Advanced Studies in Pure Mathematics 76, 2018
Representation Theory, Special Functions and Painlevé Equations — RIMS 2015
pp- 125-153

Branching rules for
symmetric hypergeometric polynomials

Jan Felipe van Diejen and Erdal Emsiz

Abstract.

Starting from a recently found branching rule for the six-parameter
family of symmetric Macdonald-Koornwinder polynomials, we arrive
by degeneration at corresponding branching formulas for symmetric
hypergeometric orthogonal polynomials of Wilson, continuous Hahn,
Jacobi, Laguerre, and Hermite type.

61. Introduction
Let My(z1,...,z,) with

denote the monomial basis of an algebra of symmetric (trigonometric)
polynomials. We are concerned with branching rules for families of hy-
pergeometric polynomials of the form

(1a) Py(x1,...,2,) =My (21,...,7,)
+ Z C)\»,U«Mu(xhﬂwxn) (/\EAn),
HEA,

<A

with ¢y, € C such that

(1b) /PA(xl,...,mn)Mu(xl,...,xn)A(atl,...,xn)dml~--dxn
D
=0 if p<A
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Here the partitions are partially ordered in accordance with the (non-
homogeneous) dominance order

p< X iff pr+Fpp < M4+ fork=1,....n

and the polynomial family is characterized by a Selberg-type orthogo-
nality weight function A(zq,...,z,) supported on D = [—m, 7] (in the
case of trigonometric polynomials) or D = R™ (otherwise).

The branching rules under consideration are expansion formulas for
the polynomials in n+ 1 variables in terms of the n-variable polynomials
of the form

(2) P)\(Il,...,fﬂn,l’): Z P/L(xlw"arn)Pk/u(I) (AEAW«—Fl),
HEA,
B=A
where p < A iff there exists a v € A,, with 4 C v C X such that the skew
diagrams A\/v and v/u are horizontal strips. Here A,, is thought of as
being embedded in A, 41 ‘by adding a part of size zero’, and we recall
that for A, 1 € A, one has that p C A iff p; <\ for j =1,...,n, while
the corresponding skew diagram A/u is a horizontal strip provided the
parts of A and p interlace as follows:

AL 21 > A > > 2> Ay 2 e

By iterating the branching rule (2)

(3) Py(x1, oy Ty Tyt 1y e oy Tpry) =
E Py (21,52 H i) fpnti=1) (Tnyi)s
pFDEN, 4 i=0,...,1 1<4i<i

M(n)fﬂ(n+l) j“‘ju("“):/\

one can build the polynomials in n variables

(4) Pa(z1,...,20) = Z Py (1) H () i1 (T4)

uwDen; i=1,...n 1<i<n
p 2P <=M =

starting from the corresponding one-variable polynomials Py, (x), m =
0,1,2,....

To make the above construction effective, it suffices to determine
the branching polynomials P,,,(z) in Eq. (2) explicitly. In [DE3]
this was realized for the symmetric Macdonald-Koornwinder polyno-
mials [K1, M3], which for n = 1 amount to the Askey-Wilson polyno-
mials [KLS]. Our present aim is to degenerate from the Askey-Wilson
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level and identify the pertinent branching polynomials needed for the
explicit construction of the symmetric hypergeometric polynomials of
Wilson type [D2, D5, Z, G], continuous Hahn type [D2, D5], Jacobi type
[V, HO, H, M1, D, L1, BO, BF, DLM, Z, 002, DES, SV, HL, K2],
Laguerre type [M1, L2, BF, D4, X, ADO, DES, HL, BB, Ol], and
Hermite type [M1, L3, BF, D4, X, DES, WNU, HL], respectively. Hence,
we concentrate on hypergeometric families that (i) are obtained from the
Askey-Wilson level via limit transitions rather than parameter special-
izations and (ii) are endowed with a continuous orthogonality measure.

For all these families it turns out that the relevant branching poly-
nomials can be conveniently written in terms of expansion coefficients
CY)! arising from Pieri formulas [D3, D5, D4]

(5) E - (z1,...,2,)Px(x1,...,2,) =
Z Cﬁf’fPM(ml,...,xn) (r=1,...,n),

HEA,
e A
associated with a suitable choice of generators

El(xlv-'~:xn)a~~~7En(x17~”7xn)

for our algebra of (trigonometric) symmetric polynomials. The nonva-
nishing expansion coefficents on the RHS of Eq. (5) are in these cases
governed by the following proximity relation within A,: @ ~, X iff there
exists a partition v € A,, with v C A and v C p such that the skew
diagrams A/v and p/v are vertical strips with |A/v| + |u/v| < r. Here
| - | denotes the number of boxes of the diagram and (recall) the skew
diagram A/v is a vertical strip iff v; < \; <v; +1 (j=1,...,n).

After recalling—in Section 2—the explicit branching polynomials
from [DE3] that enable the recursive construction of the Macdonald-
Koornwinder polynomials starting from the one-variable Askey-Wilson
polynomials, we will work our way down Askey’s scheme and provide
the corresponding branching polynomials for the Wilson level (Section
3), the continuous Hahn level (Section 4), the Jacobi level (Section 5),
the Laguerre level (Section 6), and the Hermite level (Section 7). At
the bottom level of the symmetric Hermite polynomials, to date only
special instances of the corresponding Pieri coefficients are available in
closed form in the literature. Our proof of the branching formula mimics
in this situation the proof from [DE3] for the Macdonald-Koornwinder
case and relies on the Hermite degeneration of a (dual) Cauchy identity
due to Mimachi detailed in the appendix at the end of the paper.
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Notation. i) For future reference, we associated to any pair of par-
titions A, € A, the following subsets of {1,...,n}:

J=JA\p) ={1<j<nl|X\#pt,
JO=JNp) ={1 <7 <n| X =u}
Jrp=Ji(p) ={1<j<nlp >N},
Jo=J-(\p)={1<j<nlu <A},
and we also define
1 ifje gy,
¢ =¢(Jp, Jo) =<9 -1 ifje

0 otherwise.

