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Hamiltonian systems on submanifolds

T. Fukuda and S. Janeczko

Abstract.

A constraint submanifold in a symplectic space after P.A.M. Dirac
is determined locally by geometric restriction of the symplectic form
to the constraint. The natural symplectic invariant associated to this
restriction is the space of Hamiltonian vector fields which uniquely
restrict to the solvable Hamiltonian ones on a constraint. By investiga-
tion of solvability of generalized Hamiltonian systems we characterize
the constraint invariants and find them explicitly in the generic cases.
Moreover the Poisson-Lie algebra on submanifold is described and an
example of the Hamiltonian vector fields on the 2-sphere in symplectic
space was constructed.

§1. Introduction.

Let (M, w) be a symplectic 2n-dimensional manifold, endowed with
the nondegenerate, closed two-form w. By the vector bundle morphism
B:TM > uwr w(u,-) € T*M we introduce the canonical symplectic
structure w on T'M, namely the pullback of the Liouville symplectic
form df defined on the cotangent bundle T* M, w = f*df. A vector field
X : M — TM is said to be Hamiltonian if the form w(X,-) is closed and
exact. A function H : M — R is called Hamiltonian function for X if
w(X,) = —dH(-). If X is Hamiltonian, then its image X (M) C TM is
a Lagrangian submanifold of (T'M,w) generated by H (cf. [15]). In local
Darboux coordinates, M = R?", w = Yo dy; Adxg, and w = §*df =
S (dy; ANdx; — di; Ady;), where (q,¢) = ((x,y), (¢, 7)) are coordinates
on TR?" = R?" xR2",
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In what follows a smooth submanifold N C T'M is called Hamilton-
ian system if N is Lagrangian, i.e. w |y= 0 and dimN = 2n. If
T |n: N — M is singular, where 7 is a tangent bundle projection, we
also call N an implicit Hamiltonian system.

Fundamental property of a differential system which we investigate
in this paper is its local solvability. Let M be a smooth manifold, not
necessarily a symplectic manifold. A submanifold N of T'M is called an
implicit differential system. A point (¢,¢) € N C T'M is called a solvable
point of N if there exists a smooth curve v : (—¢,e) — M, v(0) = ¢ such
that its tangent lifting 4(¢) belongs to N. N is called a solvable manifold
if N consists of solvable points only. NV is called smoothly solvable if it
consists smoothly solvable points, i.e. around each v € N there exists
a smooth family o : U X (—e€,€) 3 (9,t) — M of smooth solutions of N
for a neighbourhood U of v in N such that é3(0) = v. A submanifold
of N is called a solvable submanifold of N (smoothly solvable) if it is a
solvable (smoothly solvable respectively) submanifold of T'M.

If 7 | v is a diffeomorphism, then N is smoothly solvable vector field
on M. If 7 |y is singular, then N may not be solvable in the critical
points of 7 |ny. The simplest representative example of such manifold
is given by N = {(¢,4) € TR : ¢ = (¢ — a)?}. For a # 0, N is not
solvable at (0,a) and this is a singular point of 7 |y. In general case
of any submanifold of T'M the necessary and sufficient conditions for a
manifold N C TM to be solvable are found in [4, 9].

Let v = (q¢,¢) € N be a solvable point of N. Then there exists a
smooth curve v : (—e,e) — M  as above. Thus an immediate necessary
condition for a point v = (¢,¢) € N to be solvable is that (cf. [4])

(1) q € d<T |N)v(TvN)a

where d(7 | ), is the tangent mapping to 7 |y at v. In what follows we
will call this condition tangential solvability condition.

We can ask whether this condition is also a sufficient condition for
a submanifold N to be solvable. Although the answer for this question
is negative, there is a wide class of submanifolds of T'M for which the
tangential solvability condition is also sufficient. An example of the
submanifold N for which the tangential solvability condition is fulfilled
but N is not solvable is given in [4].

1.1. TImplicit Hamiltonian systems.

Now let M be a symplectic manifold. A smooth submanifold N C
TM is called Hamiltonian system if N is Lagrangian, ie. w |y= 0
and dimN = 2n. If 7 |y— M is singular, where 7 is atangent bundle
projection, we also call N an implicit Hamiltonian system.
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In this work we concentrate only on Hamiltonian systems and sym-
plectic invariants connected to their solvability. As the solvability is
a local property investigated globally on a manifold, then we will use
the local coordinate systems and replace manifolds by their Euclidean
representatives.

Let N C (TR?",w) be a Hamiltonian system. Suppose that

corankd(t |N)y =k

for some v € N. Then there exists an open neighborhood O of v in TR?"
and a smooth function F : R2"xRF 3 (¢, \) — F(g,\) € R defined on
an open neighborhood of (qo,0) in RZ*xR*, gy = 7(v) such that

. . oF . oF OF
NNO = {(qaq)va)\ekkvmi - a_%(qu)7y] - _8_.%]((1’)\)70 - 8_)\1(Q7A)}

where 1 < i, 57 <n, 1<[1<k, and

F  °F  OF 8°F
@ mnk(axjaxl’ayiaxl’wsaxl) (0.0 =k 530

(QOJ 0) = 07

where 1 < s,7 < k. And F is called a generating family of N N O.

If N is a Hamiltonian system generated by a generating family F' :
R?" xRF =R, then the tangential solvability condition for N is equivalent
to the existence of a solution y = (p1,...,un) € R¥ of the following
linear equation (cf. [4]),

k
3 >
j=1

for each (g, \) € R?" x R¥ where {.,.} denotes the Poisson bracket on
R?” induced by w.
By the Cramer’s rule equation (3) is equivalent to

k
’F | (oF -
2 {8&0%} {%,F } | derr=0ynce = 0,

j=1

0*F OF .

where [%] is a cofactor matrix of H(z,y,\) = (82—F(J:, y,A)) and

INON,
CF is a critical manifold defined by

Cr = {(w,y,k);%(x,y,h) =0, 0<i< k}
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Smooth solvability of N is implied by the condition that the linear equa-
tion (3) has a smooth solution (p1(x,y, A), ..., pe(z,y, \)) on the critical
manifold Cg.

The natural problems concerning solvability phenomena of implicit
Hamiltonian systems are formulated as follows,

a) find conditions to be posed on a smooth generating family F :
R2"xRF—R, so that the linear equation (3) has a smooth so-
lution on Cp.

b) specify the insolvability area in general implicit Hamiltonian
systems in particular those defined by constraints in the sym-
plectic space.

