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Cusp singularities and quasi-polyhedral sets

Masanori Ishida

Abstract.

We study cusp singularities from the viewpoint of locally poly-
hedral sets and reflection groups. Following the definition of quasi-
polyhedral sets by Grünbaum, we consider a special kind of rational
quasi-polyhedral sets with group action and refer to the relation with
cusp singularities. We give also some examples of such quasi-polyhedral
sets by using discrete groups generated by reflections.

§ Introduction

In [T], Tsuchihashi defined toric type isolated cusp singularities by
generalizing cusp singularities in dimension two. This class of singu-
larities includes the cusp singularities of Hilbert modular varieties in
general dimension, and more generally, the cusp singularities appearing
in Satake compactifications of Q-rank one tube domains (cf. [SO, 2.1]).
However, besides these arithmetic cusp singularities, it is hard to give ex-
amples. Although Tsuchihashi gave some examples is dimension three,
we do not know whether there are many toric type cusp singularities in
general dimension or not.

In this note, we study cusp singularities from the viewpoint of locally
polyhedral sets and reflection groups. Following the definition of quasi-
polyhedral sets by Grünbaum, we consider a special kind of rational
quasi-polyhedral sets with group action and refer to the relation with
cusp singularities. In order to give examples of such quasi-polyhedral
sets with group action, discrete groups generated by reflections will play
an important role. In Sections 3 and 4, we will introduce some examples
of groups generated by reflections.
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§1. Quasi-polyhedral sets

Let r be a non-negative integer and M a free Z-module of rank r.
We consider convex sets in the real space MR = M⊗ZR of dimension r.
As a subset of MR, M is called the lattice, and points of MQ = M⊗ZQ
are called rational points. A non-empty subset C of MR is called a cone
if ax ∈ C for any x ∈ C and a ≥ 0. A non-empty C is a convex cone
if and only if ax + by ∈ C for any x, y ∈ C and a, b ≥ 0. By an open
cone, we mean an open convex set C such that C ∪ {0} is a cone. For
a convex cone C, we set L(C) = C ∩ (−C). L(C) is the largest linear
subspace included in C. A closed convex cone C is said to be strongly
convex if L(C) = {0}.

For any subset S of MR, the cone generated by S is the set of finite
linear combinations of S with non-negative coefficients, which is {0} if
S is empty. The cone C generated by a finite set S is called a polyhedral
cone, which is always a closed convex cone. The polyhedral cone is said
to be rational if S is a subset of MQ. A rational polyhedral cone is
written as C = R0x1+ · · ·+R0xs for a subset {x1, . . . , xs} ⊂ M , where
R0 = {c ∈ R ; c ≥ 0}.

We set N = HomZ(M,Z) and NR = N ⊗Z R. Polyhedral cones of
NR are defined similarly. A strongly convex rational polyhedral cone in
NR, which is used in the definition of affine toric variety, is called simply
a cone, and usually denoted by a Greek lowercase letter such as σ, τ ,
and so on. Namely, if we write “a cone σ in NR”, then σ is a strongly
convex rational polyhedral cone in NR.

Let 〈 , 〉 : MR × NR → R be the natural R-bilinear map. For an
element x ∈ MR, we set

(x ≥ 0) = {u ∈ NR ; 〈x, u〉 ≥ 0}
and

(x = 0) = {u ∈ NR ; 〈x, u〉 = 0} .

A subset ρ of a cone σ in NR is called a face and expressed as ρ ≺ σ if
there exists x with σ ⊂ (x ≥ 0) and ρ = σ ∩ (x = 0). The set of faces of
a cone σ is denoted by F (σ). The dual cone σ∨ in MR is defined by

σ∨ = {x ∈ MR ; σ ⊂ (x ≥ 0)} ,

while
σ⊥ = {x ∈ MR ; σ ⊂ (x = 0)} .

Note that each x ∈ σ∨ defines the face σ ∩ (x = 0) of σ.
For a cone σ in NR, the relative interior of σ, which is denoted by

rel. int σ, is the interior of σ in the minimal linear subspace containing
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it. It is known that u ∈ σ is in the relative interior if and only if
σ∨ ⊂ (u ≥ 0) and σ∨∩ (u = 0) = σ⊥ (cf. [O, Lemma A.4]). The relative
interior of a polyhedral cone in MR is defined similarly.

Lemma 1.1. Let σ be a (strongly convex rational polyhedral) cone
of NR. Then we have the following.

(1) σ itself and the zero cone 0 = {0} are in F (σ), and each ele-
ment of F (σ) is a cone.

(2) The dual cone σ∨ is r-dimensional, and contains the (r −
dimσ)-dimensional linear subspace σ⊥ as a face. σ∨ is strongly
convex if and only if dimσ = r. The dual cone of σ∨ in NR is
equal to σ.

(3) F (σ) and F (σ∨) are finite sets. There exists a bijection defined
by mapping ρ ∈ F (σ) to σ∨ ∩ ρ⊥ ∈ F (σ∨).

(4) If x ∈ σ∨ defines a face ρ ∈ F (σ), then x is in rel. int(σ∨∩ρ⊥)
and σ∨ +Rx is equal to ρ∨. A point u ∈ rel. int ρ defines the
faces ρ⊥ and σ∨ ∩ ρ⊥ of the r-dimensional cones ρ∨ and σ∨,
respectively.

(5) For any x ∈ σ∨, σ∨ is a closed neighborhood of x in σ∨ +Rx.

