APPENDIX

Some Properties of Invariant Polynomials

Some common materials used in this article are presented in this appendix for
completeness. Most of these can be found in Kobayashi-Nomizu [50] but they are
modified by following the convention in Matsushima [58]. Differences appear in
coefficients, for example, w A n = p!Lq!Alt(w ® n) for a p-form w and a ¢-form 7,
where Alt stands for the alternizer. Another example is the formula dw(X,Y) =
X(w(Y)) = Y(w(X)) —w(X,Y]).

Let G be a Lie group, and g its Lie algebra. We denote by I*(G) the set of

invariant polynomials of degree k.

DEFINITION A.1. Let f € I*(G) and let 1, . .., o be g-valued differential forms
of degree qi, ..., qx, respectively. We define a (¢1 + -+ + qx)-form f(¢1,...,px) as

i

follows. Let {E1, ..., E,} be a basis for g. Then, we can write ¢; = Z E;¢l. We set
j=1

f(@la---’(ﬁk): Z f(Eju"'?Ejk)QO{l/\"'/\gpﬁ.'
jl?"'?.jk;zl

NOTATION A.2 (Chern convention). Let f € I¥(G)andlet ¢y, ..., ¢ be g-valued

differential forms as above. If [ < k, then we set
k—1+1 times

——
f(golv"'?@l) :f(%Ola---7901—1780la---780l)-

DEFINITION A.3. Let f: gl(n;C') — C be a multilinear mapping invariant under
the adjoint action. The polarization of f is the unique element f of I*(GL(n; C))
such that
FX, X, X) = f(X)
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for any X € gl(n;C), where k is the degree of f as a polynomial. By abuse of
notation, fis denoted again by f.

REMARK A.4. The polarization is compatible with the Chern convention, namely,
f(Q,...,0)=fQ)

for any even form 2 and any multilinear mapping f.

DEFINITION A.5. Let f € I*(G), g € I'(G). We define fg € I"™(G) by setting
fg (Xl,Xz, ooy Xpeyi)

k:+l Z F(Xoys s Xor) 9(Xohr1)s - -+ Xo(hrn))-

U€6k+l

LEMMA A.6. Let f € I*(G) and g € I'(G). If 0,1 are of odd degree and if ) is

of even degree, then we have

(A.6a) (k+10)fg(6,9Q) =kf(0,2)g(Q) +1f(£2) g(6, %),
and
(A.6b) (k+0)(k+1—-1)fg(0,n,9Q)

=k(k —1)f(0,1,Q2) A g(Q) + kLf(0,2) A g(n2, Q)
— kLf(n, ) A g(60,9Q) +1(1 — 1) f(2) A g(6,7m2,€).

ProoF. We will show the formula (A.6b). Let Eq,..., E, be a basis for g and
write 6 = ZEj 97, n= ZEj 7’ and Q = ZEJ Q7. We have
F9O.n )= > fg(Bj, ... Ejp) 07 Ap AQIS A A QI

J15J25 2 Jk+1

where

fg(Ejlv ceey Ejk+l - k n l Z f Jo(1)r " Ja(k))g(EjU(k+1)7 ) Ejo-(k-l»l))'

€S 4y
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Let w(j1, 2y .-, just) = 672 AnP2 AQI3 Ao A QIR+ Then
(k+D!fg(0,n,9)

:(k+l)‘ Z fg(Ej17‘"7Ejk+l)w(j17j27"'7jk+l)

J15J25 s Jk+1

= Z Z f(Ej(,(l)?'"’Ejg(k))g(Ejg(k+1>7"'7Ejg(k+l))w(j1aj2a'"ajk-i-l)‘

J15J25 3 Jk+1 OE€EG K4y

On the other hand, elements of G, are divided into four types, namely,
1) o(1),0(2) <k,
2) o(1) <k <o(2),
3) 0(2) <k<o(1),
4) k<o(l),0(2).
The number of such elements are (k+1—2)!k(k—1), (k+1—2)'kl, (k+1—2)!kl,
(k+1—2)!1(l — 1), respectively. The formula (A.6b) follows from this. O
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