¢) determine the Poisson-Lie algebras induced by smooth subman-
ifolds of symplectic space.

Point a) is already considered in [4]. The point b) needs an extra con-
ditions on regions of L fulfilling tangential solvability condition to be
finally solvable, and the point ¢) provides constructions of function alge-
bras which are equipped with the Poisson structure. This is the subject
of research in the rest of the paper.

1.2. Solvability conditions.

Let Es(k, k) denote the space of kxk symmetric matrices of real
numbers. For each integer > 0 let S, denote the subset of E,(k, k)
consisting of all symmetric matrices of rank . Then S,. is a submanifold
of Es(k, k) of codimension (k —r)(k —r +1)/2. Now we have a smooth
mapping H : R2" x RF — E,(k, k) defined by

N 0*F
Definition 1. An implicit Hamiltonian system
oF oF
N = — - TR?" :
{(xaya ay (x7y7A)7 O (Iaya)‘)) € (Z‘,y,A) GCF}

generated by a generating family F : R*" xR* — R is called generic if the
map H : R*™ x R* — E,(k, k) is transversal to all S,, r =0,--- |k —1,
at every point of Cp.

Now we can formulate the main result we will use in this paper
(cf. [4, 11]).

Theorem 1. ([4]) The generic implicit Hamiltonian system
N C TR?" is smoothly solvable if and only if it satisfies the tangential
solvability condition.
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Using the results concerning solvability of general implicit differ-
ential systems in [4] we can get the corresponding results concerning
solvability of implicit Hamiltonian systems. Now our function-matrix
H l{(z.y.nyecry: Cr—Eq(k, k) corresponds to matrix A(z) in [4]. Let
Ocy,0 denote the ring of germs at 0 € Cr of real analytic functions on
CF. Then we get the following result.

Theorem 2. ([4]) Let F : (R*"xR* 0)—=R be a real analytic
function-germ. Suppose that the implicit Hamiltonian system N gen-
erated by F fulfills the tangential solvability condition. If the ideal <
det(ﬁ lcw)(@,y,A) > in Oc, o has the property of zeros (i.e. any func-
tion vanishing on the variety defined by this ideal belongs to it), then the
germ at (0,0) of N is smoothly solvable.

1.3. Generalized Hamiltonian systems.

Let K be a submanifold of R?" and h : K — R be a smooth func-
tion on K. The notion of generalized Hamiltonian system (generalized
Hamiltonian dynamics) was introduced by P.A.M. Dirac in [2]. Tt is de-
fined as a sub-bundle of TR2?" over K, being a Lagrangian submanifold
L of (TR?",&),(cf. [10])

(5) L={veTR*":w,u)=—dh(u) Yuerx}

In local coordinates which we use in the setting, the generalized
Hamiltonian system (5) can be written by linear in A as generating
family F : R?" x RF — R,

k

(6) F(z,y,\) = Zag(x,y))\g—i-b(%y),
=1

where K, being a complete intersection, is defined by an ideal Ix =<
ai,...,ar > having property of zeros with analytic generators a;, 1 <1 <
k. K is a zero-level set of the mapping a : (z,y) — (a1(z,y),...,ax(z,y)),
K = {(z,y) € R*™ : q;(x,y) = 0,i = 1,...,k} , and b(x,y) is an ar-
bitrary smooth extension of the function h : K — R and the rank
condition (2) is fulfilled. In what follows we consider the smooth K and
b identified with h.

Generalized Hamiltonian systems are not generic in the sense of Def-
inition 1. For such systems the necessary tangential solvability condi-
tion is also sufficient. The aim of this paper is to investigate conditions
on subvarieties of symplectic space on which the solvable generalized
Hamiltonian systems may exist. We find conditions that L is smoothly
solvable under some properties of K and general function on K.
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Let us notice that the tangential solvability condition for generalized
Hamiltonian system is reformulated after (3) as the system of equations
fulfilled in the smoothly solvable points of L,

oF
(7) {avF} ($7y,)\):0f01‘ (xayv)‘)GCF~

Concerning the solvability of the generalized Hamiltonian system L,
we have already the following basic result proved in [4]. L is smoothly
solvable if (7) is fulfilled on K x R* which is a very strong condition
expressed in the following,

Theorem 3. ([4]) A generalized Hamiltonian system L C (TR?*",w)
generated by the generating family (6) is smoothly solvable if and only if

{aiaaf} =0 and {baaf} = 07 1 < 278 g k7

on K ={(z,y) eR™:a;(z,y) =0, 1<i<k},

and 1 < k <n. If k =n, then b =0.

Solvability property of L defines K to be an involutive, coisotropic
submanifold of (R?*",w), i.e. geometrically T,K D (T,K)* = {u €
T,R?" : w(u,v) = 0,Yyer, K }, and b restricts to those functions who are
constant on leaves of the characteristic foliation of coisotropic K, (cf.

[13]).
Remark 1. If dimK < n and K is isotropic, i.e. (TK)* D> TK,
then TK s solvable submanifold of L with b= 0. In this case L can not

be completely solvable Hamiltonian system. If dimK =n, and TK = L
is solvable with b = 0, then K is Lagrangian.

Corollary 4. Let L be a generalized Hamiltonian system over the
submanifold K C R?" and its generating family F fulfills the tangential
integrability condition. Then K is a coisotropic submanifold of (R*",w)
and L is smoothly solvable.

In what follows we investigate the case when L is not smoothly sol-
vable. We clarify the properties of such L with respect to the structure of
non-solvable part of it and symplectic invariant properties of constraints.
The regions of solvability on L may be identified by analysis of (7) under
some assumptions on K.

§2. Solvability on even dimensional submanifolds.

The generalized Hamiltonian system L is given by an immersion

¢:Cp — L C (TR &)
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defined by

oF OF
d)(z;:’ﬁ)\) - <I,y, &g(%%)\);—ax(%ya)\)) ) (‘Tay7>\) € CF'

Since g—)i(x,y,)\) = a¢(r,y), we have Cp = K x R¥. Then L can be
written as

- B oF oF 2n ., k
—(b(CF)—{(x,y,a—y(:v,y,)\),—a(x,y,)\)) € TR : (z,y,\) € KxR }

We find conditions for a submanifold or domain of L to be smoothly
solvable. Thus the traditionally solvable Hamiltonian system exists on a
submanifold K in the case where the generating family does not satisfy
the involutivity condition in Theorem 3, i.e. {a;,a;} = 0 and {b,as} =0
on K,1<1i,¢<k.