Proof. We prove only (5). See [O, Appendix] for the others. Set
ρ = σ ∩ (x = 0). Assume {u1, . . . , ut} generates σ, and u1, . . . , us ∈ ρ
and us+1, . . . , ut �∈ ρ. In this case, ρ is generated by u1, . . . , us, and
σ∨ + Rx = ρ∨ = (u1 ≥ 0) ∩ · · · ∩ (us ≥ 0). Then ρ∨ ∩ (us+1 >
0) ∩ · · · ∩ (ut > 0) is an open neighborhood of x in ρ∨ included in
σ∨. Q.E.D.

A non-empty closed convex subset P ⊂ MR is called a quasi-
polyhedral set if P − x = {y − x ; y ∈ P} is equal to a polyhedral
cone Cx in a neighborhood of the origin for all x ∈ P (cf. [G, p. 36]). In
this case, Cx is equal to the cone generated by P−x. A quasi-polyhedral
set P is said to be rational if Cx is rational and x+ L(Cx) is a rational
affine subspace for every x ∈ P , non-degenerate if P contains an interior
point and strongly convex if P contains no line.

For an element u ∈ NR and a real number a, we set

(u ≥ a) = {x ∈ MR ; 〈x, u〉 ≥ a}
and

(u = a) = {x ∈ MR ; 〈x, u〉 = a} .

(u ≥ 0) is a closed half space and (u = a) is a hyperplane if u �= 0.
A non-empty subset Q ⊂ P is said to be a face of P if there exist
u and a such that P ⊂ (u ≥ a) and Q = P ∩ (u = a). A face Q
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is also a quasi-polyhedral set and it is non-degenerate in the minimal
affine space containing it. However, when we consider rational points
or lattice points for Q, we have to assume suitable conditions on the
affine subspace. A 0-dimensional face is called a vertex. Any face of a
face of P is also a face of P , and any quasi-polyhedral set has a proper
face if it is not an affine subspace. In particular, a minimal face of
a quasi-polyhedral set is an affine subspace. Hence, a strongly convex
quasi-polyhedral set has at least one vertex.

For a non-empty closed convex set D of MR, the characteristic cone
cc(D) is defined by

cc(D) = {y ∈ MR ; x+R0y ⊂ D}
for x ∈ D. Since we assume D closed, this definition does not depend on
the choice of x, and cc(D) is a closed convex cone (cf. [G, p. 24]). D is
bounded if and only if cc(P ) = {0} by [G, 2.5.1]. For closed convex sets
D1, D2 ⊂ MR with D1∩D2 �= ∅, we have cc(D1∩D2) = cc(D1)∩cc(D2).
In particular, cc(D1) ⊂ cc(D2) if D1 ⊂ D2.

We set cc-dim(D) = dim cc(D). The closed convex cone cc(D) is not
a polyhedral cone in general even if D is a quasi-polyhedral set. Here,
we prove the following elementary lemma for reader’s convenience.

Lemma 1.2. Let C ⊂ MR be a closed convex cone. Then u ∈ C∨

is in int(C∨) if and only if C ∩ (u = 0) = {0}.
Proof. We fix an Euclidean metric on MR. Let S ⊂ MR be the

unit sphere with the center at the origin. Then u ∈ NR is in C∨ if and
only if it is non-negative on C ∩S. If C ∩ (u = 0) = {0}, then the linear
function u restricted to C ∩ S has the positive minimum since C ∩ S is
compact. Hence u′ ∈ NR sufficiently near u is positive on the compact
set C ∩ S. This means that u is in the interior of C∨.

Next assume that there exists non-zero x ∈ C with 〈x, u〉 = 0. We
may assume x ∈ C ∩ S. Since x is not zero, there exists v ∈ NR with
〈x, v〉 < 0. Then for any positive a, we have 〈x, u+ av〉 < 0, and u+ av
is outside C∨. Hence the limit u is not in int(C∨). Q.E.D.

We need the following lemma for the proof of Theorem 1.4.

Lemma 1.3. Let P be a non-degenerate strongly convex rational
quasi-polyhedral set. For x, y ∈ P , we have C∨

x ⊂ (y − x ≥ 0), C∨
y ⊂

(x− y ≥ 0), and the equalities

C∨
x ∩ C∨

y = C∨
(x+y)/2 = C∨

x ∩ (y − x = 0) = C∨
y ∩ (y − x = 0)

hold.
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Proof. If x = y, then the assertions are obvious. Hence we assume
x �= y. The former two inclusions follow from y−x ∈ Cx and x−y ∈ Cy.
By these inclusions, we have C∨

x ∩C∨
y ⊂ (y−x = 0). Since x−(x+y)/2 =

(x − y)/2 and y − (x + y)/2 = −(x − y)/2 are in C(x+y)/2, we know
C∨

(x+y)/2 ⊂ (y − x = 0). In general, we have C∨
w =

⋂
z∈P (z − w ≥ 0)

for w ∈ P . Since the linear functions z − x, z − y, z − (x + y)/2 are
equal in the hyperplane (y − x = 0), these four cones in (y − x = 0) are
equal. Q.E.D.

For a non-empty quasi-polyhedral set P , we define

Σ(P ) = {C∨
x ; x ∈ P} .

A non-empty set Σ of cones in NR is said to be a fan if (1) σ ∈ Σ
and ρ ≺ σ imply ρ ∈ Σ, and (2) if σ, τ ∈ Σ, then σ ∩ τ is a common face
of σ and τ . The support |Σ| of a fan Σ is defined by |Σ| = ⋃

σ∈Σ σ. The
support is not necessarily closed if Σ is infinite.

