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real projective orbifolds I: a survey of results

Suhyoung Choi

Abstract.

Real projective structures on n-orbifolds are useful in understand-
ing the space of representations of discrete groups into SL(n+ 1,R) or
PGL(n + 1,R). A recent work shows that many hyperbolic manifolds
deform to manifolds with such structures not projectively equivalent
to the original ones. The purpose of this paper is to understand the
structures of ends of real projective n-dimensional orbifolds for n ≥ 2.
In particular, these have the radial or totally geodesic ends. Hyperbolic
manifolds with cusps and hyper-ideal ends are examples. For this, we
will study the natural conditions on eigenvalues of holonomy represen-
tations of ends when these ends are manageably understandable. We
will show that only the radial or totally geodesic ends of lens shape or
horospherical ends exist for strongly irreducible properly convex real
projective orbifolds under some suitable conditions. The purpose of
this article is to announce these results.
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§1. Introduction

In these series of articles, we are interested in real projective struc-
tures on orbifolds, which are principally non-manifold ones. Orbifolds
are basically objects finitely covered by manifolds. The real projective
structures can be considered as torsion-free projectively flat affine con-
nections on orbifolds. Another way to view is to consider these as an
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Fig. 1. The developing images of convex RP 2-structures
on 2-orbifolds deformed from hyperbolic ones:
S2(3, 3, 5).

immersion from the universal cover Σ̃ of an orbifold Σ to RPn equivari-
ant with respect to a homomorphism h : π1(Σ) → PGL(n+1,R). These
orbifolds have ends. We will study the cases when the ends are of specific
type. The types that we consider are radial ones, i.e., R-ends, where end
neighborhoods are foliated by concurrent projective geodesics. A hyper-
surface is a codimension-one submanifold or suborbifold of a manifold
or an orbifold. Another type ones are totally geodesic ones, or T-ends,
when the closures of end neighborhoods can be compactified by ideal
totally geodesic hypersurfaces in some ambient real projective orbifolds.

Kuiper, Benzécri, Koszul, Vey, and Vinberg might be the first people
to consider these objects seriously as they are related to proper action
of affine groups on affine cones in R

n. We note here, of course, the older
study of affine structures on manifolds with many major open questions.

1.1. Some recent motivations.

Recently, there were many research papers on convex real projective
structures on manifolds and orbifolds. (See the work of Goldman [47],
Choi [23], [24], Benoist [5], Kim [64], Cooper, Long, Thistlethwaite [37],
[38] and so on.) Topologists will view each of these as a manifold with
a structure given by a maximal atlas of charts to RPn where transition
maps are projective. Hyperbolic and many other geometric structures
will induce canonical real projective structures. Sometimes, these can
be deformed to real projective structures not arising from such obvious
constructions. In general, the theory of the discrete group representa-
tions and their deformations form very much mysterious subjects still.
(See the numerous and beautiful examples in Sullivan-Thurston [79].)
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Fig. 2. The developing images of convex RP 2-structures on
2-orbifolds deformed from hyperbolic ones: D2(2, 7).

Since the examples are easier to construct, even now, we will be
studying orbifolds, a natural generalization of manifolds. Deforming a
real projective structure on an orbifold to an unbounded situation re-
sults in the actions of the fundamental group on affine buildings which
hopefully will lead us to some understanding of orbifolds and manifolds
in particular of dimension three as indicated by Cooper, Long, Thistleth-
waite, and Tillmann.

1.2. Real projective structures on orbifolds with ends

It was discovered by D. Cooper, D. Long, and M. Thistlethwaite [37],
[38] that many closed hyperbolic 3-manifolds deform to real projective 3-
manifolds. Later S. Tillmann found an example of a 3-orbifold obtained
from pasting sides of a single ideal hyperbolic tetrahedron admitting a
complete hyperbolic structure with cusps and a one-parameter family
of real projective structure deformed from the hyperbolic one (see [30]).
Also, Craig Hodgson, Gye-Seon Lee, and I found a few other examples:
3-dimensional ideal hyperbolic Coxeter orbifolds without edges of order
3 has at least 6-dimensional deformation spaces in [34]. (See Example
4.7.)

Crampon and Marquis [42] and Cooper, Long, and Tillmann [39]
have done similar study with the finite volume condition. In this case,
only possible ends are horospherical ones. The work here studies more
general type ends while we have benefited from their work. We will
see that there are examples where horospherical R-ends deform to lens-
shaped R-ends and vice versa (see also Example 4.7.) More recently,
Ballas Cooper, Long, Leitner and Tillmann also have made progresses
on the classification of the ends where they require that the ends have
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neighborhoods with nilpotent fundamental groups. (See [40] and [70]
and [71].)

Remark 1.1. A summary of the deformation spaces of real projective
structures on closed orbifolds and surfaces is given in [26] and [19]. See
also Marquis [72] for the end theory of 2-orbifolds. The deformation
space of real projective structures on an orbifold loosely speaking is the
space of isotopy equivalent real projective structures on a given orbifold.
(See [30] also.)

Also, it seems likely from some examples that these orbifolds with
ends deform more easily.

Our main aim is to understand these phenomena theoretically. It
became clear from our attempt in [30] that we needed to understand and
classify the types of ends of the relevant convex real projective orbifolds.
We will start with the simplest ones: radial type ones or totally geodesic
ones.

But as Davis observed, there are many other types such as ones
preserving subspaces of dimension greater than equal to 0. In fact,
Cooper and Long found such an example from S/SL(3,Z) for the space
S of unimodular positive definite bilinear forms. Since S is a properly
convex domain in RP 5 and SL(3,Z) acts projectively, S/SL(3,Z) is a
strongly tame properly convex real projective orbifold by the classical
theory of lattices. These types of ends were compactified by Borel and
Serre [14] for arithmetic manifolds. The ends are not of type studied
here. We will not study these here.

In [30], we show that the deformation spaces of real projective struc-
tures on orbifolds are locally homeomorphic to the spaces of conjugacy
classes of representations of their fundamental groups where both spaces
are restricted by some end conditions.

It remains how to see for which of these types of real orbifolds, non-
trivial deformations exist or not. For example, we can consider examples
such as complete hyperbolic manifolds and how to compute the defor-
mation space. From Theorem 1 in [34] with Coxeter orbifolds, we know
that a complete hyperbolic Coxeter orbifold always deforms nontrivially.
(See also [21].) S. Ballas [1, 2] also produced some results. We conjecture
that maybe these types of real projective orbifolds with R-ends might
be very flexible. Ballas, Danciger, and Lee [3] announced that they
have found much evidence for this very recently in Cooperfest in May
2015. Also, there are some related developments for the complex field
C with the Ptolemy module in SnapPy as developed by S. Garoufalidis,
M. Goerner, D. Thurston, and C. Zickert.
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Fig. 3. The handcuff graph and the construction of 3-orbifold
of Tillmann by pasting faces of a complete hyperbolic
tetrahedron.

1.3. Our settings

Given an orbifold, recall the notion of universal covering orbifold Õ
with the orbifold covering map pO : Õ → O and the deck transformation
group π1(O) so that pO ◦ γ = pO for γ ∈ π1(O). (See [80], [15], [19] and
[26].) We hope to generalize these theories to noncompact orbifolds with
some particular conditions on ends. In fact, we are trying to generalize
the class of complete hyperbolic manifolds with finite volumes. These
are n-orbifolds with compact suborbifolds whose complements are dif-
feomorphic to intervals times closed (n− 1)-dimensional orbifolds. Such
orbifolds are said to be strongly tame orbifolds. An end neighborhood is
a component of the complement of a compact subset not contained in
any compact subset of the orbifold. An end E is an equivalence class of
compatible exiting sequences of end neighborhoods. Because of this, we
can associate an (n− 1)-orbifold at each end and we define the end fun-
damental group π1(E) as a subgroup of the fundamental group π1(O) of
the orbifold O. We also put the condition on end neighborhoods being
foliated by radial lines or to have totally geodesic ideal boundary.

We studied some such Coxeter orbifolds with ends in [21] already.
These have convex fundamental polytopes and are easier to understand.

1.3.1. Real projective structures on manifolds and orbifolds with ends.
In general, the theory of geometric structures on manifolds with ends is
not studied very well. We should try to obtain more results here and
find what the appropriate conditions are. This question seems to be
also related to how to make sense of the topological structures of ends
in many other geometric structures such as ones modelled on symmetric
spaces and so on. (See for example [61], [62], and [55].)
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Given a vector space V , we let P (V ) denote the space obtained by
taking the quotient space of V − {O} under the equivalence relation

v ∼ w for v, w ∈ V − {O} iff v = sw, for s ∈ R− {0}.
We let [v] denote the equivalence class of v ∈ V − {O}. For a subspace
W of V , we denote by P (W ) the image of W − {O} under the quotient
map, also said to be a subspace.

Recall that the projective linear group PGL(n+ 1,R) acts on RPn,
i.e., P (Rn+1), in a standard manner.

Let O be a noncompact strongly tame n-orbifold where the orbifold
boundary is not necessarily empty. For convenience, we assume n ≥ 2
in this article.

• A real projective orbifold is an orbifold with a geometric struc-
ture modelled on (RPn,PGL(n+1,R)). (See [21] and Chapter
6 of [26].)

• A real projective orbifold also has the notion of projective
geodesics as given by local charts and has a universal cover
Õ where a deck transformation group π1(O) acting on.

• The underlying space of O is homeomorphic to the quotient
space Õ/π1(O).

Let Rn+1∗ denote the dual of Rn+1. Let RPn∗ denote the dual projective
space P (Rn+1∗). PGL(n + 1,R) acts on RPn∗ by taking the inverse of
the dual transformation. Then h : π1(O) → PGL(n + 1,R) has a dual
representation h∗ : π1(O) → PGL(n + 1,R) sending elements of π1(O)
to the inverse of the dual transformation of Rn+1∗.

A projective map f : O1 → O2 from an real projective orbifold O1

to O2 is a map so that for each p ∈ O1, there is a chart φ1 : U1 → RPn,
p ∈ U1, and φ2 : U2 → RPn where f(p) ∈ U2 where f(U1) ⊂ U2 and
φ2 ◦ φ−1

1 is a projective map.
For an element g ∈ PGL(n+ 1,R), we denote

g · [w] := [ĝ(w)] for [w] ∈ RPn or

:= [(ĝT )−1(w)] for [w] ∈ RPn∗(1)

where ĝ is any element of SL±(n+1,R) mapping to g and ĝT the trans-
pose of ĝ.

The complement of a codimension-one subspace of RPn can be iden-
tified with an affine space R

n where the geodesics are preserved. The
group of affine transformations of Rn are the restriction to Rn of the
group of projective transformations of RPn fixing the subspace. We
call the complement an affine subspace. It has a geodesic structure of a
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standard affine space. A convex domain in RPn is a convex subset of an
affine subspace. A properly convex domain in RPn is a convex domain
contained in a precompact subset of an affine subspace.

The important class of real projective structures are so-called convex
ones where any arc in O can be homotopied with endpoints fixed to a
straight geodesic where the developing map dev is injective to RPn

except possibly at the endpoints. If the open orbifold has a convex
structure, it is covered by a convex domain Ω in RPn. Equivalently, this
means that the image of the developing map dev(Õ) for the universal

cover Õ of O is a convex domain. O is projectively diffeomorphic to
dev(Õ)/h(π1(O)). In our discussions, since dev often is an imbedding,

Õ will be regarded as an open domain in RPn and π1(O) a subgroup of
PGL(n+ 1,R) in such cases. This simplifies our discussions.

Since this paper has many topics, we will outline this paper.

1.4. Outline.

In this paper, we will survey some results that we obtained for the
ends of convex real projective orbifolds. There are three parts to expose
the work here.

(I) The preliminary review and examples. We discuss some parts
on duality and finish our work on complete affine R-ends. (This
corresponds to the present paper).

(II) We classify properly convex R-ends and T-ends when they sat-
isfy the uniform middle eigenvalue conditions. (See [28].)

(III) We classify nonproperly convex and non-complete affine but
convex R-ends (NPNC-ends). (See [29].)

We are currently writing a book [31] generalizing the results in this
article and the articles [27, 28, 29, 30] simplifying many assumptions
and results.

Part I: In Section 2, we go over basic definitions. We discuss ends of
orbifolds, convexity, the Benoist theory on convex divisible actions, and
so on.

In Section 3 we discuss the dual orbifolds of a given convex real
projective orbifold.

In Section 4, we will discuss the ends of orbifolds, covering most
elementary aspects of the theory. For a properly convex real projective
orbifold, the space of rays in each R-end give us a closed real projective
orbifold of dimension n− 1. The orbifold is convex. The universal cover
can be a complete affine space or a properly convex domain or a convex
domain that is neither.
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In Section 4.2, we discuss objects associated with R-ends, and ex-
amples of ends; horospherical ones, totally geodesic ones, and bendings
of ends to obtain more general examples of ends.

In Section 4.3, we discuss horospherical ends. First, they are com-
plete ends and have holonomy matrices with only unit norm eigenvalues
and their end fundamental groups are virtually abelian. Conversely, a
complete end in a properly convex orbifold has to be a horospherical end
or another type that we can classify.

We begin the part II:
In Section 5, we start to study the properly convex R-end theory.

First, we discuss the holonomy representation spaces. Tubular actions
and the dual theory of affine actions are discussed. We show that dis-
tanced actions and asymptotically nice actions are dual. We explain
that the uniform middle eigenvalue condition implies the existence of
the distanced action. The main result here is the characterization of
R-ends whose end fundamental groups satisfy weakly uniform or uni-
form middle eigenvalue conditions. That is, they are either lens-shaped
R-ends or quasi-lens-shaped R-ends. Here, we will classify R-ends sat-
isfying the uniform middle eigenvalue conditions. We also define the
quasi-lens-shaped R-ends.

We go to Part III. In Section 6, we discuss the R-ends that are
NPNC. First, we show that the end holonomy group for an end E will
have an exact sequence

1 → N → h(π1(Ẽ)) −→ NK → 1

where NK is in the projective automorphism group Aut(K) of a prop-
erly convex compact set K, N is the normal subgroup of elements map-
ping to the trivial automorphism of K, and Ko/NK is compact. We
show that ΣẼ is foliated by complete affine spaces of dimension ≥ 1.
We explain that an NPNC-end satisfying the transverse weak middle
eigenvalue condition for NPNC-ends is a quasi-joined R-end.
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§2. Preliminaries

In this paper, we will be using the smooth category; that is, we will
be using smooth maps and smooth charts and so on. We explain the
material in the introduction again.

First, we explain what ends mean and define p-ends and p-end fun-
damental groups. Next we will define real projective structures on orb-
ifolds. We define convexity and explain the Benoist theory [5], [6], [7],
and [8]. In particular, the decomposition of properly convex orbifolds
will be explained.

2.1. Preliminary definitions

If A is a domain of subspace of RPn or S
n, we denote by bdA the

topological boundary in the subspace. The closure Cl(A) of a subset A
of RPn or Sn is the topological closure in RPn or in S

n. Define ∂A for
a manifold or orbifold A to be the manifold or orbifold boundary. Also,
Ao will denote the manifold or orbifold interior of A.

2.2. Distances used

Definition 2.1. Let d denote the standard spherical metric on Sn

(resp. RPn). Given two compact subsets K1 and K2 of Sn (resp. RPn),
we define the spherical Hausdorff distance dH(K1,K2) between K1 and
K2 to be

inf{ε > 0|K2 ⊂ Nε(K1),K1 ⊂ Nε(K2)}.
The simple distance d(K1,K2) is defined as

inf{d(x, y)|x ∈ K1,K2}.
Recall that every sequence of compact sets {Ki} in S

n (resp. RPn)
has a convergent subsequence. We say that {Ki} geometrically converges
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to a compact set K if dH(Ki,K) → 0 as i → ∞. Also, given a sequence
{Ki} of compact sets, {Ki} → K for a compact set K if and only if
every sequence of points xi ∈ Ki has limit points in K only and every
point of K has a sequence of points xi ∈ Ki converging to it. (These
facts can be found in some topology textbooks.)

2.2.1. Topology of orbifolds and their ends. An orbifold O is a topo-
logical space with charts modeling open sets by quotients of Euclid-
ean open sets or half-open sets by finite group actions and compatibly
patched with one another. The boundary ∂O of an orbifold is defined
as the set of points with only half-open sets as models. (These are of-
ten distinct from the topological boundary.) Orbifolds are stratified by
manifolds. Let O denote an n-dimensional orbifold with finitely many
ends where end neighborhoods are homeomorphic to closed (n − 1)-
dimensional orbifolds times an open interval. We will require that O is
strongly tame; that is, O has a compact suborbifold K so that O−K is
a disjoint union of end neighborhoods diffeomorphic to closed (n − 1)-
dimensional orbifolds multiplied by open intervals. Hence ∂O is a com-
pact suborbifold.