Consider the k x k skew-symmetric matrix A(z,y) = ({a;, a;}(x,y))
and the linear equation

k

(8) Z{ai,aj}(x,y)xj ={ba;}(z,y), i=1,...,k

Set

N k

Sr ={(z,y,\) € Cp : Z{ai,aj}(x,y))\j ={b,a;}z,y), i=1,...,k}

and Sy = d)(gp) C L.

Comparing to the general implicit Hamiltonian systems (cf. [4]) we
can easily see that the following three properties still hold in the present
irregular generalized Hamiltonian case. Thus before we proceed to the
more specified cases we formulate the following Lemmas.

Lemma 1.
1) ¢:Cp — L is a local diffeomorphism.
2) Let Q C L be a submanifold. Then the following three conditions
are equivalent,

(a) a submanifold Q of L is smoothly solvable

(b)  there exists a smooth vector field £ tangent to @ such that

dr(&(x,y, #,7)) szaxz g aii,
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(c) there exists a smooth vector field € tangent to Q = ¢~ 1(Q) such
that
8 oF 0
dm(
x y7 Z a aml = a (I y7>\) ayl5

where 7 : R2" x RF - R?" T(z,y,\) = (2,y).

Lemma 2. 1) For (z,y,\) € Cp, the vector field

0 oF 0

oOF
(2, Y, \) 5 Bz, a (z,y,\) 0

< Oy

is tangent to K if and only if equation (8) is fulfilled.
2)  Equivalently, for a point (z,y,&,y) € L, the vector field

is tangent to K at (x,y) if and only if (x,y,2,y) € Sp.
Proof. Since K is defined by equations a;(z,y) = 0,.
0, then the vector field

-sak(T,y) =

oF 0 ~OF 9

° €y °
=1 =1
is tangent to K if and only if
OF 0 = OF o)
— — ; = ) =1,...
< i (@, 9, \) 5 ou 2 o, (2,9, M) ayl) (aj(z,y)) =0, j=1,....k,

which holds if and only if {F,a;}(xz,y,A\) =0, j=1,...,k Inserting
(6) the last equality holds if and only if

k

> {ai a;}(z,y)Xi + {baj Ha,y) =0,
i=1

which gives an equation (8) and completes the proof of Lemma 2 O

j=1,...k,

Lemma 3. Let (x0,y0,%0,00) € L and let
(0, Y0, Ao) = ¢~ (w0, Yo, 0, J0) € Cp.
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If (x0, Y0, 0, Yo) is a solvable point of L, then Ag = (Ao1,---, Aok) S a
solution of the linear equation Z?zl{ai,aj}(mo,yo))\j = {b,a;}(x0,v0),
i=1,...,k, which means that

(20,90, Mo) € Sp and  (z0,Y0,%0,J0) € Sp-.
Consequently any solvable submanifold of L is a subset of Sp = TK N L.

Proof. Since (x0,y0,%0,90) € L is a solvable point of L, there
exists a smooth curve y(t) = (x(t),y(t)) € R*", —e < t < € such that
(V(t)?’y(t)) € L7 —e <t < €, and (7(0)77“))) = (anyO;j:‘OaigO)‘ Let
5 : (e,6) = Cg be the curve defined by F(t) = (z(t),y(t), A(t)), then
o(7(1)) = (v(1),7(1))-

Since (z0,Y0,Xo) = ¢~ (x0, Yo, 20, %0), we have A\(0) = X\g. Since
~(t) € Cp, —e <t <e¢, we see that

dy .0 .0 di, 0
E(O) = l‘o& +yoa—y + E(O)a
is tangent to L. Since L is contained in TR?" | and K is defined by
ar(z,y) =0,...,ax(x,y) =0, we have
0 0 d\x, 0
to— + o 4 2(0) = ) (a;) =0, j=1,....k
(03 g+ GO5) (@) =0, =1k
And

oF 8aj OF Baj

0 oy (205 Y05 Ao) 9 (0) o (205 Y05 Ao) 3y (0) = {F. a;}(zo, Y0, Mo)

And using the form (6) of F we have

k
Z{aia aj}(x(%yo))\oi + {b7 a’j}(‘ranO) = 07 j = 17 ) k.
i=1
Thus A\g = (A1, ..., Aok) is a solution of the system of linear equa-
tions
k

Z ({aia (lj}(l'o, yO)) )‘j = {b, ai}(x()vy()), 1 é 1 S k.
j=1

This completes the proof of Lemma 3. O
First we have the following introductory result.

Proposition 4.
1) If a submanifold Q of L is a solvable submanifold of the generalized
Hamiltonian system L, then it is a solvable submanifold of the tangent
bundle TK of K.



230 T. Fukuda and S. Janeczko

2) If the linear equation (8) has a smooth solution (A1(z,y), -, Ax(2,y))
defined on K, then the image Gy = ¢(G)) by ¢ of the graph of this

solution

Gy ={(@y. M(@,p), - ul,9)) : (wy) € K}
is a smoothly solvable submanifold of L.

Proof. Part 1) is immediate by Lemma 3.
For part 2) suppose that the linear equation (8) has a smooth solution
Mz, y) = (M(z,9),..., \e(z,y)) defined on K. Consider the image

G = 6(G))

by ¢ of the graph G = {(z,y, M (z,9), ..., \e(z,9)) | (x,y) € K} of the
solution (A1(x,y), ..., \e(x,y)).

Since A(x,y) is a solution of the linear equation (8), from Lemma 2,
we see that the vector field

_ (OF 1o} oF 0
dm (8_y(x7y7)‘($>y))a_x - 8_x(‘r>y7)‘(xuy))a_y>

is tangent to K. Since A(z,y) is smooth, then this vector field depends
smoothly on (z,y). Since 7 |5 : Gx — K is a diffeomorphism then there

exists a smooth vector field £ tangent to G, such that

(€, M) = G Alms ) 5 = G M)

Then, from Lemma 1. 2), the image G = ¢(G,) is a smoothly solvable
submanifold of L. This completes the proof of Proposition 4. O

Remark 2. In Proposition 4. 1), in order to check that Q is
smoothly solvable, it is enough to check that Q is a submanifold of TK
and that @Q is smoothly solvable as an implicit differential system, to
which one can apply results of [4].

We see that the Proposition 4. 1) is a direct consequence of Lemmas
2 and 3. Situation diametrically opposite to that in Theorem 3 is in the
case if

(9) det ({ar, am}(x,y)) # 0.

Under this condition we have
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Proposition 5. Let L be a generalized Hamiltonian system gener-
ated by a generating family (6). Suppose that

k is even and det ({a¢, am}(x,y)) #0, on K.

