‘/1,1>\/1,2 - >\6,1)\6,2 - )\/2,1)‘/2,2)
+ (9 — pa+ 1) — pg +2)(0 + Ny g — p2) (9 + Ny 5 — pa2).

The condition for the irreducibility:

Xo,i+ A1+ A ¢ Z,
Mo+ A1 +A1 EZ, Mot + A+ A €2, Aog+ g+ dey EZ (v=23),
Ao+ Ao+ A+ A+ X+ EZ (v, V) €{2,3}).

There exist three types of direct decompositions of the tuple and there are 4 direct
decompositions which give the connection coefficient ¢(A\g 3~ A1,3) by the formula
(12.10) in Theorem 12.6:

217,211,211 = 00T, 100, 100 & 210,111, 111
= 111,210,111 @ 100, 001, 100
= 101,110,110 @ 110, 101, 101
= 101,110,101 @ 110, 101, 110
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Thus we have
Hi:1 I'(Mos—Aow +1)
F(Xosz+ A1+ A21) - T(1—= Aot — A1z — A21)
_ [l T —Tus)
Hizg F'(ho1+Aos+ A1 +A2+ A1+ Ao — 1)

We can calculate generalized connection coefficient defined in Definition 12.17:

Aoz~ A1 3) =

IT— (M1 = Aow +2) - T\ — Mg — 1))
Hizg (P01 4+ A +A21) - T(1 = Ao — Ar1 — Az1))
This can be proved by the procedure given in Remark 12.19 as in the case of the
formula (13.36). Note that the gamma functions in the numerator of this formula
correspond to Remark 12.19 (2) and those in the denominator correspond to the
rigid decompositions

211,211,211 = 100,010,100 ¢ 111,201,111 = 100,001,100 & 111,210,111

= 210,111,111 & 001, 100, 100 = 201,111,111 & 010, 100, 100.

c([Moal2)~ i) =

T = 00 0 1
The equation Pu = 0 with the Riemann scheme Poaley Dl Dl is iso-
0,2 A2 Agp

Ao,3 A1z A2
morphic to the system

uy
B
~l:7ﬂ/+ 127 U= 2 , U1 = U,
x r—1 ug
Uy
0 0 ¢ 0
[0 0 o &
A= 0 0 ay blfbngQ ’
0 0 O as
0 0 0 0
s 0 0 0 0
| a1 —ba+cr —bi+ba+ e bo 01"’
—a1+as+cy —as—by+c1 ar—ax—cx by
ali)\l,z,
as = A1,3,
b1 = X222 — 2,
by = Aoz — 1,
01:—)\0,17
Co =X, 1 +Ao2+ A2+ Ao —1

when Mg 1(Ao1 4+ Az2,2) (Ao + Aoz + Ar2 + A2 3 —2) # 0. Let u(z) be a holomorphic
solution of Pu = 0 in a neighborhood of z = 0. By a direct calculation we have
(a1 —1)(az — 1) /
u1(0) = U
1( ) (bl —C1 + 1)(b1 — b2 — 62)61
(CLQ +bg + co — 1)(11 — (01 + CQ)CLQ + ((12 —a1 + Cg)bl — (CQ + 1)b2 — C% + Clu
(bl —cC1 + 1)(b1 — b2 — CQ)

0)+

(0).
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Since the shift described in Remark 12.19 (1) corresponds to the shift

(a17a2,b17b2,01,02) = (al - k7a2 - k7b1 + kabQ + k701302)7

it follows from Theorem 12.10 that

klggo C([Aoﬁl](z)w [)\171](2)) Xo,2—X0,2—k, o,z Xo3—k 1
Ar,2—= A1 24k, A1 3= A1 3+k

as in the proof of (13.36) because u1(0) ~ 7—%——u'(0) + Cu(0) with C € C

when k — oo.

(b1—ba—cz2)ct
Thus we can calculate this generalized connection coefficient by the

procedure described in Remark 12.19.

Using (3.8), we have the series expansion of the local solution at = 0 corre-
sponding to the exponent a; + 1 + e for the Riemann scheme parametrized by
«;, B; and p; with ¢ =1, 2.

I a2 (1 — x)ﬁQIé“a:al (1—xz)%

oo

I(a; +1) (a1 4+ 1)n(=p1)
— k2 n " p2(] — g 52xa1+/t+n
O T(on +p+1) 2 (1-2)

— (on+ p+1)pn!

_ Dlar + DT (og + ag 4 pg + 1)gertoetrtie

F(Oél + M1 + 1)F(051 + (6%} + 1251 + 125} + 1)

o0

>

m,n=0

(al + 1)n(OZ1 + az + M1 + l)ern(_ﬁl)n(_ﬂ?)m wm-&-n

(a1 + p1 + Dp(ar + as + p1 + p2 + Dpapnnlm!

_ T(ar+ D + ag 4 py + L)aerTeatmtuz(] — g)=F

oo

2.

m, n=0

(o + p1 + D (a1 + ao 4+ pn + pe + 1)

(al + ]-)n(al + (&%) + H1 + 1)n(ﬂ2)m(*61)n(*ﬂ2)m,xn( X )m
(a1 + p1 + D (ag + as + p1 + p2 + Dmrnmlin! x—1/

Note that when By = 0, the local solution is reduced to a local solution of the

equation at x

= 0 satisfied by the hypergeometric series 3Fs(af, b, ob; 81, By; )

and when as = 0, it is reduced to a local solution of the equation corresponding to
the exponent at x = 1 with free multiplicity.
Let ug(aq, o, f1, Ba, i1, p2; ) be the local solution normalized by

uo(a ﬁ ,u'x) _ ma1+az+u1+uz c $a1+az+u1+u2+1(90
) b )

for generic a, 8, u. Then we have the contiguity relation

uO(avﬁl - 17ﬁ27,u;x) = uo(a7ﬁvlu;x) +

(a1 +1)(a1 +as+p1 +1)
(@1 +p1 + (a1 + g+ p1 + p2 + 1)
~ug(ar + 1, a9, 81 — 1, Bo, p; ).

13.7.6. Tuple of partitions : 211,22,31,31. [A(m)] =1°.2

211,22,31,31:H1@P314:HQ@H222:2H1@H212

= 010,10, 10,10 & 201, 12,21, 21 = 010, 01, 10, 10 & 201, 21, 21, 21
= 001,10, 10,10 & 210, 12,21, 21 = 001, 01, 10, 10 & 210, 21, 21, 21
= 110,11,11,20 6 101, 11,20, 11 = 110, 11,20, 11 & 101, 11, 11, 20
= 200,20, 20,20 & 011,02, 11, 11

Imezy 011,02,11, 11
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1

z=0 = & 00
[Ao,1](3) )\1 1] @) el Msile
0,2 AL2 Ao [As2](2)
2,3
2o, L(l—crz)” A1, A(1—cox)™ A2,1
z=0 é é (%)
[0](3) [0]¢2) [Az3,1+ Ao1 + A1+ Azt]a)
)\0 2 — )\0 1 A2 — A Aeo— a1 [Azo 4 Ao+ AL+ A
A2z — A1
o, M
z=0 L L 00
c1 Cc2
0 0

Xo2+N —Xo1 Mg+ =1 Ao+ A =X [Ag2—Asq+ 1](2)
Aog+ Al — A2q

The condition for the irreducibility:

)\071 —+ )\171 + )\271/ + )\371,/ ¢ 7 (I/ = {1,273}7 v S {1,2}),
)\071 + )\072 + 2)\1_’1 + )\211 + )\21,, + )\311 + )\3’2 ¢ Z (1/ S {2, 3}),

T'(Ao2 — Ao1 + DT(Ar2 — App)(1— &)*n
Hizg T(Xo1+Ao2+2M 1+ A1+ A, +A31+A32—1) ,

2
I(A23 — A2)
Moz~ Aag) = Sl
¢(Roz 23) H T'(1—Xo1—A11— A23 — A3 )

I'(Xo2 — Ao +1)(1 — %)’\“
F(Mo1+Ao2+2M1+ A1+ Ao+ X310+ A32— 1)

C(>\0,2 ~ >\1,2) =

13.7.7. Tuple of partitions : 22,22 22 31. [A(m)] =18 .2

92,22,22,31 = H, ® Py : 8 = 2(11, 11, 11, 20) & 00, 00, 00, (—1)1
—10,10,10,10 @ 12,12, 12,21 = 10, 10,01, 10 & 12, 12, 21,21
—10,01,10,10 @ 12, 21,12, 21 = 10,01,01,10 & 12,21, 21,21
—01,10,10,10 @ 21,12,12,21 = 01, 10,01, 10 & 21, 12, 21, 21
—01,01,10,10 @ 21, 21,12, 21 = 01,01,01, 10 @ 21,21, 21,21
212,12,12,21

The condition for the irreducibility:

Mo+ A i+ X+ A3 €2 (4,5, ke {l,2}),
Aot F A2+ A1+ A2+ A1+ deo+ A1+ A3 € Z.