Theorem 1.4. Let P be a non-degenerate strongly convex rational
quasi-polyhedral set. Then Σ(P ) is a fan of NR such that

int(cc(P )∨) ⊂ |Σ(P )| ⊂ cc(P )∨ .

Σ(P ) is locally finite at each point of int(cc(P )).

Proof. Since P is non-degenerate, Σ(P ) is a non-empty set of
strongly convex cones.

For any σ ∈ Σ(P ), there exists x ∈ P with C∨
x = σ. If ρ is a face

of σ, then ρ = σ ∩ y⊥ for y ∈ rel. int(σ∨ ∩ ρ⊥) ⊂ Cx. We take ε > 0
sufficiently small so that x+2εy ∈ P . Then (x+(x+2εy))/2 = x+εy ∈ P
and, by Lemma 1.3, C∨

x+εy = C∨
x ∩ (2εy = 0), which is equal to ρ. Hence

ρ ∈ Σ(P ). If σ = C∨
x and τ = C∨

y for x, y ∈ P , then σ ∩ τ is a common
face of σ and τ defined by y− x and x− y, respectively, by Lemma 1.3.
Hence Σ(P ) is a fan. Since P − x ⊂ Cx, we have cc(P ) ⊂ Cx and
σ = C∨

x ⊂ cc(P )∨. Since σ is arbitrary, we have |Σ(P )| ⊂ cc(P )∨.
Let u be in int(cc(P )∨). We take a ∈ R such that P ′ = P ∩ (u ≤ a)

is non-empty. Then P ′ is bounded since

cc(P ∩ (u ≤ a)) = cc(P ) ∩ (u ≤ 0) = {0}
by Lemma 1.2. By the compactness of P ′, there exists x ∈ P ′ ⊂ P such
that the linear function u has the minimum value. We have u ∈ C∨

x ⊂
|Σ(P )| for this x. Hence int(cc(P )∨) is contained in |Σ(P )|.

Consider the face Q = P ∩ (u = 〈x, u〉) of P for the above u and
x. Q is bounded since it is contained in P ′. Let x1, . . . , xs be the set of
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vertices of Q. We set σi = C∨
xi

for i = 1, . . . , s. For each i, u is in σi

and Q−xi is equal to the face Cxi ∩u⊥ of Cxi in a neighborhood of the
origin. We set

Di = {v ∈ NR ; 〈xi, v〉 ≤ 〈xj , v〉, j = 1, . . . , s}
for each i = 1, . . . , s. Then, since v ∈ Di for i with 〈xi, v〉 minimum, NR

is the union of D1, . . . , Ds. Since {xj − xi ; j = 1, . . . , s} generates the
cone Cxi ∩ (u = 0), Di is equal to (Cxi ∩ (u = 0))∨ = σi+Ru for every i.
Since each σi is a neighborhood of u in Di by Lemma 1.1 (5), the finite
union σ1 ∪ · · · ∪ σs is a neighborhood of u in NR. Let Σx be the subfan
of Σ(P ) consisting of σ1, . . . , σs and their faces. Then Σx is a finite fan
and the support is a neighborhood of u. Hence, Σ(P ) is locally finite at
u ∈ int(cc(P )). Q.E.D.

For a face Q of a non-degenerate quasi-polyhedral set P , the relative
interior of Q, which is denoted by rel. intQ, is the interior of Q in the
minimal affine subspace containing it. For each x ∈ P , the faceQ defined
by (u = 〈x, u〉) for an element u ∈ rel. intC∨

x is the unique face of P
which contains x in its relative interior.

Lemma 1.5. Let Q be a face of a non-degenerate quasi-polyhedral
set P and x a point in rel. intQ. Then a point y ∈ P is in Q if and only
if Cy ⊂ Cx, and y is in rel. intQ if and only if Cx = Cy.

Proof. Since Cx is a polyhedral cone, we can take non-zero
u1, . . . , us ∈ NR such that Cx = (u1 ≥ 0)∩· · ·∩ (us ≥ 0). Namely, there
exist a1, . . . , as ∈ R such that x is in L = (u1 = a1) ∩ · · · ∩ (us = as)
and P is equal to (u1 ≥ a1) ∩ · · · ∩ (us ≥ as) in a neighborhood of x.
Then Q is defined by (u = a1 + · · · + as) for u = u1 + · · · + us, and L
is the minimal affine subspace containing Q. If a point y ∈ P is in Q,
then 〈y, ui〉 = ai for i = 1, . . . , s, and hence P − y and Cy are contained
in the cone Cx = (u1 ≥ 0) ∩ · · · ∩ (us ≥ 0). If y ∈ P is not in Q, then it
is outside L. Hence 〈y, ui〉 > ai for an i. Then ui ∈ C∨

x is outside C∨
y

since 〈x− y, ui〉 < 0, which implies that Cy is not contained in Cx. If
y ∈ rel. intQ then Cx ⊂ Cy since x ∈ Q, hence Cx = Cy. Conversely, if
y ∈ P satisfies Cx = Cy, then y ∈ Q since Cy ⊂ Cx. Since P −y is equal
to Cx = Cy and P − x in a neighborhood of the origin, both Q− y and
Q− x equal to Cx ∩ (u = 0) in a neighborhood of the origin. Hence y is
also in rel. intQ. Q.E.D.