Then Sg is a smoothly solvable submanifold of L and it is the mazimal
solvable submanifold of L in the sense that any other smoothly solvable
submanifold of L is a submanifold of Sp. Moreover, the projection 7|g,, :
Sr — K is a diffeomorphism and has no singular points. Consequently,
SE is a unique smoothly solvable submanifold of L such that T(Sp) = K.

Proof. Consider the k x k matrix ({ag, am }(2,y)) and the linear
equation

k
(10) > A{aram}(@9)Am = {b,ac}(z,y), 1<L<k

m=1

Since det ({ag, am }(z,y)) # 0 on K, the linear equation (10) has a unique
smooth solution A(z,y) = (A (x,y),..., Ak(x,y)) on K. Then we have

Sp={(z,y,)) € R xRF | A= \(z,y), (z,y) € K}.

Thus §F is the graph of the map A : K — R*. Therefore the projection
map T \§F: §F — K is a submersion and so is 7|5, : Sp — K. Moreover,
from Lemma 2, Sp is an implicit differential system as a submanifold
of TK. Thus SF is a smoothly solvable implicit differential system and
it is a smoothly solvable submanifold of L. Now the maximality of Sg
follows from Lemma 3. This completes the proof of Proposition 5. O

Remark 3. If b is a pre-Hamiltonian function defined on K for the
generalized Hamiltonian system L, then the corresponding Hamilton-
ian function for the solvable Hamiltonian vector field in the restricted
symplectic space (K,w |x) is defined by

k
F(xay> = b(m,y) + ZAi(x,y)ai(x,y),

i=1
where A(z,y) is a unique smooth solution of the equation (10) and
Oy Yor " oY oy '

is a smooth section of TK.
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63. Solvability over constant rank constraints.

Let K be a submanifold of (M,w). The constant rank condition of
matrix A(g) at all points of K is related to the special cases of subman-
ifolds of M.

K is said to be coisotropic if (T,K)* C T,K at each ¢ € K is
isotropic if T,K C (T,K)¥ at each ¢ € K. detA(q) is vanishing on K
in both these cases. K is said to be symplectic if T,K N (T,K)¥ =0 at
each g € K.

Let us denote the intersection V, = T,K N (T,K)¥ and we assume
dimV, =l is constant at each ¢ € K. V, is a kernel of A(g). The two
form induced on the quotient space (T,K)“/V, is nondegenerated for
E=1,....2n—1. dim(T,K)*/V, = k — | and there is a natural relation
for the kernel dimension, | < maxz{k,2n—k}. Obviously k—1 is an even
number. We easily find that rankA(q) =k — 1,1 <n, 1 <2n—k. The
kernel N, = KerA(q) gives an intersection of skew-conormal fibre of K
with the tangent space T K. The constant rank condition of A along K
implies that V' = J, ¢ Vy is a distribution on K, i.e. a smooth field of
linear subspaces of TK. This is the characteristic distribution of w |x-.
V' is defined by the generating function

k
F(z,y,\) =Y Niai(z,y), (z,y) =g € K

i=1

corankA(z,y) < 2n —k, rankA(z,y) > 2k — 2n, for k > n

k
Gai 0 Gai 0
Vg = {;/\z <8y($’y)8m ~ or (I’y)8y>}’

where A € KerA(z,y), (v,y) € K.

Proposition 6. V is an integrable distribution of TK and it is a
solvable submanifold of L with b = 0.

Let M(xz,y), j = 1,...1 be [—independent smooth sections of the
fibre bundle KerA(x,y) over K, then we can re-define the defining gen-
erators a; taking instead the new [ functions, ¢/(x,y) € I, where I is
an ideal which consists of all functions vanishing on K (cf. p. 5),

k
cj(xvy)zz)\z(xay)al(xay)v .]Zlaal

i=1
We can easily check that
{dd,a;} |[k=0, j=1,....1i=1,...,k
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and '
{4} |k=0, j=1,....1,s=1,...,1

After re-numeration of ay, ..., ay assume that c',... ¢\, ai11,...,a
are independent and define K. Thus the matrix A reduces to the maxi-
mal rank sub-matrix ({a;, a;})iy1<ij<k-

Thus the problem reduces to the coisotropic submanifold C' € R??
defined by ¢/ = 0 with b preserving fibers of V on C. The rest of
functions a; define K as a section of the foliation defined by integral
surfaces of V.

84. Solvable domains in generalized Hamiltonian systems.

When k is odd we have det A(x,y) = 0 everywhere. As a result
corresponding to Proposition 5, we have

Proposition 7. Let L C TR?" be a generalized Hamiltonian system
generated by a generating family (6). Suppose that k is odd and the rank
of ({as, am}(z,y)) is constant and equal to k — 1. Suppose also that the
linear equation (8) has a smooth solution \(x,y) = (M (z,9), ..., \e(z,9))
on K. Then

1) Sg is a smoothly solvable submanifold of L and it is the mazx-
imal solvable submanifold in the sense that any other smoothly solvable
submanifold of L is a submanifold of Sp.

2)  Moreover, S is a line bundle over K with the submersion map
T|Sp * Sp— K.

To prove Proposition 7, we use the following more general theorem
which we will prove later.

Theorem 5. Let L C TR?" be a generalized Hamiltonian system
generated by a generating family (6). Let Q be a submanifold of L such
that the projection T |g: Q@ — K is a submersion. Then @ is smoothly
solvable if and only if Q@ C Sp.

Proof of Proposition 7. Let L C TR?" be an implicit Hamilton-
ian system generated by a Morse family (6). Suppose that k is odd
and the rank of ({a;,a;}(z,y)) is constant and equal to k — 1. Sup-
pose also that the linear equation (8) has a smooth solution A(x,y) =
M (z,y), ...y Ae(z,y)) on K.

Since the matrix ({a;,a;}(x,y)) depends smoothly on (z,y) € K
and has a constant rank k — 1, the kernel set

Kp = {(x,9,) € Cr | ({ai, a;}(z,9)) A = 0}



234 T. Fukuda and S. Janeczko

is a smooth line bundle over K and we see that
Sr = {(z, 5, Mz.9) + V) | (z,9) € K, (2,5,)) € Kp}.

