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Abstract.

We will look at the Catalan numbers from the Rigged Configu-
rations point of view originated [10] from an combinatorial analysis of
the Bethe Ansatz Equations associated with the higher spin anisotropic
Heisenberg models. Our strategy is to take a combinatorial interpre-
tation of the Catalan number C,, as the number of standard Young
tableaux of rectangular shape (n?), or equivalently, as the Kostka num-
ber K(,2) 12n, as the starting point of our research. We observe that
the rectangular (or multidimensional) Catalan numbers C(m, n), intro-
duced and studied by P. MacMahon [23], [34], see also [35], can be iden-
tified with the corresponding Kostka numbers K (,,m) 1mn», and therefore
can be treated by the Rigged Configurations technique. Based on this
technique we study the stretched Kostka numbers and polynomials,
and give a proof of a strong rationality of the stretched Kostka poly-
nomials. This result implies a polynomiality property of the stretched
Kostka and stretched Littlewood-Richardson coefficients [8], [28], [17].
Finally, we give a brief introduction to a rigged configuration version
of the Robinson—Schensted—Knuth correspondence.

Another application of the Rigged Configuration technique pre-
sented, is a new family of counterexamples to Okounkov’s log-concavity
conjecture [27].

Finally, we apply Rigged Configurations technique to give a com-
binatorial proof of the unimodality of the principal specialization of
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the internal product of Schur functions. In fact we prove a combinato-
rial (fermionic) formula for generalized g-Gaussian polynomials which
is a far generalization of the so-called KO H-identity [26], as well as it
manifests the unimodality property of the g-Gaussian polynomials.

¢1. Introduction

The literature devoted to the study of Catalan * and Narayana num-
bers 2, their different combinatorial interpretations (more than 200 in
fact, [33]), numerous generalizations, applications to Combinatorics, Al-
gebraic Geometry, Probability Theory and so on and so forth, are enor-
mous, see [33] and the literature quoted therein. There exists a wide
variety of different generalizations of Catalan numbers, such as the Fuss—
Catalan numbers ® and the Schréder numbers 4, higher genus multivari-
able Catalan numbers [24], higher dimensional Catalan ® and Narayana
numbers [23], [34], and many and varied other generalizations. Each a
such generalization comes from a generalization of a certain combina-
torial interpretation of Catalan numbers, taken as a starting point for
investigation. One a such interpretation of Catalan numbers has been
taken as the starting point of the present paper, is the well-known fact
that the Catalan number C), is equal to the number of standard Young
tableaux of the shape (n?).

Now let us look at the Catalan numbers from Rigged Configurations
side. Since Cp, = K(y,2),12» we can apply a fermionic formula for Kostka
polynomials [9], and come to the following combinatorial expressions for
Catalan and Narayana numbers

C, = Z H <2” = 2(XLag Va) TV = Vj+1),

Vi —Vj
vkn j2>1 J J+l

1
2
3

en.wikipedia.org/wiki/Catalan_number
en.wikipedia.org/wiki/N arayana-number
en.wikipedia.org/wiki/Fuss — Catalan_number
Awolfram.com/SchréederNumber.html
®We denote the multidimensional Catalan numbers (as well as the set
thereof) by C(m,n). It might be well to point out that the set C(m,n) is
different from the set of Fuss-Catalan paths (or numbers) denoted commonly by
o™,
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where the sum runs over all partitions v of size n;

ORI | = |
. Vi = Vjt+1

vbn  j>1

vi=Fk
where the sum runs over all partitions v of size n, v = k.
A g-versions of these formulas one can find, for example, in [13].
Let us illustrate our combinatorial formulas for n = 6. There are 11 par-
titions of size 6. We display below the distribution of contributions to
the combinatorial formulae for the Catalan and Narayana numbers pre-

sented above, which come from partitions v of size 6 and k = 1,2,...,6.
N(6,1) =1,

N6,2) =N +()+1=9+5+1=15,

N@®,3)=(5) +()()) +1=28+21+1=50,

N(6,4) = () + (5) = 35+ 15 = 50,

N(6,5) = (§) =15, N(6,6) = 1

A few comments in order.

o In [11] we gave a combinatorial interpretation of the shape of first

(admissible) configuration v(1) corresponding to a given semistandard
tableau T in terms of the set of secondary descent sets associated with
the Young tableau T in question. In the case of standard Young tableaux
of rectangular shape (n,n) there exist only one admissible configuration
v,|v| = n, and a combinatorial rule how to describe partition v stated
in [11], can be restated as follows:
By the use of classical bijection between the set of standard Young
tableaux of shape (n,n) and that of rooted plane trees with n nodes, see
e.g. [33], one can associate to a given tableau T' € STY ((n,n)) a rooted
plane tree T on n nodes (out of the root). The number of external nodes
of atree T is equal to p := p(T) = #(DES(T)), where DES(T') denotes
the descent set of the tableau in question. Now for any external node b
of the tree 7 mentioned, denote by 7, a unique path in the tree 7 from
the node b to the root. Let x;,(7) stands for the number of edges in the
path Th.

Lemma 1.1. Let T € STY ((n,n) be a standard Young tableau of
shape (n,n), and v n be a configuration corresponding to T under the
Rigged Configuration bijection. Then

v1 = kW(T) := max(ky (T), ..., kp(T)).

Now we proceed by induction. Namely, consider the most left node
b in the tree T such that k, = v1. Let T; denotes a forest of rooted trees
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associated with the complement 7 \ m. Let 77 = 7'1(1) U 7'1(2) U 7'1(5)
be the union of distinct rooted trees making up the forest 7;. Let now
b be a node which belongs, say, to a (unique) subtree 7'1(a) of the forest
T, denote as before, by 7"51) and “22) a unique path from the node b to
the root of the tree 7'1((1), and its number of edges. Then

vy = Ii(2)(7—) = max(lil(f)),

where maximum is taken over the all nodes of the forest 7;. Now consider
forest T = 71\ 771(71) and repeat the above procedure. As a result we

obtain a sequence of numbers x = (k1) ..., k) such that
v =g
It is easy to see that for a given partition A = n, A = (mi*,...,my*),

my > mg > ... >my >0, a; > 1,Vi, the rooted plane tree correspond-
ing to the mazimal rigged configuration of type A [12], looks as follows. It
is a rooted plane tree T4, with a unique branching point at the root and
external nodes by, ..., by such that rp, (Trmaz) = - = kb, (Timaa) = ma1,
,{ba1+1(7’mam) == Kby, (Trmaxz) = ma, and so on. The rooted plane
tree corresponding to the minimal rigged configuration, i.e. that with
all zero riggings, corresponds to the mirror image of the tree Tpqz.

The Rigged Configuration Bijection allows to attach a non-negative
integer to each node of the corresponding rooted plane tree, It is an
interesting Problem to read off these numbers from the associated tree
directly.

e g-versions of formulas for Catalan and Narayana numbers dis-
played above coincide with the Carlitz—Riordan g¢-analog of Catalan
numbers [32] and g-analog of Narayana numbers correspondingly.

e It is well-known that partitions of n with respect to the dominance
ordering, form a lattice denoted by L,,. One (A.K) can define an ordering
on the set of admissible configurations of type (A, u) as well. In the
case A = (n?), u = (1?") the poset of admissible configurations of type
(A, i) is essentially the same as the lattice of partitions L,. Therefore,
to each vertex v of the lattice L,, one can attach the space of rigged
configurations RC} ,(v) associated with partition v. Under a certain
evolution a configuration (v, J) evolves and touches the boundary of the
set RC ,(v). When such is the case, “state” (v,J) suffers “a phase
transition”, executes the wall-crossing, and end up as a newborn state
of some space RC)\’V(V/). A precise description of this process is the
essence of the Rigged Configuration Bijection [15], [16]. It seems an
interesting task to write out in full the evolution process going on in

[=2)
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the space of triangulations of a convex (n + 2)-gon under the Rigged
Configuration Bijection (work in progress).

e It is an open Problems to count the number of admissible config-
urations associated with the multidimensional Catalan numbers C'(m,n)
for general n and m > 3, and describe a structure of the corresponding
poset on the set of admissible configurations, as well as to trace out a
dynamics of riggings in the poset associated, for example, with the set
SYT((n,n)). If m = 3, the set of of admissible configurations consists of
pairs of partitions (v, () such that v Fn and vV > 2 v 7,
One can check that the number of admissible configurations of type
(n3,13") is equal to 1,3,6,16,33,78, for n = 1,2,3,4,5,6.

e It is well-known that the g-Narayana numbers ® obey the symme-
try property, namely, N(k,n) = N(n — k + 1,n). Therefore it implies
some non trivial relations among the products of ¢g-binomial coefficients,
combinatorial proofs of whose are desirable.

e It is well-known that the Narayana number N(k,n) counts the
number of Dyck paths of the semilength n with exactly k& peaks, see
e.g. [29], A001263. Therefore, the set of rigged configurations {v} which
associated with the Catalan number C,, and have fixed 1 = k, is in
one-to-one correspondence with the set of the semilength n Dyck paths
with exactly k peaks, as well as the number of rooted plane trees with
n edges and k ends.

Thus it looks natural to find and study combinatorial properties
of the number of standard Young tableaux of an arbitrary rectangular
shape (n™), that is the Kostka number K (nm),1mn, Which are inherent
in the classical Catalan and Narayana numbers. For example, one can
expect that a multidimensional Catalan number is the sum of multidi-
mensional Narayana ones (this is so !), or expect that a multidimensional
Narayana polynomial is the d-vector of a certain convex lattice polytope,
see e.g. [31] for the case of classical Catalan and Narayana numbers .

e Combinatorial analysis of the Bethe Ansatz Equations [10], gives
rise to a natural interpretation of the Catalan and rectangular Cata-
lan and Narayana numbers in terms of rigged configurations, and pose

"Recall that for any partitions A and j, AV denotes partition corresponding
to composition (A1, g1, A, fa, - - ).