It is immediate from these definitions that if ;1 ~,. A, then the cardinality
[J| of J = J(A\ ) is at most 7 and ¢; = p; — A for j=1,...,n.

ii) Following standard conventions, shifted factorials and their ¢-
versions are denoted by:

(a)p = (a)(a+1) - (a+k—1), (a5q)r := (1—a)(l—aq) - (1—ag" "),
with (a)g = (a;¢)o := 1, and
(a1,...,0), = (@) (@)r, (a1, 0@k = (a1: @)k - -~ (@15 )k

111) Finally, we will employ the (principal specialization) vectors T =
(T1y...,7) and p = (p1,. .., pn) with components given by

T; = tn_jto, 7A'j = tn_jfo
and
pi=m—35g+g, pj=Mm—7)g+do
(j = 1,...,n), where t, to, tp and g, go, o denote parameters to be

specified below.

§2. Askey-Wilson level

2.1. Symmetric Macdonald-Koornwinder polynomials [K1,
M3]
The symmetric Macdonald-Koornwinder polynomials are trigono-
metric polynomials

(6) Py(x1,...,x0) = Px(21, ..., 205 q,t, 1)) (ANeA,)
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determined by the properties in Egs. (1a), (1b), with

T —ix i, —ix
My(x1,...,2) =m(e™ 4 e "1 e + e '),
o v Un
ma(z1, ..., 2n) 1= E z{t ez
vESL(N)

(where the sum is over the orbit of A with respect to the action of the
symmetric group S, ), and

(7)
Axy, .., xn) = Az, .., 205 ¢, 8, 1)

(€% ¢)oo

[o<i<3(tie™i; @)oo

2 . .
H (ez(mj"'_xk)’el(z_i_mk);q) 2

1<j<k<n

oo
(teitoFon) i) g)

1<j<n

supported on D = [—m,7]". Here it is assumed that the parameters
belong to the domain 0 < g, |t],|t;| < 1, with ¢ being real and possibly
non-real parameters ¢; (I = 0,1,2,3) occurring in complex conjugate
pairs.

2.2. Pieri coefficients [D3, D5, Sa]

Let em(21,-..,2,) and hp,(21,...,2,) denote the elementary and
the complete symmetric polynomials of degree m:

em(z1,...,2n) = Z Ziy oz, = Z Hzi,

1<iy < <im<n Ic{1,...,n}iel
[I|=m
ho (21,00 2n) = g Ziy ttt Ziy s
1<in < <im<n
with the convention that e = hg = 1, and let

t?) = qiltotltgtg, tAotAl = totl (l = 1, 2,3)

The Pieri coefficients C’ﬁff (5) for the Macdonald-Koornwinder poly-
nomials associated with the multiplication of Py(x1,...,z,;q,t,t;) by
(8) E. (1, 20) = En(21,. ., 203t,to) i=

Z (=) e, (™ fe7i® e T, (T T T
0<m<r
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are given by

(9) L =08 (gt t)

p/\(q7t7tl)
=" V7 g, t,t)U7T. g, t,t
pu(Qatvtl) J+,J7( g 7l) J,r7|.]|( q, 1)7
where
p)\(Q7t7tl) =
[To<i<stifyia)n; (75 7% @) x; 47 (7570 5 D) x, =,
1<j<n T;\j (722 (I)2>\ 1<j<k<n (%j%k;q))\J‘F}\k(%j%k_l;q))\j_)‘k

(which corresponds to the principal specialization value of the polyno-
mial Py(z1,...,2n;¢,t, 1)),

H0<l<3(1 — flf;jqu')‘j)

JGI_IJ to(1 — 7] 2¢j g2 (1 — @?quzeﬂjﬂ)

H (1-— tTEJ +9 TqNTE ) (1 — tTEJ *JJ LqeiNate Aty
3i'€J
J<J
H (1- t%ej%kqeﬂMk)u — 777 g T An)

11— 737 g ) (1 — 7377 g )

VJ”;,J? ()\7Q7t7tl) =

A€G A ’ A€F A ’ - . . .
(1 _ 2 JTJJ quA +e /)\ /)(1 _TjJTjIJ qu/\JJreJ/A]/Jrl)

jeJkeJc

with ¢; = ¢;(J1,J_), and

S(1— 1,757 g%
U, (Nq.t,t) = (—1)7 Z <H H;ggs( 1757 q%979)

~2€5 2eiX; ~2€5 2eix;+1
I, I_CK \jeI to(1 =T 9)(1 — T g )
I, NIi_=0
[Ty |+[1—|=p
17tﬁé7* J q67>\7+6 2y /)(1 7_67’ ]lj/qc7>\7+e /)\/+1)
<1
AEJAJ/ €5 N +5/)\/ €5 ~€57 €5Nj +e /)\/+1
3,3 GI T Ty q )( T T q )
i<j’
A€G A . . A€F A — . PR
B i i s e
AL _ 6] R Y
€Jj €j
JELkEK\I t(1 - T " )AL =7 q )

withe; = €;([y,1-), I =1 UI_andp=0,...,|K|. Inthese formulas it
is assumed-—by convention—that V}' (X;q,t,t;) = 1if J is empty and
that U}é’p()\; q,t,t;) = 1if p = 0; furthermore, the index sets J = J(\, u),
J¢ = J(\ p) and Jr = Jx(A, p), the signs €; = €;(J4,J_), and the
principal specialization vectors 7;, 7; (j = 1,...,n), are all defined in
accordance with the conventions detailed at the end of the introduction.
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Remark 1. The polynomials E.(x1,...,x,;t,to) (8) first arose in
[D1] as eigenvalues of a family of commuting difference operators diag-
onalized by the Macdonald-Koornwinder polynomials. The explicit for-
mula in Eq. (8) was derived in Section 3.3 and Appendiz B of [D1]
by means of certain vanishing properties (cf. also Lemmas 3.1 and 4.2
of [1]). Via Macdonald’s duality symmetry [D3, Sal, the polynomials in
question then entered as multiplying elements in the Pieri formulas for
the Macdonald-Koornwinder polynomials (cf. [D3, Thm 2] and [D5, Sec.
6.1]). In [KNS, Sec. 5] a different representation of E.(x1,...,Tn;t,10)
(8) was found and it was observed that this polynomial amounts in fact
to a special instance of Okounkov’s hyperoctahedral interpolation polyno-
mial [O, R] corresponding to the partition consisting of a single column
of size r. While we used the representation of E.(x1,...,xn;t, to) from
[KNS, Eq. (5.1)] when recalling the Pieri formula for the Macdonald-
Koornwinder polynomials in [DE3], here we have found it convenient to
return to the original expression of the type in [D5, Eq. (5.6)]. The
equivalence of both representations for E.(x1,...,x,;t,10) is seen by
comparing the recurrences in [D1, Lem. B.2] and [KNS, Eq. (5.5)].