For a non-degenerate strongly convex rational quasi-polyhedral set
P , we denote by Face(P ) the set of non-empty faces of P . For each
Q ∈ Face(P ), take an element x ∈ rel. intQ and define σQ = C∨

x , which
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does not depend on the choice of x by Lemma 1.5. This lemma also
implies that the map Face(P ) → Σ(P ) defined by Q �→ σQ is a bijection.

Proposition 1.6. Let P be a non-degenerate strongly convex ra-
tional quasi-polyhedral set. Then the map Face(P ) → Σ(P ) defined by
Q �→ σQ is a bijection such that Q ⊂ Q′ if and only if σQ′ ≺ σQ.
Furthermore, rel. intσQ is contained in int(cc(P )∨) if and only if Q is
bounded.

Proof. The first part follows from Lemma 1.5. If int(cc(P )∨) con-
tains an element u in rel. int σQ, as we saw in the proof of Theorem 1.3,
there exists a ∈ R such that P ⊂ (u ≥ a) and Q′ = P ∩ (u = a) is a
bounded face of P . Since u ∈ rel. intσ defines the face Q of P , we have
Q′ = Q, and Q is bounded.

Assume that a point u ∈ rel. intσQ is on the boundary of cc(P )∨.
Then cc(P ) ∩ (u = 0) �= {0} by Lemma 1.2. Hence there exists a non-
zero y ∈ cc(P ) with 〈y, u〉 = 0. For x ∈ Q, the half line x+R0y, which
is in P by the definition of cc(P ), is contained in Q. This implies that
Q is not bounded. Q.E.D.

Example 1.7. Let M = Zr with r ≥ 2, and (x1, . . . , xr) the coor-
dinates of MR. The convex hull P of the set

A = {(a1, . . . , ar−1, a
2
1 + · · ·+ a2r−1) ; a1, . . . , ar−1 ∈ Z}

in MR is a rational quasi-polyhedral set with the vertex set A, cc(P ) =
R0(0, . . . , 0, 1) and cc-dim(P ) = 1. Figure 1 is P for r = 2. The set of
vertices of P is equal to A, and the faces of codimension one of P are
parallelotopes defined by the hyperplane(

xr −
r−1∑
i=1

(2ai + 1)xi = −
r−1∑
i=1

ai(ai + 1)

)
for a1, . . . , ar−1 ∈ Z.

For each 1 ≤ i ≤ r − 1, define the affine transformation
δ̃i(x1, . . . , xr) = (x′

1, . . . , x
′
r) by

x′
j =

⎧⎨⎩
xj 1 ≤ j ≤ r − 1, j �= i,
xi + 1 j = i,
2xi + xr + 1 j = r.

Then δ̃1, . . . , δ̃r−1 are mutually commutative and the generated free Z-

module Γ̃ � Zr−1 acts on P . The set A is the orbit of 0 = (0, . . . , 0).
The dual cone σ0 = C∨

0 for the origin 0 ∈ P is equal to

σ0 = {(u1, . . . , ur) ; |ui| ≤ ur, i = 1, . . . , r − 1}
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with respect to the coordinate (u1, . . . , ur) of NR = Rr. Define the
linear automorphism δi(u1, . . . , ur) = (u′

1, . . . , u
′
r) of NR by

u′
j =

⎧⎨⎩
uj 1 ≤ j ≤ r − 1, j �= i,
ui − 2ur j = i,
ur j = r

for each 1 ≤ i ≤ r − 1. Then the free Z-module Γ � Zr−1 generated

by δ1, . . . δr−1 acts on the fan Σ(P ). The actions of Γ̃ and Γ on P and

Σ(P ) are compatible with respect to the correspondences δ̃i �→ δi for
1 ≤ i ≤ r− 1. Namely, if σ ∈ Σ(P ) is equal to C∨

x for x ∈ P , then δi(σ)
is equal to C∨

δ̃i(x)
(see Figure 2).

§2. Graded rings and toric schemes

Let P be a non-degenerate strongly convex rational quasi-polyhedral
set and k a field.

Lemma 2.1. For any rational point z in P , there exist a positive
integer s, a set {x1, . . . , xs} of vertices of P , non-negative rational num-
bers a1, . . . , as with a1 + · · · + as = 1 and a rational point y in cc(P )
such that the equality

z = a1x1 + · · ·+ asxs + y

holds.

Proof. We prove the lemma by induction on the rank r of MR. The
assertion is trivial for r = 0 since then P = cc(P ) = {0}. Assume r > 0.
Then any face Q of P is a non-degenerate quasi-polyhedral set in the
minimal affine space containing it. By the assumption of the induction,
the lemma holds for every proper face of P . Since P is strongly convex,
there exists a vertex x1. If z = x1, then the lemma is satisfied for s = 1,
a1 = 1 and y = 0. Assume z �= x1. If x1 + R0(z − x1) ⊂ P , then
z − x1 ∈ cc(P ) and the lemma holds for s = 1, a1 = 1 and y = z − x1.
If x1 +R0(z− x1) �⊂ P , then (x1 +R(z− x1))∩P is a segment x1w for
a rational point w on the boundary of P , and z is in the segment. Then
w is contained in a proper face Q. By the assumption, there exist a set
{x2, . . . , xs} of vertices of Q, non-negative rational numbers b2, . . . , bs
with b2 + · · ·+ bs = 1 and a rational point y′ ∈ cc(Q) ⊂ cc(P ) such that
the equality

w = b2x2 + · · ·+ bsxs + y′

holds. The real number t with z = tx1 + (1− t)w, 0 ≤ t ≤ 1, is rational
since x1, w, z are rational. Then the equality of the lemma is satisfied
for a1 = t, ai = (1− t)bi, i = 2, . . . , s, and y = (1− t)y′. Q.E.D.
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We define
P̂ = {(x, t) ; t ≥ 0, x ∈ tP}

in MR ×R, where we understand 0P = cc(P ).