An orbifold covering map is a map so that for a given modeling
open set as above, the inverse image is a union of modeling open sets
that are quotients by subgroups of the original model. We say that
an orbifold is a manifold if it has a subatlas of charts with trivial local
groups. We will consider good orbifolds only, i.e., ones covered by simply
connected manifolds. In this case, the universal covering orbifold Õ is
a manifold with an orbifold covering map pO : Õ → O. The group of
deck transformations will be denote by π1(O) or Γ. They act properly

discontinuously on Õ but not necessarily freely.
By strong tameness, O has only finitely many ends E1, . . . , Em, and

each end has an end neighborhood diffeomorphic to ΣEi × (0, 1). Here,
ΣEi up to diffeomorphism may not be uniquely determined. (However,
our radial or totally geodesic end-orbifolds will have determined ΣẼ up
to diffeomorphisms.)

By an exiting sequence of sets Ui of Õ, we mean a sequence of neigh-
borhoods {Ui} so that Ui ∩ p−1

O (K) 
= ∅ for only finitely many indices
for each compact subset K of O.

Each end neighborhood U diffeomorphic to ΣE × (0, 1) of an end E

lifts to a connected open set Ũ in Õ where a subgroup of deck trans-
formations ΓŨ acts on Ũ where p−1

Õ (U) =
⋃

g∈π1(O) g(Ũ). Here, each

component Ũ is said to a proper pseudo-end neighborhood.

• A pseudo-end sequence is an exiting sequence of proper pseudo-
end neighborhoods U1 ⊃ U2 ⊃ · · · .
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• Two pseudo-end sequences are compatible if an element of one
sequence is contained eventually in the element of the other
sequence.

• A compatibility class of a proper pseudo-end sequence is called
a pseudo-end of Õ. Each of these corresponds to an end of O
under the universal covering map pO.

• For a pseudo-end Ẽ of Õ, we denote by ΓẼ the subgroup ΓŨ

where U and Ũ is as above. We call ΓẼ a pseudo-end funda-
mental group.

• A pseudo-end neighborhood U of a pseudo-end Ẽ is a ΓẼ-
invariant open set containing a proper pseudo-end neighbor-
hood of Ẽ.

(From now on, we will replace “pseudo-end” with the abbreviation “p-
end”.)

2.2.2. Real projective structures on orbifolds. Recall the real pro-
jective space RPn is defined as Rn+1 − {O} under the quotient relation
�v ∼ �w iff �v = s�w for s ∈ R − {O}. We denote by [x] the equiva-
lence class of a nonzero vector x. The general linear group GL(n+1,R)
acts on R

n+1 and PGL(n + 1,R) acts faithfully on RPn. Denote by
R+ = {r ∈ R|r > 0}. The real projective sphere S

n is defined as the
quotient of Rn+1 − {O} under the quotient relation �v ∼ �w iff �v = s�w
for s ∈ R+. We will also use Sn as the double cover of RPn. Then
Aut(Sn), isomorphic to the subgroup SL±(n + 1,R) of GL(n + 1,R) of
determinant ±1, double-covers PGL(n+ 1,R). Aut(Sn) acts as a group
of projective automorphisms of Sn. A projective map of a real projective
orbifold to another is a map that is projective by charts to RPn. Let
Π : Rn+1 − {O} → RPn be a projection and let Π′ : Rn+1 − {O} → S

n

denote one for Sn. An infinite subgroup Γ of PGL(n + 1,R) (resp.
SL±(n + 1,R)) is strongly irreducible if every finite-index subgroup is
irreducible. A subspace S of RPn (resp. Sn) is the image of a subspace
with the origin removed under the projection Π (resp. Π′).

A cone C in Rn+1 − {O} is a subset so that given a vector x ∈ C,
sx ∈ C for every s ∈ R+. A convex cone is a cone that is a convex subset
of Rn+1 in the usual sense. A proper convex cone is a convex cone not
containing a complete affine line.

A line in RPn or Sn is an embedded arc in a 1-dimensional subspace.
A projective geodesic is an arc in a projective orbifold developing into a
line in RPn or to a one-dimensional subspace of Sn. An affine subspace
An can be identified with the complement of a codimension-one subspace
RPn−1 so that the geodesic structures are same up to parameterizations.
A convex subset of RPn is a convex subset of an affine subspace in this
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paper. A properly convex subset of RPn is a precompact convex subset of
an affine subspace. R

n identifies with an open half-space in S
n defined

by a linear function on Rn+1. (In this paper an affine space is either
embedded in RPn or Sn.)

An i-dimensional complete affine subspace is a subset of a projective
orbifold projectively diffeomorphic to an i-dimensional affine subspace
in some affine subspace An of RPn or Sn.

Again an affine subspace in S
n is a lift of an affine space in RPn,

which is the interior of an n-hemisphere. Convexity and proper convexity
in Sn are defined in the same way as in RPn.

The complement of a codimension-one subspace W in RPn can be
considered an affine space An by correspondence

[1, x1, . . . , xn] → (x1, . . . , xn)

for a coordinate system where W is given by x0 = 0. The group Aff(An)
of projective automorphisms acting on An is identical with the group of
affine transformations of form

�x → A�x+�b

for a linear map A : Rn → R
n and �b ∈ R

n. The projective geodesics and
the affine geodesics agree up to parametrizations.

A subset A of RPn or S
n spans a subspace S if S is the smallest

subspace containing A.
We will consider an orbifold O with a real projective structure: This

can be expressed as

• having a pair (dev, h) where dev : Õ → RPn is an immersion
equivariant with respect to

• the homomorphism h : π1(O) → PGL(n+ 1,R) where Õ is the
universal cover and π1(O) is the group of deck transformations

acting on Õ.

(dev, h) is only determined up to an action of PGL(n+ 1,R) given by

g ◦ (dev, h(·)) = (g ◦ dev, gh(·)g−1) for g ∈ PGL(n+ 1,R).

We will use only one pair where dev is an embedding for this paper and
hence identify Õ with its image. A holonomy is an image of an element
under h. The holonomy group is the image group h(π1(O)).

The Klein model of the hyperbolic geometry is given as follows:
Let x0, x1, . . . , xn denote the standard coordinates of Rn+1. Let B be
the interior in RPn or Sn of a standard ball that is the image of the
positive cone of x2

0 > x2
1 + · · · + x2

n in R
n+1. Then B can be identified
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with a hyperbolic n-space. The group of isometries of the hyperbolic
space equals the group Aut(B) of projective automorphisms acting on
B. Thus, a complete hyperbolic manifold carries a unique real projective
structure and is denoted by B/Γ for Γ ⊂ Aut(B). Actually, g(B) for
any g ∈ PGL(n + 1,R) will serve as a Klein model of the hyperbolic
space, and Aut(gB) = gAut(B)g−1 is the isometry group. (See [26] for
details.)

We also have a lift dev′ : Õ → Sn and h′ : π1(O) → SL±(n+ 1,R),
which are also called developing maps and holonomy homomorphisms.
The discussions below apply to RPn and Sn equally. This pair also
completely determines the real projective structure on O. We will use
this pair as (dev, h).

Fixing dev, we can identify Õ with dev(Õ) in Sn when dev is an
embedding. This identifies π1(O) with a group of projective automor-
phisms Γ in Aut(Sn). The image of h′ is still called a holonomy group.

An orbifold O is convex (resp. properly convex and complete affine)

if Õ is a convex domain (resp. a properly convex domain and an affine
subspace.).

A totally geodesic hypersurface A in Õ (resp. O) is a subspace of

codimension-one where each point p in A has a neighborhood U in Õ
(resp. O) with a chart φ so that φ|A has the image in a hyperspace.

Let A denote the antipodal map Sn → Sn. Given a projective
structure where dev : Õ → RPn is an embedding to a properly convex
open subset as in this paper, dev lifts to an embedding dev′ : Õ → Sn to
an open domainD without any pair of antipodal points. D is determined
up to A.

We will identify Õ with D or A(D) and π1(O) with Γ. Then Γ lifts

to a subgroup Γ′ of SL±(n+ 1,R) acting faithfully and discretely on Õ.
There is a unique way to lift so that D/Γ′ is projectively diffeomorphic

to Õ/Γ. Thus, we also define the p-end vertices of p-R-ends of Õ as

points in the boundary of Õ in Sn from now on. (see [30].)

2.3. Convexity and convex domains

Proposition 2.1. • A real projective n-orbifold is convex if
and only if the developing map sends the universal cover to a
convex domain in RPn (resp. S

n).
• A real projective n-orbifold is properly convex if and only if

the developing map sends the universal cover to a precompact
properly convex open domain in an affine patch of RPn (resp.
S
n).
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• If a convex real projective n-orbifold is not properly convex and
not complete affine, then its holonomy is virtually reducible in
PGL(n+1,R) (resp. SL±(n+1,R)). In this case, Õ is foliated
by affine subspaces l of dimension i with the common boundary
Cl(l)− l equal to a fixed subspace RP i−1

∞ (resp. S
i−1
∞ ) in bdÕ.

Proof. The first item is Proposition A.1 of [20]. The second follows
immediately. For the final item, a convex subset of RPn is a convex
subset of an affine patch An, isomorphic to an affine space. Recall the
double covering S

n → RPn. A convex open domain D in An lifts to a
convex open domain D′ ⊂ Ho for a closed hemisphere H in Sn. If D is
not properly convex, the closure Cl(D′) must have a pair of antipodal
points in H. They must be in bdH. A great open segment l must
connect this antipodal pair in bdH and pass an interior point of D′. If
a subsegment of l is in bdD′, then l is in a supporting hyperspace and l
does not pass an interior point of D′. Thus, l ⊂ D′. Hence, D contains
a complete affine line.

Thus, D contain a maximal complete affine subspace. Two such
complete maximal affine subspaces do not intersect since otherwise a
larger complete affine subspace of higher dimension is in D by convexity.
We showed in [18] that the maximal complete affine subspaces foliated
the domain. (See also [43].) The foliation is preserved under the group
action since the leaves are lower-dimensional complete affine subspaces
in D. This implies that the boundary of the affine subspaces is a lower
dimensional subspace. These subspaces are preserved under the group
action. Q.E.D.

Definition 2.2. Given a convex set D in RPn, we obtain a connected
cone CD in Rn+1 − {O} mapping to D, determined up to the antipodal
map. For a convex domain D ⊂ S

n, we have a unique domain CD ⊂
Rn+1 − {O}.

A join of two properly convex subsets A and B in a convex domain
D of RPn or Sn is defined

A ∗B := {[tx+ (1− t)y]|x, y ∈ CD, [x] ∈ A, [y] ∈ B, t ∈ [0, 1]}
where CD is a cone corresponding to D in R

n+1. The definition is
independent of the choice of CD.

Definition 2.3. Let C1, . . . , Cm be cone respectively in a set of in-
dependent vector subspaces V1, . . . , Vm of Rn+1. In general, a sum of
convex sets C1, . . . , Cm in Rn+1 in independent subspaces Vi is defined
by

C1 + · · ·+ Cm := {v|v = c1 + · · ·+ cm, ci ∈ Ci}.
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A strict join of convex sets Ωi in Sn (resp. in RPn) is given as

Ω1 ∗ · · · ∗ Ωm := Π(C1 + · · ·+ Cm) (resp. Π′(C1 + · · ·+ Cm))

where each Ci − {O} is a convex cone with image Ωi for each i.

(The join above does depend on the choice of cones.)
2.3.1. The Benoist theory. In late 1990s, Benoist more or less com-

pleted the theory of the divisible action as started by Benzecri, Vinberg,
Koszul, Vey, and so on in the series of papers [5], [6], [7], [8], [9], [10].
The comprehensive theory will aid us much in this paper.

Proposition 2.2 (Corollary 2.13 [7]). Suppose that a discrete sub-
group Γ of SL±(n,R) (resp. PGL(n,R)), n ≥ 2, acts on a properly convex
(n− 1)-dimensional open domain Ω in S

n−1 (resp, RPn−1) so that Ω/Γ
is compact. Then the following statements are equivalent.

• Every subgroup of finite index of Γ has a finite center.
• Every subgroup of finite index of Γ has a trivial center.
• Every subgroup of finite index of Γ is irreducible in SL±(n,R)

(resp. in PGL(n,R)). That is, Γ is strongly irreducible.
• The Zariski closure of Γ is semisimple.
• Γ does not contain an infinite nilpotent normal subgroup.
• Γ does not contain an infinite abelian normal subgroup.

Proof. Corollary 2.13 of [7] considers PGL(n,R) and RPn−1. How-
ever, the version for S

n−1 follows from this since we can always lift a
properly convex domain in RPn−1 to one Ω in Sn−1 and the group to
one in SL±(n,R) acting on Ω. Q.E.D.

The group with properties above is said to be the group with a trivial
virtual center.

Theorem 2.3 (Theorem 1.1 of [7]). Let n − 1 ≥ 1. Suppose that
a virtual-center-free discrete subgroup Γ of SL±(n,R) (resp. PGL(n,R))
acts on a strongly tame, properly convex (n − 1)-dimensional open do-
main Ω ⊂ Sn−1 so that Ω/Γ is compact. Then every representation of
a component of Hom(Γ,SL±(n,R)) (resp. Hom(Γ,PGL(n,R))) contain-
ing the inclusion representation also acts on a properly convex (n − 1)-
dimensional open domain cocompactly.

(When Γ is a discrete group of hyperbolic isometries and n = 3,
Inkang Kim [64] proved this simultaneously.)

We call the group such as above theorem a vcf-group. By above
Proposition 2.2, we see that every representation of the group acts irre-
ducibly.
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Proposition 2.4 (Theorem 1.1. of Benoist [6]). Assume n ≥ 2.
Let Σ be a closed (n − 1)-dimensional strongly tame, properly convex
projective orbifold and let Ω denote its universal cover in Sn−1 (resp.
RPn−1). Then

• Ω is projectively diffeomorphic to the interior of a strict join
K := K1 ∗ · · · ∗Kl0 where Ki is a properly convex open domain
of dimension ni ≥ 0 in the subspace Sni in Sn (resp. RPni in
RPn). Ki corresponds to a convex cone Ci ⊂ R

ni+1 for each
i.

• Ω is the image of C1 + · · ·+ Cl0 .
• The fundamental group π1(Σ) is virtually isomorphic to a sub-

group of Zl0−1×Γ1×· · ·×Γl0 for (l0−1)+
∑l0

i=1 ni = n, where
Γi is the image of the restriction map of π1(Σ) on Ki.

• π1(Σ) acts on K cocompactly and discretely.
• Each Γj acts on Kj cocompactly, the Zariski closure Gj is an

irreducible reductive group, and Gj acts trivially on Km for
m 
= j.

• The subgroup corresponding to Z
l0−1 acts trivially on each Kj.

2.4. The flexibility of boundary

The following lemma gives us some flexibility of boundary. A smooth
hypersurface embedded in a real projective manifold is called strictly
convex if under a chart to an affine subspace, it maps to a hypersurface
which is defined by a real function with positive Hessians at points of
the hypersurface.

Lemma 2.5. Let M be a strongly tame or compact properly convex
real projective orbifold with strictly convex ∂M . We can modify ∂M
inward M and the result bound a strongly tame or compact properly
convex real projective orbifold M ′ with strictly convex ∂M ′

Proof. Let Ω be a properly convex domain covering M . We may
modify M by pushing ∂M inward. We take an arbitrary inward vector
field defined on a tubular neighborhood of ∂M . (See Section 4.4 of [26]
for the definition of the tubular neighborhoods.) We use the flow defined
by them to modify ∂M . By the C2-convexity condition, for sufficiently
small change the image of ∂M is still strictly convex and smooth. Let
the resulting compact n-orbifold be denoted by M ′. M ′ is covered by a
subdomain Ω′ in Ω.

Since M ′ is a compact subset of M , Ω′ is a properly imbedded
domain in Ω and thus, bdΩ′ ∩ Ω = ∂Ω′. ∂Ω′ is a strictly convex hyper-
surface since so is ∂M ′. This means that Ω′ is locally convex. A locally
convex subset in the Hilbert metric of Mo is convex (see [80]). Hence,
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Ω′ is convex and hence is properly convex being a subset of a properly
convex domain. So is M ′. Q.E.D.

Thus, by choosing one in the interior, we may assume without loss
of generality that a strictly convex boundary component can be pushed
out to a strictly convex boundary component.

2.5. A needed lemma

The following will be used in many of our papers.

Lemma 2.6. Let O be a strongly tame properly convex real projec-
tive orbifold. Let σ be a convex domain in Cl(Õ) ∩ P for a subspace P .

Then either σ ⊂ bdÕ or σo is in Õ.

Proof. Suppose that σo meets bdÕ and is not contained in it en-
tirely. Since the complement of σo ∩ bdÕ is a relatively open set in σo,
we can find a segment s ⊂ σo with a point z so that a component s1 of
s−{z} is in bdÕ and the other component s2 is disjoint from it. We may
perturb s in the subspace containing s and vẼ so that the new segment

s′ ⊂ Cl(Õ) meets bdÕ only in its interior point. This contradicts the

fact that Õ is convex by Theorem A.2 of [20]. Q.E.D.

§3. The duality of real projective orbifolds

The duality is a natural concept in real projective geometry and it
will continue to play an important role in this theory as well.

3.1. The duality

We start from linear duality. Let Γ be a group of linear trans-
formations GL(n + 1,R). Let Γ∗ be the affine dual group defined by
{g∗−1|g ∈ Γ}.