2.3. Branching polynomials [DE3]

For A € Ap41 and p € A, with g < A, the branching polynomial
Pyu(x) = Pyju(x;q,t,t)—which arises as the expansion coefficient for
the Macdonald-Koornwinder polynomial in (n -+ 1) variables in terms of
the n-variable polynomials (2)—is given explicitly by

(10a) Pyu(wig,t,t) = Y BY (.t ) (@i to)g
0<k<d

where
<$;t0>q,k — H (eix +e T _ qj—lto _ q_(j_l)tal)
1<i<k
(with (z;t0)q,0 == 1),
d=d\p):={1<j<m| N =p)+1},
and
(10b)
B, (q.t,1) = (~1)FH IO g ) (=0, d),

nm—p' m—=~k

Here (Al = M 4+ -+ Xy, m = LX) (= A1), and N (€ A,,) denotes
the conjugate partition of A, while m™ — p with u C m"™ stands for the
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partition such that (m™—p); = m—pny1—; (j = 1,...,n). The formulas
in Egs. (10a), (10b) reveal that the coefficients of the branching polyno-
mial are given by Pieri coefficients stemming from the multiplication of
dual (¢ ¢ ¢, A &> n™ — X') Macdonald-Koornwinder polynomials by cor-
responding one-column interpolation polynomials E,.(x1,...,Zu;q,to).

Apart from exploiting the above Pieri formulas, the proof in [DE3]
of this branching rule is based on Mimachi’s Cauchy identity for the
Macdonald-Koornwinder polynomials [Mi, Thm. 2.1] (cf. Eq. (47) be-
low) as well as on a special ‘column-row’ case [KNS, Lem. 5.1] of the
Cauchy identity for Okounkov’s hyperoctahedral interpolation polyno-
mials [O, Thm. 6.2] with shifted variables in accordance with [R, Thm.
3.16] (cf. Remark 4 at the end of Section 7 below).

Remark 2. It is known that the highest-degree leading homogeneous
terms of the Macdonald-Koornwinder polynomial Py(x1,...,2Tn;q,t,t;)
consist of the (monic) Macdonald polynomial Py(x1,...,x,;q,t) [D1,
§5.2]. This ties in with the recent observation in [K2, Rem. 6.1] that—by
filtering the terms of leading degree on both sides of the above branch-
ing formula for the Macdonald-Koornwinder polynomials—a celebrated
branching rule for the Macdonald polynomials [M2, LW, Su] is recovered:

PA($1,-~-axn7ff§q,t>: Z Pu(xla’">$’n;q7t)PA/,u(:I:;q7t)

PEN,, pCA
A/ horizontal strip

(N € Apy1), where
Pyu(z5q,t) = M0 By (g,1)
and

+1)™ =N, ;
Byju(a,t) =BS) (g, t,t1) = C,(ﬁl_ilﬁm_dm(taq,tz) with d = [A] — |l
Pnm— (ta Q7tl) m m /
= m_y, m_ gl — st q,t
p(n+1)m7)\/ (t’ q) tl) J("L " 7(TL+1) A )7®( ' ’ )

@7 )y, (@750,

(@55 8) =y, (@F958) 8

1<j<k<m
1— q1+k—jtu}—uL .
< 11 4 11
| 1—gapi—ri ) L
1<j,k<m 1<j<k<m
i#N =2

=N}, i FEN
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H <1 _ q1+kth;—A2.,> (1 _ q1+kjtu;—u;)
= k—i )\/vfkc k—i !
1<j<k<m 1— q It T Mk 1— q JHs T Hk

py =X}
BN

(ql‘j_#kt1+k—j’ q1+uj—>\k+1 tk—j; q)

N 1<j<];[<é(u) (qithamreeh=d, A Ak q)

Aj—Hj

Aj—Hj
*¢f. Eq. (6.13), Rem. 2., and Example 2.(b) of M2, Ch. VL6].

2.4. Whittaker limit (¢t — 0)

For t — 0 the Macdonald-Koornwinder polynomial degenerates into
a deformed ¢g-Whittaker function Py(z1,...,z,;¢q,0,t;) that diagonalizes
Ruijsenaars’s ¢-difference Toda chain with one-sided integrable bound-
ary interactions of Askey-Wilson type [DE1]. The corresponding branch-
ing polynomial for Py(x1,...,2n;q,0,t;)—obtained from Eq. (10a) in
the limit ¢ — 0—is given by

(11a) Paju(w;0,0,t0) = Y BY, (q,0,t0) (@i to)q
0<k<d

with coefficients

(11b) B, (4,0, 1) = (1)l gD o2 g, )

governed by the Pieri coefficients for the Macdonald-Koornwinder poly-
nomials at ¢ = 0:
INCAAD)

12)  CYV7(0,t, 1) == T
( ) A7 ( l) p#(o’ t, tl)

V}i,.], (A, 0, t, tl)U}LC7T'—|J| ()\7 07 t, tl)

These Pieri coeflicients are given explicitly by [DE2]:

P01, 1) := H <Tj7)\j H (1*totlt”*j)>

1<j<n 1<1<3
X;>0
, 1 —gtth=d
n—j+mo(A)\—
X H (1 — totytotat™ I+ ol >) ! H IS

1<j<n 1<j<k<n
Xj=1 N> AL



134 J.F. van Diejen and E. Emsiz

V]:_,J_ ()\’ 07 t? tl) =

H (1 - t0t1t2t3tn—j+mo()\)+m1(A)_mf(k)) H1§l§3(]_ B totltn—j)
Jely (1 — totatatat?(=))(1 — tottatzt2(n=a)+1)
;=0
« H (1 — totytatst™™I7h) H1<l<7n<3(1 — byt ")

(1 — totitatst2(m=9))(1 — tot tatst2(n—9)—1)

jedJ_
)\'—1
; 1—t1+’“ J e
x H (1 — totytatst™ITmoN) H H 9,
jEJ4 1<j<k<n 1<j<n
Aj=1 Aj=Ap €5 >€

with €; = ¢;(J4, J_), and
Ui (X 0,8, 1) := (=1)P x
[Ticics(l = tot ") o
4 — —Jj
Z (H 1-— t0t1t2t3t2(n7j) H (1 tot1tatst )
I ,I_CK \jeli e

I nI_=0 ;=0 Aj=1
[+ |=p

[licicmes(I = titmt"™7) 1 —¢tth=d 1 —¢tth=d
<11 I w5 U 7=

_ 2(n—3) T T
jer_ 1= totatatst j k€K L=t JEI_ kely 1=t
\=1 Nj=Agoej>ep Nj=Ap+1

T 1 — totytotgt?nti=i—k I 1 — totytatgt? 170k

1-— totltgtgtzn_j_k 1- t0t1t2t3t2n—j—k

I keK,j<k
ejtep€{—2,1,2}
Xj=T A p=614c,

JEILUI_ keK\I_
j<k,ep—e;€{0,1}
Aj=014e;,AR=0

—€; e —

e T T ),

JjeEK JkeEK, j<k JkeK, j<k
€jF€ep=0 =g, € —€;=1

with €; = €;(I4+,1_), where we have employed the additional notation
mi(N) = {1 <j<n| X =8 m (\):={je |\ =1} and
Om := 1 if m =0 and J,,, := 0 otherwise.

Remark 3. It is evident from these explicit Pieri coefficients that
the branching polynomial Py, (x;q,0,t;) (11a) corresponding to the de-
formed q-Whittaker function Px(x1,...,2n;q,0,t;) simplifies consider-
ably when one or more of the parameters ti,ty or ts vanish. From the
perspective of Ruijsenaars’ q-difference Toda chain, such parameter re-

ductions amount to a degenerations of the interaction at the boundary
[DE1, Sec. 7].
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83. Wailson level

3.1. Symmetric Wilson polynomials [D2, D5, G]
The symmetric Wilson polynomials are even polynomials

(13) P,\(gcl,...7xn):P)I\/V(xh...,a?n;g,gl) (AeAy)

of the form in Egs. (1a), (1b), with

My(z1,...,2,) = mx(x?, ... 22)
and
(14) Ay, ... x0) =AY (21,... 209, q1) =
To<ics Do +izy) [° (g +i(z; +2))T(g + iz, — xx)) [°

[

1<j<n

[

1<j<k<n

I(2iz;) Dy + )L (i — x))

supported on D = R™. Here T'(-) denotes the gamma function and
it is assumed that g,Re(g;) > 0, with possibly non-real parameters g;
occurring in complex conjugate pairs (I =0,1,2,3).

3.2. Pieri coefficients [D5]
Let

. 1 Ao
do=75(90+g1+9+gs—1) and go+g=g+ag (=123)

The Pieri coefficients C}" (5) for the symmetric Wilson polynomials

associated with the multiplication of Py (z1,...,2,;9,9) by
(15) Ep(x1,...,2,) = EV(x1,...,20:9,90)
= (=1)" > em(@t, . al) (Pl 00)
0<m<r

are given by

(16)
w,n W,p,mn pKV(gvgl) W,n W,n
Oxr = O\ g 90) = Gy Vo (Mg, 90U ey 51 (X 95 91),
’ ’ Y (9,91) 7+ :
where
Y (9, 91) =

CoM T [To<i<3(@ +pi)r; 1 (g+ﬁj+fak)>\j+kk(g+ﬁj_pAk)Aj—)\k.
e (205)27; e, B PR (D5 = P -a
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H Hoglgg(gl +65(p; + ;)

S 265 (pg + X)) (L +2¢€(p; + A5))

" H 9+6J Pj +>\ i)t e (B + X)L+ g+ e(hy +A;) + e Py + Ayr))
(P5 +A5) + e (B + A V(L +€5(p5 + Ag) + €50 (pyr + Ajr))

VI (Nigog) =

33 GJ
J<J

11 (g+¢€(pj+ M)+ b+ Mg+ 6 (ps + ;) — P — M)

X - - A -
(5(Dj +Nj) + P+ M) (€5 (P + Aj) = pr — Ak)

jed keJe

with e; = ¢;(J4,J-), and

Won v, . » [To<i<3(@ +e;(p5 + A5))
Uy (Nsgog) = (=17 Y <]1;[1 2¢;(py + A5)(1+265(p; + X;))

I, I_CK
I ni_=0
[Ty 1+1-|=p

" H g+€; P+ N) F e (pyr + X)) (L —g+ei(ps + ) + e (pir + A1)
sder (€5(pj +Aj) +ejr(pjr + X)L+ €5 (P +Aj) +e€5r(pjr + Ajr))
.7<.7

< 11 (g+¢€(pj+ M)+ b+ Me)(g +6(ps +A;) — pr — M)

(€65 (P5 + Aj) + P+ M) (€5 (D5 + Aj) — r — k)

JELKEK\I

with €; = ¢;(I4,I-), I = I UI_ and p =0,...,|K|. Here p; and p;
(j =1,...,n) are defined in accordance with the COHVeIlthIlb at the end
of the 1ntroduct10n.

3.3. Branching polynomials

Upon performing a rescaling of the trigonometric variables z; — ax;
and picking parameters of the form

(17a) g=e" % t=e Y, 1= (1=0,1,2,3),

the Macdonald-Koornwinder polynomials degenerate into the symmetric
Wilson polynomials in the rational limit & — 0 [D5, Sec. 4.1]:

(17b) PXV(ajl, Tl Gy gl) = oléii%(—a_Q)wP,\(axl, e QR Lt ).