8Recall that the g- Narayana number N (k,n | ¢) = ll_;q(i [Z]q [kil]q .

9The multidimensional Catalan and Narayana numbers, as well as the first
expectation, had been introduced and proved by P.MacMahon [23]. The second

expectation will be treated in the present paper, Section 3.
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Problem to elaborate combinatorial structures induced by rigged con-
figurations on any chosen combinatorial interpretation of Catalan num-
bers. For example, how to describe all triangulations of a convex (n+2)-
gon which are in a “natural” bijection with the set of all rigged configura-
tions (u, J) corresponding to a given configuration v of type ((n?),12")?
One can ask similar questions concerning Dyck paths and its multidi-
mensional generalizations [35], and so on.

In Section 5.1 we present an example to illustrate some basic prop-
erties of the Rigged Configuration Bijection.

|

In the present paper we are interested in to investigate combina-
torics related with the higher dimensional Catalan numbers, had been
introduced and studied in depth by P. MacMahon [23]. It is highly pos-
sible that the starting point to introduce the higher dimensional Catalan
numbers in [23] was an interpretation of classical Catalan numbers as the
number of rectangular shape (n?) standard Young tableaux mentioned
above.

Our main objective in the present paper is to look on the multidi-
mensional Catalan numbers C(m,n) := C(m,n|l), defined as the value
of the Kostka— Foulkes polynomials K(,m) 1mn)(q) at ¢ = 1, from the
point of view of Rigged Configurations Theory. In other words, we want
to study the multidimensional Catalan and Narayana numbers intro-
duced in [23], [34], by means of a fermionic formula for parabolic Kostka
polynomials due to the author, e.g. [14], [17]. In particular, we apply
the fermionic formula for parabolic Kostka polynomials cited above, to
the study a stretched (parabolic) Kostka polynomials Ky n{r}(q). At
this way we obtain the following results.

Theorem 1.2. (Strong polynomiality)
Let X\ be partition and {R} be a dominant sequence of rectangular
shape partitions. Then

P)x, q, t
> Knanr(q) tV = QRi((t))’
N>0 ARG,

were a polynomial Py r(q,t) is such that Py (0,0) = 1;
a polynomial Qx r(q,t) = [[,c5(1 — q°t) for a some set of non-negative
integers S := S(\,R), depending on data X\ and R.

Corollary 1.3. ([8], [28], [17])

Let X\ be partition and {R} be a dominant sequence of rectangular
shape partitions. Then

o Kar(N) :=Knxnr(1) is a polynomial of N with rational coeffi-
cients.
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o (Littlewood—Richardson polynomials, [22], [28], [17])

Let X, i and v be partitions such that |\ + |p| = |v|.
The Littlewood-Richardson number c ,(N) := C%K’N# is a polynomial
of N with rational coefficients.

Problem 1.4. Compute '° the degree of polynomial Ky, »(N).

Our next objective is to define a lattice convex polytope P(n,m)
which has the d-vector ' equals to the sequence of multidimensional
Narayana numbers {N(m,n;k|1), 1 <k < (m—1)(n—1)}, see [17], pp.
100-103.

As a preliminary step we recall the definition of a Gelfand -Tsetlin
polytope.

Let A = (\1,...,\,) be partition and p = (p1, ..., t,) be composition,
[A| = |u]. The Gelfand— Tsetlin polytope of type (A, u), denoted by
41

GT'(\, 1), is the convex hull of all points (z;;)1<i<j<n € RS_ &) which
satisfy the following set of inequalities and equalities

J J
Tijr1 2 Tij 2> Tip1,541 = 0, w5 = A5, 1 <5<, Zmaj = ZNw
a=1

a=1

It is well-known that the number of integer points in the Gelfand—
Tsetlin polytope GT'(A, 1), i.e. points (z;;) € GT(A, ) such that z;; €
Z>o, Y1 <1 < j < n, is equal to the Kostka number K ,(1). Therefore
the stretched Kostka number Ky n,(1) counts the number of integer
points in the polytope GT(NA, Nu) = N - GT(\, p). As far as is we
know, there is no general criterion to decide where or not the Gelfand-
Tsetlin polytope GT'(A, 1) has only integral vertices, but see [4], [8], [1]
for particular cases treated.

In the present paper we are interested in the h-vectors of Gelfand—
Tsetlin polytopes GT'(n, 1%) and that GT((n*, 1%4), (1¥)"+4). We expect
(cf [1]) that the polytope GT'(n,1¢) is an integral one, but we don’t know

10Tt seems that the formulas for the degree of the stretched Kostka polyno-
mials stated in [8], [28]. [17] are valid only for a special choice of A, p or R.

HBy definition the d-vector of an integral convex polytope P C RN of
dimension d is equal to

d ¢S}
S(P) = 6t/ =1 =) > y(P,m) ¢,
J=0 m=0

where «(P,m) := #(mP N ZY) denotes the number of integer points in the
stretched polytope mP := {maz | € P}, m > 1, and we set +(P,0) = 1.
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how to describe the set of parameters (n,k,d) such that the polytope
GT((n*,(1%)"*4) is an integral one 2.

Theorem 1.5.
(1) Let XA := Npg = (n,19) and p = pin,q := (1"9). Then

(3)
Z KN)\,N;L(q) tN = (Ziv)"_l(q t, q)
N>0 (q 2 t;q))d(n71)+1

)

where Cy . (t,q) = éd:*ll)(mfl) N(d,m,k | q) t*=! stands for a (q,t)-

analogue of the rectangular (d,n)-Catalan number.
In particular, the normalized volume of the Gelfand—Tsetlin polytope
GT((n,1%),17*4) is equal to the d—dimensional Catalan number

d—1 .
4! a n
CTL 171 = dn' - = (n): (d )7
1) i= at T1 4 =1 = 1

(2) Let X := Ay 10 = (n?,1%) and p = ((1,1)" "), n > 2. Then

Py, (t)
K n,n ”+1(1) tN:’iv
NZE:O N( ) 7171))N(1’1) (1 _ t)4n—6
and Py, (1) = Ch_3 Cp_g, i.e. equal to the product of two Catalan
numbers.
(3) Let X := Ny .a = (0¥, 1%) and p = ((1%)"*4), d > 1. Then
Proan(t
Y Kk sy narpnra(l) BV = lezzn((t))

N>0
Moreover, Py q4.,(0) =1,

Qan(t) = (1 — ¢)*¥ (@d=D=D)F2+(k—1)dn 2 ba,1)

)

and the polynomial Py, 4., (t) is symmetric with respect to variable t;

degu(Pen(t)) = (k = 1)(k(n — 2) +2(6,2 — 1).

12Here we have used and will use throughout this paper, a standard notation

aFm = ((1%),...,1%), Ak =(@a,...,1).
———— —— Hk,_/



Rigged Configurations and unimodality 311

One can see from Theorem 1.5, (1), that '* the degree ' of the
stretched Kostka polynomial KC(,, 1) 1n+1(N) = Knn1),nvan+1)(1) is
equal to n — 1, whereas it follows from Theorem 1.5, (2) that

degN(Kg(n’1)72(1)7z+1 (N)) =4dn—-7>3 d@gN(lC(nyl)’lnﬁ»l (N)), if N >4.

Therefore one comes to an infinite family of counterexamples to Ok-
ounkov log-concavity conjecture for the Littlewood—Richardson coeffi-
cients [26].

Corollary 1.6.
e Let n > 3. There exists an integer No(n) such that

(1.1)
2
Konm,y,2naym+ (1) > (KN(n,l),N(1)n+1(1)) for all N > Ny(n);

e Let n > 5 be an integer, choose €, 0 < € < Z—:‘l. There is an integer

1
No(nse) such that

3+e
K2N(n,1),21v(1)n+1(1) > (KN(n71)7N(1)n+1(1)) for all N > Ny(n;e).

(3) Letn > 1+ k;jf. There exist an integer No(n, k,d) such that

3
KNk 10y an(akynta (1) > (KN(nk,lkd),N(lk)n+d(1))
for all N > Ny(n, k,d).

13Let us say a few words about the case d = 1 of Theorem 1.5. In this case,
as easily seen from definition, C1 ,(q,t) = 1. Based on rigged configurations
theory, see e.g. [17] and the literature quoted therein, one can prove that

ny [n+N—1
KN(n,n,(N)wl(q):qN(Z)[ ne1 } .
q

Therefore the the degree of the stretched Kostka polynomial Ky, 1) (vyn+1(1),
as a polynomial of N, is equal to n—1. Moreover, identity stated in Theorem 1.5,
(1) in the case d = 1 is a consequence of the well-known formula in the theory
of hypergeometric functions, namely

Dl (I

N>0

HClearly that the degree of stretched Kostka polynomial Ky n,(1) as a
polynomial of N, is equal to k — 1, where & := x(\, ) is the order of the pole
at t =1 of the series Y yvo Knanp(1) V.
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This Corollary is an easy consequence of the results stated in The-
orem 1.5, namely that the degrees of stretched Kostka polynomials in-
volved, are 4n — 7 and n — 1 correspondingly.

For example,

o Kongsi)2n)s (1) > (Kns1,nvas) (1))

if and only if N > 49916.
Let us recall the well-known fact that any parabolic Kostka number
K =(1) can be realized as the Littlewood-Richardson coefficient cﬁ\\’ M
for uniquely defined partitions A and M, see Section 3.2 for details

It should be stressed that for n = 3 the example (1.1) has been
discovered in [3], and independently by the author (unpublished notes
[19]). In this case the minimal value of Ny(3) is equal to 23; one can
show (A.K.) that Ny(4) = 8.