Suppose that Γ acts on a properly convex cone C in R
n+1 with the

vertex O. An open convex cone C∗ in Rn+1,∗ is dual to an open convex
cone C in R

n+1 if C∗ ⊂ R
n+1∗ is the set of linear functionals taking

positive values on Cl(C) − {O}. C∗ is a cone with the origin as the
vertex. Note (C∗)∗ = C.

Now Γ∗ will acts on C∗. A central dilatational extension Γ′ of Γ by
Z is given by adding a dilatation by a scalar s ∈ R+ − {1} for the set
R+ of positive real numbers. The dual Γ′∗ of Γ′ is a central dilatation
extension of Γ∗. Also, if Γ′ is cocompact on C if and only if Γ′∗ is on
C∗. (See [48] for details.)

Given a subgroup Γ in PGL(n + 1,R), a lift in GL(n + 1,R) is any
subgroup that maps to Γ bijectively. Given a subgroup Γ in PGL(n +
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1,R), the dual group Γ∗ is the image in PGL(n + 1,R) of the dual of
any linear lift of Γ.

A properly convex open domain Ω in P (Rn+1) is dual to a properly
convex open domain Ω∗ in P (Rn+1,∗) if Ω corresponds to an open convex
cone C and Ω∗ to its dual C∗. We say that Ω∗ is dual to Ω. We also
have (Ω∗)∗ = Ω and Ω is properly convex if and only if so is Ω∗.

We call Γ a divisible group if a central dilatational extension acts
cocompactly on C. Γ is divisible if and only if so is Γ∗.

We define S
n∗ := R

n+1∗ − {O}/ ∼ where �v ∼ �w iff �v = s�w for
s ∈ R+.

For an open properly convex subset Ω in S
n, the dual domain is

defined as the quotient in Sn∗ of the dual cone of the cone CΩ corre-
sponding to Ω. The dual set Ω∗ is also open and properly convex but
the dimension may not change. Again, we have (Ω∗)∗ = Ω.

Given a properly convex domain Ω in S
n (resp. RPn), we define the

augmented boundary of Ω

(2) bdAgΩ := {(x, h)|x ∈ bdΩ, x ∈ h,

h is an oriented supporting hyperplane of Ω} ⊂ S
n × S

n∗.

Define the projection

ΠAg : bdAgΩ → bdΩ

by (x, h) → x. Each x ∈ bdΩ has at least one oriented supporting
hyperspace. An oriented hyperspace is an element of Sn∗ since it is rep-
resented as a linear functional. Conversely, an element of Sn represents
an oriented hyperspace in S

n∗. (Clearly, we can do this for RPn and the
dual space RPn∗).

Theorem 3.1. Let A be a subset of bdΩ. Let A′ := Π−1
Ag(A) be the

subset of bdAg(A). Then ΠAg|A′ : A′ → A is a quasi-fibration.

Proof. We take a Euclidean metric on an affine space containing
Cl(Ω). The supporting hyperplanes can be identified with unit vectors.
Each fiber Π−1

Ag(x) is a properly convex compact domain in a sphere of
unit vectors through x. We find a continuous unit vector field to bdΩ
by taking the center of mass of each fiber with respect to the Euclidean
metric. This gives a local coordinate system on each fiber by giving the
origin, and each fiber is a convex domain containing the origin. Then
the quasi-fibration property is clear now. Q.E.D.
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Remark 3.2. We notice that for open properly convex domains Ω1

and Ω2 in S
n (resp. in RPn) we have

(3) Ω1 ⊂ Ω2 if and only if Ω∗
2 ⊂ Ω∗

1

Remark 3.3. Given a strict join A∗B for a properly convex compact
k-dimensional domain A and a properly convex compact n − k − 1-
dimensional domain B,

(4) (A ∗B)∗ = A∗ ∗B∗.

This follows from the definition and realizing every linear functional as
a sum of linear functionals in the direct-sum subspaces.

An element (x, h) is bdAgΩ if and only if x ∈ bdΩ and h is repre-
sented by a linear functional αh so that αh(y) > 0 for all y in the open
cone C corresponding to Ω and αh(vx) = 0 for a vector vx representing
x.

Let (x, h) ∈ bdAgΩ. Since the dual cone C∗ consists of all nonzero
1-form α so that α(y) > 0 for all y ∈ Cl(C) − {O}. Thus, α(vx) > 0
for all α ∈ C∗ and αy(vx) = 0. αh 
∈ C∗ since vx ∈ Cl(C) − {O}.
But h ∈ bdΩ∗ as we can perturb αh so that it is in C∗. Thus, x is a
supporting hyperspace at h ∈ bdΩ∗. Hence we obtain a continuous map
DΩ : bdAgΩ → bdAgΩ∗. We define a duality map

DΩ : bdAgΩ ↔ bdAgΩ∗

given by sending (x, h) to (h, x) for each (x, h) ∈ bdAgΩ.

Proposition 3.4. Let Ω and Ω∗ be dual domains in S
n and S

n∗

(resp. RPn and RPn∗).
(i) There is a proper quotient map ΠAg : bdAgΩ → bdΩ given by

sending (x, h) to x.
(ii) Let a projective automorphism group Γ acts on a properly con-

vex open domain Ω if and only Γ∗ acts on Ω∗.
(iii) There exists a duality map

DΩ : bdAgΩ ↔ bdAgΩ∗

which is a homeomorphism.
(iv) Let A ⊂ bdAgΩ be a subspace and A∗ ⊂ bdAgΩ∗ be the corre-

sponding dual subspace DΩ(A). A group Γ acts on A so that
A/Γ is compact if and only if Γ∗ acts on A∗ and A∗/Γ∗ is
compact.
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Proof. We will prove for RPn but the same proof works for Sn. (i)
Each fiber is a closed set of hyperplanes at a point forming a compact
set. The set of supporting hyperplanes at a compact subset of bdΩ is
closed. The closed set of hyperplanes having a point in a compact subset
of RPn is compact. Thus, ΠAg is proper. Clearly, ΠAg is continuous,

and it is an open map since bdAgΩ is given the subspace topology from
RPn × RPn∗ with a box topology where ΠAg extends to a projection.

(ii) Straightforward. (See Chapter 6 of [48].)
(iii) DΩ has the inverse map DΩ∗ .
(iv) The item is clear from (ii) and (iii). Q.E.D.

Definition 3.1. The two subgroups G1 of Γ and G2 of Γ∗ are dual if
sending g → g−1,T gives us an isomorphism G1 → G2. A set in A ⊂ bdΩ
is dual to a set B ⊂ bdΩ∗ if D : Π−1

Ag(A) → Π−1
Ag(B) is a one-to-one and

onto map.

3.2. The duality of convex real projective orbifolds with
strictly convex boundary

We have O = Ω/Γ for an open properly convex domain Ω, the dual
orbifold O∗ = Ω∗/Γ∗ is a properly convex real projective orbifold. The
dual orbifold is well-defined up to projective diffeomorphisms.

Theorem 3.5 (Vinberg). Let O be a strongly tame properly convex
real projective open orbifold. The dual orbifold O∗ is diffeomorphic to
O.

We call the map the Vinberg duality diffeomorphism. For an orbifold
O with boundary, the map is a diffeomorphism in the interiors Oo →
O∗o. Also, DO gives us the diffeomorphism ∂O → ∂O∗. (I conjecture
that they form a diffeomorphism O → O∗ up to isotopies.)

§4. Ends

In this section, we begin by explaining the R-ends. We classify
them into three cases: complete affine ends, properly convex ends, and
nonproperly convex and not complete affine ends. We also introduce
T-ends.

Suppose that O is a strongly tame properly convex real projective
orbifolds and a universal cover Õ with compact boundary ∂O and some
ends. (This will be the universal assumption for this paper.)

We recall the material in Section 2.2.1. An end neighborhood system
is a sequence of open sets U1, U2, . . . in O so that

• Ui ⊃ Ui+1 for each i where
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• each Ui is a component of the complement of a compact subset
in O so that Cl(Ui) is not compact, and

• given each compact set K in O, Ui ∩ K 
= ∅ for only finitely
many i.

Two such sequences {U1, U2, . . .} and {U ′
1, U

′
2, . . .} are equivalent if

• for each Ui we find k so that U ′
j ⊂ Ui for j > k and

• conversely for each U ′
i we find k′ such that Uj ⊂ U ′

i for j > k′.
An equivalence class of end neighborhoods is said to be an end of O.
A neighborhood of an end is one of the open set in the sequence in the
equivalence class of the end.

A end neighborhood system of O is the union of mutually disjoint col-
lection of end neighborhoods for all ends where each end neighborhood
is diffeomorphic to an orbifold times an interval.

Given a component of such a system, the inverse image is a disjoint
union of connected open sets. Let Ũ be a component. Ũ is a proper
pseudo-end neighborhood. The subgroup ΓŨ acts on Ũ so that Ũ/ΓŨ is
homeomorphic to the product end neighborhood. Note that any other
component Ũ ′ is of form γ(Ũ) for γ ∈ Γ − ΓŨ and ΓŨ ′ = γΓŨγ

−1 and
vŨ ′ = γ(vŨ ).

Here, Ũ ′ may not be a neighborhood of an end of Õ in the topolog-
ical sense as in the cases of horospherical ends. ΓŨ is the pseudo-end

fundamental group. Let Ẽ denote the pseudo-end corresponding to a
pseudo-end sequence containing Ũ . Up to the Γ-action, there are only
finitely many pseudo-end vertices and pseudo-end fundamental groups.
For an end E, ΓŨ is well-defined up to conjugation by Γ, and we denote
it by ΓẼ . Its conjugacy class is more appropriately denoted ΓẼ .

A p-R-end may have more than one p-end vertex; however, the radial
foliation structure will determine a p-R-end and vice versa.

We showed:

Lemma 4.1. Suppose that O is a strongly tame properly convex real
projective orbifold with R- or T-ends and a universal cover Õ. Let U ′ be
the inverse image of the union U of mutually disjoint end neighborhoods.
For a given component Ũ of U ′, if γ(Ũ) ∩ Ũ 
= ∅, then γ(Ũ) = Ũ and γ

lies in the fundamental group ΓE′ of the p-end E′ associated with Ũ .

We will assume that our real projective orbifold O is a strongly
tame convex orbifold with boundary and some ends. We now define
radial ends and totally geodesic ends.

Radial ends: A radial end is an end with an end neighborhood
U where each component Ũ of the inverse image p−1

O (U) has a



The classification of ends 91

foliation by properly embedded projective geodesics ending at
a common point vŨ ∈ RPn.

• The space of directions of oriented projective geodesics
through vẼ forms an (n − 1)-dimensional real projective
sphere. We denote it by Sn−1

vẼ
and call it a linking sphere.

• Let Σ̃Ẽ denote the space of equivalence classes of lines

from vẼ in Ũ where two lines are regarded equivalent if

they are identical near vẼ . Σ̃Ẽ projects to a convex open

domain in an affine space in Sn−1
vE

by the convexity of Õ.

Then by Proposition 2.1 Σ̃Ẽ is projectively diffeomorphic
to

– either a complete affine space An−1,
– a properly convex domain,
– or a convex but not properly convex and not com-

plete affine domain in An−1.
• The subgroup ΓẼ , a p-end fundamental group, of Γ fixes
vẼ and acts as a projective automorphism group on S

n−1
vE

.

Thus, the quotient Σ̃Ẽ/ΓẼ admits a real projective struc-
ture of one dimension lower.

• We denote by ΣẼ the real projective (n−1)-orbifold Σ̃E/ΓE .
Since we can find a transversal orbifold ΣẼ to the radial

foliation in a p-end neighborhood for each p-R-end Ẽ of
O, it lifts to a transversal surface Σ̃Ẽ in Ũ .

• We say that a p-R-end Ẽ is convex (resp. properly con-

vex, and complete affine) if Σ̃Ẽ is convex (resp. properly
convex, and complete affine).
Thus, an R-end is either

(i) complete affine (CA),
(ii) properly convex (PC), or
(iii) convex but not properly convex and not complete affine

(NPNC).
Totally geodesic ends: An end E is totally geodesic if a closed

end neighborhood U in O compactifies by adding a totally ge-
odesic suborbifold ΣE in an ambient orbifold, homeomorphic
to ΣE × I for a closed interval I. The choice of the compact-
ification is said to be the totally geodesic end structure. Two
compactifications are equivalent if some respective neighbor-
hoods are projectively diffeomorphic. (One can see in [23] two
inequivalent ways to compactify for real projective elementary
annulus.) If ΣE is properly convex, then the end is said to be
properly convex.
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We call such an end simply a T-end. Note that the end orbifolds are
determined for R- or T-ends up to diffeomorphisms.

Let us end with a few facts.

Lemma 4.2. Let U be a p-R-end neighborhood with smooth bdU∩Õ
of a p-end vertex vẼ. Suppose that bdU ∩ Õ ∩ l is a unique point for

each open great segment l from endpoints vẼ in a direction of Σ̃Ẽ. Then

bdU∩Õ covers a compact orbifold and pO(U) is diffeomorphic to ΣẼ×R.

Proposition 4.3. Suppose that O is a strongly tame convex real
projective orbifold. Let U ′ be an R-end neighborhood in O. Let Ũ be
p−1
O (U ′) as above with E′ the p-end in Õ associated with a component

U of Ũ . Then

• the closure of each component of Ũ contains the p-end vertex
vE′ of the leaf of radial foliation in Ũ , lifted from U .

• There exists a unique one for each component U1 of Ũ associ-
ated with a p-R-end E′ of Õ.

• The subgroup of h(π1(O)) acting on U1 or fixing the p-R-end
vertex vE′ is precisely the subgroup ΓE′ .

4.1. Horospherical domains, lens domains, lens-cones, and
so on.

A segment is a convex arc in a 1-dimensional subspace of RPn or
Sn. We will denote it by xy if x and y are endpoints. It is uniquely
determined by x and y if x and y are not antipodal. In the following, all
the sets are required to be inside an affine subspace An and its closure
either in RPn or Sn.

• An n-dimensional submanifold L of An is said to be a horoball
if it is strictly convex, and the boundary ∂L is diffeomorphic
to Rn−1 and bdL − ∂L is a single point. The boundary ∂L is
said to be a horosphere.

• An n-dimensional subdomain L of An is a lens if L is a convex
domain and ∂L is a disjoint union of two smoothly strictly
convex embedded open (n− 1)-cells ∂+L and ∂−L.

• A cone is a bounded domain D in an affine patch with a point
in the boundary, called an end vertex v so that every other
point x ∈ D has an open segment vxo ⊂ D.

• The cone {p}∗L over a lens-shaped domain L in An, p 
∈ Cl(L)
is a lens-cone if it is a convex domain and satisfies

– {p} ∗ L = {p} ∗ ∂+L for one boundary component ∂+L of
L and

– every segment from p to ∂+L meets the other boundary
component ∂−L of L at a unique point.
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• As a consequence each line segment from p to ∂+L is transversal
to ∂+L. L is called the lens of the lens-cone. (Here different
lenses may give the identical lens-cone.) Also, {p} ∗L− {p} is
a manifold with boundary ∂+L.

• Each of two boundary components of L is called a top or bottom
hypersurface depending on whether it is further away from p
or not. The top component is denoted by ∂+L and the bottom
one by ∂−L.

• An n-dimensional subdomain L of An is a generalized lens if L
is a convex domain and ∂L is a disjoint union of a smoothly
strictly convex embedded open (n−1)-cell ∂−L and an imbed-
ded open (n− 1)-cell ∂+L, which is not necessarily smooth.

• A cone {p} ∗ L is said to be a generalized lens-cone if
– {p} ∗ L = {p} ∗ ∂+L, p 
∈ Cl(L) and
– every segment from p to ∂+Lmeets ∂−L at a unique point.

A lens-cone will of course be considered a generalized lens-cone.
• We again define the top hypersurface and the bottom one as
above. They are denoted by ∂+L and ∂−L respectively. ∂+L
can be nonsmooth. ∂−L is required to be smooth.

• A totally-geodesic submanifold is a convex domain in a hyper-
space. A cone-over a totally-geodesic submanifold D is a union
of all segments with one endpoint a point x not in the hyper-
space and the other endpoint in D. We denote it by {x} ∗D.

We apply these to ends:

Horospherical R-end: A p-R-end of Õ is horospherical if it has
a horoball in Õ as a p-end neighborhood, or equivalently a
convex open p-end neighborhood U in Õ so that bdU ∩ Õ =
bdU − {v} for a boundary fixed point v.

Lens-shaped R-end: A p-R-end Ẽ is lens-shaped (resp. totally
geodesic cone-shaped, generalized-lens-shaped ), if it has a p-end
neighborhood that is a lens-cone (resp. a cone over a totally-
geodesic domain, a generalized lens-cone p-end neighborhood).
Here we require that the p-end fundamental group ΓẼ acts

on a lens of the lens-cone if Ẽ is lens-shaped and acts on a
generalized lens of the generalized lens-cone if Ẽ is generalized-
lens-shaped.