Therefore .§F is also a smooth line bundle over K and so is Sg = ¢(§F).
Thus, Sr is a smooth submanifold of L and the projection 7w : Sp — K
is a submersion. From Theorem 5, Sp = ¢(§ r) is a smoothly solvable
submanifold of L. The maximality of Sr follows from Lemma 3. This
completes the proof of Proposition 7. O

Proof of Theorem 5. Let L C TR?" be an implicit Hamiltonian
system generated by a Morse family (6). Suppose that M is a subman-
ifold of L such that the projection 7 |pr: M — K is a submersion.

If M is smoothly solvable, then, from Lemma 3, we have M C Sp.

Conversely, suppose that M C Sp. Let

(20, Y0, %0, Y0) € M and  (zo,Y0, Ao) = ¢~ (0, Yo o, o)
Since _
(0,90, %0,90) € Sp and  (zo,%0,No) € SF,

from the definition of Sr and from Lemma 2, the vector

0 o = 2 020 2 = (0, 2)
8 yoay dy 05 Yo, A0 or  ox L0, Y0, A0 ay

is tangent to K at (2, yo) and smoothly depends on (xq, yo, <o, Jo) € M.
Since 7 |p: M — K is a submersion, there exists a smooth vector field
¢ tangent to M such that

. 0 0 .
dT(ﬁ(f()»y(),xo,yo))_x()a +y08’ V(ffoyyoaxmyo)GM-

Thus, from Lemma 1, M is smoothly solvable. This completes the proof
of Theorem 5. O

As a direct corollary of Theorem 5, we have the following Proposition
which is a generalization of Proposition 7.

Proposition 8. Let L C TR?" be a generalized Hamiltonian system
generated by (6). Suppose that the linear equation (8) has a smooth
solution on K,

A(x? y) = (Al(m7 y)7 et Ak($7 y))'
Suppose also that the kernel set

Kp =ker ({a;,a;}) = {(z,y,) € C x R* | ({ai,a;}(w,y)) A = 0}



Hamiltonian systems 235

contains an m— dimensional smooth vector subbundle K of the wvector
bundle K x R¥ over K. Then

oF oF ~
RF :{<xay7 @(z,y,A(x,y)+A), *%(f,y,)\(l',y)‘i’)\)) | (xvya)‘) € K}

is a (2n — k +m) dimensional smoothly solvable submanifold of L.

The condition in Proposition 8 that the kernel set K F contains
an m dimensional smooth vector subbundle is not generic condition
if m > 0 for k even, and if m > 1 for k odd. Because generically if
k is even, det ({a¢, am}(x,y)) # 0 almost everywhere, and if k is odd,
rank ({ag, am }(x,y)) = k — 1 almost everywhere. Note that smooth
vector subbundles ofo( F are not unique in general: If K is a smooth
vector subbundle of K, then any smooth vector subbundle of K is also
a smooth vector subbundle of K . For k even we define

Kyeg ={(z,y) € K | det ({ar, am }(z,y)) # 0},
for k odd we have
Kj_1 = {(x,y) € K | rank ({ag, an, }(z,y)) = k — 1}.

In generic situation, we have

Proposition 9. Suppose that k is even and det ({ag, am }(z,y)) #0
almost everywhere but det ({ag, am }(0,0)) = 0. Then Lp N7 (Kyey) is
smoothly solvable implicit differential system of TK,eq. Moreover there
exists a smoothly solvable differential system @Q such that 7(Q) = K if
and only if the linear equation (8) has a smooth solution on K. Such a
smoothly solvable differential system @ is unique and it has the properties
that Q N 7 Y (Kyeg) = Lp N7 (Kyey) and that 7¢ + Q@ — K is a
diffeomorphism.

Proof. The fact that LN 7 (K,y) is a smoothly solvable implicit
differential system of T'K,.q is a direct corollary of Theorem 5. Now
suppose that the linear equation (8) has a smooth solution

(/\l(xay)v o '7/\k(x7y))

on K. Then, by Proposition 4. 2), the image G\ = (;5(6)\) of the
graph G, of the solution (M (z,y), ..., Ae(x,y)) is a smoothly solvable
submanifold of L. Take G, as M we seek. Then, by Theorem 5,
MNTK,eg = G\NTK,cq and SpNTC,eq must coincide. Since K4 is
dense in K, the uniqueness of such M follows.



236 T. Fukuda and S. Janeczko

Conversely suppose that there exists a smoothly solvable differen-
tiable system M such that 7(M) = K. Then, again by Proposition 5,
M NTK,.y must coincide with Sp NTK,..4. Consider the inverse image
M= ¢~ (M) C Cr C K xRF. Since, by Proposition 5, §Fﬁ(Kreg x RF)
is the graph of a smooth solution A : K,y — R* of the linear equation
(8), MN (Kreg x RF) must coincide with the graph of this smooth solu-
tion A(z,y), (x,y) € Kyey. Since K., is dense in K and M is a smooth
submanifold such that TT(M) = K, A(z,y) can be extended to a smooth
solution defined on K of the linear equation. Thus the linear equation

has a smooth solution on K. This completes the proof of Proposition 9
a.

Remark 4. In the case where k is odd we can have a similar result.
However, when k is odd and the rank of the matriz ({a;,a;}(0,0)) is less
than k — 1,

1) There is a question, in a generic situation, whether the kernel
set

Kp =ker ({a;,a;}) = {(z,9,)) € K x R* | ({ai, a;}(2,9)) A = 0}

contains or not a smooth line bundle over K appeared in Proposition 8.

2)  Moreover when k is odd, we can not apply our condition for the
linear equation to have a smooth solution. Since det({a;,a;}(z,y)) =0,
the product of the matriz ({a;, a; }(x,y)) and its cofactor matriz is always
the zero matriz. Thus we can not apply our method.

Theorem 5 and Propositions 7, 5 and 8 are obtained by reducing
the fibers of the bundle 7 : L — K. However reducing the base space
K, we obtain

Proposition 10. Suppose that L is not smoothly solvable. Let
gi,...,9s : R?™ — R be smooth functions such that the Jacobian ma-
triz of the map (a,g) = (ai,...,ar,g1,---,3s) : R2" — RFTS has the
mazimal rank k + s. Let Cy C K be a submanifold defined by

Co={(z,y) e K| gu(2,y) =+ = gs(x,y) = 0}.
Then ¢(Cy x R¥)(C Lp) is smoothly solvable if and only if
{a'faa/m} = {b7 a'm} = O) {afvgt} = {b7 gt} =0 on C‘]’

1<ém<k 1<t<s.
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Proof. This Proposition can be proved in the same way as it was
done for Theorem 3. Let us consider the Morse family (6). Then we
have