Our next objective of the present paper is to prove the unimodality
of the principal specialization s, * s5(q,...,q"¥ ') of Schur functions
[13], [14]. Proofs given in loc. cit. is based on an identification of the
principal specialization of internal product of Schur functions with a
certain parabolic Kostka polynomial.

Theorem 1.7. (Principal specialization of the internal prod-
uct of Schur functions and parabolic Kostka polynomials, [17],
Theorem 6.6)

Let a, B be partitions such that |o| = |B|, a1 < r and p, < k. For
given integer N such that oy + B1 < Nr, consider partition

Av o= (rN = B, 7N = Bi_y,...,7N = B1,a)

and a sequence of rectangular shape partitions

N
Then '°
(12) K)\N,RN(Q) ésa*s,ﬁ(qw'-;qul)'

I5Hereinafter we shall use the notation A(q) == B(q) to mean that the ratio
A(q)/B(q) is a certain power of g.
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Now we state a fermionic formula for polynomials

Va]\f (q) := Sq x s5(q, - .. VY

)

which is our main tool to give a combinatorial proof of the unimodality
of the principal specialization of the Schur functions, and that of the
generalized ¢-Gaussian polynomials []/\\7 ]q associated with a partition A,
as a special case.

Theorem 1.8. ([17], Corollary 6.7)
Let o and 8 be two partitions of the same size, and r := {(«) be the
length of . Then

Sa *SQ(Qa'-'anil)

(13) = o0,
Zq {¥h
{v}

where the sum runs over the set of admissible configurations {v} of type
([er, B, (B1)N). Here for any partition A, \; denotes its j-th component.

P (1) +m;w®) + N(k — 1)8; 6,0(r — k)

11 { J p ’

k=1 (@) q

See Section 4, Theorem 4.2 for details concerning notation. An
important property which is specific to admissible configurations of type
[, B]n, BY), is the following relations

2)+ Y PP ) [mj<u<k>>+N<k—1>6j,@19<r—k> ~ Nlal,
k

=1

which imply the unimodality of polynomials Va]Yﬂ (¢), and [g]q =

Val\,[(|a\)(Q)~ Let us stress that the sum in the RHS(1.3) runs over the set
of admissible configurations of type ([a, B]n, (81)Y). Remark, that the
RHS(1.3) has a natural generalization to the case |a| = |8] (mod N),

but in this case a representation-theoretical meaning of the LHS(1.3) is
unclear to the author.
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§2. Higher dimensional Catalan and Narayana numbers, [23],
[17], [34]

2.1. Rectangular Catalan and Narayana polynomials, and
MacMahon polytope, [17]
2.1.1. Rectangular Catalan and Narayana numbers and polynomials
Define rectangular Catalan polynomial

) d—1 .
ITTI0 o =0 T
i=1j=1
where [n], = 111‘1; stands for the g-analogue of an integer n, and by
definition [n],! := [T;_; [l

The next statement is apparent from the ¢-hook formula for the
Kostka polynomials of a form K} ;ix), see e.g. [21], and (2.4).

Proposition 2.1. (Cf [17], (2.12))

(2.5) qm( 2 >C(n»m|¢1) = K(pm),(1rm)(q)-

Thus, C(n,m|q) is a polynomial of degree nm(n — 1)(m — 1)/2 in
the variable ¢ with non—negative integer coefficients. Moreover,

n

Clo2l) = Cnla) = eale) = e [ 2]

coincides with ”the most obvious” g—analog of the Catalan numbers, see
e.g. [5], p.255, or [32], and [23],

2lq B 7 !

C(n,3lq) = g n+1], ! [n+2], I

Tt follows from (2.5) that the rectangular Catalan number C(n,m|1)
counts the number of lattice words

w = a1a9 " Apm
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of weight (m™), i.e. lattice words in which each i between 1 and m
occurs exactly n times. Let us recall that a word a; - - - ap, in the symbols
1,...,m is said to be a lattice word, if for 1 <r <pand1<j<m-—1,
the number of occurrences of the symbol j in a; ---a, is not less than
the number of occurrences of j + 1:

(26) #{il<i<randa; =j}>#{ill <i<randa; =j+1}.

For any word w = aj - - - ag, in which each a; is a positive integer,
define the major index

maj(w sz (a; > ajt1),

and the number of descents

des(w ZX @i > Qiy1).

Finally, for any integer k between 0 and (n — 1)(m — 1), define
rectangular ¢—Narayana number

N(n,m;k | q) = quaj(w),

where w ranges over all lattice words of weight (m™) such that des(w) =
k.

Equivalently, N(n, m;k) is equal to the number of rectangular stan-
dard Young tableaux with n rows and m columns having k descents, i.e.
k occurrences of an integer j appearing in a lower row that that j + 1.

Example 2.2. Take n =4, m = 3, then

6
S ON@ 45k | )R =1+ 22t + 113¢% 4+ 1907 + 113¢* + 226° 4 1.
k=0

We summarize the basic known properties of the rectangular Cata-
lan and Narayana numbers in Proposition 2.3 below.

Proposition 2.3. (23], [34], [14])
(A) (Lattice words and rectangular Catalan numbers)
C(n,ml|q) = quaj(w), where w ranges over all lattice words of

w

weight (m™);
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(B) (Bosonic formula for multidimensional Narayana num-

bers)
(2.7) )

momik | @) = S (L1y-e g0 [ mE1] T B+ atd)
N(? aqu) C;)( 1) q |: k—a :|ql]:[)[m+b]| [a—i—b]"

(C) (Summation formula) Let r be a positive integer, then

[a]! [m +r + a]! :1:[

(D) (Symmetry)
N(n,m;k | q) = "™ =DV ON (0 m; (n = 1) (m = 1) =k [ ¢71)
= N(m,n;k | q),
for any integer k, 0 <k < (n—1)(m —1)/2;

(E) (¢-Narayana numbers)

1—q |n n o« .. I(n—k+1)
) _ k(k+1 .
N(Zn,k"@—q(-i_)m |:k:|q {k—{—lL_dlmqV&k) )

0<k<n-—1,

where V(il(lg M stands for the irreducible representation of the Lie al-

gebra gl(n — k + 1) corresponding to the two row partition (k,k); recall
that for any finite dimensional gl(N)-module V' the symbol dim,V de-
notes its q—dimension, i.e. the principal specialization of the character
of the module V:

dim,V = (chV)(1,q,...,¢");
(F) N(n,m;1 | 1):;( ? ) ( 7;“ ) - ( ”Zm ) —nm—1,

(G) (Fermionic formula for ¢—Narayana numbers, [17])

(2.8) qm< E )N (n,m;l | q) ch(”) 11 PP )+ m; () 1 :

k,j>1 m](y(k))
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summed over all sequences of partitions {v} = {vM) v . pm=11
such that

o )| =(m—kn, 1<k<m-1;

o (VW) = (m —1)n—1, i.e the length of the first column of the
diagram v is equal to (m —1)n—1,1=0,...,(m —1)(n — 1);

. Pj(k)(z/) = Qi) — 2Q,;(w®) + Q;(w*k*tV) > 0, for all
k,j>1,
where by definition we put v(0) = (1™™); for any diagram X\ the number
Qj(N) =N +--- X, is equal to the number of cells in the first j columns

J
of the diagram A, and m;(\) is equal to the number of parts of A of size

J N
cc)= ( (y<’<—1));.2_ (WY, >

kj>1

Example 2.4. Consider the case m = 3, n = 4. In this case
C(3,4 | 1) =462, and the sequences of Narayana numbers is (1,22,113,
190,113,22,1). Let us display below the distribution of Narayana num-
bers which is coming from the counting the number of admissible Tigged
configurations of type ((4%), (1'2)) according to the number (m — 1)n —
(v M), where £(vV)) denotes the length of the first configuration v1):
N(3,4;0 | 1) =1, N(3,4;1 | 1) =1+21, N(3,4;2 | 1) = 15+ 35 + 63,
N(3,4;3 | 1) = 140 + 15+ 35, N(3,4;4 | 1) = 21 + 28 + 63,

N(3,4;5 | 1) =6+ 16, N(3,4;6 | 1) = 1.

Conjecture 2.5. If 1 <k < (n—1)(m—1)/2, then

i.e. the sequence of rectangular Narayana numbers
N(n,m;k |1 (n:l)(m_l) is symmetric and unimodal.
) k=0 Y

For definition of unimodal polynomials/sequences see e.g. [31], where
one may find a big variety of examples of unimodal sequences which fre-
quently appear in Algebra, Combinatorics and Geometry.

2.1.2. Volume of the MacMahon polytope and rectangular Catalan
and Narayana numbers — Let 9,,, be the convex polytope in R™ of
all points X = (2;j)1<i<n,1<j<m satisfying the following conditions

(2.9) 0<z; <1, w5 2 wi_15, Tij = Ty j_1,

for all pairs of integers (i, 7) such that 1 <i <n, 1 <j <m, and where

by definition we set x;q = Zoj;.
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We will call the polytope 9,,,,, by MacMahon polytope. The MacMa-

hon polytope is an integral polytope of dimension nm with mn

vertices which correspond to the set of (0,1)-matrices satisfying (2.9).
If k is a positive integer, define i(9M,,,,; k) to be the number of points
x € My, such that kx € Z™. Thus, i(Mym,; k) is equal to the number
of plane partitions of rectangular shape (n™) with all parts do not exceed
k. By a theorem of MacMahon (see e.g. [21], Chapter I, §5, Example 13)

(2.10) k)= [T

i=17=1 Z+‘7_1

It follows from (2.10) that the Ehrhart polynomial &(9M,,;t) of the
MacMahon polytope 9,,,,, is completely resolved into linear factors:

Hence, the normalized volume
Vol(Myum) = (rm)vol(M,)

of the MacMahon polytope IM,,,,, is equal to the rectangular Catalan
number C(n, m|1), i.e. the number of standard Young tableaux of rect-
angular shape (n™). We refer the reader to [32], Section 4.6, and [7],
Chapter IX, for definition and basic properties of the Ehrhart polyno-
mial £(PB;¢) of a convex integral polytope B.