An end of O is of lens-shaped (resp. totally geodesic cone-shaped,
generalized-lens-shaped ) if the corresponding p-end is lens-shaped (resp.
totally geodesic cone-shaped, generalized-lens-shaped ).

Let the p-R-end Ẽ have a p-end neighborhood of form {p} ∗L−{p}
that is a generalized lens-cone p ∗ L over a generalized lens L where
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∂(p∗L−{p}) = ∂+L and ΓẼ acts on L. Notice that {p}∗L−{p}−∂−L
has two components since ∂−L meets each segment from p to ∂+L at

a unique point. A concave p-end neighborhood of Ẽ is the open p-end
neighborhood {p}∗L−{p}−L in Õ contained in a p-R-end neighborhood

in Õ. As it is defined, such a p-R-end neighborhood always exists for a
generalized-lens-shaped p-R-end.

Additionally, we define:

• A quasi-lens cone is a properly convex cone of form p ∗ S for a
strictly convex open smooth hypersurface S so that

– ∂({p} ∗ S − {p}) = S, p ∈ Cl(S)− S hold,
– the space of directions from p to S is a properly convex

domain in Sn−1
p , and

– each segment from p in these directions meets S transver-
sally.

• An R-end Ẽ is quasi-lens-shaped if it has a p-end neighborhood
that is a quasi-lens cone.

Finally, we define:

Lens-shaped T-end: A p-T-end Ẽ of Õ is lens-shaped if it has
a lens neighborhood L in an ambient orbifold of Õ where

Cl(∂L)− ∂L = bd∂L ⊂ P

for the hyperspace P containing Σ̃Ẽ and L/ΓẼ is is a compact
orbifold.

Remark 4.4. The reason we introduce a generalized-lens or horo-
spherical condition is that we need this conditions to hold when we
deform the orbifolds keeping it properly convex. (See [30] and [31].)
However, a more general condition can be used sometimes.

Horospherical ends will be shown to be cusp ends later. Strictly
speaking, we distinguish between these two types. See Section 4.3.

4.2. Examples of ends

We will present some examples here, which we will fully justify later.
An ellipsoid is a subset in an affine space defined as a zero locus of a

positive definite quadratic polynomial in term of the affine coordinates.
Recall the Klein model of hyperbolic geometry: It is a pair (B,Aut(B))
where B is the interior of an ellipsoid in RPn or Sn and Aut(B) is the
group of projective automorphisms of B. B has a Hilbert metric which
in this case is the hyperbolic metric times a constant. Then Aut(B) is
the group of isometries of B. (See Section 5.)
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From hyperbolic manifolds, we obtain some examples of ends. LetM
be a complete hyperbolic manifold with cusps. M is a quotient space of
the interior B of an ellipsoid in RPn or Sn under the action of a discrete
subgroup Γ of Aut(B). Then horoballs are p-end neighborhoods of the
horospherical R-ends.

Suppose that M has totally geodesic embedded surfaces S1, .., Sm

homotopic to the ends.

• We remove the outside of Sjs to obtain a properly convex real
projective orbifold M ′ with totally geodesic boundary.

• Each Si corresponds to a disjoint union of totally geodesic do-
mains

⋃
j∈J S̃i,j for a collection J . For each S̃i,j ⊂ B, a group

Γi,j acts on it where S̃i,j/Γi,j is a closed orbifold projectively
diffeomorphic to Si.

• Then Γi,j fixes a point pi,j outside the ellipsoid by taking the

dual point of S̃i,j outside the ellipsoid.

• Hence, we form the cone Mi,j := {pi,j} ∗ S̃i,j .

• We obtain the quotient Mi,j/Γi,j−{pi,j} and identify S̃i,j/Γi,j

to Si,j inM ′ to obtain the examples of real projective manifolds
with R-ends.

• (pi,j ∗ S̃i,j)
o is a p-R-end neighborhood and the end is a totally

geodesic R-end.

This orbifold is called the hyper-ideal extension of the hyperbolic man-
ifolds as real projective manifolds. By Proposition 4.5, these will be
lens-shaped.

Following proposition shows that many lens-shaped R-ends exist.

Proposition 4.5. Suppose that M is a strongly tame convex real
projective orbifold. Let Ẽ be a p-R-end of M with admissible π1(Ẽ).
Suppose that

• the holonomy group of the p-end fundamental group π1(Ẽ)
– is generated by the homotopy classes of finite orders or
– is generated by elements whose holonomy transformation

fixes the p-end vertex with eigenvalues 1
and

• Ẽ has a π1(Ẽ)-invariant n − 1-dimensional totally geodesic
properly convex domain D in a p-end neighborhood and not
containing the p-end vertex in the closure of D.

Then the p-R-end Ẽ is lens-shaped.

Proof. Let M̃ be the universal cover ofM in Sn. It will be sufficient
to prove for this case. Ẽ is a p-R-end of M , and Ẽ has a π1(Ẽ)-invariant
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n− 1-dimensional totally geodesic properly convex domain D. Since D
projects to Σ̃Ẽ , the domain D is transverse to radial rays from vẼ .

Under the first assumption, since the end fundamental group ΓẼ is
generated by elements of finite order, the eigenvalues of the generators
corresponding to the p-end vertex vẼ equal 1 and hence every element
of the end fundamental group has 1 as the eigenvalue at vẼ .

Now assume that the holonomy of the elements of the end funda-
mental groups fixe the p-end vertices with eigenvalues equal to 1.

Then the p-end neighborhood U can be chosen to be the open cone
over the totally geodesic domain with vertex vẼ . U is projectively dif-
feomorphic to the interior of a properly convex cone in an affine subspace
An. The end fundamental group acts on U as a discrete linear group
of determinant 1. The theory of convex cones applies, and using the
level sets of the Koszul-Vinberg function, we obtain a smooth convex
one-sided neighborhood N in U (see Lemmas 6.5 and 6.6 of Goldman
[48]).

We obtain an one-sided neighborhood in the other side as follows:
We take R(N) for by a reflection R fixing each point of the hyperspace

containing Σ̃ and the p-end vertex. Then we choose a diagonalizable
transformation D fixing the p-end vertex and every point of D so that
the image DR(F ) is in Õ for a fundamental domain F of R(N). We

obtain DR(N) ⊂ Õ. Thus, N ∪DR(N) is the lens we needed. The cone

vẼ ∗ (N ∪ DR(N)) is the lens-cone neighborhood for Ẽ. Q.E.D.

A more specific example is below. Let S3,3,3 denote the 2-orbifold
with base space homeomorphic to a 2-sphere and three cone-points of or-
der 3. The orbifolds satisfying the following properties are the example of
Tillman as described in [30] and the hyperbolic Coxeter 3-orbifolds based
on an ideal 3-polytopes of dihedral angles π/3. (See Choi-Hodgson-Lee
[34].)

Proposition 4.6. Let O be a strongly tame convex real projective
3-orbifold with R-ends where each end orbifold is homeomorphic to a
sphere S3,3,3 or a disk with three silvered edges and three corner-reflectors
of orders 3, 3, 3. Assume that holonomy group of π1(O) is strongly irre-
ducible. Then the orbifold has only lens-shaped R-ends or horospherical
R-ends.

Proof. Again, it is sufficient to prove this for the case Õ ⊂ S3.
Let Ẽ be a p-R-end corresponding to an R-end whose end orbifold is
diffeomorphic to S3,3,3. It is sufficient to consider only S3,3,3 since it
double-covers the disk orbifold. Since ΓẼ is generated by finite order
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elements fixing a p-end vertex vẼ , every holonomy element has eigen-
value equal to 1 at vẼ . Take a finite-index free abelian group A of rank
two in ΓẼ . Since ΣE is convex, a convex projective torus T 2 covers ΣE

finitely. Therefore, Σ̃Ẽ is projectively diffeomorphic either to

• a complete affine space or
• the interior of a properly convex triangle or
• a half-space

by the classification of convex tori found in many places including [48]
and [11] and Proposition 2.1. Since there exists a holonomy automor-

phism of order 3 fixing a point of Σ̃Ẽ , it cannot be a quotient of a
half-space with a distinguished foliation by lines. Thus, the end orbifold
admits a complete affine structure or is a quotient of a properly convex
triangle.

Suppose that ΣẼ has a complete affine structure. Since λvẼ
(g) = 1

for all g ∈ ΓẼ , the only possibility from Theorem 4.12 is when ΓẼ is

virtually nilpotent and and we have a cusp p-end for Ẽ.
Suppose that ΣẼ has a properly convex open triangle T ′ as its uni-

versal cover. A acts with an element g′ with the largest eigenvalue > 1
and the smallest eigenvalue < 1 as a transformation in SL±(3,R) the
group of projective automorphisms at S2vẼ

. As an element of SL±(4,R),
we have λvẼ

(g′) = 1 and the product of the remaining eigenvalues is
1, the corresponding the largest and smallest eigenvalues are > 1 and
< 1. Thus, an element of SL±(4,R), g′ fixes v1 and v2 other than vẼ

in directions of vertices of T ′. Since ΓẼ has an order three elements ex-
changing the vertices of T ′, there are three fixed points of an element of
A different from vẼ ,vẼ−. By commutativity, there is a properly convex

compact triangle T ⊂ S3 with these three fixed points where A acts on.
Hence, A is diagonalizable over the reals.

We can make any vertex of T to be an attracting fixed point of an
element of A. Each element g ∈ ΓẼ conjugates elements of A to A.
Therefore g sends the attracting fixed points of elements of A to those
of elements of A. Hence g(T ) = T for all g ∈ ΓẼ .

Each point of the edge E of Cl(T ) is an accumulation point of an
orbit of A by taking a sequence gi so that the associated eigenvalues
λ1(gi) and λ2(gi) are going to +∞ while {log |λ1(gi)/λ2(gi)|} is bounded.
Since λvẼ

= 1, writing every vector as a linear combinations of vectors

in the direction of the four vectors, this follows. Hence bdT ⊂ bdÕ and
T ⊂ Cl(O).

If T o ∩ bdO 
= ∅, then T ⊂ bdO by Lemma 2.6. Then each segment
from vẼ ending in bdO is in the direction of Cl(ΣẼ) = T ′. It must

end at T . Hence, Õ = (T ∗ vẼ)
o, an open tetrahedron σ. Since the
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holonomy group acts on it, we can take a finite index group fixing each
vertices of σ. Thus, the holonomy group is virtually reducible. This is
a contradiction.

Therefore, T ⊂ O as T ∩bdO = ∅. We have a totally geodesic R-end
and by Proposition 4.5, the end is lens-shaped. (See also [28].) Q.E.D.

Example 4.7 (Lee’s example). Consider the Coxeter orbifold P̂ with
the underlying space on a polyhedron P with the combinatorics of a
cube with all sides mirrored and all edges given order 3 but vertices
removed. By the Mostow-Prasad rigidity and the Andreev theorem,
the orbifold has a unique complete hyperbolic structure. There exists a
six-dimensional space of real projective structures on it as found in [34]
where one has a projectively fixed fundamental domain in the universal
cover.

There are eight ideal vertices of P corresponding to eight ends of
P̂ . Each end orbifold is a 2-orbifold based on a triangle with edges mir-
rored and vertex orders are all 3. Thus, each end has a neighborhood
homeomorphic to the 2-orbifold multiplied by (0, 1). We can character-
ize them by a real-valued invariant. Their invariants are related when
we are working on the restricted deformation space. (They might be
independent in the full deformation space as M. Davis and R. Green
observed.)

This applies to S. Tillman’s example. See our other paper on the
mathematics archive [30] for details.

The following construction is called “bending” and was investigated
by Johnson and Millson [59].

Example 4.8 (Bending). Let O have the usual assumptions. We
will concentrate on an end and not take into consideration of the rest
of the orbifold. Certainly, the deformation given here may not extend
to the rest. (If the totally geodesic hypersurface exists on the orbifold,
the bending does extend to the rest. S. Ballas and L. Marquis recently
found such examples for a link complement.)

Suppose that O is an oriented hyperbolic manifold with a hyper-
ideal end E. Then E is a totally geodesic R-end with a p-R-end Ẽ. Let
the associated orbifold ΣE for E of O be a closed 2-orbifold and let c
be a two-sided simple closed geodesic in ΣE . Suppose that E has an
open end neighborhood U in O diffeomorphic to ΣE × (0, 1) with totally

geodesic bdU diffeomorphic to ΣE . Let Ũ be a p-end neighborhood in Õ
corresponding to Ẽ bounded by Σ̃Ẽ covering ΣE . Then U has a radial

foliation whose leaves lifts to radial lines in Ũ from vẼ .
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Let A be an annulus in U diffeomorphic to c × (0, 1), foliated by
leaves of the radial foliation of U . Now a lift c̃ of c is in an embedded
disk A′, covering A. Let gc be the deck transformation corresponding
to c̃ and c. Suppose that gc is orientation-preserving. Since gc is a
hyperbolic isometry of the Klein model, the holonomy gc is conjugate
to a diagonal matrix with entries λ, λ−1, 1, 1, where λ > 1 and the last
1 corresponds to the vertex vẼ . We take an element kb of SL±(4,R) of
form in this system of coordinates

(5)

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 1 0
0 0 b 1

⎞
⎟⎟⎠

where b ∈ R. kb commutes with gc. Let us just work on the end E. We
can “bend” E by kb:

Now, kb induces a diffeomorphism k̂b of an open neighborhood of
A in U to another one of A since kb commutes with gc. We can find
tubular neighborhoods N1 of A in U and N2 of A. We choose N1 and N2

so that they are diffeomorphic by a projective map k̂b. Then we obtain
two copies A1 and A2 of A by completing U −A.

Give orientations on A and U . Let N1,− denote the left component
of N1 −A and let N2,+ denote the right component of N2 −A.

We take a disjoint union (U − A)
∐

N1

∐
N2 and quotient it by

identifying the copy ofN1,− inN1 withN1,− in U−A by the identity map
and identify the copy of N2,+ in N2 with N2,+ in U −A by the identity
also. We glue back N1 and N2 by the real projective diffeomorphism

k̂b of a neighborhood of N1 to that of N2. Then N1 − (N1,− ∪ A) is
identified with N2,+ and N2 − (N2,+ ∪ A) is identified with N1,−. We
obtain a new manifold.

For sufficiently small b, we see that the end is still lens-shaped. and
it is not a totally geodesic R-end. (This follows since the condition of
being a lens-shaped R-end is an open condition. See [28].)

For the same c, let ks be given by

(6)

⎛
⎜⎜⎝

s 0 0 0
0 s 0 0
0 0 s 0
0 0 0 1/s3

⎞
⎟⎟⎠

where s ∈ R+. These give us bendings of the second type. (We talked
about this in [30].) For s sufficiently close to 1, the property of being
lens-shaped is preserved and being a totally geodesic R-end. (However,
these will be understood by cohomology.)
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If sλ < 1 for the maximal eigenvalue λ of a closed curve c1 meeting
c odd number of times, we have that the holonomy along c1 has the
attracting fixed point at vẼ . This implies that we no longer have lens-
shaped R-ends if we have started with a lens-shaped R-end.

4.3. Characterization of complete R-ends

The results here overlap with the results of Crampon-Marquis [42]
and Cooper-Long-Tillman [38]. However, the results are of different
direction than theirs and were originally conceived before their papers
appeared. We also make use of Crampon-Marquis [42].

Let Ẽ be a p-R-end. A middle eigenvalue condition for a p-end fun-
damental group π1(Ẽ) holds if for each g ∈ π1(Ẽ)−{I} the largest norm
λ1(g) of eigenvalues of g is strictly larger than the eigenvalue λvẼ

(g)
associated with p-end vertex vẼ .

Given an element g ∈ ΓẼ , let
(
λ̃1(g), . . . , λ̃n+1(g)

)
be the (n +

1)-tuple of the eigenvalues where we repeat each eigenvalue with the
multiplicity given by the characteristic polynomial. The multiplicity of
a norm of an eigenvalues of g is the number of times the norm occurs
among the (n+ 1)-tuples of norms(

|λ̃1(g)|, . . . , |λ̃n+1(g)|
)
.

A weak middle eigenvalue condition for a p-end fundamental group
π1(Ẽ) holds if for each g ∈ π1(Ẽ) if the eigenvalue λvẼ

associated with
the p-end vertex vẼ(g) has the largest norm of all eigenvalues of elements

of π1(Ẽ), then the norm of the eigenvalue must have multiplicity ≥ 2.
Recall the parabolic subgroup of the isometry group Aut(B) of the

hyperbolic space B for an (i0 + 1)-dimensional Klein model B ⊂ Si0+1

fixing a point p in the boundary of B. Such a group is isomorphic to
Ri0 and is Zariski closed.

Let E be an i0-dimensional ellipsoid containing the point v in a
subspace P of dimension i0 + 1 in Sn. Let Aut(P ) denote the group of
projective automorphisms of P , and let SL±(n+1,R)P the subgroup of
SL±(n+ 1,R) acting on P . Let rP : SL±(n+ 1,R)P → Aut(P ) denote
the restriction homomorphism g → g|P . An i0-dimensional partial par-
abolic subgroup is one mapping under RP isomorphically to a parabolic
subgroup of Aut(P ) acting freely on E − {v}, fixing v.