OF
8)\ (IZ’ ya)‘) = aﬁ(xay)'
Set
CF,g = {(x7ya)\) € CF | 91(1’7:'./) == 9.5(1’7:'./) = O} = Cg X Rk;
LF’g = ¢(CF79)'

Now Lp,, is smoothly solvable if and only if there exists a smooth
tangent vector filed £ on Ly, = ¢(Cr,qg) such that

0
dr(&(x,y, &,7)) Zx o i,

where m : TR?" — R?" is the projection of the tangent bundle, then

there are smooth functions p(z,y, A),¢ = 1,...,k, such that the vector
field

oF 9 oF 0 & B)

=1

g(mv Y, >\) -

is tangent to Cr, = C, x R¥ if and only if

8 (2,9, )axi 8751'(%%)\)5% is tangent to  Cpg.
Then
F F
(Zgy ai _nggy)agzo on CF,97 1§£§k,
oF 0 OF 0
<Z 9y O; %a_y)gt =0 on Cpy, 1<t<s,
and
k
{Foa} = {ai,a}hi + {b,as} =0 on Cp, 1<(<k
i=1
k

{F7gt} :Z{aiagt})‘i+{bagt}zo on CF7_(]; 1 StS S.

i=1
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Differentiating the equalities with respect to \;, we have
{ai,ar} ={ai,g:} =0, and then {b,ar}={b,g} =0,
on Cpg, 1<0<k,1<t<s.
Conversely, if
{ai,ae} ={ai, ¢} =0, then {b,a;} ={b,g:} =0,
on Cpg, 1<0<k,1<t<s,

then Lp, = ¢(Cry) is smoothly solvable. This completes the proof of
Proposition 10. O

Example 1. Consider the following function.

k
F(.’E,y,)\) = le)\z + bl(ylv e ayk)b2($k+17 e ,.’Em),
i=1

E+1<m<mn, b(0)=0by(0)=0, by,ba arenot constantly 0.

Then
{ag,am} ={ze, 2} =0, 1<l m<k.

However 9
{ag, b} = {xp, b} = _aTj; by #£0
on K={ay=-=a,=0}={a; =--- =124, =0}

Thus L itself is not smoothly solvable. Now consider functions

(2, y) = Tps1y- -, 95(T,Y) = Tps = T, where s=m —k,
and set
S={(z,y) eR*" |ar(2,y) = - = ax(w,y) = g1(2,y) =+ -= gs(z,y) = 0}.
Then b,

{ag, b} = —6—y€b2(xx+1, ey Ty) =0,
{ae, 0} ={ze,xe} =0, {b, 9t} = {b,zirt} =0,
1<l<k, 1<t<s=m-—k,
on S={ay=-=a,=q=-=gs=0}
Then, by Proposition 10, Ly N (S x R?®™) is smoothly solvable.
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§5. Poisson-Lie algebras on submanifolds.

The Poisson-Lie algebra is an associative algebra equipped with a
Poisson bracket, which is a Lie bracket. A Poisson-Lie algebra structure
on an associative, commutative algebra A is defined by the bilinear skew-
symmetric mapping {.,.} : A x A — A, which satisfies the Leibnitz rule
{f,ght ={f,9th+9{f,h}, f,9,h € A and is called the Poisson bracket.

Poisson structures on manifolds are the basic mathematical struc-
tures of mechanics. The representative one is the algebra of all smooth
functions on the phase space under ordinary multiplication and the Lie
structure induced by the Poisson bracket usually defined by the sym-
plectic form. For the implicit Hamiltonian systems, defined by singular
mappings, the Poisson-Lie algebra is formed by the solvable implicit
Hamiltonian systems [6]. In this section we search for Poisson-Lie alge-
bras associated to generalized Hamiltonian systems.

Let @ be a submanifold of Lp. If 7 |g: @ — K is a diffeomorphism,
then @ is smoothly solvable. We showed that © |g: Q@ — K is a dif-
feomorphism if and only if there exists a smooth solution A(z,y) of (8)
such that

Q= 6r({(z.9:A@.)) | (2.9) € K}) = ¢ the graph of A(z,y)).
Let us define
{ar, - ax}x ={h € &y | {hya;} =0 on K},

where &, , is the R-algebra of germs of smooth functions on R?" with a
fixed base point in K.

If h € {ag, - ,ak}f(, then the corresponding Hamiltonian vector
field X}, is tangent to K.

Theorem 6. Equation (8) has a smooth solution defined on K if
and only if
be <a17 e 7ak>€I,y + {alv e 7ak}%—(~
Proof. Suppose that (8) has a smooth solution A(z,y) defined on
K.

3

A (z,y) {b,a1}(z,y)
({ag,am}(x,y)> : = : , (z,y) € K.
Ak (2, y) {0, ax}(z,y)
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Let’s consider a function h(x,y) = b(x,y) — anzl A (2, 9)am (2, y).
Then
{h,a1}(2,y) {b,a1}(x,y) Az, y)
= _({afvam}(‘r7y)) :
{h7ak}(‘r7y) {b7 CLk}((E,y) )‘k($7y)
is vanishing on K. In the above calculations we have {as, A\, }(z,y)

am(z,y) =0on K. Thush € {a1, -+ ,a}% and b(x,y) = Z:@=1 Am (2, 9)
am(z,y) + h(x,y). Hence

be <a17"' 7ak>£m,y +{a1a"' aak}%—('

Conversely suppose tha b € (a1,--- ,ar)e, , +{ai, - ,ar}%. Then
b(x,y) has the form

k
b(xay) - Z ﬂm(zvy)am(x;y)+h($>y)a Hm € gm,ya h e {ala e aak}%(-
Then
{b7 al}(a?,y) /-1/1(1;7y)
: = ~({ocan}@y) | 1 |+
{b,ar}(z,y) (2, y)

{h,a1}(z,y) p(z,y)
- = —(fenant@y) [

{hyax}(z,y) (2, )

on K since h € {ar, -+, ax}z. Thus —pu(z,y) = —(u(z,y), -, px(z,y)
is a smooth solution of (8) defined on K. O

Now we introduce the following notation:
Sap = {A(®,y) € &,y | a smooth solution of (8) defined on K} C &, 4,

Fupa(z,y) = S0 ai(@y)i(@,y) +b(@,y), A=A, k) € Sap,
HG,K - {Fa7b,)\(xay) | A(xay) S Sa,lﬂ b S <a'17 o '7a‘k>5z,y+{a/17 Tt ak}JR}a