13.8. Other rigid examples with a small order
First we give an example which is not of Okubo type.
13.8.1. 221,221,221. The Riemann Scheme and the direct decompositions are

z=0 1 00
2

Moty [Male) [Peile
» : ) , 201 +2XN2 +Aj3) =4,
[/\0,2](2) [)\172](2) [/\2,2}(2) jz::o( 7,1 7,2 J73)

0,3 A3 A23
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[A(m)] =12
221,221,221 = H, © 211,211,211 : 8 6=12,2,2|
=Hy,®H;:6 11 =121, 22, 22|
=2H, P H;:1

= 101,110,110 @ 120,111,111 = 01T, 110,110 & 210, 111, 111
= 111,120,111 & 110, 101, 110 = 11T, 210, 111 & 110, 011, 110
— 121,121,121

and a connection coefficient is give by
2
I'Ag3 — Ao +1
Moz~ A3) = H (Ao,3 — Ao +1)
(Ao +Xos+ A1+ Ao+ A1+ A2 —1)

v=1
LA,y — A1s) )
T(2—X01—Ao2—Ap — A3 —A21 — Ag2) .

Using this example we explain an idea to get all the rigid decompositions m =
m’ & m”. Here we note that idx(m,m’) = 1. Put m = 221,221,221. We may
assume ord m’ < ord m”.

Suppose ordm’ = 1. Then m’ is isomorphic to 1,1,1 and there exists tuples
of indices (fg,¢1,¢2) such that m;-#, = 0j,¢;- Then idx(m, m’) = mog, + M1, +
mie, — (3 —2)ordm - ordm’ and we have mg g, + M1, + mie, = 6. Hence
(Mo,e0, M0, M10,) = (2,2,2), which is expressed by 6 = |2,2,2| in the above.
Since £; = 1 or 2 for 0 < j < 2, it is clear that there exist 8 rigid decompositions
with ordm’ = 1.

Suppose ordm’ = 2. Then m’ is isomorphic to 11,11,11 and there exists
tuples of indices (£071,€0,2,£171,€172,£271752,2) which satisfies E i—0 Z —1 My,
(3—2)ordm-ordm’+1 = 11. Hence we may assume (6071,80’2751@,[1,2,52’1762’2) =
(2,1,2,2,2,2) modulo obvious symmetries, which is expressed by 11 = |21, 22, 22]|.
There exist 6 rigid decompositions with ordm’ = 2.

In general, this method to get all the rigid decompositions of m is useful when
ordm is not big. For example if ordm < 7, m’ is isomorphic to 1,1,1 or 11,11,11
or 21,111, 111.

The condition for the irreducibility is given by Theorem 10.10 and it is

>\O,i + >\1,j + >\2,k ¢ Z (Zv j7 ke {172})a
S o e N+ Nz — k) €2 (i €{0,1,2}, ke {1,2}).

13.8.2. Other examples. Theorem 12.6 shows that the connection coeffi-
cients between local solutions of rigid differential equations which correspond to
the eigenvalues of local monodromies with free multiplicities are given by direct
decompositions of the tuples of partitions m describing their spectral types.

We list the rigid decompositions m=m’'®m" of rigid indivisible m in P®) U
’P3 satisfying mo n, = min, = mgy,, = m{,, = 1. The positions of mg n,
and my ,, in m to which Theorem 12.6 applies are indicated by an overline and an
underline, respectively. The number of decompositions in each case equals ng+mn,—2
and therefore the validity of the following list is easily verified.

We show the tuple 0,4, m after —. The type [A(m)] of A(m) is calculated
by (7.42), which is also indicated in the following with this calculation. For exam-
ple, when m = 311,221,2111, we have d(m) = 2, m’ = dm = 111,021,0111,
[A(s(111,021,0111))] = 19, {m}, —ml, € Zso} U {2} = {1,1,1,1,2,2} and
hence [A(m)] = 19 x 1* .22 = 113. 22 which is a partition of A(m) — 1 = 17.
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Here we note that h(m) is the sum of the numbers attached the Dynkin diagram

12 [53 2 1 corresponding to am € Al

All the decompositions of the tuple m corresponding to the elements in A(m)
are given, by which we easily get the necessary and sufficient condition for the
irreducibility (cf. Theorem 10.13 and §13.9.2).

ordm =25
311,221,2111 = 100,010, 0001 & 211,211, 2110 6=3,2,1]|
= 100,001, 1000 & 211,220, 1111 6=13,1,2]
= 101,110, 1001 & 210,111, 1110 11 =|31,22,21]

= 2(100, 100, 1000) @ 111,021, 0111
2 111,021,0111
[Am)] =1 x1*.2° =1"%.2?
m=H, $211,211,211:6 = Hy ® EO4: 1 = Hy ® Hs : 6 = 2H, & Hs : 2
311,22T,2111 = 211,211, 2110 6 100, 010, 0001 = 211,121, 2110 & 100, 100, 0001
= 100,001, 1000 & 211,220, 1111
= 210,111, 1110 6 101, 110, 1001 = 201,111, 1110 & 110, 110, 1001
311, 221,2111 = 211,211, 2110 & 100, 010, 0001 = 211,121, 2110 & 100, 100, 0001
= 201,111, 1110 & 110, 110, 1001
= 101,110, 1010 & 210,111, 1101 = 101,110, 1100 & 210, 111, 1011

32,2111, 2111 = 22,1111,2110 & 10, 1000, 0001 = 10,0001, 1000 & 22,2110, 1111
= 11,1001, 1010 ¢ 21,1110, 1101 = 11,1001, 1100 & 21, 1110, 1011
=21,1101,1110 & 11,1010, 1001 = 21,1011,1110 & 11,1100, 1001
2 12,0111,0111

[Am)] =17 x17.2=1"°.2
m=H OH,:1=H®FEOs :6=Hy O H3:9=2H $ Hsz:1

221,221,41,41 = 001, 100, 10, 10 & 220, 121, 31,31 = 001, 010, 10, 10 & 220, 211, 31, 31
= 211,220, 31,31 & 010,001, 10, 10 = 121,220, 31, 31 & 100, 001, 10, 10
2 021,021,21, 21
[Am)] =1*-2x1*. 2> =1°.2*
m=H, $22211,31,31 :4=H,® Hs :2=2H, ®Ps : 4
221,221,41,41 = 001, 100, 10, 10 & 220, 121, 31,31 = 001, 010, 10, 10 & 220, 211, 31, 31
= 111,111, 30,21 @ 110, 110, 11, 20
221,32,32,41 = 101,11,11,20 & 120,21,21,21 = 011,11, 11,20 & 210, 21,21, 21
=001, 10,10, 10 & 220, 22, 22, 31
2 021,12,12,21
[Am)] =1*-2x1%.22=17.2°
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m=H, $22,22,22,31:1=H;,211,22,31,31:4=Hs® P3 : 2
=2H1 ® P3:2

311, 311, 32,41 = 001, 100, 10, 10 @ 310,211, 22, 31 = 211,301, 22, 31 & 100, 001, 10, 10
= 101,110, 11,20 & 210, 201, 21,21 = 201, 210, 21,21 & 110, 101, 11, 20
3 011,011,02, 11

[Am)]=1*x1*-2.3=1%.2-3
m=H, $211,31,22,31 :4=H, & Ps : 4

=2H,®H3:1=3H, ® H>:1

311,311, 32,41 = 001, 100, 10, 10 & 301,211, 22, 31
= 101,110, 11, 20 & 210, 201, 21,21 = 101,101, 11,20 & 210, 210, 21, 21

32,32,41,41,41 = 11,11, 11,20, 20 & 21,21, 30, 21, 21
=21,21,21,30,21 & 11, 11, 20, 11, 20
2 02,02,11,11,11
[Am)] =1*x2*.3=1%.2".3
m=H OGP :1=H®Ps:3=2H ®&Ps:2=3H & Hy: 1

ordm =6 and m € Py

321,3111,222 = 311, 2111, 221 & 010, 1000, 001 7=12,3,2|
= 211,2110,211 & 110, 1001, 011 13 = |32, 31, 22|
=210,1110,111 @ 111, 2001, 111
2 121,1111,022 — 111,0111, 012

[Am)] =1" x 1.2 =1".2°
m= H; $311,2111,221 : 3 = Ho $ 211,211,211 : 6 = H3 p H3 : 6

=2H, ®EO,4:3

321,3111, 222 = 211,2110, 211 @ 110, 1001, 011 = 211, 2110, 121 & 110, 1001, 101
=211,2110,112 ¢ 110, 1001, 110
=111,2100, 111 & 210, 1011, 111 = 111, 2010, 111 & 210, 1101, 111

321,311T,3111 = 221,2111, 3110 & 100, 1000, 0001 = 100, 0001, 1000 & 221,3110, 2111

= 211,2101,2110 & 110, 1010, 1001 = 211, 2011, 2110 & 110, 1101, 1001
=110,1001,1100 ¢ 211,2110,2011 = 110,1001, 1010 ¢ 211, 2110, 2101