The corresponding rescaled branching polynomials are of the form
(—az)p“_““P)\/H(aﬂc;q,t,tl) (10a), (10b), and degenerate in this limit
into the following branching polynomials for the symmetric Wilson poly-
nomials:

(18a) Py (x9,9) = Y BYv(9,90)(90 + i, go — iw)k
0<k<d
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with

W,k — m —|p|— W,(n+1)"" =X ,m
(18b) | BY/¥(g, 1) = (—1)A=lebm g2X=lul =k o) (5. %)

nm—u' m—=~k

for k=0,...,d=d(\, ). Here one uses that

iig})(—@d)kwxat@q,k = (90 +i7)x (90 — 1)k

and that

lim (—a~ 2=l =27 O (g, ¢, 4) = CY " (g, 1),

a—0

§4. Continuous Hahn level

4.1. Symmetric continuous Hahn polynomials [D2, D5]
The symmetric continuous Hahn polynomials

(19) Pa(zr,.a) = PST (21, 2059,90,01) (A€ Ay)
are of the form in Eqs. (1a), (1b), with

My(z1,. .. xn) = ma(x1,...,Tp)
and

(20) A(mlv e ,(En) = ACH((Elv cee vmn;ga.gOagl)

= [I IT(go +iz))T(gr +ixy)* ][]

1<j<n 1<j<k<n

L(g+i(a; — )|

D(i(zj — 1))

supported on D = R™. Here it is assumed that g and Re(go), Re(g1) are
all positive.

4.2. Pieri coefficients [D5]
Let

1 1
go = —5 T Re(go) + Re(g1), g1 = 5 + Re(go) — Re(gy)

and

2 = 5 + i(Im{go) — Tm(g0)).
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The Pieri coefficients C{"" (5) for the symmetric continuous Hahn poly-

nomials associated with the multiplication of P (21,...,2n:9,90,91)
by
(21) Bo(xy,...,2,) = EH(z1,. .. 2059, 90)
= (=1)" Z en(izy, ... i) (pPry- oy pn)
0o<m<r

are given by

H,p,
(22)  CLr =5 (g o, g1)

P5H(9:90: 1) rertn oy i, )
:mvf%ﬁ()\,9790791)U§c$£w(>\79790791)7

where

piH(g,gmm) =
M [Mo<i<2(G1 + pi)r; I (94 D+ Pr)x;+7, (9 + P — Pr)r;—x,
(205)2, <ichan i PR (D5 = Pr)A -

b
1<j<n

H 0<i<2 (91 + €5(ps +A5))
26] i+ X)L+ 2€;(pj + A5))

" H g+ E] (P +/\ )+€j'(ffj' + )1 +9+A€j(ﬁj + ) +fj’(ﬁj' +A5))
ii'es 305+ X5) e (B +A50)) (L +€;(p; + Aj) + €5 (pjr + Ayr))
J<J
< 11 (9+€j(!:’j+)\j)+p:k+>\k)(g+fj(ﬁj+>\j2—ﬁk—)\k)
(€5(Pj +A;) + P+ M) (€5 (P + Aj) — P — Ax)

jeJ keJe

with ¢; = ¢;(I4,1_), and

[o<i<2(@ +€5(h; + X))
U™ (M g, g0, 1) == (=1)P 0sI< -
w9090 = (C0T 3 (g 265 (5 + A5) (1 +2€;(p; + A;))

I,.,I_CK
I, NI_=0
[Ty |+|I-|=p

" H g+€J Pi T X)) T e (pyr X)) —g+e;(ps +A;) +ejr(pyr + Njir))
sier 3 (Ps +A5) + e (B + A )L+ €5(p5 + Ag) + €50 (pyr + Ajir))
]<J

o H (g4 € (p5 + X))+ pr + M) (g + €5(p; + Aj) — pr — /\k)>

sermerys (€05 X))+ b+ M) (€ (Py + A) = P — Ax)

withe; =¢;([4,1_), I=1y UI_andp=0,...,|K|.
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4.3. Branching polynomials
Upon picking parameters of the form

(23a) g=e" % t=e Y t=1o=—ie"* (1=0,1),

the Macdonald-Koornwinder polynomials degenerate into the symmetric
continuous Hahn polynomials in the shifted rational limit [D5, Sec. 4.2]:
(23b)
P (xy, ... 209,90, 91) = lim (2a)_|>“P)\(ax1—z, . 7cwztn—ﬁ; q,t,t;).
a—0 2 2

The corresponding branching polynomials (2a)~AFIkl Py sulax —
53¢t ;) (10a), (10b) are seen to degenerate in this limit into the fol-
lowing branching polynomials for the symmetric continuous Hahn poly-
nomials:

(24a) P (wi9,90.91) = Y BS (9,90, 91) (90 + i)
0<k<d

with

Hk ) _ il —k e H (n1)™ =N,
BN (g, 90, g1) = i (=) ATl gNm =k g DT (L g,

(24b)

e

)

for k=0,...,d =d(\ p). Here one uses that

. o \—k _E _ .
(BEB( 2ic) "oz 2,to>mk (90 +ix)

and that

lim (2a) " MFI(204) 7T CR T (g, 8, 01) = CF" (9, 90, 91)-

a—0

§5. Jacobi level

5.1. Symmetric Jacobi polynomials [V, HO, H, M1, D, L1,
BO, BF, DLM, DES, HL, K2]

The symmetric Jacobi polynomials are trigonometric polynomials
(25) Py(x1,...,20) = PY(x1,...,%0; 9,90, 1) (A eA,)
of the form in Egs. (1a), (1b), with

My(21,... @n) = mp(eh + €75 L et e i)
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and

(26) A($17"'7zn):AJ(IIM"vxn;gngu!]l)
2gg—1 . . R
T ) oG () (257

j<n 1<j<k<n
supported on D = [—m, 7]™. Here it is assumed that the parameters g, go
and ¢; are all positive.