Proposition 2.6. (Cf [17], (2.17))

(n—1)(m—1)

(2.11) Zi(imnm; k)zF = Z N(n,m;5)2 | /(1 — z)"™+

k>0 =0

where
N(n,m;j) := N(n,m;j|1)

denotes the rectangular Narayana number.

Thus, the sequence of Narayana numbers
(1=N(n,m;0),N(n,m;1),...,N(n,m;(n—1)(m—1)) =1)

is the d-vector (see e.g. [32], p. 235) of the MacMahon polytope. In the
case n. = 2 (or m = 2) all these results may be found in [32], Chapter 6,
Exercise 6.31.
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Question. (Higher associahedron) Does there exist an (m — 1)(n — 1)-
dimensional integral convex (simplicial?) polytope @, which has J-
vector

d= (50(Qn,m), 51(Qn,m)a s 75(n—1)(m—1)(Qn,m))

given by the rectangular Narayana numbers N(n,m;k) :

(n—1)(m—-1)

> 5i(Qum)tt = C(n,mlt) ?

i=0
We refer the reader to [7], Chapter I, §6 and Chapter II1, for definitions
and basic properties of the h-vector and d-vector of a simplicial polytope;
see also, R. Stanley (J. Pure and Appl. Algebra 71 (1991), 319-331).

An answer on this question is known if either n or m is equal to 2,

see e.g. R. Simion (Adv. in Appl. Math. 18 (1997), 149-180, Example 4
(the Associahedron)).

Definition 2.7. ([23], [34]) Define rectangular Schrider polyno-

maal
S(n,mlt) .= C(n,m|1+1t),
and put
(n—1)(m—1)
Stmlt) = > S(n,ml|k)t".
k>0

A combinatorial interpretations of the numbers S(n, m||k) and
S(n,m|1) have been done by R. Sulanke [34].

2.1.3. Rectangular Narayana and Catalan numbers, and d dimen-
sional lattice paths, [34]  Let C(d,n) denote the set of d-dimensional
lattice paths using the steps

X1 =(1,0,---,0), X3 =(0,1,---,0),--+,Xq =(0,0,---,1),
running from (0,0,---,0) to (n,n, -+ ,n), and lying in the region
{(z1,22, - ,xq) € R%o | 21 <@g <o < g}
For each path P := pips - ppa € C(d,n) define the statistics
asc(P) :=#{j | pjpj+1 = X X1, k <1}

Definition 2.8. The n—th d—dimensional MacMahon—Narayana num-
ber of level k, MN(d,n, k) counts the paths P € C(d,n) with asc(P) = k.
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Proposition 2.9. (Cf [34]) For any d > 2 and for 0 < k < (d —
1)(” - 1)7

. i1
MG = S0 (1) T St

= k=3 ) = (d+a) (n+a)!”

Note that the product Hfl;é % is equal to the number

of plane partitions of the rectangular shape (n?), all the parts do not
exceed J.

Definition 2.10. For d > 3 and n > 1 the n-th d-Narayana poly-
nomial defined to be

(d—1)(n—1)
Nan(t)= > MN(d,n k) t".
k=0
Corollary 2.11. (Recurrence relations, [34]) For any integer m > 0
one has

m d_l
Z(dn+m—k) MN(dm,k‘):H al (n4+m+a)!

— m—k L (nta)l (m+a)l’

Corollary 2.12. The MacMahon—Narayana number M N (d,n, k)
is equal to the rectangular Narayana number N(d,n;k).

This Corollary follows from Proposition 2.3, (B) with ¢ = 1, and
Proposition 2.9.

2.1.4. Gelfand-Tsetlin polytope GT((n,14), (1)"*4) and rectangular
Narayana numbers

Theorem 2.13. Let A\ := A\, g = (n,1%) and p = ppq := (1"T9).
Then

Can1(q(®) ¢,
> Kwnla) ¢ = et L0
N>0 (@\2) t.9))an-1)+1

where Cym(t,q) = ,(;ifol)(mfl)N(d,m,k: | q) t* stands for a (q,t)-
analog of the rectangular (d,n)-Catalan number.

In particular, the normalized volume of the Gelfand—Tsetlin polytope
GT((n,19),1"*+%) is equal to the d—dimensional Catalan number

d—1 .
]! d n
Cn].7]. = dTL' - — (n): (d )’
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where for any partition \, f* denotes the number of standard Young
tableauz of shape \.

The proof of Theorem 2.13 (as well as Theorem 3.1, (2)) is rather
long and technical, and is based essentially on the properties of Rigged
Configuration Bijection, cf [17], [18], and will appear in a separate
publication.

83. Rigged configurations, stretched Kostka numbers, log-
concavity and unimodality

3.1. Stretched Kostka numbers Ky, ray n(1k)n+a(l)
Theorem 3.1. (1)

Pyn(t)
N _ 2,n
> Entaanynaaee (1) 1 = (I —¢)in—o’
N>0
and Pg’n(].) = Cn_g Cn_g.
(2) Let d > 1, then
Pyan(t
Z KN(nk,1kd)<N(1’f)"+d(1) N = den((t))

N>0
Moreover, Py 4.,(0) =1,
Qha n(t) _ (1 - t)k2(d(n—l)—1)+2+(k—1)6n,2 6[1,1)’
and the polynomial Py 4., (t) is symmetric with respect to variable t;

dege(Pijon (1)) = (k = 1)(k(n — 2) +2(5,2 — 1)).

[ ]
For example, assume that d = 1 and set Py ,,(t) := Py 1 ,(t). Then

P2,3(t) =1, P2,4(t) = (1’ 0, 1)7 P2,5(t) = (17 1,6,1, l)a

Pyg(t) = (1,3,21,20,21,3,1), Po7(t) = (1,6,56,126, 210,126, 56,6, 1),
P, g(t) = (1,10,125,500, 1310, 1652, 1310, 500, 125, 10, 1),

Pys(t) = (1,—1,1), Py 4(t) = (1,0,20, 20,55, 20, 20,0, 1),

Ps5(t) = (1,6,141,931, 4816, 13916, 27531, 33391, 27531, 13916, 4816,
931,141,6,1),

Pyys(t) = (1,-3,9,-8,9,-3,1) = Pyoa(t).

It follows from the duality theorem for parabolic Kostka polynomials
[17] that

K vy ((nynrayy (1) = K1)y, 1ve-0) 13 )yntay (1),
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and

K (@ar2yy 2v =) (@)8)mra) (1) = K (v, nn w2y, (0,5 (1)-
Now consider the case d = 1, that is A = (n,1), u = (1"T1). Then

N—l—n—l)

Knanu(1) = Ky Ny, (vet1)(1) = ( n—1

The second equality follows from a more general result [13], [17],
Proposition 3.2. Let A be a partition and N be a positive integer.

Consider partitions Ay = (N|A|,A\) and px = (AN T!) =
(IAly-- -5 |AID). Then
N— ———

N+1
o« |N . (N
Ky ) 2 [ ] = dimg v,

where the symbol P(q) = R(q) means that the ratio P(q)/R(q) is a
power of q ; the symbol [JX] stands for the generalized Gaussian coefficient
corresponding to a partition A\, see [21] for example.

3.2. Counterexamples to Okounkov’s log-concavity con-
jecture

On the other hand,

P, (t
K2>\N72HN(1) = KN(n,n,l,l),N(l,l)n+1 (1) = Coef fin <(1_27t)in)_6>~

Therefore the number Ko 2,5 (1) is a polynomial of the degree 4 n—7
with respect to parameter N. Recall that the number Ky n,(1) =
(N:L'fl_l) is a polynomial of degree n — 1 with respect to parameter N.
Therefore we come to the following infinite set of examples which violate

the log-concavity Conjecture stated by A. Okounkov [27].

Corollary 3.3. For any integer n > 4, there exists a constant No(n)
such that

3
K2>\N72MN(1) > (KN/\,N;L(I)> )
for all N > Ny(n).
Recall that A = (n,1), p= (1"T1).
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Now take n = 3. One has [3]

N+2 N+5
Kn@nwvan(l) = ( 9 >7 Kn@ai1).8@s(l) = ( 5 )

One can check [3] that

2
Kn@,30,0),n5,10)4 (1) > (KN(S,l),N(13)(1)) -

if (and only if) N > 21.
Indeed,

2 N2 _18N —43 /n+2
Kn,31,0),n5,1)4 (1) — (KN(3,1),N(13)(1)> R T E— < 3 )

Now take n = 4. One has
Knwy,nas) (1) = (

Kn@a,1,1),n5(,1)5(1)

I
7 N
=
© 4+
Nej
SN~—
+
7N
=
© 4+
\]
S~—

One can check that
2
Kn(aa,1,0),8(1,1)5(1) > (KN(4,1),N(15)(1)) )
if (and only if) N > 8.
Now take n = 5.
Proposition 3.4. Let vy := N(5,1) and ny := N(1)5. Then
® KQVN7277N(1) > (KVNJ]N(]‘))Q
if and only if N > 6,
b K2VN7277N(1) > (KVN777N<1))3
if and only if N > 49916.