3,021,0111,0111
[Am)]=1"x1"-2.3=1"%.2.3
m = Hy §221,2111,311: 6 = H; & 32,2111,2111 : 1
= Hy®211,211,211: 9 =2H, ® Hy: 1 = 3H, ® Hs : 1

321,3111, 3111 = 221, 3110, 2111 & 100, 0001, 1000 = 001, 1000, 1000 & 320,2111,2111
=211, 2110, 2110 & 110, 1001, 1001 = 211, 2110, 2011 & 110, 1001, 1100
= 211,2110,2011 & 110, 1001, 1100
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321,321,2211 = 211,220, 1111 @ 110,101, 1100 = 101,110, 1100 & 220,211, 1111
=111,210,1110 @ 210,111, 1101 = 111,210,1101 & 210,111, 1110
2 121,121,0211 — 101,101, 0011

[Am)] =10 2x1*.2> =1™.23
m = H; ®311,221,2111 : 4 = H, & 221,221,221 : 2

=Hy® EO4:2=Hy ®211,211,211: 4 = H3 @ Hj : 2
= 2H; @ 211,211,211 : 2 = 2(110,110,1100) & 101, 101,0011 : 1

321,321, 2211 = 221, 221, 2210 & 100, 100, 0001 = 110,101, 1100 & 211,220, 1111
= 211,211,2110 @ 110, 110, 0101 = 211, 211,1210 & 110, 110, 1001
=210,111,1110 @ 111,210, 1101

417, 2211, 2211 = 311, 2210, 2111 & 100, 0001, 0100 = 311, 2210, 1211 & 100, 0001, 1000
=101,1100,1100 @ 310,1111,1111 = 201,1110, 1110 & 210, 1101, 1101
=201,1110,1101 @ 210, 1101, 1110
2 211,0211,0211 — 011,001, 0011

[Am)] =102 x1*. 28 =1 .2*
m = H; $311,221,2211: 8= Ho @ Hy : 2= Hs @ Hy : 4
=2H, ® 211,211,211 : 4

411,221T,2211 = 311,2111, 2210 & 100, 0100, 0001 = 311, 1211,2210 & 100, 1000, 0001
= 100, 0001, 0100 & 311, 2210, 2111 = 100, 0001, 1000 @ 311, 2210, 1211
=201,1101,1110 @ 210,1110,1101 = 210,1101,1110 & 201, 1110, 1101

41T,222,21111 = 311,221,21110 @ 100,001, 00001 = 311,212, 21110 & 100, 010, 00001
= 311,122,21110 & 100, 100,00001 = 201, 111,11100 @ 210, 111, 10011
=201,111,11010 & 210,111, 10101 = 201, 111,10110 & 210, 111, 11001
2 211,022,01111 — 111,012,00111

[A(m)] = 1" x 1*.2° =1"%. 23
m = H; ®311,221,2111: 12 = H3 ® H3 : 6 = 2H, @ EO4 : 3

42,221T,21111 = 32,2111,21110 & 10,0100, 00001 = 32,1211, 21110 & 10, 1000, 00001
= 10,0001, 10000 & 32,2210,11111 = 31,1111,11110 & 11, 1100, 10001
=21,1101,11100 & 21,1110, 10011 = 21,1101, 11010 & 21,1110, 10101
=21,1101,10110 & 21,1110, 11001
2 22,0211,01111 — 12,0111,00111

[Am)] = 1" x1°.27 =1%0. 22
m=H; ©32,2111,2111 :8 = Hi © EO4:2 = Ho & Hy : 4
=H3;® H3:6=2H, ® EOy:2

33,3111, 21111 = 32,2111, 21110 & 01,1000, 00001 = 23,2111, 21110 & 10, 1000, 00001
=22,2101,11110 & 11, 1010, 10001 = 22,2011, 11110 & 11, 1100, 10001
= 11,1001, 11000 & 22,2110, 10111 = 11,1001, 10100 & 22,2110, 11011
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= 11,1001, 10010 & 22,2110, 11101

2 13,1111,01111
[Am)] =1 x 1*.2? = 1% . 2?
m= ®32,2111,2111:8 = Hy & EO4 : 12 = 2H, & Hy : 2

321,3111, 3111 = 221, 3110, 2111 & 100, 0001, 1000 = 001, 1000, 1000 & 320, 2111, 2111
= 211,2110, 2110 & 110, 1001, 1001 = 211,2110, 2101 & 110, 1001, 1010
= 211,2110,2011 & 110, 1001, 1100

3 021,0111,0111
[Am) =1 x17.2.3=1"%.2.3
m = Hy ®221,2111,311: 6 = H; & 32,2111,2111 : 1
= H,®211,211,211: 9 =2H, & Hy : 1 = 3H, & Hs : 1
321,311, 3111 = 100, 0001, 1000 & 221, 3110, 2111 = 221,2111, 3110 & 100, 1000, 0001
=211,2101,2110 & 110, 1010, 1001 = 211,2011,2110 4 110, 1100, 1001
= 110,1001, 1100 & 211, 2110, 2011 = 110, 1001, 1010 & 211, 2110, 2101

33,2217, 2211 = 22,1111,2110 & 11, 1100, 1001 = 22,1111, 1210 & 11, 1100, 0101
=21,1101,1110 4 12,1110, 1011 = 12,1101, 1110 & 21, 1110, 1011
= 11,1001, 1100 & 22,1210, 1111 = 11,0101, 1100 & 22,2110, 1111

= 23,1211,1211 — 21,1011, 1011
[Am)] =1"%.2x1"=1*.2
m = H; ©32,2111,2111 :8 = H, © EO4: 8 = H3 & H3 : 4
= 2(11,1100, 1100) @ 11,0011,0011 : 1

We show all the rigid decompositions of the following simply reducible parti-
tions of order 6, which also correspond to the reducibility of the universal models.

42,222, 111111 = 32,122,011111 & 10, 100, 100000
=21,111,111000 & 21, 111, 000111

1 32,122,011111 — 22,112,001111 — 12,111,000111
[A(m)] = 1%
m:Hl®EO5 : 18:H3@H310
33,222, 21111 = 23,122, 11111 & 10, 100, 10000
=22,112,10111 & 11, 110, 11000
=21,111,11100 & 12,111, 10011
193,122, 11111 — 22,112,01111 — 12,111,00111
[A(m)] =1*
m:Hl@EOg,:6:H2@EO4:12:H369H3:6
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13.9. Submaximal series and minimal series

The rigid tuples m = {m; , } satisfying

(13.39) #{m;,;0<m;, <ordm} >ordm+5
are classified by Roberts [Ro]. They are the tuples of type H,, and P,, which satisfy
(13.40) #{m;,; 0<m;, <ordm} =2ordm + 2

and those of 13 series A, = EO,,, By, Cy, Dy, En, Fn, Gom, In, Jn, Kn, Loms1,
M, N, called submaximal series which satisfy
(13.41) #{m;,; 0<m;, <ordm} =ordm + 5.

The series H,, and P, are called maximal series.

We examine these rigid series and give enough information to analyze the series,
which will be sufficient to construct differential equations including their conflu-
ences, integral representation and series expansion of solutions and get connection
coefficients and the condition of their reducibility.

In fact from the following list we easily get all the direct decompositions and
Katz’s operations decreasing the order. The number over an arrow indicates the
difference of the orders. We also indicate Yokoyama’s reduction for systems of
Okubo normal form using extension and restriction, which are denoted F; and R;
(i =0,1,2), respectively (cf. [Yo2]). Note that the inverse operations of E; are R;,
respectively. In the following we put

up, = 8*"30)‘0(1 — 'I))\I(CQ - I’)/\Q o (eme1 — I)A’"*l,
(13.42) U, = up,,

L m) A
g, =0 " zo

ug,,-
We give all the decompositions
(13.43) m = (idx(m’,m) - m’) & m"

for am: € A(m). Here some m}, may be negative if idx(m’,m) > 1 (cf. Re-

mark 7.11 1)) and we will not distinguish between m’ & m” and m” & m’ when
idx(m’, m) = 1. Moreover note that the inequality assumed for the formula [A(m)]
below assures that the given tuple of partition is monotone.