Suppose now that Õ ⊂ RPn. Let P ′ denote a subspace of dimen-
sion i0 + 1 containing an i0-dimensional ellipsoid E′ containing v. Let
PGL(n + 1,R)P ′ denote the subgroup of PGL(n + 1,R) acting on P ′.
Let RP ′ : PGL(n+ 1,R)P ′ → Aut(P ′) denote the restriction g → g|P ′.
An i0-dimensional partial parabolic subgroup is one mapping under RP ′
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isomorphically to a parabolic subgroup of Aut(P ′) acting freely on
E′ − {v}, fixing v. When i0 = n − 1, we will drop the “partial” from
the term “partial parabolic group”.

An i0-dimensional cusp group is a finite extension of a projective
conjugate of a discrete cocompact subgroup of a group of an i0-dimensional
partial parabolic subgroup. If the horospherical neighborhood with the
p-end vertex v has the p-end fundamental group that is a discrete (n−1)-
dimensional cusp group, then we call the p-end to be cusp-shaped.

Our first main result classifies CA p-R-ends. We need the notion of
NPNC-ends that will be explained in Section 6.

Given a cusp p-R-end, the p-end fundamental group Γv acts on a
p-end neighborhood U and Γv is a subgroup of an (n − 1)-dimensional
parabolic group Hv. Since Hv ∩ Γv is cocompact in Hv, we let F be a
compact fundamental domain of Hv with respect to Hv ∩ Γv. Hence,
we can form

V :=
⋂

g∈Hv

g(U) =
⋂
g∈F

g(U).

By definition V is Hv-invariant. Since F is compact and bounded in
SL±(n + 1,R) (resp. in PGL(n + 1,R)), the set V is not empty by the
second part of the equality. ∂V is an orbit of an (n − 1)-dimensional

parabolic group Hv. Hence, V is a cusp p-end neighborhood of Ẽ. Thus,
a cusp R-end is horospherical. Conversely, a horospherical R-end is a
cusp R-end by Theorem 4.11 under some assumption on O itself.

Corollary 4.9. Let O be a strongly tame properly convex real pro-
jective n-orbifold. Let E be an R-end of its universal cover Õ. Then E
is horospherical R-end if and only if Ẽ is a cusp R-end. Q.E.D.

Theorem 4.10. Let O be a strongly tame properly convex real pro-
jective n-orbifold. Let Ẽ be a p-R-end of its universal cover Õ. Let ΓẼ

denote the end fundamental group. Then Ẽ is a complete affine p-R-end
if and only if Ẽ is a cusp p-R-end or an NPNC-end with fibers of dimen-
sion n− 2 by altering the p-end vertex. Furthermore, if Ẽ is a complete
affine p-R-end and ΓẼ satisfies the weak middle eigenvalue condition,

then Ẽ is a cusp p-R-end.

Proof. Theorem 4.12 is the forward direction. Since a cusp p-R-end
is horospherical, Theorem 4.11 implies the converse in the case. Also, an
NPNC-end with fibers of dimension n−2 becomes a complete affine end
when we change the end vertex. The last statement follows by Corollary
6.16. Q.E.D.

Theorem 4.11 (Horosphere). Let O be a strongly tame properly

convex real projective n-orbifold. Let Ẽ be a horospherical R-end of its
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universal cover Õ, Õ ⊂ Sn (resp. ⊂ RPn) and ΓẼ denote the p-end
fundamental group.

(i) The space Σ̃Ẽ = RvẼ
(Õ) ⊂ Sn−1

vẼ
equivalence classes of lines

segments from the endpoint vẼ in Õ forms a complete affine
space of dimension n− 1.

(ii) The norms of eigenvalues of g ∈ ΓẼ are all 1.
(iii) ΓẼ is virtually abelian and a finite index subgroup is in a con-

jugate of an (n−1)-dimensional parabolic subgroup of SO(n, 1)

of rank n− 1 in SL±(n+1,R) or PGL(n+1,R). And hence Ẽ
is cusp-shaped.

(iv) For any compact set K ′ ⊂ O inside a horospherical end neighbor-
hood, O contains a horospherical end neighborhood disjoint
from K ′.

(v) A p-end vertex of a horospherical p-end cannot be an endpoint

of a segment in bdÕ.

Proof. We will prove for the case Õ ⊂ S
n. The RPn-version follows

from this. Let U be a horospherical p-end neighborhood with the p-
end vertex vẼ . The space of great segments from the p-end vertex

passing U forms a convex subset Σ̃Ẽ of a complete affine space R
n−1 ⊂

S
n−1

Ẽ
by Proposition 2.1. The space covers an end orbifold ΣẼ with the

discrete group π1(Ẽ) acting as a discrete subgroup Γ′
Ẽ
of the projective

automorphisms so that Σ̃Ẽ/Γ
′
Ẽ

is projectively isomorphic to ΣẼ .

(i) By Proposition 2.1, one of the following three happens:

• Σ̃Ẽ is properly convex.

• Σ̃Ẽ is foliated by complete affine spaces of dimension i0, 1 ≤
i0 < n − 1, with the common boundary sphere of dimension
i0−1 and the space of the leaves forms a properly open convex
subsetKo of Sn−i0−1. ΓẼ acts onKo cocompactly but perhaps
not discretely.

• Σ̃Ẽ is a complete affine space.

We aim to show that the first two cases do not occur.
Suppose that we are in the second case and 1 ≤ i0 ≤ n − 2. This

implies that Σ̃Ẽ is foliated by complete affine spaces of dimension i0 ≤
n− 2.

For each element g of ΓẼ , a complex or negative eigenvalue of g
in C − R+ cannot have a maximal or minimal absolute value different
from 1 and λvẼ

(g): Otherwise {gm(x)|m ∈ Z} for a generic point x
of U has accumulation points on a great circle or a pair of antipodal
points disjoint from {vẼ}. We take the convex hull of the orbits in Õ
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of {gm(x)|m ∈ Z}. This is not properly convex, a contradiction. Thus,
the largest and the smallest absolute value eigenvalues of g are positive.

Since ΓẼ acts on a properly convex subset K of dimension ≥ 1, an
element g has a norm of an eigenvalue > 1 and a norm of eigenvalue
< 1 by Proposition 1.1 of [9] as a projective automorphism on the great
sphere spanned by K. Hence, we obtain the largest norm of eigenvalues
and the smallest one of g inAut(Sn) both different from 1. Therefore, let
λ1(g) > 1 be the greatest norm of the eigenvalues of g and λ2(g) < 1 be
the smallest norm of the eigenvalues of g as an element of SL±(n+1,R).
Let λvẼ

(g) > 0 be the eigenvalue of g associated with vẼ . These are all
positive. The possibilities for g are as follows

λ1(g)= λvẼ
(g) > λ2(g),

λ1(g)> λvẼ
(g) > λ2(g),

λ1(g) > λ2(g)= λvẼ
(g).

In all cases, at least one of the largest norm or the smallest norm is
different from λvẼ

(g). By the paragraph immediately above, this norm
is realized by a positive eigenvalue. We take gn(x) for a generic point
x ∈ U . As n → ∞ or n → −∞, the sequence limits to a point x∞ in
Cl(U) distinct from vẼ . Also, g fixes a point x∞, and x∞ has a different

positive eigenvalue from λvẼ
(g). As x∞ 
∈ Õ, it should be x∞ = vẼ by

the definition of the horoballs. This is a contradiction.
The first possibility is also shown not to occur similarly. Thus, Σ̃Ẽ

is a complete affine space.
(ii) If g ∈ ΓẼ has a norm of eigenvalue different from 1, then we can

apply the second and the third paragraphs above to obtain a contradic-
tion. We obtain λj(g) = 1 for each norm λj(g) of eigenvalues of g for
every g ∈ ΓẼ .

(iii) Since Σ̃Ẽ is a complete affine space, Σ̃Ẽ/ΓẼ is a complete affine
manifold with the norms of eigenvalues of holonomy matrices all equal
to 1 where Γ′

Ẽ
denotes the affine transformation group corresponding to

ΓẼ . (By D. Fried [44], this implies that π1(Ẽ) is virtually nilpotent.)
The conclusion follows by Proposition 7.21 of [42] (related to Theorem
1.6 of [42]): By the proposition, we see that ΓẼ is in a conjugate of
SO(n, 1) and hence acts on an (n − 1)-dimensional ellipsoid fixing a
unique point. Since a horosphere has a Euclidean metric invariant under
the group action, the image group is in a Euclidean isometry group.
Hence, the group is virtually abelian by the Bieberbach theorem.

(iv) We can choose an exiting sequence of p-end horoball neigh-
borhoods Ui where a cusp group acts. We can consider the hyperbolic
spaces to understand this.
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(v) Suppose that bdÕ contains a segment s ending at the p-end
vertex vẼ . Then s is on an invariant hyperspace of ΓẼ . Now conjugat-
ing ΓẼ into an (n − 1)-dimensional parabolic subgroup P of SO(n, 1)
fixing (1,−1, 0, . . . , 0) ∈ R

n+1 by say an element h of SL±(n + 1,R).
By simple computations, we can find a sequence gi ∈ hΓẼh

−1 ⊂ P so
that {gi(h(s))} geometrically converges to a great segment. Thus, for
a sequence h−1gih ∈ ΓẼ , h

−1gih(s) geometrically converges to a great

segment in Cl(Õ). This contradicts the proper convexity of Õ. Q.E.D.

We will now show the converse of Theorem 4.11.

Theorem 4.12 (Complete affine). Let O be a strongly tame properly

convex n-orbifold. Suppose that Ẽ is a complete-affine p-R-end of its
universal cover Õ in S

n or in RPn. Let vẼ be the p-end vertex with the
p-end fundamental group ΓẼ. Then

(i) – ΓẼ is virtually unipotent where all norms of eigenvalues
of elements equal 1, or

– ΓẼ is virtually nilpotent where
∗ each g ∈ ΓẼ has at most two norms of the eigenval-

ues,
∗ at least one g ∈ ΓẼ has two norms, and
∗ if g ∈ ΓẼ has two distinct norms of the eigenvalues,

the norm of λvẼ
(g) has a multiplicity one.

(ii) In the first case, ΓẼ is horospherical, i.e., cuspidal.

Proof. The proof here is for Sn but it implies the RPn-version. Us-
ing Selberg’s lemma, we may choose a torsion-free finite-index subgroup.
We may assume without loss of generality that Γ is torsion-free since we
only need to prove the theorem for a finite index subgroup. Hence, Γ
does not fix a point in Σ̃Ẽ .

(i) Since Ẽ is complete affine, Σ̃Ẽ ⊂ S
n−1
vẼ

is identifiable with R
n−1.

ΓẼ induces Γ′
Ẽ

in Aff(Rn−1) that are of form x → Mx+ b where M is

a linear map Rn−1 → Rn−1 and b is a vector in Rn−1. For each γ ∈ ΓẼ ,

• let γRn−1 denote this affine transformation, and
• we denote by L̂(γRn−1) the linear part of the affine transforma-
tion γRn−1 .

• Let �v(γRn−1) denote the translation vector.

At least one eigenvalue of L̂(γRn−1) is 1 since γ acts without fixed

point on Rn−1. (See [67].) Now, L̂(γRn−1) has a maximal invariant
vector subspace A of Rn−1 where all norms of the eigenvalues are 1.

Suppose that A is a proper γ-invariant vector subspace of Rn−1.
Then γRn−1 acts on the affine space R

n−1/A as an affine transformation
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with the linear parts without a norm of eigenvalue equal to 1. Hence,
γRn−1 has a fixed point in R

n−1/A, and γRn−1 acts on an affine subspace
A′ parallel to A.

A subspace H containing vẼ corresponds to the direction of A′ from
vẼ . The union of segments with endpoints vẼ ,vẼ− in the directions in

A′ ⊂ Sn−1
vẼ

is an open hemisphere of dimension n. Let H+ denote this

space where bdH+ � vẼ holds. Since ΓẼ acts on A′, it follows that ΓẼ

acts on H+. Then γ has at most two eigenvalues associated with H+

one of which is λvẼ
(γ) and the other is to be denoted λ+(γ). We obtain

λ+(γ) by writing

γ =

⎛
⎝ λ+(γ)L̂(γRn−1) λ+(γ)�v(γRn−1) 0

0 λ+(γ) 0
∗ ∗ λvẼ

(γ)

⎞
⎠

where we have

λ+(γ)
n det(L̂(γRn−1))λvẼ

(γ) = ±1.

(Note λvẼ
(γ−1) = λvẼ

(γ)−1 and λ+(γ
−1) = λ+(γ)

−1.)
We will show that γ is unimodular as an affine transformation of

Rn−1, i.e., all norms of eigenvalues are 1. There are following possibilities
for each γ ∈ ΓẼ :

(a) λ1(γ) > λ+(γ), λvẼ
(γ).

(b) λ1(γ) = λ+(γ) = λvẼ
(γ).

(c) λ1(γ) = λ+(γ), λ1(γ) > λvẼ
(γ).

(d) λ1(γ) > λ+(γ), λ1(γ) = λvẼ
(γ).

Suppose that γ satisfies (b). The relative eigenvalues of γ on Rn−1

are all ≤ 1. Either γ is unimodular or we can take γ−1 and we are in
case (a).

Suppose that γ satisfies (a). There exists a projective subspace S
of dimension ≥ 0 where the points are associated with eigenvalues with
the norm λ1(γ) where λ1(γ) > λ+(γ), λvẼ

(γ).
Let S′ be the smallest subspace containing H and S. Let U be a

p-end neighborhood of Ẽ. Let y1 and y2 be generic points of U ∩S′−H
so that y1y2 meets H in its interior.

Then we can choose a subsequence mi, mi → ∞, so that γmi(y1) →
f and γmi(y2) → f− as i → +∞ unto relabeling y1 and y2 for a pair of

antipodal points f, f− ∈ S. This implies f, f− ∈ Cl(Õ), and Õ is not
properly convex, which is a contradiction.

If γ satisfies (c), then

(7) λ1(γ) = λ+(γ) ≥ λi(γ) ≥ λvẼ
(γ)
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for all other norms of eigenvalues λi(γ): Otherwise, we can use the
argument similar to above to obtain contradiction where we also have
to consider γ−1. Similarly if γ satisfies (d), then we have

(8) λ1(γ) = λvẼ
(γ) ≥ λi(γ) ≥ λ+(γ)

for all other norms of eigenvalues λi(γ).
There is a homomorphism

λvẼ
: ΓẼ → R+ given by g → λvẼ

(g).

This gives us an exact sequence

1 → N → ΓẼ → R → 1

where R is a finitely generated subgroup of R+, an abelian group. For an
element g ∈ N , λvẼ

(g) = 1. Since the relative eigenvalue corresponding

to L̂(gRn−1)|A is 1, a matrix form shows that λ+(g) = 1. Equations
(7) and (8) show that g is unimodular. Thus, N is therefore virtually
unipotent by Fried [44] again. Taking a finite cover again, we may
assume that N is unipotent.

Since R is a finitely generated abelian group, ΓẼ is solvable. Since

Σ̃Ẽ = Rn−1 is complete affine, Proposition S of Goldman and Hirsch
[49] implies

det(gRn−1) = 1 for all g ∈ ΓẼ .

If γ satisfies (c), then all norms of eigenvalues of γ except for λvẼ
(γ)

equal λ+(γ) since otherwise by equation (7), the above determinant is
less than 1. Similarly, if γ satisfies (d), then all norms of eigenvalues of
γ except for λvẼ

(γ) equals λ+(γ).
Therefore, only (b), (c), and (d) hold and gRn−1 is unimodular for

every g ∈ ΓẼ . Hence, ΓẼ |Rn−1 is a virtually orthopotent group and
hence is virtually nilpotent by Fried [44] again.

Suppose that every γ is unimodular. Then we have the first case of
(i). If not, then the second case of (i) holds.

(ii) This follows by Lemma 4.13.
Q.E.D.

The second case will be studied later. See Corollary 6.13. We will
show the end Ẽ to be a NPNC-end with fiber dimension n− 2 when we
choose another point as the new p-end vertex for Ẽ. Clearly, this case
is not horospherical.

Lemma 4.13. Suppose that eigenvalues of elements of ΓẼ have unit
norms only. Then a nilpotent Lie group fixing vẼ contains a finite index

subgroup of ΓẼ and Ẽ is horospherical, i.e., cuspidal.
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Proof. Since Σ̃Ẽ/ΓẼ is a compact complete-affine manifold, a finite
index subgroup F of ΓẼ is contained in a nilpotent Lie subgroup acting

on Σ̃Ẽ by Theorem 3 in Fried [44]. Now, by Malcev, it follows that the
same group is contained in a nilpotent group N acting on Sn since F is
unipotent. The dimension of N is n− 1 = dim Σ̃Ẽ by Theorem 3 of [44]
again.