Lemma 2.2. P̂ is a strongly convex closed cone.

Proof. It is easy to see that (x, s), (y, t) ∈ P̂ and λ, μ ≥ 0 imply

λ(x, s) + μ(y, t) ∈ P̂ , i.e., P̂ is a convex cone. Since P̂ ⊂ (t ≥ 0), if P̂
contains a line, it is contained in tP ×{t} for some t. This is impossible

since P is strongly convex. Hence P̂ is strongly convex.

We will show that P̂ is closed. Since each tP is closed, it suffices to

show that, if a sequence {(xi, ti)} of points in P̂ converges to (x, 0), then
x is in cc(P ). This is clear if there exist infinitely many i with ti = 0.
By replacing with a subsequence, we may assume that ti > 0 for all i.
We take a point y in P . Then y + (1/ti)(xi − tiy) = (1/ti)xi is in P

since (ti, xi) ∈ P̂ . For any positive a, we have 1/ti ≥ a for sufficiently
large i. By the convexity of P , we have y + a(xi − tiy) ∈ P for such i.
By taking the limit for i, we have y + ax ∈ P since xi → x and ti → 0
as i → ∞. Since a is arbitrary, we have x ∈ cc(P ). Q.E.D.

By this lemma, the subset

A(P ) = (M ⊕ Z) ∩ P̂ = {(m, d) ; d ∈ Z, d ≥ 0,m ∈ M ∩ dP}
is an additive semigroup containing 0 = (0, 0), which is not necessary
finitely generated. We denote by e(m, d) or e(x) the monomial associ-
ated to x = (m, d) ∈ A(P ), and consider the semigroup ring

A(P ) =
⊕

x∈A(P )

ke(x)

over k. Namely, this is a k-algebra with e(0) = 1 and e(x)e(y) = e(x+y)
for x, y ∈ A(P ). The graded ring structure A(P ) =

⊕∞
d=0 A(P )d is

defined by

A(P )d =
⊕

m∈M∩dP

ke(m, d)

for d ≥ 0. The subring A(P )0 is the semigroup ring for the semigroup
M ∩ cc(P ), which is not necessarily finitely generated over k. It is equal
to k if cc-dimP = 0 or cc(P ) has no rational point other than the origin.
Also, A(P ) is not necessarily finitely generated over A(P )0.

Let V (P ) be the set of vertices of P . Each v ∈ V (P ) is a rational
point by the rationality of P . Let dv be the minimal positive integer

with dvv ∈ M . The half line R0(v, 1) is contained in P̂ and (dvv, dv) is
the primitive lattice point on the half line.
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Lemma 2.3. Let K be the ideal of A(P ) generated by {e(dvv, dv) ;
v ∈ V (P )}. Then the ideal A(P )+ =

⊕∞
d=1 A(P )d is equal to the radical

of K. A(P ) is integral over the subring B = A(P )0[e(dvv, dv) ; v ∈
V (P )].

Proof. Let (m, d) be in A(P ) with d > 0. Since m/d ∈ P , by
Lemma 2.1, there exist v1, . . . , vs ∈ V (P ), non-negative rational num-
bers a1, . . . , as with a1 + · · · + as = 1, and a rational point y ∈ cc(P )
such that the equality

m

d
= a1v1 + · · ·+ asvs + y

holds. We can take a positive integer c such that

b1 =
cda1
dv1

, . . . , bs =
cdas
dvs

are non-negative integers and y′ = cdy is in M∩cc(P ). By the equalities

cm = cda1v1 + · · ·+ cdasvs + cdy = b1dv1v1 + · · ·+ bsdvsvs + y′

and
b1dv1 + · · ·+ bsdvs = cd(a1 + · · ·+ as) = cd ,

we have

c(m, d) = b1(dv1v1, dv1) + · · ·+ bs(dvsvs, dvs) + (y′, 0)

and
e(m, d)c = e(y′, 0)e(dv1v1, dv1)

b1 · · · e(dvsvs, dvs)
bs .

Since cd > 0, one of b1, . . . , bs is greater than or equal to 1, and e(m, d)c

is contained in K. Hence e(m, d) is in the radical of K. Since A(P )+
is generated by these e(m, d) and has reduced quotient A(P )/A(P )+ �
A(P )0, A(P )+ is equal to the radical of K. This equality also implies
e(m, d)c ∈ B, and hence e(m, d) is integral over B. Since A(P ) is
generated by these elements over A(P )0, A(P ) is an integral extension
of B. Q.E.D.

For a graded commutative ring A =
⊕∞

d=0 Ad, ProjA is a scheme
whose base space is the set of homogeneous prime ideals of A which
do not contain the ideal A+ =

⊕∞
d=1 Ad (cf. [EGA, II, 2]). If f is

a homogeneous element of A with a positive degree, then A[f−1] is a

graded ring which may have components of negative degrees, and D̃(f) =
SpecA[f−1]0 is an affine open subscheme of ProjA, where A[f−1]0 is the
component of degree 0 of the graded ring. A homogeneous prime ideal
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I is in D̃(f) if and only if I does not contain f . In this case, the prime

ideal IA[f−1] ∩ A[f−1]0 of A[f−1]0 represents the same point in D̃(f).
When A0 contains a field k, this affine subscheme is of finite type if
A[f−1]0 is finitely generated over k even if A is not noetherian. We use
this fact for the quasi-polyhedral set P .