13.9.1. B,,. (Boy+1 =11, By, =11, By = H3, By = H>)
UByp 1 = 67“,(1 - :v))‘/uHmJrl
m21,m+ 11", m1™* =10,10,01 & mm — 11, m1™, m1™
=01,10,10 & m?, m1™, m — 11m*!
=1%0,11,11 @ (m — 1)*1,m1™ 1 m — 11™
[A(Bam1)] = 100707 5 1m¥2 2 = pmiasm3 2
Boyt1 = Hy @ By, :2(m+1)
= H, & Cyy, 01
= Hy ® By :m(m+1)
=mH & Hppr 2

Up,, = 8_“/x)‘/(1 - x)/\”uHm
mm — 11,m1™, m1™ = 100,01,10 @ (m — 1)*1,m1™ ! m — 11™
=001,10,10 ® mm — 10,m — 11™,m — 11™
=110,11,11 ®m — 1lm —21,m — 11™" 1 m — 11™ 1
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[A(Bap)] = 1™ x 127HL . (m — 1) = 1mD° . (m — 1) - m

Boy, = H1 @ Bopm—1 :2m
=H, ®Com_o 01
= Hy ® Byyy—o :m?
=(m-1)H  ®Hpyr 1
=mH, ¢ H,, 01

m 1 1
B2m+1 R2—E>O an+1a Bn — Bn—h Bn — Cn—l

m—1

m
B2m ? Hma BZm ? Hm+1
R1EO

13.9.2. An example. Using the example of type Ba,,11, we explain how we
get explicit results from the data written in §13.9.1.
The Riemann scheme of type Bay,41 is

o0 0 1
PMolemy  [Plemsr)  [P2]om)
[Ao,2] (m) A2 22

Xo.3 :

Almt1 A2, m+-2

p ny
Z Z MjuAj, = 2m (Fuchs relation).

=0 v=1

Theorem 10.13 says that the corresponding equation is irreducible if and only
if any value of the following linear functions is not an integer.

LY =X+ i +dey (=12, v=2,...,m+2),
L® = X3+ A1+ Ao,
Lf’l =Xo1+ A2 A +F AL A+ A, — 1
(u=2,....m+1, v=2,....m+2),
i = )\O,i + )\171 + )\271 (7, =1, 2).
Here Lglu) (resp. L™ etc.) correspond to the terms 10,01, 01 and H; @ Ba,, : 2(m+1)
(resp. 01,10,10 and Hy & Cyyy, ¢ 1 ete.) in §13.9.1.

It follows from Theorem 6.14 and Theorem 10.13 that the Fuchsian differen-

tial equation with the above Riemann scheme belongs to the universal equation
PB2m+1 ()‘)u =0if

LWe¢{-1,-2,...,1-m} (i=1,2).
Theorem 12.6 says that the connection coefficient ¢(A1 41 ~» A2,m+2) equals
T T i1 — A+ 1) - T T2 = Amea)
2 1 m+1 3 m 3
Hi:l F(l - Lz(',731+2) . Hu;z F(Lf'nzi-l,u) : Huzz F(l - LL,Zn+2)

and
ITm: POt = A+ 1) - T2 T = Aos)
P(1—L@) T[T ,)
T T Ogmra — Ay + 1) - T2, T(Aoi — Aoa)
o, ) - T L)

(A, m41 ~ Ao3) =

)

c(A2,mi2 ~ Ao3) =



176 13. EXAMPLES

It follows from Theorem 11.7 that the universal operators

Py, (N P, (\) Pp, (N P, (\) P, (N Pg, (\) P&, (N

P}{Z ()\) PI?IZ ()‘) Pg2m,—1 ()‘) PéZm,—l (/\) PéQm—l(A)
define shift operators Rp,,, ., (€, A) under the notation in the theorem.

We also explain how we get the data in §13.9.1. Since Opaz : Bomy1 = m :=
mml,m + 11" m1™*t — H, .1 = m' := 0m1,11™, 01"+, the equality (7.42)
shows
[A(Bam1)] = [A(Hp11)] U {d11,0(m)} U {mj, —mj, > 0}

_ 1(m+1)2 woml x 1m+2 .l — 1(m+1)2 « 1MT2 2 1m2+3m+3 .m2.

Here we note that {m/, —m/; >0} = {m, 1,17} = 1"+2.m! and [A(H,11)]
is given in §13.4.

We check (7.44) for m as follows: 1
h(m)=2(1+4---+m)+2m—+1)+2(m+1)+1 Im“
=m? +5m +4,

o [mFl 3 g
2m+1

The decompositions mH; & H,,+1 and Hy @ Bs,, ete. in §13.9.1 are easily
obtained and we should show that they are all the decompositions (13.43), whose
number is given by [A(Bay,+1)]. There are 2 decompositions of type mHy @ Hp, 1,
namely, Bo,, 1 = mml,m+ 11 m1™T = m(100,10,10) & - - - = m(010, 10, 10) &
.-+, which correspond to LZ(-4) for ¢ = 1 and 2. Then the other decompositions are
of type m’ @ m” with rigid tuples m’ and m” whose number equals m? + 3m + 3.

The numbers of decompositions Hy @ Bs,, etc. given in §13.9.1 are easily calculated
©)

i,V

Yiclam) = (m? 4+ 3m + 3) + 2m = m? + 5m + 3. 3.

which correspond to L
of the decompositions.

etc. and we can check that they give the required number

13.9.3. C,,. (Cy = EOy, C3 = H3, Cy = H>)

UC2m+1 = 8_M/x}\/uHerl
m+ Im, m1™* m1™tt =10,01,10 & m?, m1™,m — 11™*1
=11,11,11 @ m(m — 1), m — 11™m — 11™

[A(Camsr)] = 107D 5 1242 (i — 1)

) mE) y ( — 1)

Comy1 = H1 ® Copy 2m+2
= H2 D Cgm_g : (m + 1)2
= mHl S¥ H7n+1 01

:(mfl)Hl@Hm_Fg 01

7 ’ _ 2., (m)
uczm:(?“x’\(l—x) A—p—p 75

m?,m1™ m— 11" =1,10,01 @ mm — 1,m — 1™ m — 111
=12,11,11® (m—1)*m— 11" m—21™
[A(Ca)] = 10D 5 174 — 1)2 = 17 H3m 42 (5 1)
Com = H1 ® Coppp_1 :2m+ 2
= Hy ® Coppn :m(m+1)
=(m-1)H ®Hypy :2
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—1
C N ; C! = H
2t =t Hmts Come m+2

~1 1
Cy m_) H, i1 C, — C,_1
"™ piEOROE0 T " "

13.9.4. D,,. (Dg = X¢ : Extra case, D5 = EOs)

Up, = 075 (1 — g) A THaT g b
Up, = 07H(1 — x) "M Ty
up, =0 (1 — ;U)*’\,ﬂan_2 (n>7)
(2m —1)2,2™1,2™215 = 10,01, 10 @ (2m — 2)2,2™,2™ 316
=10,10,01 @ (2m — 2)2,2m 112, 2m =314
= (m—1)1,1"0,1"212 @ m1,1™1,1m %13
m>2 = [A(Dapyr)] = 15m+2 . 20m=1(m=3) 16 92m=3 _ 16m+8  gm(m=2)
Doy1 = Hi @ Doy tm -2
= H,| P Es,, 1 om
=H,, ® Hy11 : 10
=2H, ® Dapp—1  :m(m —2)
(2m —2)2,2™,2™731°6 = 10,1,01 @ (2m — 3)2,2m11,2m731°
=(m-11,1"1"313 ¢ (m —1)1,1™, 1™ 313
m>3 = [A(Dan)] = 16m+6  g(m—1)(m—4) 16  92m—4 _ {6m+10 gm(m—3)
Ds,, = H ® Doy 1 6m
=H, ®H, : 10
=2H, ® Doypp—g  :m(m —3)
Dn — Du_s, Dy — Dy_1, Dopmi1 — Eam

" R2E0

13.9.5. E,. (Es = Cs, B4 = EOy, E3 = H3)

Up, = x*’\of‘““?’afw(l - :r)/\/3uH2
ug, = 8_M4UE3
up, =07 " (1 —2)*ug, , (n>5)
(2m — 1)2,2m7 113 2m7113 = 10,01,10 @ (2m — 2)2,2™ 112, 2m 214
=(m-DL 1" 1 e ml, 13 12
=(m—-2)1,1"710,1" 0 & (m+ 1)1,1m 112, 1™ 113
( ) )

m>2 = [A(Eamy1)] =172 9(m=2)* 16 . 92m=3 _ 16m+4  9(m—1)*

Eapy1 = H1 @ Eapy, :6(m—1)
=H, 19 Hu2 :1
=H,, ®Hyp1 09
=2H, ® Eopp_1 S (m —1)?