Let U be a component of the inverse image of a p-end neighborhood
so that vẼ ∈ bdU . Assume that U is a radial p-end neighborhood of
vẼ . A finite index subgroup F of ΓẼ is in N so that N/F is compact
by Malcev’s results. N acts on a smaller open set covering a p-end
neighborhood by taking intersections under images of it under N if nec-
essary. We let U be this open set from now on. Consequently, bdU ∩ Õ
is smooth. We will now show that U is a horospherical p-end neighbor-
hood: We identify vẼ with [1, 0, . . . , 0]. Let W denote the subspace
in S

n containing vẼ supporting U . W corresponds to the boundary of

the direction of Σ̃Ẽ and hence is unique and, thus, N -invariant. Also,

W ∩ Cl(Õ) is a properly convex subset of W .
Let y be a point of U . Suppose that N contains a sequence {gi} so

that
gi(y) → x0 ∈ W ∩ Cl(Õ) and x0 
= vẼ ;

that is, x0 in the boundary direction of A from vẼ . Let U1 = Cl(U)∩W .
Let V be the smallest subspace containing vẼ and U1. The dimension
of V is ≥ 1 as it contains x0.

Again N acts on V . Now, V is divided into disjoint open hemi-
spheres of various dimensions where N acts on: By Theorem 3.5.3 of
[82], N preserves a flag structure V0 ⊂ V1 ⊂ · · · ⊂ Vk = V . We take
components of complement Vi − Vi−1. Let HV := V − Vk−1.

Suppose that dimV = n− 1 for contradiction. Then HV ∩U1 is not
empty since otherwise, we would have a smaller dimensional V . Let hV

be the component of HV meeting U1. Since N is unipotent, hV has an
N -invariant metric by Theorem 3 of Fried [44].

We claim that the orbit of the action of N is of dimension n −
1 and hence locally transitive on HV : If not, then a one-parameter
subgroup N ′ fixes a point of hV . This group acts trivially on hV since
the unipotent group contains a trivial orthogonal subgroup. Since N ′

is not trivial, it acts as a group of nontrivial translations on the affine
space Ho. We obtain that N ′(U) is not properly convex, and an orbit
of N is open in hV . Hence, N acts locally simply-transitively without
fixed points.

The orbit of N in hV is closed since hV has an N -invariant metric.
Thus, N acts transitively on hV .
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Hence, the orbit N(y) of N for y ∈ HV ∩ U1 contains a component

of HV . Since ΓẼ(y) ⊂ Cl(Õ) and a convex hull in Cl(Õ) is N(y) where
N(y) ⊂ HV . Since FΓẼ = N for a compact subset F of N , the orbit
ΓẼ(y) is within a bounded distance from every point of N(y). Thus, a
convex hull in Cl(HV ) is N(y), and this contradicts the assumption that

Cl(Õ) is properly convex (compare with arguments in [42].)
N acts transitively on A by Propositions S and T of Goldman and

Hirsch [49] since A/ΓẼ is compact.
Suppose that the dimension of V is ≤ n − 2. Let J be a subspace

of dimension 1 bigger than dimV and containing V and meeting U .
Then J is sent to disjoint subspaces or to itself under N . Since N acts
transitively on A, a nilpotent subgroup NJ of N acts on J . Now we
are reduced to dimV by one or more. The orbit NJ(y) for a limit point
y ∈ HV contains a component of V − Vk−1 as above. Thus, NJ (y)
contains the same component, an affine subspace. As above, we have a
contradiction to the proper convexity.

Therefore, points such as x0 ∈ W ∩ bd(Õ) − {vẼ} do not exist.
Hence for any sequence of elements gi ∈ ΓẼ , we have gi(y) → vẼ .

Hence, bdU = (bdU ∩Õ)∪{vẼ}. Clearly, bdU is homeomorphic to
an (n−1)-sphere. Since U is radial, this means that U is a horospherical
p-end neighborhood.

Q.E.D.

§5. The uniform middle eigenvalue condition and properly
convex radial ends

In this section, we define various types of middle eigenvalue condi-
tions for properly convex radial ends. We will just state results from
[28] without proofs. We state the equivalence of the lens condition and
the uniform middle eigenvalue condition for R-ends. Finally, we discuss
the quasi-lens-shaped R-ends.

Let O be real projective orbifold with R-ends or T-ends. Let Ẽ be a
p-R-end or a p-T-end and ΓẼ the associated p-end fundamental group.

Let Σ̃Ẽ denote the universal cover of the end orbifold ΣẼ associated

with Ẽ. If every subgroup of finite index of a group ΓẼ ⊂ Γ has a finite
center, we say that ΓẼ is a virtual center-free group or a vcf-group.

We say that ΓẼ is an pseudo-admissible group if the following holds:

• Cl(Σ̃Ẽ) = K1 ∗ · · · ∗Kk where each Ki is properly convex or is
0-dimensional and

• ΓẼ is virtually a direct product Γ1 × · · · × Γk where
– Γi acts on Kj trivially for j 
= i, and
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– Ko
i /Γi is compact.

Let rKi : ΓẼ → Aut(Ki) denote the restriction homomorphism g →
g|Ki for g ∈ ΓẼ . It follows that Γi is isomorphic to rKi(Γi).

The group ΓẼ is admissible if each Γi is a hyperbolic group or equiv-
alently Ki is strictly convex by [5]. We call Γi the hyperbolic factor of
ΓẼ .

We note that the strict convexity ofKi is needed for technical reason
and we hope to eliminate it in the future. (See [31].)

If two groups G1 and G2 have finite-index subgroups isomorphic to
each other, we write G1

∼= G2.
(See Section 2.3.1 for details. In this paper, we will simply use Zk−1

and Γi to denote the subgroup in ΓẼ corresponding to it.) We say that

Ẽ is virtually non-factorable if the center is trivial for every finite index
subgroup of ΓẼ ; otherwise, Ẽ is virtually factorable.

Let Γ be generated by finitely many elements g1, . . . , gm. The conju-
gate word length cwl(g) of g ∈ π1(Ẽ) is the minimum of the word length

of the conjugates of g in π1(Ẽ).
Let Ω be a convex domain in an affine space A in RPn or Sn. Let

o, s, q, p denote four points on a one dimensional subspace l, and let
ō, p̄, q̄, s̄ denote respectively the first coordinates of the homogeneous
coordinates of l so that the second coordinates are normalized to be 1.
Then [o, s, q, p] denotes the cross ratio of four points on a one-dimensional
subspace as defined by

ō− q̄

s̄− q̄

s̄− p̄

ō− p̄
.

Define a metric by defining for every p, q ∈ Ω,

dΩ(p, q) = log |[o, s, q, p]|
where o and s are endpoints of the maximal segment l in Ω containing
p, q where o, q separates p, s in l. The metric is one given by a Finsler
metric provided Ω is properly convex. (See [65].) Given a properly
convex real projective structure on O, it carries a Hilbert metric which
we denote by dÕ on Õ. This induces a metric on O denoted by dO.

Let dK denote the Hilbert metric on the interior Ko of a properly
convex domain K in RPn or Sn. Suppose that a projective automor-
phism g acts on K. Let lengthK(g) denote the infinum of {dK(x, g(x))|x
∈ Ko}.

Suppose that a group Γ of projective automorphisms of K acts on
Ko. Then we note that there exists some constant C > 1 so that

lengthK(g) ≤ Ccwl(g) for g ∈ Γ.
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If Γ acts on Ko properly discontinuously and cocompactly, then we have

C−1cwl(g) ≤ lengthK(g) ≤ Ccwl(g) for g ∈ Γ

for a constant C > 1.

5.1. The uniform middle eigenvalue condition for properly
convex R-ends and the lens-shaped condition.

The following definition applies to properly convex R-ends. Amiddle
eigenvalue condition for ΓẼ is the condition λ1(g) > λvẼ

(g) for the
largest norm λ1(g) of the eigenvalues of each g ∈ ΓẼ . The condition is
a weak middle eigenvalue condition if we only require that if λvẼ

(g) is
the largest norm of the eigenvalues, then its multiplicity is ≥ 2.

Definition 5.1. Let vẼ be a p-end vertex of a properly convex p-R-

end Ẽ. Let Σ̃Ẽ ⊂ S
n−1
vẼ

denote the universal cover of the end orbifold

corresponding to Ẽ. Suppose that the p-end fundamental group ΓẼ

is admissible. The p-end fundamental group ΓẼ satisfies the uniform
middle eigenvalue condition

• if each g ∈ ΓẼ satisfies for a uniform C > 1 independent of g

(9) C−1lengthΣ̃Ẽ
(g) ≤ log

(
λ̄(g)

λvẼ
(g)

)
≤ ClengthΣ̃Ẽ

(g),

for λ̄(g) equal to the largest norm of the eigenvalues of g and
the eigenvalue λvẼ

(g) of g at vẼ .

We say that ΓẼ satisfies the weakly uniform middle-eigenvalue con-
ditions if we replace the above condition by the following:

• If λvẼ
(g), g ∈ ΓẼ has the largest norm among eigenvalues,

then the norm has to be of multiplicity ≥ 2,
• the uniform middle eigenvalue condition for each hyperbolic

factor Γi, i.e., the condition (9).

The definition of course applies to the case when ΓẼ has the finite
index subgroup with the above properties.

We can summarize the middle eigenvalue conditions (MEC) as:

(10) weak MEC �
{

MEC
weak uniform MEC

}
� uniform MEC.

Here � indicates the strength of the conditions.
We give a dual definition:
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Definition 5.2. Suppose that Ẽ is a properly convex p-T-end. Let
g : Rn+1∗ → R

n+1∗ be the dual transformation of g : Rn+1 → R
n+1.

Then each element g∗ of the dual group Γ∗
Ẽ

fixes a point v∗
Ẽ

∈ RPn∗

corresponding to hyperspace containing Σ̃Ẽ with the eigenvalue to be
denoted λv∗

Ẽ
(g∗). The p-end fundamental group ΓẼ satisfies the uniform

middle eigenvalue condition if it satisfies

(11) C−1lengthΣ̃Ẽ
(g) ≤ log

(
λ̄(g)

λv∗
Ẽ
(g∗)

)
≤ ClengthΣ̃Ẽ

(g)

for λ̄(g) equal to the largest norm of the eigenvalues of g.

Again the middle eigenvalue condition and the associated condi-
tions is as follows: for each g ∈ π1(Ẽ) − {I}, the largest norm λ1(g)
of eigenvalues of g is strictly larger than the eigenvalue λv∗

Ẽ
(g). The

end fundamental group ΓẼ will act on a properly convex domain Ko of
lower-dimension and we will apply the definition here. This condition is
similar to ones studied by Guichard and Wienhard [54], and the results
also seem similar. Our main tools to understand these questions are in
Appendix A in [28], and the author does not really know the precise
relationship here.)

The condition is an open condition; and hence a “structurally stable
one.” (See [28].)

Our main result to be proved in [28] (see also [27]) is the following:

Theorem 5.1. Let O be a strongly tame properly convex real pro-
jective orbifold. Assume that the holonomy group of O is strongly irre-
ducible. The p-end fundamental group π1(Ẽ) of a p-end Ẽ acts admis-

sibly on on Cl(Σ̃Ẽ) = K1 ∗ · · · ∗ Ks so that Ki are strictly convex and
Ko

i /Γi is compact Hausdorff for each i where Γi is the restriction to Ki

of π1(Ẽ) and π1(Ẽ) is virtually isomorphic to

Z
s−1 × Γ1 × · · · × Γs.

• Let Ẽ be a properly convex p-R-end.
– Suppose that the p-end holonomy group of Ẽ satisfies the

uniform middle-eigenvalue condition. Then Ẽ is generalized-
lens-shaped.

– Suppose that the p-end holonomy group of Ẽ satisfies the
weakly uniform middle-eigenvalue condition. Then Ẽ is
generalized-lens-shaped or quasi-lens-shaped .

• If Ẽ is virtually factorable or is a totally geodesic R-end, then
we can replace the word “generalized-lens-shaped” to “lens-
shaped” in each of the above statements.
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Remark 5.2 (Duality of ends). Above orbifold O = Õ/Γ has a diffeo-
morphic dual orbifold O∗, where O∗ is defined as the quotient of the dual
domain Õ∗ by the dual group Γ∗ of Γ by Theorem 3.5. By Theorem 3.5,
each end neighborhood of a properly convex strongly tame open orbifold
O goes to an end neighborhood of the dual orbifold O∗. The ends of O
and O∗ are in a one-to-one correspondence. Horospherical ends are dual
to themselves, i.e., “self-dual”, and properly convex R-ends and T-ends
are dual to one another. (See [28].) We will see that properly convex
generalized-lens-shaped R-ends are always dual to lens-shaped T-ends
by [28].

Theorem 5.3. Let O be a strongly tame properly convex real pro-
jective orbifold. Assume that the holonomy group is strongly irreducible.
Assume that the universal cover Õ is a subset of Sn (resp. RPn). Let

S̃Ẽ be a totally geodesic ideal boundary of a p-T-end Ẽ of Õ. Let ΓẼ

act admissibly on S̃Ẽ. Then the following conditions are equivalent :

(i) Ẽ satisfies the uniform middle-eigenvalue condition.

(ii) S̃Ẽ has a lens-neighborhood in an ambient open manifold con-

taining Õ.

Remark 5.4 (Virtually factorable ends are self-dual in a generalized
sense). Let O be as above, and O∗ be the dual orbifold. A generalized-
lens-shaped virtually factorable properly convex R-end of O is always
totally geodesic by a result in [28]. By Theorem 5.1, the R-end is lens-
shaped always. The dual end of O∗ is totally geodesic and lens-shaped
since it satisfies the uniform middle eigenvalue condition. Since the
holonomy group of the corresponding p-end Ẽ∗ fixes a unique point
dual to the totally geodesic convex domain in a p-end neighborhood of
Ẽ of Õ. The p-end can be made into a totally geodesic p-R-end by
taking a cone over that point. Thus, the virtually factorable properly
convex ends are “self-dual”. We consider these the best types of cases.
(See Section 3.)

5.2. The characterization of quasi-lens p-R-end
neighborhoods

This is the last remaining case for the properly convex ends with
weakly uniform middle eigenvalue conditions. We will only prove for Sn.

Definition 5.3. • Let D be the properly convex totally geo-
desic (n− 2)-dimensional domain so that

U = D ∗ v ⊂ S
n−1 ⊂ S

n.



The classification of ends 113

Let G be a projective automorphism group of Sn−1. G acts
on D and v as the p-end fundamental group for D ∗ v with p-
end vertex v satisfying the weakly uniform middle eigenvalue
condition.

• Let S1 be a great circle in Sn meeting Sn−1 at v.
• Extend G to act on S

1 as a nondiagonalizable transformation
fixing v.

• Let ζ be a projective automorphism of Sn acting on U and S
1

so that ζ commutes with G and restrict to a diagonalizable
transformation on Cl(D) and act as a nondiagonalizable trans-
formation on S

1 fixing v and with largest norm eigenvalue at
v.

Every element g of 〈G, ζ〉 can be written as a matrix

(12)

⎛
⎝ S(g) 0 0

0
0

λv(g) λv(g)v(g)
0 λv(g)

⎞
⎠

where v = [0, . . . , 1]. Note that g → v(g) ∈ R is a well-defined map
inducing a homomorphism

〈G, ζ〉 → H1(ΓẼ) → R

and hence
|v(g)| ≤ Ccwl(g)

for a positive constant C.
For g ∈ 〈G, ζ〉, let λ2(g) denote the largest norm of the eigenvalue

associated with Cl(D).

Positive translation condition: We choose an affine coordi-
nate on a component I of S1 − {v,v−}. We assume that for
each g ∈ 〈G, ζ〉, if λv(g) > λ2(g) then v(g) > 0 in equation
(12), and

v(g)

log λv(g)
λ2(g)

> c1 > 0

for a constant c1.

Proposition 5.5. Suppose that 〈G, ζ〉 satisfies the positive transla-
tion condition and is admissible. Then the above U is in the boundary
of a properly convex p-end open neighborhood V of v and 〈G, ζ〉 acts on
V properly.

We call the end of type constructed as above a quasi-lens-shaped
end. This generalizes the quasi-hyperbolic annulus discussed in [24].

From this, we obtain:
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Theorem 5.6. Let O be a strongly tame properly convex real pro-
jective orbifold. Suppose that π1(O) is strongly irreducible. Let Ẽ be
a properly convex p-R-end with the admissible end fundamental group
satisfying the weakly uniform middle eigenvalue conditions but not the
uniform middle eigenvalue condition. Then Ẽ has a quasi-lens-shaped
p-R-end neighborhood.

§6. The NPNC-ends

We will now study the ends where the transverse real projective
structures are

• not properly convex but
• not projectively diffeomorphic to a complete affine subspace.

First, these ends have transverse end orbifolds that are foliated by com-
plete affine leaves, and the associated exact sequence of the p-end fun-
damental groups. We will basically show how to split this group. We
explain the eigenvalue result following from our transverse weak middle
eigenvalue condition for NPNC-ends. Then we introduce a hypothesis
and derive the splitting. We explain joins and quasi-joins and conditions
for them. We state the classification of NPNC-ends in [29]. Finally, we
do the remaining case of the complete affine R-ends that were left from
above.