MFa,b,A = d)p({(x,y,)\(x,y)) | (Ivy) € K})v A= (/\17 o 7/\k) € Sa,b~

Proposition 11. If F,, » € Ha ik, then the Hamiltonian vector
field Xr, , , is tangent to K and MF, , , is smoothly solvable.
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Proof. Let F, p » € Ha i A(x,y) is a smooth solution of (8) defined
on K and F,;  has the form

k
Fa,b,)\(xay) = Z a7n($7y)/\m($7y) + b(l‘,y)

m=1

Since A(z,y) is a smooth solution of (8) defined on K, we have

{Fa,b,)\v CL@}(IE7 y)

k
Z {amv af}(xvy))‘m(xay) + {b7 ag}(x,y)

k
- Z {aeva'm}('ra y)/\m(xa Z/) + {b’ ag}(x,y) =0
m=1

on K. Thus {Fypx,ar}(x,y) =0 on K. Hence Xp, , , is tangent to K

and Mp, , , is smoothly solvable. O

,bo A
RPN
Theorem 7.
1) Ha e ={a1,- ,a}z.
2) Hax ={a1, -+ ,ax}% is a Poisson-Lie algebra with respect to w ;
if Faor, Fapr x € Hax, then {Fapx, Fap x} € Ha k. and equivalently
if h,h' € {a1, - ,ar}%, then {h, W'} € {ar, - ,ar}%.
Proof. 1) Let F,;x € Hqx. Then as seen on the last line of
the proof of Proposition 11, we have {F,;x,as}(z,y) = 0 on K for

1 < ¢ < k. Therefore F, 3 5 € {a1,- - cartg and Ho ¢ C {ay, -+ ,ax} 5.
Conversely let h € {a1, - ,ay}%. For any k-tuple A1, -+ , A\x € Eyy
set
k
m=1

Then we see that A(z,y) = (A (x,y), -+, A\x(z,9)) is a smooth solution
of (8) defined on K and that F, 5 » = h. Thus h € H, k.

{b, a1 }H(z,y) A(z,y)
s = —(fomad@y)| |+
{b, ar}(z,y) (@, y)
{h, a1 }(z,y) AM(z,y)
; = ({anand@y)|
{h, ar}(z,y) Ak(z,y)
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on K since h € {a1,- ,ax}%. Thus A(z,y) is a smooth solution of (8)
and F, p x(z,y) € Ha,ix. Then by the definition of Fy, ; x(x,y) and (16)
we have,

k
ab)\xy Zam xy)+b($ y) h(l’,y)
m=1
Thus h(z,y) € Hax and {a1, -+ ,ar}% C Harx. This complete the
proof of 1).

2) Suppose that h,h' € {a1,--- ,ai}%. Then the Hamiltonian vec-
tor fields X} and Xj/ are both tangent to K. Then Xy, ) = [Xp, Xn/]
is also tangent to K. Thus {h,h'} € {a1, - ,ax}7. O

Definition 2. We say that two map-germs (a1, -+ ,ax) and
(a1, -+ ,ax) are symplecticK-equivalent if there exist a symplectic

diffeomorphism germ ¢ : (R?",0) — (R?",0) and a family of reqular
matrices G(z,y) € Gl(k,R) smoothly depending on (x,y) such that

ar(z,y) ar o p(z,y)
(12) : =G(z,y) :
ax(z,y) ak © oz, y)
Proposition 12. Suppose that (a1,--- ,ax) and (a1, -- ,ar) are

symplectic KC-equivalent. Then

{ah te aak}JI} = {&17 te ;dk}i—l(}()
as the Poisson-Lie algebras.

Proof. If their symplectic K-equivalence relation is given by (12),
then the isomorphism is given by

o Han o adk = {an s and o
and for h,h’ € {a1, -+ ,ax}7 we have {ho @, b’ o} = {h,h'}op. O
Proposition 13. Let k <n. If
rank({ai, aj}(amy)) =0 constantly on R*™,
then (a1, ,ax) is symplectic K-equivalent to the projection map-germ

p(@,y) = (Y1, - s yr)

and
2
Ha,K = <y1, T 7yk>£$,y + gﬂik+1"" T,y
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Proof. Since rank ({a;,a;}(z,y)) = 0 constantly on R*", by Dar-
boux Theorem there exists a symplectic coordinate systems &1,...,&,,
M,-..,Nn such that a; = n;,i = 1,... k. Hence (ay,...,ax) is symplec-
tic K-equivalent to the projection map-germ p(z,y) = (y1,...,yx). This
completes the proof. O

Example 2. Let k = 2r. Let a = (ay, -+ ,ax) : (R*,(0,0)) —

(R*,0).
rank {a;,a;}(0,0)) = k.
Then (ay,--- ,ar) is symplectic K-equivalent to the projection map-germ
p@,y) = Wi, Y, T1, 0, Tr)
and
Haxw = (T1, 0 Trgss Y1, ,yr%m,y + &t Tyttt Yn

Example 3. Let k=2r+s. If
rank({ai, aj}(x,y)> =2r constantly on R*",
then (aq,--- ,ak) is symplectic KC-equivalent to the projection map-germ
p(@,y) = (Y1, Yrs T1, 0 Tpes)
and

2
Y
Hax = <JU1, oy Trdss Y1, ay7->5m,y + gqu+1,~~ T Yrds+1s Yn

§6. Hamiltonian vector fields on S2.

Let K be a submanifold of (R?", w). First we will prove the following
general property.

Proposition 14. Let U be an open subset of R?™. Suppose that
W |r(rnuy s a non-singular 2 form on KNU. Let h € C*(U) such that
Xy, is tangent to K NU. Then
(13) Xy |knv=X

wlr(knuyh KU

where Xy, .5 denotes the Hamiltonian vector field on the symplectic
manifold (K NU,w |pxnuy) generated by a function f € C(K NU).
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Proof. Since the problem is a local problem, it suffices to prove
the proposition in the case where U is a small open ball. Since w |gxnu
is non-singular on K N U, by the Darboux-Givental theorem, we may
assume that

ai(z,y) = Yi, ari(@,y) =xi, <71, (2,y) €U
Then (2,41, ,Tn, Yrs1, - ,Yn) is a coordinate system on K NU and
Wl knu= dyrs1 Adzpy1 + -+ dyp A dag,.