(2m —2)2,2m~ 112 2m=21% = 10,10,01 & (2m — 3)2,2™ 213, 2m 213
=10,01,10 ® (2m — 3)2,2m~11,2m 7315
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=(m—2)1,1"710,1" 21 @ ml, 1™ 112, 1m 213

=(m-11,1" 1,1 212 @ (m — 1)1, 1™, 122
m>2 = [A(Ey,)] =171 2m=2)(m=3) , 16 g2m=4

— 16m+2  9(m—1)(m—-2)

Es, = H ® FEsypy :4(m—1)
=H, ® Doy :2(m—2)
=H, 1®H,1 :4
=H,dH, 16

:2H1@E2m,2 (mfl)(m72)

2 1 1
En R2‘E)0 En—27 En — En—la EQm — D2m—1

13.9.6. F,,. (F5 = B57 Fy= 15'047 F3 = H3)

UF; = UH,
up, = O7H(1 — )M =Dy
up, =0 (1 —2)up,_, (n>5)
(2m — 1)1%,2™1,2™ 113 = 10,10,01 @ (2m — 2)12,2m 112 2m~ 112
=10,01,10 ® (2m — 2)12, 2™, 2m 214
=(m—1)1,1"0, 1" "1 @ml1,1™1,1m 112
m>1 = [AFomsr)] = 14m+1 | g(m—1)(m=2) , 14 92m—2 _ {4m+5 gm(m—1)
Fomi1 = H1 @ Gom :3m
=H, ® Fs, tm—1
=H,, ®Hp :6
=2H & Forp1 :m(m—1)
(2m —2)12,2™, 2™ 21* = 10,1,01 ® (2m — 3)12,2m~11,2m 213
=(m-11,1"1"212 @ (m - 1)1,1™, 1™ 212
m>2 = [A(Fyy)] = 19712 o(m=1(m=3) 14 92m=3 _ 4m+6  gm(m—2)
Fop, = Hy @ Fopp—1 s 4m
=H,®H, 16
=2H @ Forp_o  :m(m—2)

2 1 1
Fn ? Fn—2a Fn ? Fn—17 F2m+1 > G2m

13.9.7. Gam. (G4 = By)

u(;2 = qu
uG,, = g Hem (1 - I))\;’"UG%L72
(2m —2)1%,2m~ 112 2m~112 = 10,01,01 & (2m — 3)1%,2™~11,2m 213
=(m—2)1,1"710, 1m0 & m1,1m 112, 1m 112
( ) ) ) b
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m>2 = [A(Gyp)] =142, 9(m=2)? 14 92m=3 _ 14m+2  o(m-1)?
Gom = H1 @ Fopp—1 s 4dm
=Hp 1S Hpyr 12
=2H,®Gopm_o :(m—1)?
Gop =H1® Foppo1 = Hpo1 ® Hypq

2 1
Gom — Go(m— Gom — Fop_
2m R2E0 2(m—1)» 2m 2m—1

13.9.8. I,. (Iyppy1 =1IT%,, Iy, =117, I3 = P)

Ulypy = oM (c—2) ug,,
(2m)1,m+ Im,m + 11™ m + 11™
=10,10,10,01 @ (2m — 1)1, mm, m1™,m 4 11™~*
=20,11,11,11 & (2m — 2)1,mm — 1,m1™ 1 m1m™~?

A(Lms1)] = 1™ x 12™ o (m+1) = 1™ 12" o (m+ 1)

Iopmi1 = Hi @ Ioyy :2m
= Hy ® I 1 :m?
=mH; & Hyp 11 01

=(m+1)H1®H,, :1

U, = 87“’(1 - cx)A”uHm
(2m — 1)1, mm, m1™ m + 11™"!
=10,01,01,10 & (2m — 2)1,mm — 1,m1™ 1 m1m™~1
=20,11,11,11® (2m — 3)1,m — Im — 1,m — 1™~ m1™m2
[A(Lm)] = 1™ x 1™ - m? = 174D 2

Ioyy =H1®Iop1  :2m
=Hy®Ipp—o :m(m—1)
=mH ®H, :2

m—+1 m m 1
12m+1 — Hm7 I2m+1 — Hm+17 IQm — Hm7 In — Infl

I2m+1 7 I2m ” 12m72
R1EO R2EOQ

13.9.9. J,. (Ji= 1L, J3 = Ps)
uy, = (c— a:))‘,qu
Ugy = UP,
L= 8_“ilm)‘:lu‘]n72 (n>4)
(2m)1, (2m)1,2™1,2™1
=10,10,01,10 & (2m — 1)1, (2m — 1)1,2™, 2™~ 111
= (m—1)1,m0,1™0,1m0® (m +1),m1,1™1,1™1
[A(Jomagr)] = 12m . 20m=1)% 5 12 92m—1 _ 12m+2 gm?
Jomy1 = Hy @ Jom 1 2m
=H,, ® Hy,11 12
=2H1 D Jop_o m?

uy
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(2m — 1)1, (2m — 1)1,2™, 2™ 112
=10,10,1,01 ® (2m — 2)1, (2m — 2)1,2m"11,2m 711
= (m—1)1,m0,1"™, 1™ 'L ® m0, (m — 1)1,1™, 1™ 11
[A(J2m)] — 12m . 9(m=1)(m=2) | 2 92m—2 _ 12m+2 gm(m—1)
Jom = H1 ® Joy—1  :2m
=H,®H, 12
=2H, ® Joap—2 :m(m—1)

Jn — Jnin (R >6), Jn — Juy
R2E0O

13.9.10. K,. (K5 = M5, Ky = I, K3 = P)
Uk = PN — )N (¢ = 2) up,

m + 1m,m + 1m, (2m)1, (2m)1, (2m)1, ... € PCTY

=11,11,11,20,20,... ® mm — 1,mm — 1, (2m — 1)0, (2m — 2)1, (2m — 2)1,...

[A(Kaman)] = 17+ (m = 1) xm? - (m+1) = 1™ (m = 1) - m? - (m + 1)

Komi1 = Hy @ Koy tm—+1
=(m—-—1)H, @ Ppys :1
=mH; ® P11 12
=(m+1)H, @ P, 01

UKy, = 87“’ (C/ — ’I)XUPM
mm,mm — 11, (2m — 1)1, (2m — 1)1, 777(31”2)
= 01,001, 10,10, 10, ... @ mm — 1, mm — 10, (2m — 2)1, (2m — 2)1, ..

=11,110,11,20,20,... & m — lm — 1,m — 1m — 21, (2m — 2)0, 2m—3)1,...

[A(Kyp)] =1 (m = 1) x 1-(m—1)-m? =12 . (m — 1)% . m?

Koy = H1 @ Koy 1 12
=Hy ® Kopm—2 im
=(m-1)H, ®Ppy1 :2
=mH, ® P, 22

m+1

m m—1
Komi1 — Pny,  Komia =y Prt1, Komg1r — Prngo

m m—1 1
K2m ?Pma K2m — Perla K2m _>K2m71

13.9.11. Loy 1. (Ls = Js, Ly = Hs)

w N
ULymyr = ot UPy 41

mml,mml, (2m)1, (2m)1,... € PSTQH)

= 001,010, 10, 10, ... & mm0, mm — 11, (2m — 1)1, (2m — 1)1, . ..

=110,110,11,20,...®m — 1m — 10,m — 1m — 11, (2m — 1)0, (2m — 2)1, . ..

[A(Lapm41)] = 12 w12 . m3 = 1M ol
Lopi1 = Hi ® Koy 14
=Hy @ Lom—1 im
=mHy ® Py 4
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Lopmy1 = Hy @ Koy, Lopmyr = Hy @ Lop—1

1
L = P, L — K.
2m—+1 R2E0O m+1s 2m—+1 2m

13.9.12. M,. (Ms = K5, My = I, M3 = P)

UMy sy = 8M+)\é+“'+)‘/m+2 (63 _ x))‘,s - (Cm+2 _ I)Afm.+2uH2

(2m)1, (2m)1, (2m)1, (2m — 1)2, (2m — 1)2,... € P

=m—11,m0,m0,m—11,m —11,...&m+ 10,m1l,ml,ml,ml,...

=m—10,m —10,m —10,m —21,m — 21,...
&m+11l,m+11,m+11,m+11,m+ 11,...
[A(Mapmy1)] =11 x 2™ (2m —1)=1*-2™. (2m — 1)

Mopy1 = P11 ® Pryo 01
=P, ® P 03
=2H, & Ms,,_1 tm
—@m-1)H &H, :1

/ 7 /
Uy, = O (c3 — )3 -+ (Cmg1 — @) 1w,

(2m —2)12, (2m — D1, (2m — D1, (2m —2)2,... € PCTY

=01,10,10,10,...® (2m — 2)1, (2m — 2)1, (2m — 2)1, (2m — 3)2, . ..

=m-21,m—10,m —10,m —21,...®&ml,ml,ml,ml,...

=m—-11m-11,m0Om—-11,...&dm—11,m0,m—11,m —11,...

[A(Myp)] =1 x 12.2m7 1 (2m —2) =16 . 2m7 1. (2m — 2)
Moy, = H1 @ Map,—1 12
=Pn_190Ph 12
=P,® P, 12

=2H, @ Moy, o tm—
=@2m-2)H;©Hy :1

1

n—2 2 1
Mn — H27 Mn — Mn_g, Mgm Iﬁ)O Mgm_l H) Mgm_g

13.9.13. N,. (Ng =1IV*, N5 =I5, Ny = G4, N3 = Hj)

)\é /\'lm.+1 uH2

UNgmi1 = aiﬂlx)\/(cli —z)" - (Cmy1 — )
(2m — 1)12, (2m — 1%, (2m)1, (2m — 1)2, (2m — 1)2,... € P
— 10,01, 10,10, 10.. ..

@ (2m — 2)12, (2m — 1)1, (2m — 1)1, (2m — 2)2, (2m — 2)2, . ..

=m—-11m—-11,m0,m—11,m —11,...&ml,ml,ml,ml,ml,...