Indeed,
N +4
Kninas(l) = ( 4 >7

Kn@Gsi,n,nans(l) =

N +13 n N +12 46 N +11 n N +10 n N +9
13 13 13 13 13 )’



324 A. N. Kirillov

3
and 51891840 x |:KN(5,5,1,1),N(1,1)6(1)_ (KN(S,I),N(IG)(1)> :| = (N;4) X
(—78631416 — 172503780 N — 174033932 N? — 101206400 N3
— 35852065 N* — 7638110 N° — 899548 N6 — 44990 N7 + N¥).

Note, see e.g. [21], that for any set of partitions A, u™), ..., u®) the
parabolic Kostka number K, o) (1) is equal to the Littlewood -
Richardson number cﬁi a» Where partitions A D M are such that A\M =

[T, %) is a disjoint union of partitions x?, i =1,...,p.

§4. Internal product of Schur functions

The irreducible characters x* of the symmetric group S, are indexed
in a natural way by partitions A of n. If w € S,,, then define p(w) to
be the partition of n whose parts are the cycle lengths of w. For any
partition A of m of length [, define the power—sum symmetric function

PX = Dxy---Pxp»

where p,,(z) = ) xj. For brevity write p, := p,(w). The Schur func-
tions s\ and power—sums p,, are related by a famous result of Frobenius

1
(4.1) = S P whre
wESn

For a pair of partitions « and 8, |a| = |8] = n, let us define the internal
product s, * sg of Schur functions s, and sg:

1 «
(4.2) Sq * Sg = o Z X (w)Xﬁ(w)pw.
weSy,

It is well-known that
Sa ¥ S(n) = Say Sa * Saan) = So/

where o’ denotes the conjugate partition to «.
Let «, 8,7 be partitions of a natural number n > 1, consider the
following numbers

(43) Gosy = 1 3 X () () ().
T wes,

The numbers g, coincide with the structural constants for multiplica-
tion of the characters x® of the symmetric group S,,:

(4.4) XX = gapyx-
Y
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Hence, gos~ are non-negative integers. It is clear that

(4.5) Sq *Sg = Zgaﬁvsv'
v

4.1. Internal product of Schur functions, principal special-
ization, fermionic formulas and unimodality

Let N > 2, consider the principal specialization z; = ¢*, 1 < i <

N —1,and x; =0, if > N, of the internal product of Schur functions

5o and sg:
(4.6)

2 N-1 1 ¢ — g™ o)
Sa *58(0,q7, ..., q _):E Z;ﬁ(z@;ﬁ@ﬂ)ﬂ(ﬁ) ’

wES, E>1

where pi(w) denotes the number of the length k cycles of w.

By a result of R.-K. Brylinski [2], Corollary 5.3, the polynomials

Sax85(q,. gV t)

admit the following interpretation. Let P, n denote the variety of n by
n complex matrices z such that 2V = 0. Denote by

Rn,N = (C[Pn’N]

the coordinate ring of polynomial functions on P, n with values in the
field of complex numbers C. This is a graded ring:

R, N = @kzoRifgw

where RSC?V is a finite dimensional gl(n)-module with respect to the
adjoint action. Let a and 3 be partitions of common size. Then [2]

_ k
Sa * 35(% cee 7qN 1) = Z<V[a,5]nvpn,l)\[>qk»

as long as n > max(NI(«), NI(B),l(«) + 1(S)). Here the symbol (e ,e)
denotes the scalar product on the ring of symmetric functions such that
(sx ,Su ) = Oxp- In other words, if V' and W be two GL(N)-modules,
then (V, W) = dim Homgrn)(V, W).

Let us remind below one of the main result obtained in [17], namely,
Theorem 6.6, which connects the principal specialization of the internal
product of Schur functions with certain parabolic Kostka polynomials,
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and gives, via Corollary 6.7, [17], an effective method for computing the
polynomials s, *55(q, . . ., ¢"¥ ~1) which, turns out to be for the first time,
does not use the character table of the symmetric group S,, n = |a].

Let « and S be partitions, {(a) = r, {(8) = s and |a| = |3]. Let N
be an integer such that r + s < N. Consider partition
[, BN = (1 +B1, a0+ B, ..o+ B1, B1y -, B, B = Bsy - -+, 1 — Bal.
—_———
N—r—s
ClearlY? |[a7ﬁ]N| = /61N7 E([Oé,ﬂ]]\/ =N-1

Theorem 4.1. i) Let a, 3 be partitions, |o| = |B|, (o) < r, and
) +1(B) < Nr. Consider the sequence of rectangular shape partitions

Ry ={(67),.--, (B}
N
Then
(4.7) Sa*55(0 - 0" ) = Ko glnekx (0)-

ii) (Dual form) Let av, B be partitions such that |a| = |B], oy < r and
81 < k. For given integer N such that aq + 1 < Nr, consider partition

Ay = (rN = By, rN = By_1,...,7tN — B, a)

and a sequence of rectangular shape partitions

Ry = ((rk)a ) (’rk))‘
N
Then
(4.8) K,\NRN(q)ésa*sﬁ(q,...,qul)

Theorem 4.2. (Fermionic formula for the principal special-
ization of the internal product of Schur functions).

Let o and 8 be two partitions of the same size, and r := {(«) be the
length of . Then

Sa ¥ Sﬁ(qv cee ’qul)

(4.9) DR
)

where the sum runs over the set of admissible configurations {v} of type
([er, B, (B1)N). Here for any partition \, \; denotes its j-th component.

PP () + my(v®) + N(k = 1)3;,5,0(r — k)
I | B

k
ki1 PP )

)

q
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Let us explain notations have used in Theorem 4.2.
e A configuration {v} of type [o, 8]y consists of a collection of parti-

tions {vM), ..., vN=D1 such that [v*| = Zj>k([a,B]N) 5 by definition
j

we set v(0) == (8,)N

o P{Y(v) = Nmin(j, 81) 01 + Qs (5 ) =20, (9) + Q; (44
here for any partition A we set @, () :=>_,,, min(n, \;);

e For any partition A, m;()\) denotes the number of parts of A are
equal to j;

e A configuration {v} of type [a, 8]y is called admissible configura-
tion of type ([o, B, (B1)YN), if Pj(k)(u) >0, Vj,k>1;

o Here 0y, ., denotes Kronecker’s delta function, and we define §(x) =
1, if > 0,and O(z) =0, if x <0;

o c({v}) =2, ko1 (’\51671)2_/\?)) denotes the charge of a configura-
tion {v}; by definition, (5) =ax(z—1)/2, Yz € R.

Let us draw attention to the fact that the summation in (4.9) runs
over the set of all admissible configurations of type ([, B]n, (B31)"Y),
other than that of type ([a, 8]+, (B7)V).

Corollary 4.3. ([13], [18])

For any partitions of the same size o and B, the polynomial s, *
s5(q,...,qN 1) is symmetric and unimodal. In particular, the gener-
alized Gaussian polynomial [g ]q is symmetric and unimodal for any
partition .

Indeed, in the case 8 = (n), n := |f], one has s, * () = 5q-
Our proof of Corollary 4.3 is proceeded by induction on size A and
the following identity

Z PO [ v®) + N(k —1)3;4,0(r — k)| = Nlal,
k,g>1

which can be checked directly by the use of properties of admissible con-
figurations, see e.g., either [14] or [17] for details. This identity shows
that the all polynomials associated with a given admissible configuration
involved, are symmetric and have the same “symmetry center” N|al|/2,
and therefore the resulting polynomial s, *s5(g, . .., ¢~ ~!) is symmetric
and unimodal. The latter statement is a consequence of the induc-
tion assumption, since the all ¢g-binomial coefficient which appear in the
RHS(4.9) correspond to partitions of the form (m), m < |\|, and plus
the well-known fact, see e.g., [31], that the product of symmetric and
unimodal polynomials is also symmetric and unimodal.
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e (Combinatorial Hard Lefschetz Theorem for internal product of
Schur functions)

We want to stress that in fact the Rigged Configuration Bijection de-
fines an embedding of the sets PLy(«, 8) C PLyy1x(c, 8), if k < N|al/2,
where the set PLg(c, ) denotes the set of all rigged configurations
({v},J) with charge equal to k, see e.g.,[17] or Appendix to the preset
paper. Note that in the special case « = (Nm,m) and 8 = (N(m + 1))
the Rigged Configuration Bijection (essentially) coincides with the bi-
jection constructed by K.O’Hara in [26], see [14] for details.

Corollary 4.4. Let « and B be partitions of the same size, and
K3 0(q,t) denotes the Kostka—Macdonald polynomial associated with par-
titions a and 8, [21]. One has

Kpalg,q) = (Z g“ty H
{v} k=2 |:mﬁ( (k)):| !
q
k
10 [pj( )(u)+mj(y<k>)}
k>1 mj(V(k)) q ’
J=1, §#B1

where the sum runs over the same set of admissible configurations as in
Theorem 4.2, and [m],! == H;r;l(l —¢%) stands for the q-factorial of an
positive integer m, and by definition [0],! = 1; Ha(q) := [, (1—¢"®))
denotes the hook polynomial associated with partition o, see e.g. [21].

Indeed, one can show [30] that

So ¥ 55(17 q, q27 ) = Wa
and therefore,

K )
M: lim 5(1*55(17(151127""(1

M) =
Ha(q) N—00

= Hm Ko gy (85 (@)-
Now by using the fermionic formula from Theorem 4.2, one can prove,
see [14], [13], the formula stated in Corollary 4.4.