Let h € C*°(U) such that X}, is tangent to K N U. Then

oh 0 oh 0
Xn kv = (Zayzaxl axia_y) | kU

Sony 0 on o
a KNU § 8%1 al'z KnU 33//

i=r+1
since X}, is tangent to K N U,

n

_ Z Oh|knv @ Oh|knu O
Oy;  Ox; ox; 0Oy,

1=r+1
= XmeU,h\KmU'
This completes the proof of Proposition 14. O

Let us consider the two-dimensional case. If f is a smooth function
on a 2-dimensional symplectic manifold M, then an integral curve of
Hamiltonian vector field X ; passing through a point p € M is contained
in the level set f~1(f(p)) = {g € M : f(q) = f(p)} which is a curve in
a generic situation. For a proper Morse function we have the following
straightforward result.

Proposition 15. Suppose that f is a proper Morse function on
a 2-dimensional symplectic manifold M. Let ¢ € f(M) and let T be a
connected component of f~1(c).
1) If T does not contain critical points of f, then T' is the orbit of a
periodic solution of X.
2) IfT contains one and only one critical point p of f, then

{p}, if p is a critical point of [ with index 0 or 2,
{p} UW4(p) UW,.(p), if p is a critical point of f with index 1,

where Wy(p) and W, (p) are the stable and unstable manifolds of a sta-
tionary point p with index 1 respectively.
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Let us consider the sphere K = S? in the symplectic space (R*

We assume w = dy; A dz1 + dys A dzo, and

,w).

(14) ar1(z,y) =vy2, ao(z,y)=af+a5+yi+y;— 1
Thus
K = S?={(z,y) eR'[y2=0, af+a3+y;=1}

We see that {a1,as} = 225 and a point (x1,2,1,0) € S? is a singular
point of the restricted symplectic structure w |pg2 if and only if x5 = 0:

(15) N(wlrg2) = 8" = {(x1,22,51,0) | 2 = 0, T + 47 = 1}.
Now we consider a Hamiltonian function on R*

(16)  Fy(z,y) = ar(z,y)Mi(z,y) + az(z, y)ha(2,y) + b(2, y)

together with

(17) b(x,y) = a3 (1 + 227)

and the Hamiltonian vector field X, on R4

_ an 0 an 0
(18) X, —Z_;Q TR Lt el A
generated by Fy(z,y). In (16)
Mi(z,y) = dziyizs + 22 (14 227),
(19) Xo(z,y) = —(1+2a)

is a unique smooth solution of the structure equation
(20) ( 0 {a1, a2} ) ( A1 > _ ( {b,a1} >
{ag, al} 0 )\2 {b, ag} ’
which is precisely
0 2z M —2z5 (14 223)
(21) _ = - 2 2 )
209 0 A 8z1y175 — 42y (1 + 2371)

since

{a1,a2} =229, {b,a1}= —2@(1—&—23:%), {b,as}= —8x1y1x§—4x2y2(1+2x%).
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Thus we have got that X g, is tangent to S? as well as to X(w |7g2).
Xr, |Z(W|TS2) has no stationary points and its integral curves move anti-
clockwise in the (z1,y;)-plane. Therefore, in order to understand the
phase portrait of X, |g2, it suffices to understand the phase portrait of
XFb |52_2(W‘T52)' Let

(22) Uy = {(z,y) € R*: 25 > 0}, U_={(z,y) € R*: 25 < 0}.

Then
S2 N (U+ @] U_) = Sz - 2((.0 |TS2)-

Thus in order to understand the phase portrait of Xp, |g2, it suffices
to understand the phase portrait of Xp, |g2qp,. Since w |p(s2npy) is
nonsingular, by Proposition 14, we see that

(23)

FblSQQUi = X‘”‘T(s2nui)va|s2mui :

Now we apply Proposition 15. In our case M is S2 N Uy and the
function is Fy g2y, . Note that Fj |s2qp, is a proper function. We
adapt

($1,y1)7 (Wlth x% + y% < 1)7

as a coordinate system on S? N U.. Then, we see that
(24) W lr(s2nug)= dyr Adzy.
Since

Fb(xvy) = a1(l‘,y))\1(l’,y) + ag(%y))\g(x,y) + b(l‘,y)

we have
Fy |s2nu,=b |s2nu.= z3(1 + 227) ls2nuy -
Therefore
(25) Fy |s2nu,= b |s2nv,= (1 = 2% — 47)(1 + 229),
where 3 = 1 — 2% — yJ on S?. From (23), (24) and (25) we see that the
solutions of the Hamiltonian systems Xp,| , ~ and Xp,|, =~ are the
nU4 nuU_

same in x1,y; coordinates. Hence, from now on we investigate only the
case XFb\ssz+ .

Proposition 16. 1) The function Iy |g2qy, = b |s2qu, is a Morse
function with three critical points (z1,y1) = (0,0) and (z1,y1) = (£3,0).
2)  The point (0,0) is a saddle point (index 1) and b(0,0) = 1. The
points (£3,0) are the mazimum points of b |y, and b(£3,0) = 9/8.
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3) Thus the phase portrait of Xp, 1s as follows.

|s2n(ur
0, fore> 2,
{(%, 0), (,%70)} the two stationary points, for ¢ = g,
(bU+)71(c) = < the disjoint sum of two periodic orbits, for % >c>1,
{(an)}UWs(OaO)UWu(()?O)v fOT’C:].,
a periodic orbit, for1>c¢>0,

where all the periodic solutions move anti-clockwise in (x1,y1)-plane,
(see Fig.1).

A yl

Fig. 1. Flow of dr(Xp, |s2),7(z1,22,91) = (T1,41)
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Proof. First we search for critical points of Fy, |s2qp, = b |s2nu, =
(1 — 22 —y?)(1 + 22%). Since

ob
Olseou o o) =~y (1 +242)
oy
ab
%{‘U(m’yl) = =2z ((1+ 227) + a1 (1 — 2] — )

= 21(1 — 422 — 29?),

the critical points of F} |s2ny= b |s2nu are

1
(26) (r1,91) = (0,0) and (z1,y1) = (i§;0)
and the critical values are
1 9
(27) Fyls2qu (0,0) =1 and F g2 (15,()) =3

The Hessian matrices at the critical points are

(28) (g _02) at (0,0), (04 _03> at (%,0).

Thus (0,0) is a saddle point and Fy, |s2np= b |s2qu takes maximal (ac-
tually maximum) values ¥ at (+3,0). This proves 1) and 2). Therefore
the shape of the graph of b |g2~y looks like an island having two moun-
tains with the same hight and a mountain pass (a saddle point) between
them. Every periodic solution inherits its orientation from those of inte-
gral curves on X(w |pg2) which move anti-clockwise in the (1, y1 )-plane.
This proves 3). This completes the proof of Proposition 16. m|

Acknowledgements. The authors wish to thank to the referee for
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