[A(Ngpy1)] =14 x 122" 2m — 1) =13 .27 (2m — 1)

Noms1 = Hy © My, 4
= P ® Ppia .4
:2H1@N2m_1 :m—l

:(2M71)H1@H2 01
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UN,,, = 8_“/30’\6(1 - x))‘ll(c;; - sr:))‘,3 e (em — x)’\:nqu (m > 2)
(2m —2)12, (2m — 2)1%, (2m — 2)12, (2m — 2)2, (2m — 2)2,... € PT)
=01,10,10,10,10...
@ (2m —2)1,(2m — 3)12,(2m — 3)1%, (2m — 3)2, (2m — 3)2, ...
=m-11m-11,m-11,m—-11,m —11,...
e&m—-11,m—-11,m—11,m —11,m — 11, ...
[A(Noy)] =14 x16.2m72. (2m — 2) = 11°.2m72 . (2m — 2)
Nopm = H1 ® N1
=P,® P, 14
=2H, & Noyp—o tm—2
=©2m-2)H,®Hy, :1

n—2 2 1 1
Nn ? H27 Nn ? Nn72; N2m+1 > M2m7 NQm > N2m71
R1EO R1EO

13.9.14. minimal series. The tuple 11,11,11 corresponds to Gauss hyper-
geometric series, which has three parameters. Since the action of additions is easily
analyzed, we consider the number of parameters of the equation corresponding to
a rigid tuple m = (m;,,) o<j<p € 77;1)1 modulo additions and the Fuchs condition

1<v<n;
equals
(13.44) no+ni+---+n,—(p+1).
Here we assume that 0 <m;, <nfor1 <v <njand j=0,...,p.

We call the number given by (13.44) the effective length of m. The tuple
11,11,11 is the unique rigid tuple of partitions whose effective length equals 3.
Since the reduction 0,4, never increase the effective length and the tuple m € P;
satisfying Oppee = 11, 11,11 is 21,111,111 or 211,211,211, it is easy to see that the
non-trivial rigid tuple m € P3 whose effective length is smaller than 6 is Hy or Hj.

The rigid tuple of partitions with the effective length 4 is also uniquely deter-
mined by its order, which is

Piomi1:m+1m,m+1m,m+ 1m,m+1m

13.45
( ) Pyom :m 4+ 1m — 1, mm, mm, mm

with m € Zso. Here Py op,1 is a generalized Jordan-Pochhammer tuple in Exam-
ple 10.5 i).
In fact, if m € P is rigid with the effective length 4, the argument above shows

m € Pyand nj =2for j =0,...,3. Then 2 = Z?:o m3 —|—Z§:O(n—mj,1)2 —2n?

and Z?zo(n —2m;1)? = 4 and therefore m = Py 2,41 oF Py op.
We give decompositions of Py ,:
m+1lmm+1,mm+1mm+1m
=k k+1Lk+1,kkE+1,kkE+1EK
em—-k+1l,m—-k—1m—-km—-km—-km—-—km-—km-—k
=2(k+1,k;k+ 1,k k+1,k;...)
&m—2k—1,m—2k;m—2k—1,m—2k;m—2k—1,m—2k;...
[A(Pyomi1)] =144 2m7 1t 2 = 14m . 9™
Piomy1 = Piokt1 D Pyopm—r) 4 (k=0,...,m—1)
=2Pyok+1 D Piom—ak—1 1 (k=0,...,m—1)
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Here Py _, = —P;, and in the above decompositions there appear “tuples of
partitions” with negative entries corresponding formally to elements in A" with
(7.12) (cf. Remark 7.11 1)).

It follows from the above decompositions that the Fuchsian equation with the
Riemann scheme

00 0 1 c3
Notlm+r) Aoty P2l [Asalemsn
[Xo,2](m) [A1,2](m) [A2,1](m) [A3,2] (m)

4
(m+1)Aj1 +mhj2) =2m (Fuchs relation).
=0

J

is irreducible if and only if

4 2
> (k401 +1=26,1)0)\w ¢Z  (i=0,1,...,5 k=0,1,...,m).
j=0v=1

When m = Py 5,,,, we have the following.

m+1,m—1;m,m;m,m;m,m
=k+1Lkk+1,kk+1,kk+1k
em—km—-k—1m—-k—1m—-km-k—1m—-km—-k—1m—k
=2(k+1,k— 1k, k;k, k; k, k)
®&m—2k—1,m—2k+1;m—2k,m — 2k;m — 2k,m — 2k;m — 2k;m — 2k
[A(Pyopm)] = 14m=% . 2m=1 5 14 = 14m . om~1
Pyom = Paorri(=k+ 1L kk+1,k..)® Promoky1 4 (k=0,...,m—1)
= 2Py 21 @ Pyom—ak 1 (k=1,...,m—1)

1 2
Pypn = Pyn1, Pioms+1 = Prom—1

Roberts [Ro] classifies the rigid tuples m € P41 so that
1
(13.46) —+--+—>p-1.

They are tuples m in 4 series «, 3, 7y, 6, which are close to the tuples rEs, rE7, rExg
and Dy with r = 1,2,..., namely, (no,...,np) = (3,3,3), (2,2,4), (2,3,6) and
(2,2,2,2), respectively (cf. (7.46)), and the series are called minimal series. Then
0p, = P4, and the tuples in the other three series belong to P3. For example, the
tuples m of type « are

azm =m + Ilmm — 1, m>, m3, ag = Hj,

(13.47) ) ) i
agm+1 =m m=El,m*mt1lm m=E1l, a4 = By,
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which are characterized by the fact that their effective lengths equal 6 when n > 4.
As in other series, we have the following:

1 2
Qp — Qp—1, O3m+1 —7 A3m—1

[Alazm)] = [A(zm-1)] x 1%, [A(agm-1)] = [A(azm—2)] x 14,
[A(azm—2)] = [A(agm-a)] x 1°- 2
[A(asm_1)] = [Aag)] x 110m=1) . gm=1 _ 110m=6  gm—1
[Aaz,)] =110m" 1 2m
[A(Qzm_o)] = 110m—10  gm=1

Qsm =m ~+ 1mm — 1, m>, m?

=kkk —1,k*k — 1,k%k — 1

S(m—Ek+Dm—k)(m—k),(m—-E?*m—-k+1),(m—k)?*m—-k+1)
= k4 1k — 1k, k3, K3

S(m—Ek+D(m—k)(m—k—1),(m—k)?> (m—k)?
=2(k + 1kk — 1,k3, k%)

© (m—2k —1)(m — 2k)(m — 2k + 1), (m — 2k)?, (m — 2k)?

Q3m = Q3k—1 D a3(m-k)+1 9 (k=1,...,m)
= asr D A3(m—) 1 (k=1,...,m—1)
=2a3k@a3(m,2k) 1 (k=1,...,m—1)

agm—_1 =mmm — 1L, mmm —1,mmm —1
=kk—-1k—1,kk—1k—1,kk — 1k —1

@® (m—k)(m—k+1)(m—k),(m—k)(m—k+1)(m—k),---
=Fk+1kk — 1,3, k3

&(m—k—1)(m—-k)(m—Fk),(m—k)(m—-k)(m-—k-1),---
— 9(kkk — 1, kkk — 1, kkk — 1)

® (m — 2k)(m — 2k)(m — 2k + 1), (m — 2k)(m — 2k)(m — 2k + 1), -

3m-1 = azp2(=kk—1Lk—1--)Dagempyq1 4 (k=1,...,m)
= ask © A3(m—k)—1 6 (k=1,...,m—1)
= 2031 P A3(m—2k)+1 1 (k = ]-7 cees M — 1)

agm—2=mm-—1Im—1,mm—1m—1,mm—1m—1
= kkk — 1, kkk — 1, kkk — 1
dm—k)(m—k—1)(m-—k),(m—k)(m—-—k—1)(m—k),---
=k+1kk — 1,k k3
d(m—-k-1)(m—-k—-1)(m—-k),im—k)(m—-k-1)(m—-k—-1),---
=2(kk — 1k — 1,kk — 1k — 1, kk — 1k — 1)
@ (m—2k)(m—2k+1)(m—2k+1),(m—2k)(m —2k+ 1)(m —2k+1
3m—2 =azp_1(=kk—1Lk—-1;-- ) Dagm-p-1 4 (k=1,...,m—
= a3k © a3(m—k)—2 6 (k=1,...,m—
m—

)
1
1
= 2035-2 D A3(m—2k)+2 1 (k=1,..., 1

)
)
)
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The analysis of the other minimal series

Bam,2 = (2m + )(2m —1),m* m? Bao = Hy

Bum,a = (2m)*,m*, (m +1)m*(m — 1) Baa = EO4
Bam+1 = (Qm)(Qm +1),(m =+ 1) %, (m £ 1)m? Bs = Cs, B3 = Hj
Bamsz = 2m + )2, (m + 1)?m?, (m + 1)?m?