A fermionic formula for the principal specialization of the internal
product of Schur functions, and therefore that for the generalized Gauss-
ian polynomials, is a far generalization of the so-called KO H-identity
[26] which is equivalent to the fermionic formula for the Kostka num-
ber K(np k), k~+1)(1). The rigged configuration bijection gives rise to
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a combinatorial proof of Theorem 4.2, and therefore to a combinatorial
proof of unimodality of the generalized Gaussian polynomials [13], as
well as to give an interpretation of the statistics introduced in [26] in
terms of rigged configurations data, see [14], Section 10.2.

Example 4.5. Let a = (4,2), § = o' = (2,2,1,1). We want to
compute the principal specialization of the internal product of Schur
functions s, * sg(q,...,¢~ ') by means of a fermionic formula (4.9).
First of all, there are 8 admissible configurations of type (A = [a =
(4,2),8 = (2,2,1,1)]n,p = (6)V). In fact, it is a general fact that
for given partitions A and p, the number of admissible configurations
of type (NA,Nu) doesn’t depend on N, if N > Ny for a certain
number Ny := Ny(\, ) depending on A and g only. This fact is a
direct consequence of constraints are imposed by the set of inequalities
(PP () >0, vjik > 1}.

Now let us list the conjugate of the first configurations v(!) € {v'} for all
admissible configurations {v} of type (A =[(4,2),(2,2,1,1)n],p = 6),
together with all non-zero numbers Pj(k)(y), g k> 1.

(N-3,N-3), PV =2, PP =2 c=9,
(N—2,N—4), P{Y =2,P® =1,P? =2 9
(N=3,N-4,1), PV =2 P® =4 P =2 PP =1, c=11,
(N-2,N-5,1), PP =1,P{" =4, PV =2, P =1, ¢ =13,
(N=3,N—5,1,1), PP =2 P" =6, (P =0),PY =2, c=15,
(N—-3,N-5,2), PV =2 PV =6,(P* =0),P") =2, c=17,
(N—2,N—-6,1,1), PP =1,P" =6, (P =0),PY =2, ¢ =19,
(N-2,N-6,2), PP =1,P" =6,(P) =0),P{") =2, c=21.

These are data related with the first configurations (! in the set of
all admissible configurations of type ([(42), (2211)]y, (6)V), and the set

of all nonzero numbers Pj(k)(y). All other diagrams v*)| & > 1 from
the set of admissible configurations in question, are the same, and are
displayed below

V) = (N =2 —k,max(N —4 —k,0)), 2< k< N —3,

so that mg2) =2, m(2) N —6.
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Therefore,

o o[N-1][2N -4
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On the other hand,

|
S

S42 * S2211 =

1
=0 <81p1 135pips + 45p1ps — 90p2py + 144p1ps — 135p3 + 90p2p4> .

Here p :== ).+ xf stands for the power sum symmetric functions de-

gree of k. One can check that sy * $2211(q,...,¢N ') = RHS(&) =

K[(472)7(2’21171)]2N,(272)1\1(q)7 as expected.

Finally one can check that impy oo S42 * S2211(q, .- -, ¢
(27152727171) K2211,42(q,Q)-

4.2. Polynomiality of stretched Kostka and Littlewood—
Richardson numbers

e As it was mentioned above, for a given partitions A and p (resp.
A and a sequence of rectangular shape partitions {R}), the number of
admissible configurations of type (NA, Nu) (resp. of type (N, {R}))
doesn’t depend on N > Ny, where the number Ny depends on A and p
(resp. A and {R}) only.

e Each admissible configuration {v} provides a contribution of a

form b b(W)N 4 d ( )
0y (@) [’“ w)]
v jgl djr(v) .

to the parabolic Kostka polynomial Ky n{r}(q), where a polynomial
a,(q) and a finite set of numbers {b;,(v),d;r(v)};r>1 both doesn’t
depend on N > Ny for some Ny := No(\, {R}).
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e It is clear that the sum Yy, (“";*)t" is a rational function

of variable t. Tt is well-known (and easy to prove) that the Hadamard
product *¢ of rational functions is again a rational function. Therefore,

Corollary 4.6. ([17], [8], [28])
For any partition A and a sequence of rectangular shape partitions
{R}, the generating function

Z Knxniry(1) tN
N>0

1s a rational function of variable t with a unique pole att = 1.

More generally using a g-version of Hadamard’s product Theorem,
we can show

Theorem 4.7. ([17])

For any partition A and a dominant sequence of rectangular shape
partitions {R}, the generating function of stretched parabolic Kostka
polynomials

Z Knniry(a) tV
N>0

s a rational function of variables q and t of a form

Py ry(q,1)/Qx 1Ry (g, 1), where the dominator Qy (ry(q,t) has the fol-

lowing form
Qnrylet) = [[A-¢" 1)

ses
for a certain finite set S := S(\,{R}) depending on X and {R}.

Clearly that Corollary 4.6 is a special case ¢ = 1 of Theorem 4.7.
e (Littlewood-Richardson polynomials) Let A be a partition and
{R} be a dominant sequence of rectangular shape partitions. Write

Ky ry(q@) = b(\,R) ¢**R) & higher degree terms.
(1) (Generalized saturation theorem [18])
a(NA,N{R}) = N a(, {R}).

Therefore,

> b(NA N{R}) tV = Pyr(q,q~ "D 1)

- —a(XN{R
0 Qar (g, g *MRD 1) =0

16See e.g. wikipedia.org/wiki/Hadamard product (matrices) and the lit-
erature quoted therein.
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is a rational function of ¢ which has a unique pole at ¢ = 1 with multi-
plicity equals to #|s € S(\,R) | s = a(\,R)|.

(2) Now let A, 1 and v be partitions such that |A| + |u| = |v|. Con-
sider an integer N > max(¢(\), p1), and define partition A = A(N, A, u)
= ((N¥) @ A, 1) and the dominant rearrangement of the set of rectan-
gular shape partitions {(N™), v, ..., Ve(v) }, denoted by M := M(N,v).
Here we have used standard notation: if A\ and p partitions, then A@u =
(/\1 + 1, Ao+ pa, - .), and (/\,,u) = (/\1, Aoy, )\g()\), Uiy, ,ug(u)).

Proposition 4.8. ([18])

One has

b(A, M) := CKW

where ¢ |, denotes the Littlewood—Richardson number corresponding to
partitions A, pu and v, that is, the multiplicity of Schur function s, in the
product of Schur functions sx s,.

Theorem 4.9. ([18], [28])
Given three partitions A\, u and v such that |A| + |u| = |v|. The the

generating function
E CN,\ Np b

NZ>0

1s a rational function of variable t with a unique pole at t = 1. There-
fore, C%K)Nu is a polynomial in N with rational coefficients.

It is well-known that there exists a rational convex polytope, called
the Gelfand-Tsetlin polytope GT(\, u,v) C R(ngl), where n = £(\),
such that GT(NX, N, Nv) 7" = C%KWM. We expect that for any
partition A and a dominant sequence of rectangular shape partitions { R}
there exists a rational convex polytope T'(A,{R}) C R(%l), L= L(A),
such that T(NA, N{R}) N 2Z(2) = p(NA, N{R}).

Example 4.10. ([14], [17]) (MacMahon polytope and multidimen-
sional Narayana numbers again)

Take A = (n+ k,n,n—1,...,2) and p = N = (n,n,n — 1,n —
2,...,2,1%). One can show [17] that if n > k > 1, then for any positive
integer N

e a(N\,Nu)=(2k—-1)N

k—1n—k+1

B N +k—1) N+i+j-1

e b(NA, Np) = dlm‘/(g(n ) H H i+j—1
i=1 j=1

In other words, the number b(NA, Nu) is equal to the number of
(weak) plane partitions of rectangular shape ((n — k + 1)¥=1) whose
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parts do not exceed N. According to Exercise 1, ¢, [17], pp. 102-103,
b(NX,Np) is equal also to the number i(9k_1 —k+1;N) of rational
points x in the MacMahon polytope 9;_1 ,—r+1 such that the points
Nx have integer coordinates. It follows from Proposition 2.3 ,(G),(2.8),
that the generating function for numbers b(n\, nu) has the following
form

Z b(nA, nu)t" =

n>0
(k=2)(n—k) _
Nk —1,n—k+1;5)t | /(1 —t)h-Dl—k+D+l
=0

where N(k,n;j), 0 <j < (k—1)(n—1), denote rectangular Narayana’s
numbers, see e.g. [23], [34].

One can show (A.K.) that

eifr:=F%L— (";2) > 0, then b(\, ) = 1, and

a(A, ) =2<n;3> +(n+1)2r—1)+ <;)

oif 1 <k < ("‘;2), then there exists a unique p, 1 < p < n, such
that
p-1D2n—-p+4)/2<k<p2n-—p+3)/2.
In this case

a(A p) =p(2k — (p—1)n —p) + 2(];),

and one can take I'(X, 11) to be equal to the MacMahon polytope 90, () s(x)

with

rk)=k—-1—(p—-1)2n—p+4)/2, and s(k) :=p(2n —p+3)/2 — k.
This Example gives some flavor how intricate the piecewise linear

function a(\, u) may be.

Conjecture 4.11. Let A and p be partitions of the same size. Then
o (21)) a(\ p) = ai' N,
o ([14]) (A, ) = b, ).

|
Definition 4.12. ([17]) Let a and 3 be partitions of the same size.

Define Liskova polynomials LZ)B(q) through the decomposition of the in-
ternal product of Schur functions in terms of Hall-Littlewood polynomials

So*85(X) =Y Lk, Pu(X;q).
n
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Clearly, L}, ; € N[g], and L, (Ia\)(q> = K,,.(q), so that the Liskova

a7

polynomials are natural generalization of Kostka—Foulkes polynomials.