6.1. The structure of the NPNC-ends

Let Ẽ be a p-R-end of O and let U be the corresponding p-end
neighborhood in Õ with the p-end vertex vẼ . The closure Cl(Σ̃Ẽ) ⊂
Sn−1
vẼ

contains a great (i0 − 1)-dimensional sphere and Σ̃Ẽ is foliated

by i0-dimensional open hemispheres, i.e, complete affine spaces, with
this boundary by Proposition 2.1. Let S

i0−1
∞ denote the great (i0 − 1)-

dimensional sphere Sn−1
vẼ

in bdΣ̃Ẽ which is a boundary of complete-affine

leaves. The space of i0-dimensional hemispheres in S
n−1
vẼ

with boundary

Si0−1
∞ form a projective sphere Sn−i0−1. The projection

S
n−1
vẼ

− S
i0−1
∞ → S

n−i0−1

gives us an image of Σ̃Ẽ that is the interior of a properly convex compact
set K. (See [18] for details. See also [43].) Here, we will call i0 the fiber-
dimension of the NPNC-end E.

Let Si0∞ be a great i0-dimensional sphere containing vẼ correspond-
ing to the directions of Si0−1

∞ from vẼ . The space of (i0+1)-dimensional
hemispheres with boundary Si0∞ again has the structure of the projec-
tive sphere S

n−i0−1, identifiable with the above one. We also have the
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projection
ΠK : Sn − S

i0∞ → S
n−i0−1

giving us the image Ko of Σ̃Ẽ .
Each i0-dimensional hemisphere Hi0 in S

n−1
vẼ

with bdHi0 = S
i0−1
∞

corresponds to an (i0 + 1)-dimensional hemisphere Hi0+1 in S
n with

common boundary Si0∞ that contains vẼ . Let SL±(n+1,R)
S
i0∞,vẼ

denote

the subgroup of Aut(Sn) acting on S
i0∞ and v∞. The projection ΠK

induces a homomorphism

Π∗
K : SL±(n+ 1,R)

S
i0∞,vẼ

→ SL±(n− i0,R).

Suppose that Si0∞ is h(π1(Ẽ))-invariant. We let N be the subgroup

of h(π1(Ẽ)) of elements inducing trivial actions on S
n−i0−1. The above

exact sequence

1 → N → h(π1(Ẽ))
Π∗

K−→ NK → 1

is so that the kernel normal subgroupN acts trivially on Sn−i0−1 but acts
on each hemisphere with boundary equal to S

i0∞ and NK acts faithfully
by the action induced from Π∗

K . Here NK is a subgroup of the group
Aut(K) of the group of projective automorphisms of K. We say that

NK is the semisimple quotient of h(π1(Ẽ)) or ΓẼ .

Theorem 6.1. Let ΣẼ be the end orbifold of an NPNC p-R-end

Ẽ of properly convex n-orbifold O. Let Õ be the universal cover in Sn.
Suppose that the holonomy group of π1(O) is strongly irreducible. We

consider the induced action of h(π1(Ẽ)) on Aut(Sn−1
vẼ

) for the corre-

sponding p-end vertex vẼ. Then

• ΣẼ is foliated by complete-affine subspaces of dimension i0,
i0 > 0.

• h(π1(Ẽ)) fixes the great sphere S
i0−1
∞ of dimension i0 − 1 in

Sn−1
vẼ

.

• There exists an exact sequence

1 → N → π1(Ẽ)
Π∗

K−→ NK → 1

where N acts trivially on quotient great sphere S
n−i0−1 and

NK acts faithfully on a properly convex domain Ko in Sn−i0−1

isometrically with respect to the Hilbert metric dK .

Proof. These follow from Section 1.4 of [18]. (See also [43].) Q.E.D.
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6.2. The main eigenvalue estimations

We denote by ΓẼ the p-end fundamental group acting on U fixing

vẼ . Denote the induced foliations on ΣẼ and Σ̃Ẽ by FẼ . For each
element g ∈ ΓẼ , we define lengthK(g) to be inf{dK(x, g(x))|x ∈ Ko}.

Definition 6.1. Given an eigenvalue λ of an element g ∈ SL±(n +
1,R), a C-eigenvector �v is a nonzero vector in

REλ(g) := R
n+1 ∩ (

ker(g − λI) + ker(g − λ̄I)
)
, λ 
= 0, Imλ ≥ 0.

A C-fixed point is the direction of a C-eigenvector.
Any element of g has a primary decomposition. (See Section 6.8 of

[57].) Write the minimal polynomial of g as
∏m

i=1(x − λi)
ri for ri ≥ 1

and mutually distinct complex numbers λ1, . . . , λm. Define

Cλi(g) := ker(g − λiI)
ri ⊂ C

n+1

where ri = rj if λi = λ̄j . Then the primary decomposition theorem
states

C
n+1 =

m⊕
i=1

Cλi(g).

A point [�v], �v ∈ Rn+1, is affiliated with a norm μ of an eigenvalue if

�v ∈ Rμ(g) :=
⊕

i∈{j||λj |=μ}
Cλi(g) ∩ R

n+1.

Let μ1, . . . , μl denote the set of distinct norms of eigenvalues of g. We

also have R
n+1 =

⊕l
i=1 Rμi(g). Here, Rμ(g) 
= {0} if μ equals |λi| for

at least one i.

Let V i0+1
∞ denote the subspace of Rn+1 corresponding to Si0∞. By

the g-invariance of Si0∞, if

Rμ(g) ∩ V i0+1
∞ 
= ∅

for some finite collection J , then Rμ(g) ∩ V i0+1
∞ always contains a C-

eigenvector of g.

Definition 6.2. Let ΣẼ be the end orbifold of a nonproperly con-

vex and p-R-end Ẽ of a strongly tame properly convex n-orbifold O.
Let ΓẼ be the p-end fundamental group. We fix a choice of a Jordan
decomposition of g for each g ∈ ΓẼ .

• Let λ1(g) denote the largest norm of the eigenvalue of g ∈ ΓẼ

affiliated with �v 
= 0, [�v] ∈ S
n − S

i0∞, i.e.,

λ1(g) := max{μ |∃�v ∈ Rμ(g)− V i0+1
∞ }.
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• Also, let λn+1(g) denote the smallest one affiliated with a
nonzero vector �v, [�v] ∈ S

n − S
i0∞, i.e.,

λn+1(g) := min{μ |∃�v ∈ Rμ(g) − V i0+1
∞ }.

• Let λ(g) be the largest of the norms of the eigenvalues of g
with C-eigenvectors of form �v, [�v] ∈ S

i0∞ and λ′(g) the smallest
such one.

Suppose that K has a decomposition into K1 ∗ · · · ∗Kl0 for properly
convex domains Ki, i = 1, . . . , l0. Let Ki, i = 1, . . . , s, be the ones with
dimension ≥ 2. By Theorem 1.1 of [6], NK is virtually isomorphic to a
cocompact subgroup of the product

Z
l0−1 × Γ1 × · · · × Γs

where Γi is obtained from NK by restricting to Ki and Zl0−1 is a free
abelian group of finite rank.

We will assume that the p-end fundamental group π1(Ẽ) satisfies
the transverse weak middle eigenvalue condition for NPNC-ends:

Definition 6.3. Let Ẽ be an NPNC-p-R-end. Let λ̄(g) denote the
largest norm of the eigenvalues of g ∈ ΓẼ . Let λvẼ

(g) denote the eigen-

value of g at vẼ . The p-end Ẽ satisfies the transverse weak middle

eigenvalue condition for Ẽ if for each element g of π1(Ẽ),

(13) λ̄(g) ≥ λ1(g) ≥ λvẼ
(g) holds.

Also, the end E of O satisfies the same condition if a corresponding
p-end does.

The following proposition is needed to understand the NPNC-ends.
The norms of eigenvalues associated with S

i0∞ are bounded above by the
maximal norm associated with outside Si0∞.

Proposition 6.2. Let ΣẼ be the end orbifold of a NPNC p-R-end

Ẽ of a strongly tame properly convex n-orbifold O. Suppose that Õ
in Sn (resp. RPn) covers O as a universal cover. Let ΓẼ be the p-
end fundamental group satisfying the transverse weak middle eigenvalue
condition for the NPNC-p-R-end Ẽ. Let g ∈ ΓẼ. Then

λ1(g) ≥ λ(g) ≥ λ′(g) ≥ λn+1(g)

holds.
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6.3. Basic hypotheses to derive splitting

We will assume some hypotheses and derive consequences. After-
wards, we will show that our ends satisfy these conditions.

Let N denote an i0-dimensional partial parabolic group with ele-
ments of form N (�v) given as follows:

(14) N (�v) :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

In−i0−1 0 0 0 . . . 0
�0 1 0 0 . . . 0

�c1(�v) v1 1 0 . . . 0

�c2(�v) v2 0 1 . . . 0
...

...
...

...
. . .

...

�ci0+1(�v)
1
2 ||�v||2 v1 v2 . . . 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

where ||v|| is the norm of �v = (v1, · · · , vi0) ∈ Ri0 . We require N to be a
group and

R
i0 → N , �v → N (�v)

be an isomomorphism. We note N (�v) =
∏i0

j=1 N (ej)
vj . By the way we

defined this,
�ck : Ri0 → R

n−i0−1 for k = 1, . . . , i0,

are linear functions of �v defined as �ck(�v) =
∑i0

j=1 �ckjvj for �v = (v1, v2, . . . ,

vi0) so that we form a group. (We do not need the property of �ci0+1 at
the moment.)

We denote by C1(�v) the (n− i0−1)× i0-matrix given by the matrix
with rows �cj(�v) for j = 1, . . . , i0 and by c2(�v) the row (n− i0−1)-vector
�ci0+1(�v). The lower-right (i0 + 1) × (i0 + 1)-matrix in the matrix is in
the standard matrix form.

Since S
i0∞ is invariant, the element g, g ∈ ΓẼ , can be put into a

standard form

(15)

⎛
⎜⎜⎜⎝

S(g) s1(g) 0 0

s2(g) a1(g) 0 0

C1(g) a4(g) A5(g) 0

c2(g) a7(g) a8(g) a9(g)

⎞
⎟⎟⎟⎠

where S(g) is an (n − i0 − 1) × (n − i0 − 1)-matrix and s1(g) is an
(n− i0 − 1)-column vector, s2(g) and c2(g) are (n− i0 − 1)-row vectors,
C1(g) is an i0×(n−i0−1)-matrix, a4(g) is an i0-column vector, A5(g) is
an i0 × i0-matrix, a8(g) is an i0-row vector, and a1(g), a7(g), and a9(g)
are scalars. (We can do this for every g ∈ ΓẼ simultaneously.)
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Denote

Ŝ(g) =

(
S(g) s1(g)

s2(g) a1(g)

)
,

and is called a semisimple part of g.

Hypothesis 6.3. • Let K be defined as above for a p-R-end
Ẽ. Assume that Ko/NK is a compact set.

• ΓẼ satisfies the transverse weak middle eigenvalue condition.
And elements are in the matrix form (15) under a common
coordinate system.

• A groupN of form (14) acts on each hemisphere with boundary
S
i
∞, and fixes vẼ ∈ S

i
∞.

• The p-end fundamental group ΓẼ normalizes N both in the
above coordinate system.

• N acts on a p-end neighborhood U of Ẽ.
• N acts on the space of i0-dimensional leaves of Σ̃Ẽ by an in-

duced action.

We show the following:

Let a5(g) denote
∣∣det(A5

g)
∣∣ 1
i0 . Define

μg :=
a5(g)

a1(g)
=

a9(g)

a5(g)
for g ∈ ΓẼ

by following Lemma 6.4.

Lemma 6.4 (Similarity). Assume Hypothesis 6.3. Then any ele-
ment g ∈ ΓẼ induces an (i0 × i0)-matrix Mg given by

gN (�v)g−1 = N (�vMg) where

Mg =
1

a1(g)
(A5(g))

−1 = μgO5(g)
−1

for O5(g) in a compact Lie group GẼ, and the following hold.

• (a5(g))
2 = a1(g)a9(g) or equivalently a5(g)

a1(g)
= a9(g)

a5(g)
.

• Finally, a1(g), a5(g), and a9(g) are all nonzero.

Lemma 6.5 (K is a cone). Assume Hypothesis 6.3. Then the fol-
lowing hold :

• K is a cone over an (n − i0 − 2)-dimensional properly convex
domain K ′′.
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• The rows of (C1(�v), �v
T ) are proportional to a single vector and

we can find a coordinate system where C1(�v) = 0 not changing
any entries of the lower-right (i0+2)× (i0+2)-submatrices for
all �v ∈ R

i0 .
• We can find a common coordinate system where

(16)
O5(g)

−1 = O5(g)
T , O5(g) ∈ O(i0), s1(g) = s2(g) = 0 for all g ∈ ΓẼ .

• In this coordinate system, we have

(17) a9(g)c2(�v) = c2(μg�vO5(g)
−1)S(g) + μg�vO5(g)

−1C1(g).

Lemma 6.6. Assume Hypothesis 6.3. Then we can find coordinates
so that the following holds for all g ∈ ΓẼ :

a9(g)

a5(g)
O5(g)

−1a4(g) = a8(g)
T or

a9(g)

a4(g)
a4(g)

TO5(g) = a8(g),

(18)

If μg = 1, then a1(g) = a9(g) = λvẼ
(g) and A5(g) = λvẼ

(g)O5(g).

(19)

Finally, we show the “splitting”.

Proposition 6.7 (Splitting). Assume Hypothesis 6.3. Suppose ad-
ditionally the following :

• Suppose that a1(g) ≥ a5(g), a9(g) whenever a1(g) is the largest

norm of the eigenvalues of the semisimple part Ŝ(g) of g for
each g ∈ ΓẼ.

• K = {k} ∗K ′′ a strict join, and Ko/NK is compact.
• A center of ΓẼ maps to NK going to a Zariski dense group of

the virtual center of Aut(K).

Then K ′′ embeds projectively in the closure of bdÕ invariant under ΓẼ,
and one can find a coordinate system so that for every N (�v) and each
element g of ΓẼ is written so that

• C1(�v) = 0, c2(�v) = 0, and
• C1(g) = 0 and c2(g) = 0.

As a consequence, we obtain

(20) g =

⎛
⎜⎜⎜⎝

S(g) 0 0 0

0 a1(g) 0 0

0 a4(g) a5(g)O5(g) 0

0 a7(g) a8(g) a9(g)

⎞
⎟⎟⎟⎠ ,
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(21) N (�v) =

⎛
⎜⎜⎜⎝

I 0 0 0

0 1 0 0

0 �vT I 0

0 1
2 ||�v||2 �v 1

⎞
⎟⎟⎟⎠ .

Thus, when μg = 1 for all g ∈ ΓẼ , by taking a finite index subgroup
of ΓẼ , we conclude that each g ∈ ΓẼ has the form

(22)

⎛
⎜⎜⎜⎝

S(g) 0 0 0

0 λvẼ
(g) 0 0

0 λvẼ
(g)�vTg λvẼ

(g)O5(g) 0

0 a7(g) λvẼ
(g)�vgO5(g) λvẼ

(g)

⎞
⎟⎟⎟⎠

for �vg ∈ Ri0 , an (n− i0−1)×(n− i0−1)-matrix S(g), and an orthogonal
i0 × i0-matrix O5(g).

6.4. Joined R-ends and quasi-joined R-ends

We will now discuss about joins and their generalizations in depth
in this subsection.

Hypothesis 6.8 (μg ≡ 1). Let G be a p-end fundamental group. We
continue to assume Hypothesis 6.3 for G.

• Every g ∈ Γ → Mg is so that Mg is in a fixed compact group
O(i0). Thus, μg = 1 identically.

• G acts on the subspace Si0∞ containing vẼ and the properly
convex domain K ′′

m0
in the subspace Sn−i0−2 disjoint from S

i0∞.

• N acts on these two subspaces fixing every points of Sn−i0−2.

We assumed vẼ to have coordinates [0, . . . , 0, 1]. Sn−i0−2 contains
the standard points [ei] for i = 1, . . . , n− i0 − 1 and S

i0+1 contains [ei]
for i = n − i0, . . . , n + 1. Let H be the open n-hemisphere defined by
xn−i0 > 0. Then by convexity of U , we can choose H so that K ′′ ⊂ H
and Si0∞ ⊂ Cl(H).

Assume Hypothesis 6.8. Then elements of N have the forms of
equation (14) with

C1(�v) = 0, c2(�v) = 0 for all �v ∈ R
i0

and the group G of elements of forms of equation (22) with

s1(g) = 0, s2(g) = 0, C1(g) = 0, and c2(g) = 0.

We assume further that O5(g) = Ii0 .
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Fig. 4. A figure of a quasi-joined p-R-end neighborhood

Again we recall the projection ΠK : Sn − Si0∞ → Sn−i0−1. G has
an induced action on S

n−i0−1 and acts on a properly convex set K ′′ in
Sn−i0−1 so that K equals a strict join k ∗K ′′ for k corresponding to a
great sphere S

i0+1
k .

We define invariants from the form of equation (22)

α7(g) :=
a7(g)

λvẼ
(g)

− ||�vg||2
2

for every g ∈ G.

α7(g
n) = nα7(g) and α7(gh) = α7(g) + α7(h), whenever g, h, gh ∈ G.