Yom2 = (3m + 1)(3m — 1), (2m)*, m° 76,2 = D = X
Yom,3 = (3m)?, (2m + 1)(2m)(2m — 1), m® Y63 = EOg

Yom.,6 = (3m)?, (2m)?, (m + 1)ym*(m — 1)

Yom+1 = (3m)(3m £ 1), (2m)*(2m £ 1),m®(m £ 1) 75 = EOs
Yomeo = (3m+1)(B3m £ 1), 2m)2m + )2, m*(m£1)?  ~, = EO,
Yomas = (3m +2)(3m + 1), (2m + 1)3, (m + 1)3>m? v3 = Hj

and general P, ; , will be left to the reader as an exercise.

13.9.15. Relation between series. We have studied the following sets of
families of spectral types of Fuchsian differential equations which are closed under
the irreducible subquotients in the Grothendieck group.

{H,} (hypergeometric family)

{P.} (Jordan-Pochhammer family)

{A, = EO,} (even/odd family)

{Bn, Cpn, H,} (3 singular points)

{Cy, Hp} (3 singular points)

{D., E,, H,} (3 singular points)

{Fn, Gom, Hy} (3 singular points)

{I.,, H,} (4 singular points)

{Jn, Hn} (4 singular points)

{Kn, P.} ([2£2] singular points)

{Lam+1, Kn, Pn} (m 4+ 2 singular points)

{M,, P,} ([%£2] singular points) D {Mapy1, P}
{N,, M, P} ([2£2] singular points) D {Nomt1, Mp. P}
{Pin = 0n} (4 effective parameters)

{an} (6 effective parameters and 3 singular points)

Yokoyama classified m = (m;,,) o<j<p € Pp41 such that
1<v<n;
(13.48) m is irreducibly realizable,
(13.49) mo1+ -+ mp_11=(p—1)ordm (i.e. mis of Okubo type),
(13.50) mj, =1 (0<j<p—1,2<wv<n;).

The tuple m satisfying the above conditions is in the following list given by [Yo,
Theorem 2] (cf. [Ro]).
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Yokoyama \ type \ order \ p+1 \ tuple of partitions
I, , n 3 1",n—1L,1"
I P, n n-+1 n—11,n—11,...,n—11
i, Bon | 21 3 1™ 1™, nn — 11
I Io, 2n 4 nl® n+11""1 2n — 11, nn
MM, |Bons: |2n+1]| 3 1™ n 1 117, nnl
IIT;, i1 | 2n+1| 4 | n+11" n+11" (2n)l,n+ 1n
v Fg 6 3 21111,411,222
v No 6 1 411,411, 411, 42

13.10. Appell’s hypergeometric functions

First we recall the Appell hypergeometric functions.

w)  Aes s = 3 G
(13.54) Fy(e; 837,75 2,y) = mi:;o mey"

They satisfy the following equations

(13.55) ((m 0, + a) Wy + B) — B0y + Uy + — 1))F1 —0,
(13.56) ((191 Oy + a) (Vg + B) — On(0n + — 1))F2 —0,
(13.57) ((191 + )Wy + B) — (D + 0,y + — 1))F3 —0,
(13.58) ((m 0, + a) Wy + 0y + B) — (D + — 1))F4 —0

!/

Similar equations hold under the symmetry z < y with («, 8,7) < (¢/, 8',7').

13.10.1. Appell’s F;. First we examine Fj. Put
u(z, y) ::/ P18y — )z — ) dt (t= as)
0
1
= / MY (1 — 8)P (y — 2s)7 711 — 5) " Lds
0
1 y ~—1
= :pO‘Jr)‘yV*l/ s (1 — )M (1 - x5)5<1 - f$> ds,
O .’I/‘
hy == a%(x — 1)’8(x - y)Wﬁl.

Since the left ideal of Wz, ] is not necessarily generated by a single element, we
want to have good generators of RAd(9;*) o RAd(hy) (W [z, y]0, + Wz, y]d,) and
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we have

Pi= Ad(h,)0y = 0y — ~ — —— — :

r -1 zxz—y
v—1
Q= Ad(hz)ayzaerx_y,

R:::cPerQ::c@eryayf(a+fyfl)fmﬂ_xl,

S =0z —1)R= W+ 1)(0+0y —a—B—-—7+1) = 0,(V+0y —a—v+1)
TZ:6;A05082

=W, = A+ +9y—a—F—7—A+1) =0, (Vs +9y —a—y—A+1)
with

a=—-a—F—-—v=-A+1,b=1-X\ c=2—a—v— A\

This calculation shows the equation Tu(x, y) = 0 and we have a similar equation by
changing (z,y,7,A) — (y, 2, A, 7). Note that TFy(a;b,V'; ¢; z,y) = 0 with b’ = 1—~.
Putting

v(z,z) = Ij (2 (1 - z)P(1 — z2)77 1)

= /m t2(1—t)P(1 — 2t) "Lz —t)* 1 dt
0

1
= xa+"/ sY(1 —as)P (1 —x2s)" 11 — s)*ds,
0

we have
u(e,y) =y~ o, 1),
oo
o B . ~y—1 _ (_ﬁ)m(l 'Y)TL a+m—+n _n
(1 —t)P(1— 2t = ZO Tt 2",
m,n=

oo

r D(=B)m(l —v)n
U(JE,Z) o Z (a+m+n+ )( ﬁ) ( 7) xa+'y+m+nzn
Mo+ p+m+n+1)mlin!

m,n=0

r = — —

(a+ 1) Z (a+ 1)m+n( ﬁ)m(l V)nxm-ﬁ-nzn
Pla+p+1) (a4 p+ 1)pmgnmlin!

Ia+1)
Fa+p+1)
Using a versal addition to get the Kummer equation, we introduce the functions

— xa—i—u

m,n=0

= gotn Fila+1;-8,1—v;a+pu+1;z,22).

Uc(xvy) = /OI ta(]' - Ct)g(y - t)ﬁf_l(x - t))\_lv

(z—y) "

ol

heg = x%(1 — cx)
Then we have
R:= Ad(heq) 0z +0y) =0z + 0y — (a+v—1) +
S:=0,(1—-cx)R
=W+ 1)(B—c(Wa+Vy—a—7+1)) + (¥, +9, —a—y+1),
T :=Ad(0"™R
=W = A+ D)(B—cWo+Vy —A—a—7+1)) + (0, +0y —A—a—7+1)

Bx

1—cz’
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and hence u.(z,y) satisfies the differential equation

(m(l—cw)@i—l—y(l—cw)@wﬁy
+2—a—7=-A+(B+A-24cla+y+A—=1))z)ds + (A —1)9,
—()\—1)(5+c(a+7+)\—1)))u:0.

13.10.2. Appell’s F;. To examine F; we consider the function
v(x,y) = /A M2 (st — 5 — 1) (1 — sz — ty) ds dt
and the transformation
(13.59) JH(u)(z) = /A w(ty, ..., tn) (1 —tixy — -« — tpwy) dty - - - dty,

for function u(zq,...,u,). For example the region A is given by
v(z,y) = / M2 (st — s — 1) (1 — sz — ty)Hds dt.
<0, t<0

Putting s — s, t = ¢t~ and |z] + |y| < ¢ < 3, Aomoto [Ao] shows

c+o001 c+oot -8
/ / s ( 1—s—t)7+7—a2(1—f—9) ds dt
— o s t

47T () )
== Fila: B .
TG T —y =y +2) 1@ frrizy),

(13.60)

which follows from the integral formula

N e T
(27Ti)n L .

—o001 m—ocn =1 =1
(13.61) .
F(Z; 105 — n)
- n+1 .
| I (a;)
Since
JE(u) = Jalsl_l(u) - me]g_l(xvu)

and

)(1— Ztyxy)“)
1—Ztm,, — pu(t 1—thl, 7



13.10. APPELL’S HYPERGEOMETRIC FUNCTIONS 189

we have
T (D) () = paci J4 " (u)(2)

N S LT Z
xz/ti u(t)dx,» (1= mz,t,) dt

(
(

= px;JH(u) + pw; S 2, JE T (w,u)
)+ le']N( (0 ))
)

and therefore

(13.62) J;‘(:czalu) = (—1 — xz(')z)Jg’j(u),
(13.63) JE(Ou) =z (pn — > 2,0,) JH (u).