291 -1 29

5.2. Pieri coefficients [D5]
Let

1 !
go=§(go+91—1) and 91=§(go—91+1)-

The Pieri coefficients C{"" (5) for the symmetric Jacobi polynomials
associated with the multiplication of Py (x1,...,2n;9, 90, 91) by

(27) Ep(x1,...,x,) =FE (x1,...,2,)

=(=1)"e, (sin2 (%) ,...,sin? (%))

are given by

(28)  OX =C1"(9.90,91)

pk(g 90, 91)

V )\ ’ U c )\ s
Py 7 (9590, 91) J*"] (A:9:90.91) J = |J|( 19,90, 91),

where

P3(9: 90, 91) =
4 H (Go + pj> 1 + Dj)x, H (9+Pj + i)+ (9 + D5 — Pr)x—x,
i (205)27; i itien P T PRN e (D5 — PE)N

I

(9o + €5 (55 + 2191 + €(5; + A1)
ey 265005+ )+ 26 (55 + A)))
" H 9+Ey P Ag) F e (pyr + X)L+ g+ €5(p5 + Nj) + e (pyr + A1)
(P5 +25) e (B + X)L+ €5(p5 + Ag) + €50 (pyr + Ajr))

Vit (%g.90.91) =[]

J:J eJ
i<i’

11 (9 +€i(hj+ ) + Pk + M) (g + € (P +Aj) = P — Ax)
(€5 (D5 + Aj) + P+ Ae)(e5(D5 + Aj) = P — Ax)

X
jeJkeJe
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with €; = €;(Jy, J-),

Ui 9,90, 91) = ()P >
I, 0_CK
I NI_=0
1Ly 1 +11_|=p
" H 9+ €5 (py +A5) €5 (pyr + X)) (1 — g+ €;(pj + Ag) + €50 (pyr + Ajr))
(e5(p; +XNj) + € (pjr + X)X +€;(p; + Xj) + €57 (pjr + Ajr))

(H (Go + &5 (B + A3). 91 + &5 (h5 +A3))

o 265005+ )+ 26 (p5 + 4y))

353 61
.7<.7

< 11 (g+€i(pj + M)+ pr+ M) (g +€5(Dj +Aj) = pe — M)
sernery (€05 ) P+ M) (€5 (55 + A7) = i — Ax)

with ¢; = ¢;(I,1_), =TI, UI_ and p=0,...,|K].

5.3. Branching polynomials
Upon picking parameters of the form

(29a) t=q¢’, t=(-1)l¢" (1=0,1,2,3)

such that hg + ha = go and h; + hy = g1, the Macdonald-Koornwinder
polynomials degenerate into the symmetric Jacobi polynomials for ¢ — 1
[M3, §11], [D1, Sec. 4.1], [D5, Sec. 4.3]:

(29b) P)L\](xh s 7xn;91907gl) = ;L}Hﬁ PA(xla cee 7xn;Q7tatl)~
The corresponding branching polynomials Py, (z; g, t, ;) of the form

in Egs. (10a), (10b) are seen to degenerate in this limit into the following
branching polynomials for the symmetric Jacobi polynomials:

(303,) PJ/\/H,(Jj g, 90791 Z B)\/H g, go,g1)51n2k (2)
0<k<d
with
Jk m (n+1)™ =X m
(30b) B)\/H(g’go’gl) =4 ( )l)\l W‘Cn’” u?m—k (57%0’%)

for k=0,...,d = d(\, p). Here one uses that

: _ , x
lim (—4) " (x, t0)g.x = sin?* (5)

q—1

and that
L , BATS
Jim 47O (g, 1 10) = " (9,90 ).
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86. Laguerre level

6.1. Symmetric Laguerre polynomials [M1, L2, BF, D4, X,
ADO, DES, HL)]

The symmetric Laguerre polynomials are even polynomials
(31) Py(z1,...,2,) = PE(21,. .., 2059, h,w) (A eA,)
of the form in Egs. (1a), (1b), with

My(z1,...,2,) = my(x?, ... 22)

(32) A(zla"wxn):AL(Ilv"'axn;g7haw)
= H emwT \xj|2h_1 H |1’? - x%|29
1<j<n 1<j<k<n

supported on D = R”. Here it is assumed that the parameters g, h and
the scaling parameter w are all positive.

6.2. Pieri coefficients [D4]

The Pieri coefficients C’ﬁff (5) for the symmetric Laguerre polyno-
mials associated with the multiplication of P){’(:,El, ey Tny g, hyw) by
(33) En(x1,...,2,) = EX(z1,...,2,) = e, (22,...,22)

are given by

(34) O =C{l (g hw)

—Tr L 7h’?w n n
= (—w) MVﬂ,J_(A;g,h>UL* (A\rg, ),

pﬁ(g,h,LU) Jer=|J]|
where
- . (L+(k=37)g)x,-»
L A &
P (g, hyw) = (—w) ™ ((n—7)g+h), . .
191—-[91 1§jllgn (k= 5)9)x;-x

Vi (hgh) = T (=g +h+x) [] (n=d)g+x)

JE€J+ jeJ_
g g

X 1+ " - ) (1 + — - )

jg+( (" = 9)g+ X — Ay (' =g+ — Ay +1

jeJ_

g g
X 1+ - )> (1 _ i >7
jg+ < (k_j)g+/\j_)\k jg, (k_])g'f')\j—)\k

kgJ L UJT_ kgJ L UJ_
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and
Ugrxigh) =0 > T (e=dg+h+X) [] (n—5)g+\)
Iy, I_CK jeli JeI_
I,ni_=0
[ T4 |+[I-|=p
g
14 )(1 )
Je,we,( Vi +A = Ay ' =dg+X — Ay +1
g
1+ )) 11 <17 . )
jels ( _] g+)\ _)\k jer (kf—])g-i‘)\j—)\k
kEK\(I+UI ) keK\(I4UI_)

forp=0,...,|K|.