Recall the construction of toric varieties over the field k (cf. [O]).
For a cone σ in NR, M ∩ σ∨ is a finitely generated semigroup and the
semigroup ring k[M ∩σ∨] is an affine k-algebra. The affine toric variety
X(σ) is the affine variety with the coordinate ring k[M ∩ σ∨]. If Σ is a
fan of NR, then X(σ) have the same function field for all σ ∈ Σ, and
they are patched together to a toric variety Z(Σ), which is a separated
scheme over k locally of finite type. X(σ)’s are affine open sets of Z(Σ),
and Z(Σ) is of finite type if and only if Σ is finite. Z(Σ) contains the
algebraic torus TN with the coordinate ring k[M ].

Lemma 2.4. Let (m, d) ∈ A(P ) be an element with d > 0 and
let x = m/d. Then A(P )[e(m, d)−1]0 is equal to the semigroup ring

k[M ∩Cx] and D̃(e(m, d)−1) is the affine toric variety associated to the
cone σ = C∨

x .

Proof. First, we will show the equality

Cx × {0}+R(m, d) = P̃ +R(m, d) .

By P ×{1} ⊂ P̃ and −(x, 1) ∈ R(m, d), P ×{1}− (x, 1) = (P −x)×{0}
is contained in the right-hand side. Hence Cx × {0} = R0(P − x)× {0}
is also in the right-hand side. On the other hand, since P × {1} =

(P −x)×{0}+(x, 1), P ×{1} is contained in the left-hand side. Since P̃
is the closure of the cone generated by P×{1} and the left-hand side is a
polyhedral cone which is a closed cone, the right-hand side is contained
in the left.

Since (m, d) ∈ P̃ , for any (m′, d′) ∈ (M ⊕ Z) ∩ (P̃ + R(m, d)), we

have (m′′, d′′) = (m′, d′)+ c(m, d) ∈ (M ⊕Z)∩ P̃ = A(P ) for sufficiently
large integer c. Namely, (m′, d′) = (m′′, d′′)− c(m, d) ∈ A(P )+Z(m, d).
Hence, by this equality of cones, we have A(P ) + Z(m, d) = (M ⊕ Z) ∩
(Cx × {0}+R(m, d)).

Since A(P )[e(m, d)−1] is the semigroup ring for the semigroup
A(P ) + Z(m, d), the component of degree 0 is the semigroup ring

k[(M × {0}) ∩ (Cx × {0})] = k[M ∩ Cx] .

Q.E.D.
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Proposition 2.5. Z(P ) = ProjA(P ) is the toric variety associated

to the fan Σ(P ) and covered by the affine toric varieties {D̃(e(dvv, dv)) ;
v ∈ V (P )}.

Proof. By Lemma 2.4, these affine toric varieties are contained in
ProjA(P ). We will show that ProjA(P ) is covered by these affine toric
varieties. Let I be an arbitrary homogeneous prime ideal which does
not contain A(P )+. By Lemma 2.3, I does not contain e(dvv, dv) for a

vertex v. Then the point I is contained in D̃(e(dvv, dv)). Q.E.D.

Now, we will call convex toric variety the toric variety Z(P ) =
ProjA(P ) defined for a non-degenerate strongly convex rational quasi-
polyhedral set P . If V (P ) is infinite, then Z(P ) is not of finite type.
Although we do not have any further results, it might be interesting to
study the general properties of convex toric varieties.

Proposition 2.6. For any rational number a and a rational point
x in MR, we have Z(aP + x) = Z(P ).

Proof. For any graded ring A =
⊕∞

d=0 Ad and positive integer e, we

have ProjA(e) = ProjA for A(e) =
⊕∞

d=0 Ade. Since A(P )(e) � A(eP ),
we have Z(eP ) � Z(P ). These toric varieties contain the algebraic
torus TN = Spec k[M ], and since the above isomorphism of graded rings
induces the identity map of the coordinate ring k[M ] = k[M×{0}], these
toric varieties are identical. If we take e such that ea is an integer and
ex ∈ M , then Z(aP + x) = Z(eaP + ex) = Z(eaP ) = Z(P ). Q.E.D.

For each vertex v ∈ V (P ), σ = C∨
v is an r-dimensional cone in Σ(P ),

and the linear function u ∈ σ on P has the minimum value at v. The
support function hP : |Σ(P )| → R is defined by

hP (u) = min{〈x, u〉 ; x ∈ P} .

If σ = C∨
v , then hP = v on σ. Since every face of P has a vertex, any

cone in Σ(P ) is a face of an r-dimensional cone in Σ(P ). Hence hP is
linear on every cone of the fan.

Proposition 2.7. The hP is a strongly convex function on
int(cc(P )∨). Namely, h(u + v) ≥ hP (u) + hP (v) for any u, v ∈
int(cc(P )∨) and the equality holds if and only if u and v are contained
in a same cone of Σ(P ).

Proof. If u and v are contained in a cone σ, then the equality holds
since hP is linear on σ. Assume that u, v are not contained in a common
cone. Since cc(P )∨ is a convex cone, u + v is also in the interior. For
a = hP (u) and b = hP (v), the hyperplanes (u = a) and (v = b) of MR
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define faces of P . If the intersection of these faces is not empty, it is
also a face of P and has a vertex x. This is a contradiction, since u and
v are is in the cone C∨

x of Σ(P ) by Lemma 1.5. Hence the hyperplane
(u+ v = a+ b) does not intersect P , and

hP (u+ v) = min{〈x, u〉 ; x ∈ P} > a+ b = hP (u) + hP (v) .