Thus we have
PROPOSITION 13.2. For a differential operator

(13.64) P = > CagOF" - OO0y - 0,
Oc:(al,-~.7an)EZg()

B=(B1,....Bn)ELL,

we have

T2 (Pule)) = JE(P) 2 (u(z),
(13.65) 2P = S Lt~ 320" T (00 -1
a, B k=1 k=1

v=1

Using this proposition, we obtain the system of differential equations satisfied

by JH(u) from that satisfied by u(z). Denoting the Laplace transform of the variable
x = (x1,...,2,) by L, (cf. Definition 1.1), we have

n

(13.66) J!:L;l(ﬂl) = ’l9i, J;‘L;l(xl) =T (/A — 2191,)
v=1
We have
A2y (ay — 7 — y)) 9, = 9, — 2L - =D
T TyY—x—y
& _ /\3(1‘ — 1)

Ad(zMy™ (zy — 2 — y)™2) 0, = 0, — ,
(zMy™2 (2y y)**)0y = 0y e ——

Ad(x)‘ly)‘2 (xy —x — y)>‘3) (z(z —1)0,)
~afa =10, = ho -1 - 2D D),
Ad(a,‘>‘1;g)‘2 (vy —x — y)>‘3) (ax(x - 10, — yﬁy)
=2(x—1)0; —y0y — M(z —1) — Xa — A3(z — 1)
:iﬁm—ﬁz—ﬁy—()\l—f—)\g,)x-i-)\l — o+ As,
Oz Ad(ac)‘ly’\2 (xy —x — y))‘?’) (z(z —1)0, — y0y)
= 8wx(19,; — A1 — )\3) — 893(’(930 + ’l9y — A1+ Ay — )\3)

(13.67)
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and

Ji (33533(19;5 — A1 = A3) = 0 (Vs + 0y — Ay + Ao — )\3))
=0, (1+ 0, + A1 4+ A3) —2(—p+ 02 +9y) (24 9o + 0y + A1 — A2 + A3).

Putting
Ti=Wr+0y —pu) 0z +9y + M1 — Ao+ A3+ 2) —0,(Vx + M+ A3+ 1)
with
a=—p, B=M—-Dd+A3+2, v=XA+A3+2,

we have Tv(z,y) = 0 and moreover it satisfies a similar equation by replacing
(z,9,M1,A3,7) by (y,z,A3,A1,7"). Hence v(z,y) is a solution of the system of
differential equations satisfied by Fy(a; 857,752, y).

In the same way we have

_B_p_
Ad(:cﬁ—lyﬁ/_l(l —r— y)’Y—ﬂ—,B'_1),19m — ¥, —B+1+ ('V 15 I6] 1):5
—z—y
Ad(@? (1= =) (0 — a0+ 0,)
= (19w_ﬁ+1>—1‘(19w+19y_,y+3)7
T (000 — B+ 1) = Dp(V, + 0y — 7 +3))

- x(wzwy — 1) (0 + B) — 0u (0 + 0y +y — 1)).

)

which is a differential operator killing Fi(«; 8, 8';7; x, y) by putting 4 = —a and in
fact we have

B=148"=1(1 _ ¢ _ \7 BB ~1(1 _ qp — ty)— @
/ﬁzo, t>0° ¢ (I—s—1) (1 — sz —ty) “dsdt
1=s-t>0

oo
_ Z SFrmLB Nl g A8 -1 (@) myn2™y" ds dt

s>0, t>0 m!n!
1—s—t>0 m,n=0
_ 3y LEHmTE 4+ L0 —f = F) (Dmin
iy I'(y+m+n) mln! 4
L)Ly =8-4) /
= Fi(o; 8,85 7; 2, 9).
() . )
Here we use the formula
I I I
(13.69) // Ll g el gt — (A)T(A2) ()\3)_
i;g,_gg LA+ Ao+ A3)

13.10.3. Appell’s F3. Since

T3 = ina/xfljga(az('ﬂx - ﬂ + ].) — 3zx(19x =+ ﬁy — v+ 3))
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with (13.68), the operator T3 kills the function

B—1,8"—1 e p\Y—B=B'—1/1 _ —a(1 _ —a’
//320, 1505 P 1 —s—1) (I1—zs) (1 —yt) " dsdt
1—s—t>0
0 /
— // Z sﬁ-‘rm—ltﬁ/-&-n—l(l _s— t)’y—ﬁ—ﬁ/—l (@)m(a)pz™y" ds dt
530, +>0

m!n!
1—s—t>0m, n=0

o~ LB +m)T(B + )y = B =) @)m(@)n m »
Z L(y +m+n)m!n! vy

m, n=0

_L@r@EH ey —-6-79 A A
- 1—\(,\/) FS(avavﬁvﬁa’}/?xay)'

Moreover since
Th o= Ad(9;*) Ad(9," ) (0 + 1) Wz — A1 — A3) — Bu(Vs + 0y — A+ A2 — A3))
=W +1=p)(We =M — A3 — ) = Op(Vp + 0y — A+ Ao — A3 —pu— p)
with (13.67) and
a=-M—-A3—p, B=l-p y=-M+l-—p—py+1,

the function
y [z ,
(13.70) uz(z,y) == / / MR (st — s — 1) (z — s)PHy — t)* “ldsdt

satisfies Tqusz(x,y) = 0. Hence uz(z,y) is a solution of the system of the equations
that F3(o, s 8, 0';v;x,y) satisfies.
13.10.4. Appell’s F;. Since
O Ad(zM 11— 2 1))z(1 — 2)0,
= 0px(1 — )0z — (A1 — 1)z + 0:(A1 + Ao — 2)2
= 0,0 (=0p + A1+ A2 —2) + 0, (0 — A1 + 1)

and
Ty = Jb (0ex (=0 + M+ X2 — 2) + 0 (92 — A1 + 1))
= 0,0 +1+ M+ X2 —2) +a(p—0; —0y)(—1 =0, — A1 +1)
= 2 (o + M) (Wa + 8y — 1) = 0aa + M1 + 2o — 1))
with

a=—u, B=A, Y=+,

the function

11
ug(x,y) = / / M1 — )TN (1 — )1 — s — yt)Pds dt
0 Jo

1 p1 o —_
_ / / Z 5)\1+m71(1 _ 3))\271t)\’1+n71(1 _ t))\'zfl ( /L)'m|+n ™y ds dt
0Jo mln!
i L +m)l(A2) DN +0)T(A2) (Zimin n, o
0 F()\l + )\2 + m) F()\Il + /\/2 + m) m!n!

m,n=

_ PO (A)P(ADI(AS) i A Ao (=Wman
L(A1+ A2)L (A + A3) (O + A2)im OV + N)mlnl© Y

m, n=0

is a solution of the equation Thu = 0 that Fa(«; 8, 8';7v,7'; x, y) satisfies.
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Note that the operator Ty transformed from T4 by the coordinate transforma-

tion (z,y) — (1, %) equals

Ty = (V2 + @) (—0s + B) — 2(—0a) (—Va — Uy +7 — 1)
= (s — ) (Vp — B) — 20, (Vs +Jy — v+ 1)
and the operator
Ad(z=y )T = 0 (V0 + 0 — ) —2(0p + ) (W + 9y + a+ 0’ — 7 +1)

together with the operator obtained by the transpositions z < y, a < o' and
B < (' defines the system of the equations satisfied by the functions

(1371) FQ(Oé-I-O/—7+1;a,a’;a—ﬂ+l,o/—B/—i—l;x,y),
. x_a/y_alF?)(aaO/;BaB/;fy; %7 %)a

which also follows from the integral representation (13.70) with the transformation

(z..5.0) = (11,1 1),

13.11. Okubo and Risa/Asir

Most of our results in this paper are constructible and they can be explicitly
calculated and implemented in computer programs.

The computer program okubo [O8] written by the author handles combina-
torial calculations in this paper related to tuples of partitions. It generates basic
tuples (cf. §13.1) and rigid tuples (cf. §13.2), calculates the reductions originated by
Katz and Yokoyama, the position of accessory parameters in the universal operator
(cf. Theorem 6.14 iv)) and direct decompositions etc.

The author presented Theorem 12.6 in the case when p = 3 as a conjecture
in the fall of 2007, which was proved in May in 2008 by a completely different
way from the proof given in §12.1, which is a generalization of the original proof
of Gauss’s summation formula of the hypergeometric series explained in §12.3.
The original proof of Theorem 12.6 in the case when p = 3 was reduced to the
combinatorial equality (12.16). The author verified (12.16) by okubo and got the
concrete connection coeflicients for the rigid tuples m satisfying ord m < 40. Under
these conditions (ordm < 40, p = 3, mon, = Min, = 1) there are 4,111,704
independent connection coefficients modulo obvious symmetries and it took about
one day to got all of them by a personal computer with okubo.

Several operations on differential operators such as additions and middle con-
volutions defined in Chapter 1 can be calculated by a computer algebra and the
author wrote a program for their results under Risa/Asir, which gives a reduc-
tion procedure of the operators (cf. Definition 5.12), integral representations and
series expansions of the solutions (cf. Theorem 8.1), connection formulas (cf. The-
orem 12.5), differential operators (cf. Theorem 6.14 iv)), the condition of their
reducibility (cf. Corollary 10.12 i)), contiguity relations (cf. Theorem 11.3 ii)) etc.
for any given spectral type or Riemann scheme (0.11) and displays the results using
TEX. This program for Risa/Asir written by the author contains many useful func-
tions calculating rational functions, Weyl algebra and matrices. These programs
can be obtained from

http://www.math.kobe-u.ac. jp/Asir/asir.html
ftp://akagi.ms.u-tokyo.ac.jp/pub/math/muldif
ftp://akagi.ms.u-tokyo.ac.jp/pub/math/okubo.