6.3. Branching polynomials
Upon picking parameters such that

1
wi 3
with wyp + w1 = w, the symmetric Wilson polynomials degenerate into

the symmetric Laguerre polynomials via the following limit [D4, Sec.
4.1]:

(35a) got+gr=h and g2= (1=0,1),

(35b)  Pl(w1,..@ig hyw) = lim BANP (%, T 1),
B—0

The corresponding rescaled branching polynomials are of the form
B2IA= |“DPW (539, 91) (18a), (18b) and converge correspondingly to the
following branchmg polynomials for the symmetric Laguerre polynomi-
als:

(36a) Py (@i how) = Y By (g,hw)a™
0<k<d
with
L n 1'71_A/ w
(36b) By, hyw) = ()M PIRO I TR b )

for k=0,...,d = d(\ p). Here one uses that
lim 8%*(go + izB ") (go — iaB™ ") = 2**
B—0

and that

éii%(_l)rﬁﬂl)\‘_‘#‘+T)C)‘j[,/;~mn(g;gl) _ Cff’"(g,h,w).
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§7. Hermite level

7.1. Symmetric Hermite polynomials [M1, L3, BF, D4, X
DES, HL]

The symmetric Hermite polynomials
(37) Py(z1,. . 20) = P (x1,. .. 205 g,w) AeAy)

are of the form in Egs. (1a), (1b), with

My(x1,. .. @) =ma(X1, ..., 2p)
and
(38) Az, .., 2) :AH(xl,...,xn;g,w)
= H e H |z — xx]*
1<j<n 1<j<k<n

supported on D = R™. Here it is assumed that the parameter g and the
scaling parameter w are both positive.

7.2. Pieri coefficients [D4]

Let us denote by C;*"(g,w) the Pieri coefficients C4" (5) as-
sociated with the multiplication of the symmetric Hermite polynomial
PH(z1,...,2,;9,w) by the elementary symmetric polynomial

(39) E.(x1,...,2,) = Ef(mh cesp) = ep(T1, ., Tp).

It is known that Cf;“’"(g,w) = 0 unless p ~, A, but unlike in the pre-
ceding cases above, a general explicit expression for this Pieri coefficient
is not available except when the cardinality of J = J(\, u) is equal to r:

H
n p n
(10) ¢ <g,w>=pggzivﬁ’,J<A;g,w> (when 14| + |J_| = r),
m

where

. (L+ (k= 5)9)x- 2
A= 1 G5
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and

H,n (n_.j)g+)‘
VJ+,J, ()‘;97("}) = H TJ
jeJ_

g 9
X | | 14+ —— ><1+ R )
jEJ+7j/EJ( U =dg+X = Ay (G =09+ A=Ay +1

< (gt =n) i (- —n)

JjeJt
kgJ,UJ_ kdJ UJ_

7.3. Branching polynomials
Upon picking parameters such that
1
w3
with wy +w1 = w, the symmetric continuous Hahn polynomials degener-

ate into the symmetric Hermite polynomials via the following limit [D4,
Sec. 4.1]:

(41&) g1 = (1=0,1)

(41b)  P(@1,.. . mpig,w) = lim BRPEH (5L g, go, g1).
B—0

Since it turns out to be very cumbersome to perform the limit (41a),
(41Db) at the level of the Pieri coeflicients, we have done so instead at the
level of the Cauchy identity (see Appendix A). This allows to deduce
the branching formula for the symmetric Hermite polynomials directly
following the approach in [DE3, Sec. 4] for the Macdonald-Koornwinder
polynomials.

Specifically, by expanding the first two factors of the trivial identity

I @-2= [ @i-=) [] @ -z

1<j<m 1<j<m 1<j<m
1<k<n+1 1<k<n

with the aid of the Cauchy identity for the symmetric Hermite polyno-
mials in Eq. (52), and employing the elementary expansion
(42)

H (xj —2) = Z (=)™ Tep(x1,. .o mm) 2™, 2= Znt1,

1<j<m 0<r<m

for the last factor, one arrives at the equality

Z (_1)m(n+1)*\>\|PAH(1'1, L. ,xm;g7W)P,,Ifn+1_,\/(Z17 ey Zn4l; %, %)
AC(n+1)™
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= Z (—1)mntD=lul=r (Pﬁyz,#,(zl, T %, %)z;”;{

X er(xl,...,xm)Hf{(xl,...,xm;g,w)>.

After invoking the Pieri formula for the symmetric Hermite polynomials
and reordering of the summations, the RHS is rewritten as

= Z (_1)m(n+1)_‘)\|(P){{(xl7'"7-/Em;g7w)

AC(nt+1)m

X Z (—1)"+"\‘_|“|C£;A’m(g,w)Pﬁn,H,(zl,...,zn;é,%)zf{’!{).

uCn™, 0<r<m

e A

Hence, it is seen by comparing with the LHS that for any A C (n+1)™

H L1 —
Pmn+1_A/(Zl7 sy Antls 9’ %) -
_1\r A=l o H A m H .1 owy m—r
E (-1) Cli ™ (g, w) Prn (21, -+, 205 55 %) 201
uCn™, 0<r<m
e A

i.e. for any A € m" ™! (cf. [DE3, Lem. 5]):

Pf(2’17-~~ Zny150,W) =
m_ s
Z ( 1)m r+ A= |H|0H(n+1)r -\, (%,ﬁ)Pf(zl,-~-,Zn;g7w)ZZL+71T-
pCm™, p=A

m—d(AuW)<r<m

The upshot is that the branching rule for the symmetric Hermite
polynomials is of the form in Eq. (2) with the one-variable branching
polynomial given by

(43&) P)\/p T;g9,w Z B)\/'u g,w

0<k<d
where

_ H,(n m™_\,m w
(43b) | ByE(gw) = (~)FHH=RIGH DTN (L )

for k=0,...,d =d\ pn).