Q.E.D.

§3. Quasi-polytope with group action

In this section, we study quasi-polyhedral sets with group action
which define toric type cusp singularities. As in the previous sections,
M is a free Z-module of rank r > 0.

First, we recall the cusp singularities defined by Tsuchihashi [T],
which we call toric type cusp singularities or simply cusp singularities in
this paper. Assume that k is the complex number field C. In this case,
TN = N ⊗Z C.

A cusp singularity is defined for a pair (C,Γ) of an open convex cone
C and a subgroup Γ of GL(N) satisfying the following conditions (cf.
[T, Proposition 1.7]).

(1) The closure C is strongly convex, i.e., C ∩ (−C) = {0}.
(2) C is Γ-invariant.
(3) The action of Γ on C/R+ is properly discontinuous and free,

and the quotient (C/R+)/Γ is compact.

For such a pair (C,Γ), there exists a Γ-invariant fan Σ of NR such
that |Γ| = C ∪ {0} and Σ is locally finite at each point of C.

The construction of the singularity is done as follows. Consider the
toric variety Z(Σ) associated with the fan Σ. Let ord : TN → NR be the
surjective map defined by 1N ⊗ (− log | |). Set D(Σ) = Z(Σ)\TN . Then
U(Σ) = D(Σ)∪ord−1(C) is an open analytic subspace of Z(Σ) on which
Γ acts freely. The quotient U(Σ)/Γ has divisorD(Σ)/Γ, and Tsuchihashi
showed that this divisor is contracted to an isolated singularity.

Definition 3.1. We call a non-degenerate quasi-polyhedral set P ⊂
MR a quasi-polytope if every proper face of P is bounded.

P in Example 1.7 is a quasi-polytope for every r ≥ 2. If P is a quasi-
polytope, then every proper face of P is the convex hull of its vertices.
In particular, P is rational if and only if all vertices are rational.

Lemma 3.2 ([I1, Proposition 2.6]). Let P ⊂ MR be a quasi-
polytope. Then |Σ(P )| = int(cc(P )∨) ∪ {0}.
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Proof. By Proposition 1.6, every non-zero σ ∈ Σ(P )\{0} intersects
int(cc(P )∨). Since this implies that every one-dimensional face of σ
intersects int(cc(P )∨), the set σ \ {0} is contained in the convex open
cone int(cc(P )∨). Q.E.D.

We consider a pair (P, Γ̃) of a quasi-polytope and a subgroup Γ̃ of
the affine transformation group of M with the following properties.

(1) cc-dimP = r.

(2) γ(P ) = P for every γ ∈ Γ̃ of MR, i.e., Γ̃ acts on P .
(3) For the induced linear group Γ ⊂ Aut(N), the quotient (Σ(P )\

{0})/Γ is finite.

Here note that, when an element γ̃ ∈ Γ̃ is expressed as γ̃(x) = Ax +
b, the corresponding element γ ∈ Γ is given by γ(u) = tA−1u as in
Example 1.7. In particular, we have C∨

γ̃(x) = γ(C∨
x ) for every x ∈ P .

If (P, Γ̃) is such a pair, then cc(P ) is strongly convex and |Σ| =
C ∪ {0} for C = int(cc(P )∨).

If the action of Γ on Σ(P ) \ {0} has no fixed element, then (C,Γ)
defines a toric type cusp singularity. This is equivalent to the condition
that Γ has no fixed point in the open cone C. Although Γ has fixed
points in general, the stabilizer Γx at each point x of C/R+ is a finite
group. This follows from the fact that every proper face of P is bounded
and has only finite vertices.

Proposition 3.3. There exists a normal subgroup Γ′ ⊂ Γ of finite
index which has no fixed point in D = C/R+. Namely, there exists a
subgroup Γ′ such that (C,Γ′) defines a cusp singularity.

Proof. Note that, for any element g ∈ GL(r,Z) \ {1}, some con-
gruence subgroup of GL(r,Z) does not contain g. Hence, for any point
x ∈ D, there exists a normal subgroup Gx ⊂ Γ of finite index such that
Γx∩Gx = {1} since Γ is a subgroup of Aut(N) � GL(r,Z). For the nat-
ural surjection p : D → D/Γ, Gx has no fixed point in p−1(Ux) ⊂ D for a
neighborhood Ux of p(x) since Gx is a normal subgroup and the action is
properly discontinuous. Since D/Γ is compact, there exist finite points
x1, . . . , xs ∈ D such that {Uxi} covers D/Γ. Then Γ′ = Gx1 ∩ · · · ∩Gxs

satisfies the condition. Q.E.D.