Problem 4.13. Find for Liskova polynomials an analogue of a
fermionic formula for Kostka—Foulkes polynomials stated, for example,
in [10], [14].

4.3. Rigged Configurations and RSK

The classical Robinson-Schensted-Knuth correspondence (RSK for
short) associatesto a matrix with nonnegative integer coefficients a pair
of semistandard Young tableaux of the same shape. More precisely, let «
and [ be two compositions of the same size N, the RSK correspondence
establishes a bijection

Mnxn(aaﬂ) 1= H STY(A’Q) X STY()‘vﬁ)v
AEN

where Man(a,ﬂ) = {(mw) € Matan(Zzo) | Zj mi; = Gy, Zi mg; =
B;}, and for a partition A, STY (A, ) stands for the set of semistandard
Young tableaus of shape A and content/weight a.

The literature concerning the RSK, its construction, the study of
algebraic, combinatorial, geometric, probabilistic, ete, properties of RSK
with a vide variety of applications in different areas of Mathematics, is
enormous and includes thousands of items. For our purposes we will use
the construction of RSK due to D. Knuth, [20]. Let us briefly recall this
bijection.

Let M = (m;;) € Mat,xn(c, f) be a transportation matrix. One
can define a multipermutation w(M) as follows: w(M) =

— —N— ——
17 717 2a- 72737"'73a s 10y )
17 71727 727 n, y 1, 5 1,...,17.. , T, ,n
N—— N—— N
mi,1 my,2 my mi,n m

We will write

T2y (M) :=

(1m1,1 2m1,2 nml,n 1m2,1 2m2,2 . man . 1mn‘1 2m2,n - nmnm,)

.n
for the second row of a multipermutation m(M). We denote by I(M)
the length of any maximal increasing subsequence in o) (M).

Now one can apply the classical row insertion algorithm, see., e.g.
[20], to a multipermutation 7(M). As output of this algorithm one
obtains a pair of semistandard Young tableaux (P € STY (), «),Q €
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STY (A, 8)) for some shape/partition A = (A1,...). According to Schen-
sted’s theorem, see e.g., [6], Ay = I(M). Our nearest goal is to replace
the pair of semistandard Young tableaux (P, Q) obtained by the use of

RSK algorithm, by a semistandard Young tableau of the rectangular
shape A := (I(M),...,I(M)) and weight (M) = (I(M)") — «, ).
| S

For this purpose we consider the Gelfand-Tsetlin patterns GT(P) and
GT(Q) which correspond in a natural and unique way to the semistan-
dard Young tableaux P and @) correspondingly. Since the tableaux P
and ) have the same shape, it is clear that the Gelfand—Tsetlin patterns
GT(P) and GT(Q) have the same first row. So one can “glue” together
the GT-pattern GT(P) and that GT(Q) by identifying their first rows.
As aresult one obtains a plane partition which is displayed as a diamond.
Clearly, there is a unique way to include this diamond to the Gelfand—
Tsetlin pattern GT(P, Q) of the highest weight A = (I(M),...,I1(M))

| —

and weight U(M). Finally, we replace the Gelfand-Tsetlin pattern
GT(P,Q) by the corresponding semistandard Young tableau. Using the
fact that RSK is a bijection, we come to a bijection

{M € Mat,n(e,8) | I(M) =L} = STY((L"),((L") - . B)).

Corollary 4.14. (Algebraic version of the Robinson—Schensted—
Knuth correspondence)
Let X\ and p be partitions of the same size, n and N be integers such
that N > max(A + p1,|A|), n > max(¢(N),(n)). Define partitions
A:=(N") andv:=((N)" — i,u). Then,

KA,V(Q) = ZKn,X(l) Kn,u(Q)a

where <X = ()\g()\), /\go\)_l, ey )\2, )\1)

In other words, under the above assumptions, RSK correspondence
gives rise to a bijection between the set of semistandard Young tableaux
of rectangular shape A and content v defined above, and the set of
transportation matrices Mnxn(i,u), and such that it is compatible
with the Lascoux—Schiitzenberger statistics charge.

Finally we apply the Rigged Configuration Bijection to the set
STY ((L™), (L™) — «, B8)). As a result we associate with a multiper-
mutation 7(M) a rigged configuration ({v™},<x<,—1,J). where %)
is a partition of size (n — k)I(M), k = 1,...,n — 1. In particular,
|v(=1| = I(M) that is [¢("~ Y| is equal to the length of the maximal
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increasing subsequence in the multipermutation 71'(2)(M ). In a separate
publication we are planning to present a direct construction of a RC-type
bijection

{M € Mypxn(a,B) | I(M) =L} = RC((L"),((L") — a,B))

and describe some combinatorial properties of the latter.
In the present paper we illustrate our construction by the following
example. Let us take transportation matrix

1 3 2

M = <3 2 2) € M;543((678),(786)). The corresponding multi-
3 3 2

permutation is

(M) = 111111222222233333333
T ~\122233111223311122233 |-

One can check that the output of the RSK algorithm is the following
pairs of the Gelfand-Tsetlin patterns

127 2 127 2
(GT(p),GT(Q»:((m ; )<8 ; ))
7 6

and the corresponding semistandard Young tableau is
1111111222 3 3
T=1(12 2 2 2 2 3 3 4 4 5 5 5 ]
3344556 6 6 6 6 6
€ STY ((12,12,12),(7,8,6,4,5,6)).

Now we apply the Rigged Configuration Bijection to this tableau and
come to the following rigged configuration

v = (12,7,5), v®@ = (12), 1V =3, SV =2, ) =3 =o.

One can check that

| M3y5((678),(786))| = |STY ((12,12,12),(7,8,6,4,5,6))] = 180. More-
over, there are 24 admissible configurations of type ((122), (7,8, 6,4, 5, 6)),
namely, there are :

90 rigged configurations corresponding to seven admissible configura-
tions with v(2) = (12);

52 rigged configurations associated with six admissible configurations
with v = (11,1);
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26 rigged configurations associated with 5 admissible configurations with
v = (10,2);
10 rigged configurations corresponding to 4 admissible configurations
with () = (9, 3);
two rigged configurations associated with two admissible configurations
with () = (8,4), namely, ((8,8,4,4),(8,4);J = 0) and
((8,7,5,4),(8,4)); T = 0).

Problem 4.15.

(1) Describe matrices in the set Myxn(a, B) which corresponds to
rigged configurations
((I(M)™), (I(M)™)—a, 8); I = 0) that is transportation matrices which
have only zero riggings (= “quantum numbers”).

(2) Give a combinatorial interpretation of riggings {J :=J(M)}
which correspond to a given transportation matriz via the RC-bijection.

(3) Give an interpretation of the C. Greene invariants of a multi-
permutation [6] in terms of the corresponding rigged configurations data,

of [11].
(4) Study asymptotic and probabilistic properties of the RC bijection.

§5. Appendix. Rigged Configurations: a brief review

Let A be a partition and R = ((u!+))?_, be a sequence of rectangular
shape partitions such that

|>‘| = Z |Ra‘ = Z,Ua'r]a-

Definition 5.1.
The configuration of type (A, R) is a sequence of partitions {v} =
(M @) such that

\_Z/\ —Z,uamax —k,0) ZA +Z#amlnk77a
i>k a>1 i<k a>1

for each k > 1.

Note that if & > I()\) and k > 7, for all a, then v*) is empty.
In the sequel we make the convention that v(?) is the empty parti-

tion!”.
"However, in some cases it is more convenient to set v(*) = (Hay sy tig)s
where we assume that n;, =1, a =1,...,s. We will give an indication of such

choice if it is necessary.
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For a partition p and an integer j > 1 define the number

Qj(p) = pa + -+ + 4,
which is equal to the number of cells in the first j columns of pu.

The vacancy numbers Pj(k)(u) = Pj(k)(u; R) of the configuration {v}
of type (A, R) are defined by

P (r) = Q%) = 20,0v™) + Q™) 4+ 3 min(ua, )5, 1
a>1
for k,j > 1, where d,; is the Kronecker delta.

Definition 5.2. The configuration {v} of type (X, R) is called ad-
missible, if
P® (v R) > 0 for all k,j > 1.

We denote by C'(X; R) the set of all admissible configurations of type
(A, R), and call the vacancy number Pj(k)(u7 R) essential, if m;(v*)) > 0.
Finally, for configuration {v} of type (A, R) let us define its charge

B ag»k_l) —oz§k> + 32,0 — k)0(pa — 5)
() = Z( 000 fa = J )

k,j=1

)

and cocharge
QD _

() = Z ( j , 0{5-’“) )7

k,j>1

where ozg-k) = (V(k));- denotes the size of the j—th column of the k—th

partition v(¥) of the configuration {v}; for any real number z € R we
put O(x) =1, if > 0, and O(z) =0, if z < 0.