Remark 4. FExcept for the Hermite case, the explicit formulas for
branching polynomials in this paper were all obtained via straightforward
limit transitions as degenerations of the branching polynomials for the
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Macdonald-Koorwinder polynomials derived in [DE3]. Given the perti-
nent Pieri coefficients, however, one may alternatively derive the branch-
ing rules in question directly from the corresponding Cauchy identities
by adapting the above proof for the Hermite case. At the Askey-Wilson
level, this boils down to replacing in the proof at issue: (i) the degenerate
Cauchy identity (52) by Mimachi’s Cauchy identity (47) and (i) the el-
ementary expansion (42) by the special ‘column-row’ case of Okounkov’s
Cauchy identity in [KNS, Lem. 5.1]:

(44) H (ei:c_,» _|_e—imj — et e—iZ) —

1<j<m

Z (_1)m7TET(x13 ey Imy ta tO) <Z; t0>t,m—r'

0<r<m

Indeed, this way one precisely reproduces the proof of the branching rule
for the Macdonald-Koornwinder polynomials in [DE3, Sec. 4]. The
branching rules for the remaining hypergeometric families follow in turn
with the aid of the degenerate Cauchy identities in Appendiz A and the
corresponding degenerations of the ‘column-row’ Cauchy identity (44).
At the Wilson level and the continuous Hahn level the degenerations of
the latter ‘column-row’ Cauchy identity become of the form

(45)
T -~
1<j<m
()™ 3" EW (01, @ig,go) g (kiE wsizy
0<r<m
and
(46)

II @—2=i" > Ef@ ... omig.90) g™ " (L),
1<5j<m 0<r<m

whereas at the Jacobi level and the Laguerre level the degenerate Cauchy
identity is of the elementary form in (42), up to a trigonometric change
of variables r; — sin? (%J), z — sin? (5) and a quadratic change of

2
variables x; — x?, 2z — 22, respectively.

Remark 5. It is known (cf. e.g. [M1, L3, BF, D4]) that the highest-
degree leading terms of P (z1,...,2,;g,w) consist of the (monic) Jack
polynomial Py(x1,...,2,;9). By filtering the highest-degree terms on
both sides of the branching formula (2) for the symmetric Hermite poly-
nomial Pf (z1,...,2Tn;g,w), one recovers in turn a celebrated branching
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rule for the Jack polynomials [St, M2, OO1]:

Py(z1,... 20,27 9) = > Py, 203 9) Pyl 9)
REN,, nCA
A/ p horizontal strip

(N € Apy1), where

P)\//L(:E;g) = ZE‘)\'_IMIB)\//L(Q)

and

H,d H,(n+1)™—=X',m w .
Bajul9) =By, w) = Coun ™0 20 ™ (5, %2) with d = |A| = |l

P ()

H,m m /.1 w
7;,1‘17(,1)VJ(nm—u',(n+1)m_,\/),@(n —N7§7;)
(n+1)m—X'\g

1 A+ k=g D —y, (B=5)97)ny-n,
r<ichem (B0 (L (k= )g7 ),

-1
9
X 1+ - >
1<j1;[<m( (k= 0)g~" + p — m,
I
p =X

1 1
1o (- )
lsjllgm( k=J+g(x =) k= +9(uf —m)

RN
HG=NG

B FEN,
I (15 = p+ gL+ k = 3). 1+ 15 = Migr + 9k = 9)a, -,
Ity — o+ 9k =), 15 — M1 + 9L+ k= 5))x;—p;

1<j<k<O(p)

This branching formula for the Jack polynomials amounts to the t = ¢9,
q — 1 degeneration of the branching rule for the Macdonald polynomials,
cf. Remark 2 of Section 2 above.

SAppendix A. Hypergeometric Cauchy identities

This appendix collects the degenerations of Mimachi’s (dual) Cauchy
identity for all families of symmetric hypergeometric polynomials consid-
ered above. At the lowest level of the symmetric Hermite polynomials,
we relied on the pertinent Cauchy identity for a direct verifcation of
our branching rule in the absence of explicit limiting expressions for the
corresponding Pieri coefficients.
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A.1. Askey-Wilson level [Mi, Thm. 2.1]
(47) H (e 4 7™ — gk _ g7i%h) =
1<j<m
1<k<n
( 1)mn7\/\\P)\( ~;xm;Qat7tl)Pm”—)\/(Zl7 wZn;taq,tl)
ACn™
When t = ¢, tg = —t; = ¢/? and to = —t3 = ¢, Mimachi’s Cauchy
identity (47) recovers a well-known Cauchy identity for the symplectic
Schur functions [Mo, K, T, HK]
A.2.

Wilson level

@) JJ @<=

1<j<m
1<k<n

Z (_QQ)mn_l/\‘P)‘\/V(xlu sy Tms G, gl)Pm” )\’(?1 )
ACn™

Eq. (48) is obtained from Eq. (47) via the limit transition (17a), (17b)
A.3.

Continuous Hahn level

Zn . 1
79’9’

<Q|$

E\_/

_Zk

I/\|/\

7%

(_g)mni‘)\lpkcH(l‘h . azm;g7907gl)Pﬁf£{—)\’(%a ey %7
ACn”YL

Q =

g0
v g

Qe

)

(49) is obtained from Eq. (47) via the limit transition (23a), (23b)
A4,
(50)
H (eimj + ey _ iz

Jacobi level [Se, Sec. 6], [Mi, Thm. 4.1]

_ efizk) —

—_—
\/\l/\
\/\I/\

—IA pJ
Z A
ACn

y Tms 9, 907gl)Pmn )\/(2«'1, .

Eq. (50) is obtained from Eq. (47) via the limit transition (29a), (29b)
[Mi].



150 J.F. van Diejen and E. Emsiz

A.5. Laguerre level

(51)
Il @ -2 =
1<j<m
1<k<n
(_1)mn*M|P){‘($1, e T h,w)P,ﬁn_)\,(zl, ey Zn; %, %, %)
ACn™

Eq.

—~

51) is obtained from Eq. (48) via the limit transition (35a), (35b).

A.6. Hermite level

62 ] (@ —a) =

1<j<m
1<k<n

Z (=)= NPH @y xp g, w) PR (21 2 %, %)
ACn™

Eq. (52) is obtained from Eq. (49) via the limit transition (41a), (41Db).
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