178 M. Ishida

Example 3.4 (Infinite linear Coxeter group [I2, Example 5.5]). Let
N = Z4. Then the 4-dimensional cone σ generated by⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(1, 0, 0, 1), (1, 0, 1, 1), (2, 1, 3, 2), (2, 1, 6, 3)
(1, 1, 0, 1), (1, 1, 1, 1), (1, 2, 3, 2), (1, 2, 6, 3)
(0, 1, 0, 1), (0, 1, 1, 1), (−1, 1, 3, 2), (−1, 1, 6, 3)
(−1, 0, 0, 1), (−1, 0, 1, 1), (−2,−1, 3, 2), (−2,−1, 6, 3)
(−1,−1, 0, 1), (−1,−1, 1, 1), (−1,−2, 3, 2), (−1,−2, 6, 3)
(0,−1, 0, 1), (0,−1, 1, 1), (1,−1, 3, 2), (1,−1, 6, 3)

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
has 14 facets. This cone is contained in the quadratic cone V + = {x ∈
R4 ; Q(x, x) ≥ 0, x4 ≥ 0} with respect to the quadratic form

Q = −4x2
1 + 4x1x2 − 4x2

2 − x2
3 + 6x2

4

defined by the symmetric matrix⎡⎢⎢⎣
−4 2 0 0
2 −4 0 0
0 0 −1 0
0 0 0 6

⎤⎥⎥⎦
of index (1, 3). Let Γ be the group generated by the reflections Rτ

defined for the 14 facets τ . Then {g(σ) ; g ∈ Γ} and their faces form a
hyperbolic fan Σ. This Γ is a right-angled orthogonal Coxeter group (cf.
[PV]). Namely, if τ ∩ τ ′ is of dimension 2, then (RτRτ ′)2 = 1. For the
definition of orthogonal Coxeter groups, see [V, Definition 4]. The open
cone C is equal to intV +. There is a family of quasi-polytopes P ⊂ MR

giving this fan.

§4. Related examples

In this section, we introduce some examples of open convex cones
and discrete groups acting on them.

Example 4.1 (Siegel modular cusps). Let g ≥ 2 be an integer.
Then the set of positive definite symmetric matrices

Cg = {X ∈ Mg(R) ; tX = X,X > 0}
is an open cone of dimension g(g + 1)/2. The group Γ = GLn(Z)/{±1}
acts on Cg by (A,X) �→ AX tA. In this case, (Cg/R+)/Γ is not compact,
and it will not give an isolated singularity. This gives a local descrip-
tion of the Satake compactification and toroidal compactifications of the
Siegel space of degree g (cf. [N1, §8]).
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Example 4.2. Let π be the cone generated by the standard basis
of R3. The matrices

τ1 =

⎡⎣ −1 0 0
2 1 0
2 0 1

⎤⎦ , τ2 =

⎡⎣ 1 2 0
0 −1 0
0 2 1

⎤⎦ , τ3 =

⎡⎣ 1 0 2
0 1 2
0 0 −1

⎤⎦
define reflections with respect to the three faces of π. The infinite
Coxeter group Γ(π) generated by these reflections is orthogonal with
respect to the quadratic form Q = xy + yz + xz of index (1, 2). The
three edges of π are on the boundary of the closed cone

C = {(x, y, z) ; xy + yz + xz ≥ 0, x+ y + z ≥ 0} .

The interior C of this cone is isomorphic to C2 of Example 4.1 by the
linear isomorphism R3 → {X ∈ M2(R) ; tX = X} defined by

(x, y, z) �→
[

x+ y y
y z + y

]
.

By this linear isomorphism, Γ(π) is mapped onto the congruence sub-
group Γ(2)/{±1} of GL2(Z)/{±1}. Namely, the group GL2(Z)/{±1}
corresponds to the semi-direct product of Γ(π) and the symmetric group
S3 acting on R3 as the permutations of the coordinates. Figure 3 is the
section of the cones C, π, τi(π), i = 1, 2, 3, by the plane x+ y + z = 1.

Example 4.3. Let a, b be positive real numbers greater than one.
In R3, we consider the pentagon D contained in the plane (z = 1) with
the vertices

p1 = (0, 0, 1), p2 = (a, 0, 1), p3 = (a, b− 1, 1),

p4 = (a− 1, b, 1), p5 = (0, b, 1) .

Let Q be the quadratic form −bx2 − ay2 + ab(a + b − 1)z2. The cone
πa,b generated by these vertices is contained in the open cone Ca,b =
{(x, y, z) ; Q > 0, z > 0} except the origin. The cone πa,b has five facets
and the reflections with respect to these facets by the metric defined by
Q generate an orthogonal right-angled Coxeter group Γ. There exists a
quasi-polytope P such that

⋃
γ∈Γ γ(D) is the boundary and Γ(p3)∪Γ(p4)

is the set of vertices. Figure 4 is the section of π2,2 and C2,2 by the plane
(z = 1).
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Any polyhedral cone C with five facets in R3 is equal to πa,b for
some a, b for a coordinate, and hence defines an orthogonal Coxeter
group. This fact is checked as follows. Let Di, i = 1, . . . , 5, be the facet
of C such that Di ∩Di+1, i = 1, 2, 3, 4, and D5 ∩D1 are edges. Let Hi

be the plane spanned by Di, and H+
i the closed half space with C ⊂ H+

i

defined by Hi for each i. Clearly, Hi �= Hj if i �= j. Then 
1 = H1 ∩H3

and 
2 = H2 ∩H4 are distinct lines. Take a basis {c1u1, c2u2, c3u3} of
R3 such that u1 ∈ 
1 ∩H+

2 , u2 ∈ 
2 ∩H+
3 and u3 ∈ H2 ∩H3 ∩C. Then

C is of the desired form for a suitable choice of the scalars c1, c2, c3 > 0.
If we assume that the lattice N of R3 is Z3 for the standard

basis, then the group is contained in GL(N) if and only if (a, b) =
(2, 2), (2, 3), (3, 2), (3, 3). In this case, P is a quasi-polytope with inte-
gral vertices. However, this assumption on N loses the generality of
πa,b.

For a 3-dimensional cone with more than five facets, we can also
define the right-angled Coxeter group. However, that is not orthogonal
in general.
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