Here α7(g) is determined by factoring the matrix of g into commut-
ing matrices of form
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(23)

⎛
⎜⎜⎜⎝

In−i0−1 0 0 0

0 1 0 0

0 0 Ii0 0

0 α7(g) �0 1

⎞
⎟⎟⎟⎠×

⎛
⎜⎜⎜⎝

Sg 0 0 0

0 λvẼ
(g) 0 0

0 λvẼ
(g)�vg λvẼ

(g)O5(g) 0

0 λvẼ
(g) ||�v||

2

2 λvẼ
(g)�vgO5(g) λvẼ

(g)

⎞
⎟⎟⎟⎠ .

Remark 6.9. We give more explanation. Recall that the space of
segments in a hemisphere Hi0+1 with the vertices vẼ ,vẼ− forms an

affine space Ai0 one-dimension lower, and the group Aut(Hi0+1)vẼ
of

projective automorphisms of the hemisphere fixing vẼ maps to Aff(Ai0)
with the kernel equal to the group of transformations of (i0+2)×(i0+2)-
matrix forms

(24)

⎛
⎜⎝ 1 0 0

0 Ii0 0

b �0 1

⎞
⎟⎠

where vẼ is given coordinates [0, 0, . . . , 1] and a center point of Hi0+1
l

the coordinates [1, 0, . . . , 0]. In other words the transformations are of
form ⎡

⎢⎢⎢⎢⎢⎢⎣

1

x1

...

xi0

xi0+1

⎤
⎥⎥⎥⎥⎥⎥⎦
→

⎡
⎢⎢⎢⎢⎢⎢⎣

1

x1

...

xi0

xi0+1 + b

⎤
⎥⎥⎥⎥⎥⎥⎦

(25)

and hence b determines the kernel element. Hence α7(g) indicates the
translation towards vẼ = [0, . . . , 1].

We define G+ to be a subset of G consisting of elements g so that
the largest norm λ1(g) of the eigenvalue occurs at the vertex k. We
also assume that λ1(g) = λvẼ

(g) with all other norms of the eigenvalues
occurring at K ′′ is strictly less than λvẼ

(g). The second largest norm
λ2(g) of the eigenvalue occurs at the complementary subspace K ′′ of



124 S. Choi

k in K. Thus, G+ is a semigroup. The condition that α7(g) ≥ 0 for
g ∈ G+ is said to be the positive translation condition.

Again, we define

μ7(g) :=
α7(g)

log
λv

Ẽ
(g)

λ2(g)

where λ2(g) denote the second largest norm of the eigenvalues of g and
we restrict g ∈ G+. The condition μ7(g) > C0, g ∈ G+ for a uniform
constant C0 is called the uniform positive translation condition.

The assumptions below are just Hypotheses 6.3 and 6.8. We fully
state for a change.

Proposition 6.10 (Quasi-joins). Let ΣẼ be the end orbifold of an

NPNC R-end Ẽ of a strongly tame properly convex n-orbifold O. Let G
be the p-end fundamental group. Let Ẽ be an NPNC p-R-end and G and
N acts on a p-end-neighborhood U fixing vẼ. Let K,K ′′, and Si0∞ be as
above. We assume that Ko/G is compact, K = K ′′ ∗ k in S

n−i0 with k

corresponding to a great sphere S
i0+1
k under the projection ΠK . Assume

that

• G satisfies the transverse weak middle eigenvalue condition.
• μg = 1 for all g ∈ G.
• Elements of G and N are of form of equations (20) and (21).

with

C1(�v) = 0, c2(�v) = 0, C1(g) = 0, c2(g) = 0

for every �v ∈ Ri0 and g ∈ G.
• G normalizes N , N acts on U and each leaf of FẼ of Σ̃Ẽ.

Then

(i) The condition α7 ≥ 0 is a necessary condition that G acts on
a properly convex domain in H.

(ii) The uniform positive translation condition is equivalent to the
existence of a properly convex p-end-neighborhood U ′ satisfying

Cl(U ′) ∩ S
i0+1
k = {vẼ}.

(iii) α7 is identically zero if and only if U is a join and U is properly
convex.

Definition 6.4. If Ẽ satisfies the case (ii) of Proposition 6.10, then

Ẽ is said to be a quasi-joined p-R-end and G now is called a quasi-joined
p-end group. An end with an end neighborhood that is covered by a p-
end neighborhood of such a p-R-ends is also called a quasi-joined R-end.
Similarly, a joined R-end is given by the case (iii).
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6.5. The classification of the NPNC-ends

We will show using Proposition 6.10 that NPNC R-ends satisfying
the transverse weak middle eigenvalue conditions are quasi-joins. That
is, Theorem 6.11 is shown. These quasi-joined R-ends do not satisfy the
uniform middle eigenvalue condition essentially because of the existence
of the unipotent group.

The following theorem requires a Zariski density condition for the
center. We question whether this assumption can be dropped. If the
fundamental group is virtually abelian, this will be true.

Theorem 6.11 (Theorem 1.1 of [29]). Let O be a strongly tame
properly convex real projective orbifold. Assume that the holonomy group
of O is strongly irreducible.

• Let Ẽ be an NPNC p-R-end.
• Let K be the convex n − i0 − 1-dimensional domain that is

the space of i0-dimensional affine spaces foliating the universal
cover Σ̃Ẽ of the end orbifold ΣẼ.

We assume that

• a virtual center of ΓẼ goes to a Zariski dense subgroup of
the virtual center of the group Aut(K) of projective automor-
phisms of K and

• the p-end fundamental group π1(Ẽ) satisfies the transverse weak
middle eigenvalue condition for NPNC-ends.

Then Ẽ is a quasi-joined p-R-end.

We will discuss the idea of the proof: First we discuss the case
when NK is discrete. Here, N is virtually abelian and is conjugate to
a discrete cocompact subgroup of a subgroup of an i0-dimensional cusp
group. Here, each fiber Π−1

K (x), x ∈ Ko covers a compact (i0 + 1)-
dimensional orbifold. The fibers have complete-affine structures of an
affine space of dimension i0 + 1. By the proper-convexity of Õ, the
inequality of Proposition 6.2 and Theorem 4.10 imply that the fibers
are i0 +1-dimensional horoballs. Hence, by taking a Zariski closure and
Malcev’s results, there exists an i0-dimensional partial parabolic group
as described by N in equation (14). Then ΓẼ then virtually normalizes
N . By computations involving the normalization conditions, we show
that the above exact sequence is in a block form virtually by Proposition
6.7, and we show that the p-R-ends are joined p-R-ends or quasi-joined
p-R-ends.

We discuss the case when NK is not discrete. Here, there is a foli-
ation by i0-dimensional complete-affine spaces as above. The space of
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leaves has a transversal Hilbert metric induced from Ko. We can mod-
ify the Hilbert metric to a transversal Riemannian metric to make the
foliation into a Riemannian foliation. (See [29]). The leaf closures are
compact submanifolds Vl by the theory of Molino [76] on Riemannian
foliations. These are fibers in some singular fibrations. We use some es-
timate of Proposition 6.2 to show that each leaf is of polynomial growth.
This shows that the identity component of the closure of NK is abelian
and π1(Vl) for above fiber Vl is solvable using the work of Carrière [16].
One can then take the syndetic closure to obtain a bigger group that act
transitively on each leaf. We find a normal i0-dimensional cusp group
acting on each leaf transitively. Then we show that the p-R-end also
splits virtually by Proposition 6.7.

Finally, suppose that Ẽ is a joined end. For both of these cases of
NK , we show that the orbifold has to be reducible by considering the
limit actions of some elements in the joined R-ends. This proves that
the joined R-end does not exist, proving Theorem 6.11.

Remark 6.12. We could replace the virtual center condition and the
transverse weak middle eigenvalue condition of Theorem 6.11 with the
weak uniform middle eigenvalue condition for NPNC-ends in [28]. This
is to be expored also in [28].

6.6. Complete affine ends again

Corollary 6.13 (non-cusp complete-affine p-ends). Let O be a

strongly tame properly convex n-orbifold. Suppose that Ẽ is a complete-
affine p-R-end of its universal cover Õ in Sn or in RPn. Let vẼ be the

p-end vertex with the p-end fundamental group ΓẼ. Suppose that Ẽ is
not a cusp p-end. Then we can choose a different point as the p-end ver-
tex for Ẽ so that Ẽ is a quasi-joined p-R-end with fiber homeomorphic
to cells of dimension n− 2.

Proof. We will use the terminology of the proof of Theorem 4.12.
Theorem 4.12 shows that ΓẼ is virtually nilpotent and with at most
two norms of eigenvalues for each element. By taking a finite-index
subgroup, we assume that ΓẼ is nilpotent. Let Z be the Zariski closure,
a nilpotent Lie group. Since ΓẼ ∩ Z is a cocompact lattice in Z, and
ΓẼ has the virtual cohomological dimension n − 1, it follows that Z is
(n− 1)-dimensional. Then, Z fixes vẼ and we have a homomorphism

λvẼ
: Z � g → λvẼ

(g) ∈ R.

Let N denote the kernel of the homomorphism. Then N is virtually a
unipotent Lie group of dimension n− 2 by the proof of Theorem 4.12.
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Also, Z acts transitively on the complete affine space Σ̃Ẽ since ΓẼ

acts cocompactly on it. We modify U to⋂
g∈Z

g(U) =
⋂
g∈F

g(U).

This is a properly convex open set. Since F is the compact fundamental
domain in Z under the action of ΓẼ , the modified U is not empty. We
may assume that Z acts on a properly convex p-end neighborhood U of
Ẽ

If we have n = 2, then ΓẼ is cyclic acting on a properly convex
domain U and we see that it is a quasi-hyperbolic group in the sense
of [24]. The end is a quasi-joined one with fiber dimension 0. Suppose
n > 2.

Let A be a hyperspace containing vẼ in direction of bdΣẼ = Sn−2 ⊂
S
n−1
vẼ

. Then UA := A ∩ Cl(U) is a properly convex compact set where

Z acts on. By Lemma 6.15, Uo
A/Z is compact. By Lemma 6.14, UA is a

properly convex segment.

Lemma 6.14. Let a connected nilpotent Lie group S act cocom-
pactly on a properly convex open domain J where each element has at
most two eigenvalues. Then the dimension of the domain is 0 or 1.

Proof. By Theorem 1.1 of Benoist [6], Cl(J) is a join of the closures
of the symmetric spaces and points. Since each element of Z has no
more than two eigenvalues, Cl(J) cannot contain symmetric spaces of
dimension > 1 as factors. Also, Cl(J) is not a simplex of dimension > 1
similarly. Q.E.D.

Lemma 6.15. Uo
A/Z is compact.

Proof. Suppose that dimUo
A = n − 1. If the stabilizer of Z of a

point of Uo
A is trivial, then Z acts transitively on Uo

A and hence Uo
A/Z

is compact.
Suppose that the stabilizer is not trivial. Then the stabilizer of

Z of a point of Uo
A is a noncompact group since Z is a nilpotent Lie

group. Let 〈gt〉 be a noncompact one-parameter stabilizer group. Then
〈gt〉 acts trivially on the hyperspace A. Hence 〈gt〉 is a one-parameter
translation group. Thus,

⋃
t∈R

gt(U) ⊂ U is not properly convex. This
is a contradiction.

Suppose now that dimUo
A = i < n− 1. Let H denote the complete

affine space Σ̃Ẽ . Let L be an (i+1)-dimensional subspace containing UA

meeting A transversally. Let l be the i-dimensional affine subspace of H
corresponding to L. Since g(UA) = UA, UA ⊂ L, g(L) and dimL = i+1,
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it follows that
g(L) ∩ L = 〈UA〉 or g(L) = L.

Since 〈UA〉 ∩A = ∅, it follows that
g(l) = l or g(l) ∩ l = ∅.

Since Z acts transitively and freely on H, and dim l = i, it follows that
the subgroup Ẑ := {g ∈ Z|g(l) = l} has the dimension i.

Now Ẑ acts on on Uo
A. As above, the stabilizer of Ẑ of a point of

Uo
A is trivial since U ∩ L is properly convex. Hence, Ẑ acts transitively

on Uo
A since dim Ẑ = dimUo

A, and Uo
A/Ẑ = Uo

A/Z is compact. Q.E.D.

If dimUA = 0, then U is a horospherical p-end neighborhood where
ΓẼ is unimodular and cuspidal by Theorem 4.11. Hence, dimUA = 1.

Let q denote the other end point of UA than vẼ . Let Uq := Rq(U) ⊂
Sn−1
q denote the set of directions of segments from q in U . Since U is

convex, Uq is a convex open domain. The space Uq is diffeomorphic to

bdU ∩ Õ by projecting bdU ∩ Õ → S
n−1
q by radial rays. Z acts on Uq

cocompactly since Z acts so on bdU ∩ Õ.
By Theorem 4.12, Uq is not complete-affine since the norm λq(g)

for some g ∈ ΓẼ has multiplicity n − 1 
= n. By Lemma 6.14, Uq is
not properly convex since dimUq = n − 1 ≥ 2. Thus, q is the p-end
vertex of a NPNC-end. Since the associated semisimple part has only
two eigenvalues, the properly convex leaf space K is 1-dimensional by
Lemma 6.14 and fibers have the dimension n−2 = n−1−1. Therefore,
Uq is foliated by n−2-dimensional complete-affine spaces. The leaf space
K is a properly convex segment.

Each leaf l equals L∩bdU∩Õ intersected with a subspace L of dimen-
sion n− 1 containing q and l. These subspaces meet at a codimension-2
great-sphere S1 containing q. Since the leaves are disjoint on bdU ∩ Õ,
we have S1 ⊂ A. Since Z acts on Uq and λvẼ

(g) = λq(g), g ∈ N , the Lie
group N acts on each complete affine leaf transitively. N is a nilpotent
Lie group since the elements are unimodular. We can apply Theorem
4.11 to the hyperspace P containing the leaves with a cocompact sub-
group of N acting on it. As U ∩ P is properly convex, rP (N) is an
n− 2-dimentional cusp group.

Let x1, . . . , xn+1 be the coordinates of Rn+1. Now give coordinates
so that q = [0, 0, . . . , 1] and vẼ = [1, 0, . . . , 0]. Since these are fixed
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points, we obtain that elements of N can be put into forms:

(26) N(�v) :=

⎛
⎜⎜⎜⎝

1 0 0 0

0 1 0 0

0 �vT I 0

0 1
2 ||�v||2 �v 1

⎞
⎟⎟⎟⎠ for �v ∈ R

n−2.

Now, ΓẼ satisfies the transverse weak middle eigenvalue condition
with respect to q since ΓẼ has just two eigenvalues and Z is generated
by N and gt for a nonunipotent element g of ΓẼ . N admits an invariant
Euclidean structure being a cusp group.

Now, we come back to the affine (n− 1)-space H = Σ̃Ẽ ⊂ Sn−1
vẼ

. A

is given by x2 = 0. A segment from vẼ in direction of H ⊂ S
n−1
vẼ

is of

form{
[t(1, 0, . . . , 0) + (1− t)(0, 1, �w,wn−1)]

∣∣t ∈ [0, 1], �w ∈ R
n−2, wn−1 ∈ R

}
corresponds to (�w,wn−1) ∈ Rn−1 in the affine space H with coordinates.
From the above form of matrices of N , we obtain that g ∈ N given by
N(�v) gives an affine transformation

(�w,wn−1) →
(
�w + �v, wn−1 +

1

2
||�v||2

)
.

The group N acts on H so that the orbits are paraboloids of dimension
n − 2 parallel to one another. gt sends orbits of N to orbits of N ; i.e.,
paraboloids to parallel ones in a coordinate system of H. Since gt has
different eigenvalues at q and vẼ for t 
= 0, gt sends leaves to leaves
without invariant leaves. Also, Z is unimodular on H. Each leaf has the
affine metric given as the paraboloid in H using the affine differential
geometry forH with an invariant parallel volume form. The affine metric
is Euclidean, and gt is an isometry between two leaves. We obtain a gt-
invariant Euclidean metric on Uq. Thus, Uq has a Z-invariant Euclidean
metric. Thus, ΓẼ is virtually abelian by the Bieberbach theorem since
ΓẼ acts properly discontinuously on ∂Uq and hence on Uq.

Thus, a virtual center of ΓẼ goes to a Zariski dense subgroup of the
center of Aut(K). Thus, Theorem 6.11 implies the result. Q.E.D.

Corollary 6.16 (cusp and complete affine). Let O be a strongly

tame properly convex n-orbifold. Suppose that Ẽ is a complete affine
p-R-end of its universal cover Õ in S

n or in RPn. Let vẼ be the p-end
vertex with the p-end fundamental group ΓẼ. Suppose ΓẼ satisfies the

weak middle eigenvalue condition. Then Ẽ is a complete affine R-end if
and only if Ẽ is a cusp R-end.
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Proof. Since a cusp end is horospherical end (see above Theorem
4.10), we need to show the forward direction only by Theorem 4.11. In
the second possibility of Theorem 4.12, the norm of λvẼ

has a multiplic-
ity one for a nonunipotent element γ with λvẼ

(γ) equal to the maximal
norm. Thus, the first possibility of Theorem 4.12 holds. Q.E.D.
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