Theorem 5.3. (Fermionic formula for parabolic Kostka poly-
nomials [14])

Let X be a partition and R be a dominant sequence of rectangular
shape partitions. Then

ol PR (1, (k)
(5.10) Kanl) =S¢ I | & )JEkTJ(V .
v kj>1 m; () .
summed over all admissible configurations v of type (A\; R); m;(X\) de-
notes the number of parts of the partition A of size j.
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Corollary 5.4. (Fermionic formula for Kostka—Foulkes poly-
nomials [10])
Let X\ and p be partitions of the same size. Then

(5.11) Ku(q Z ‘O]

k,j>1

P()z/u ) +m; (v *)
(v, ’
q

summed over all sequences of partitions v = {V(l) v, ..} such that
o [v(F) :Z]> N, B=1,2,..;

. Pj(k)(y7 p) = Q;(w* 1) —2Q;(v™) + Q;(w* V) > 0 for all
k,j > 1, where by definition we put (0 =y

ple=1)y7 (), (k)Y
(5.12) e c(v) = Z(( k 1).72 ( k)j >

k,j=>1
It is frequently convenient to represent an admissible configuration
{v} by a matrix m(v) = (my;), mi; € Z,Vi,j > 1, which must meets
certain conditions. Namely, starting from the collection of partitions

{v} = (W, v? ... ..) corresponding to configuration {v}, define ma-

trix

m(v) := (mig), mi; = WO70); =)y S 00—0)0(na—3), v =0,
a>1

where we set by definition §(x) =1, if 2 € R>¢ and 6(z) =0, = € Ro.
One can check that a configuration {v} of type (A, R) is admissible if
and only if the matrix m(v) meets the following conditions

(0) m;; € Z,

(1) Zi21 mij = Za21 a8 (ta = 7),

(2) Xojs1mig = Ni,

(3) ngk(mij — Mi+1 j) > O for all 4 j7]€

(4) X gs1 min(na, k)0, 5 > D0 cp(mij — my ji1), for all i, 4, k.

One can check that if matrix (m;;) satisfies the conditions (0) — (4),

then the set of partitions {v} = (V™) v, ..., ...)
(k))] = Zmij - Zmax(na —k,0)0(pa — j)
i>k a

defines an admissible configuration of type (A, R = {(pta)"}).

Example 5.5. Take A = (44332), R = {(2%),(2?), (22), (1), (1)}, so
that

{pat =(2,2,2,1,1) and {n.} = (3,2,2,1,1), a =1,...,5.
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Therefore [vM| = 4, [v®)| =6, [v®)| =5, and |[v™| = 2. It is not hard
to check that there exist 6 admissible configurations. They are:
(1) v = (3,1), v =(3,3), v®) = (3,2), vy = (2)},

(2) {vW =(3,1), v@ = (3,2,1), v =(3,2), vV =(2)},

(3) {V(l) = (272)) @ = (272v2) (3) = ( ) (4) = ( )}a

(4) {V(l) = (4)’ V(2) = (373)7 V(S) (312)» V(4) = ( )}7

(5) {vr® =(3,1), v® =(2,2,1,1), v® =(2,2,1), v = (2)},

6) {vr® =(3,1), v =(2,2,1,1), v® = (3,1,1), v = (2)},

Let us compute the matriz (m;;) corresponding to the configuration (2).
Clearly,

(mig) = (@09); = (X)) 4+ (Z st 0010 =010 — ) := U+ W. One
can check that

-3 -1 0 00
0 -1 -1 0 0 5 3 0
U= o o0 1 o0 |, W=|3 3 0
2 1 0 00 1 1 0
1 1 0 00
Therefore,
22 0 00
3 2 -1 00
m({v}))=1 1 1 1 0 0
1 0 00
11 0 00

One can read off directly from the matrix m,; the all additional quanti-
ties need to compute the parabolic Kostka polynomial corresponding to
A and a (dominant) sequence of rectangular shape partitions R. Namely,

k
PJ‘( = Z(mki — Mpt1,i)s mj(V(k))

12]
. ml
= Zmln(nmk)éumj — Z(mij —mji1),c(v) = Z < 23>.
a>1 i<k v

For example, in our example, we have ¢(v) = 8, P(l) =1, P(g) =1,

P(Q) 1, P(g) = 1 are all non-zero vacancy numbers, and the contribu-
tion of the conﬁguratlon in question to the parabolic Kostka polynomial

is equal to ¢® ﬁ] . Treating in a similar fashion other configurations, we
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come to a fermionic formula

Kaaz2,{(2),(22),(22),(1),(1)} (@) =
4
3 9 3 213
10 8 8 12 6 8
’ H+q M tq H—Fq tq H M”'
|

If n, =1, Va, then 3 <, na0(pa — j) = u;»7 and we set (0 = .
In this case one can rewrite the conditions (1) — (4) as follows

’

(1) Sisymas = 1y,
(2) Xoj51 mij = N,
(31) ngk(mij — mH_l,j) 2 0, fOI' all i,j,k

(4,) Zi>k(mij — mi7]‘+1) Z 0, fOI‘ all Z,]k
Let us remark that if m;; € Z>( then the matrix (m;;) defines a
lattice plane partition of shape A. For example, take A = (6,4,2,2,1,1),
p = (28) and admissible configuration {v} = {(5,5), (4,2), (3,1), (2), (1)}
The corresponding matrix and lattice plane partition of shape \ are

330000 3 3
13 00 00 1 3
110 0 0 0 . 11
(mij) = 11000 0l and plane partition R
100 0 0 O 1
100 0 0 O 1

The corresponding lattice word is 111222.1222.12.12.1.1.

In the case n, = 1, Va, there exists a unique admissible configura-
tion of type (A, 1) denoted by A(\, ) such that max(c((A(X, p), J))) =
n(p) —n(X), where the maximum is taken over all rigged configurations
associated with configuration A(\, ). Recall that for any partition A,

=3 (2)

and if A > p with respect to the dominance order, then the degree
of Kostka polynomial K ,(q) is equal to n(u) — n()), see, e.g. [21],
Chapter 1, for details. Namely, the configuration A(A, ) corresponds
to the following matrix:

mlj — M; — maX()\; - 170)? ] Z 1’
mij:]-7 Zf (i7j)€>‘7 022,
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In other words, the configuration A(), p1) consists of the following par-
titions (A[1],A[2],...), where A[k] = (Ak41, Akt2,...). It is not difficult
to see that the contribution to the Kostka polynomial K} ,(¢q) coming
from the maximal configuration, is equal to

Q1) — Q;(N) + X, — Ny

)\/- _ )\/ ’

A2
Ki(AQ ) =40 T |
j=1 J Jj+1 q

where c(A(X, p)) = n(A) +n(p) — 32,5, ,u/J()\; —1). Therefore,
(5.13) Kxu(q) 2 Kq(AA, 1))

It is clearly seen that if A > p, then Q;(p) > Q;(N), ¥ j > 1, and thus,
Ky—1(A(N, 1)) > 1, and the inequality (5.13) can be considered as a
“quantitative” generalization of the Gale— Ryser theorem, see, e.g. [21],
Chapter I, Section 7, or [12] for details.

Now let us stress that for a fixed k, the all partitions v(*) which
contribute to the set of admissible configurations of type (A, 1) have the
same size equals to Y7, ., Aj, and thus the size of each v®) doesn’t
depend on p. However the Rigged Configuration bijection

RCy ,, : STY (A, u) — RC(A\, )

happens to be essentially depends on p. One can check that the map
RC),,, is compatible with the familiar Bender—Knuth transformations
on the set of semistandard Young tableaux of a fixed shape.

As it was mentioned above, for a fixed k the all (admissible) con-
figurations have the same size. Therefore, the set of admissible config-
urations admits a partial ordering denoted by “=”. Namely, if {v} and
{&} are two admissible configurations of the same type (A, ), we will
write {v} = {£}, if either {v} = {¢} or there exists an integer ¢ such
that v(®) = £ if 1 < a < ¢, and D > €+ with respect of the
dominance order on the set of the same size partitions. It seems an
interesting Problem to study poset structures on the set of admissi-
ble configurations of type (A, u), especially to investigate the posets of
admissible configurations associated with the multidimensional Catalan
numbers, (work in progress).

Theorem 5.6. (Duality theorem for parabolic Kostka poly-
nomials [14])

Let X be partition and R = {(u2+)} be a dominant sequence of rect-
angular shape partitions. Denote by N the conjugate of A\, and by R
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a dominant rearrangement of a sequence of rectangular shape partitions
{(ng*)}. Then

Kxr(q) =q"" Ky (g,
where

a<b

A technical proof is based on checking of the statement that the
map

LMy — ’I'hij = —Mj; + G(A] - Z) + ZQ(U(L - ])9(77(1 - Z)
a>1

establishes bijection between the sets of admissible configurations of
types (A, R) and (A", R'), and t(e(myz)) = e((1hag)).

5.1. Example
Let n = 6, consider for example, a standard Young tableau

6 8 9

3
= 7 10 11 12 D

= 48.

(G230 \]

1
4
The corresponding rigged configuration (v, J) is

v=(321), J=(J3=0, J,=2,J; =6),

mpw =5 3 )=

Recall that ¢(T) and ¢(v) denote the charge of tableau T and configu-
ration v correspondingly.

e One can see that ¢(T) = ¢(v) + J3 + Jo + Ji, as it should be in
general.

e Now, the descent set and descent number of tableau T' are Des(T') =
{3,6,9}, des(T) = 3. One can see that des(T) = 3 = v}, as it should be
in general “°.

e One can check that our tableau T is invariant under the action of
the Schiitzenberger involution !? on the set of standard Young tableaux
of a shape A. Tt is clearly seen from the set of riggings J 2 that the

80 fact the shape of the first configuration (V) of type (A, ) can be
read off from the set of “secondary” descent sets {Des")(T) = Des(T),
Des®(T),...,...), cf [11].

Dnttp : | Jenwikipedia.org/wiki/Jeu_de_taquin

20T our example J = (0,1,3).
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rigged configuration (v, J) corresponding to tableau T, is invariant un-
der the Flip involution 2! on the set of rigged configurations of type
(X, 1), as it should be in general, see [16] for a complete proof of the
statement that the action of the Schiitzenberger transformation on a
Littlewood— Richardson tableau T' € LR(A, R), under the Rigged Con-
figuration Bijection transforms tableau T to a Littlewood—Richardson
tableau corresponding to the rigged configuration vx(J)), where (v.J) is
the rigged configuration corresponding to tableau T we are started with.
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