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Rigidity of certain solvable actions on the torus

Masayuki Asaoka

Abstract.

An analog of the Baumslag—Solitar group BS(1,k) acts on the
torus naturally. The action is not locally rigid in higher dimension,
but any perturbation of the action should be homogeneous.

81. Introduction

For integers n > 1 and k£ > 2, let I', ;, be the finitely presented
group given by

Tok = (a,br, ..., b, | aba™" = b¥, bb; = bjb; for any 4,5 = 1,...,n).

The group I'y j; is just the Baumslag—Solitar group BS(1,k) = (a,b |
aba=' = b*). Tt acts on the projective line RP! = RU {0} by a-z = kx
and b-x = x + 1, where we set ¢- 0o = oo and co +t = oo for any
¢ # 0 and t € R. This action preserves the standard projective structure
on RP!. In [2], Burslem and Wilkinson proved a classification theorem
of smooth! BS(1,k)-action on RP'. As a corollary, they obtained the
following rigidity result.

Theorem 1.1 (Burslem and Wilkinson [2]). Any real analytic
BS(1,k)-action on RP is locally rigid. In particular, the above
projective action is locally rigid.

Recall the definition of local rigidity of a smooth action of a discrete
group. Let I' be a discrete group and M a smooth closed manifold. The
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group Diff (M) of smooth diffecomorphisms is endowed with the C°°-
topology. A T-action is a homomorphism from T' to Diff(M). For a
[-action p and v € T, we write p? for the diffeomorphism p(v). By
A(T', M), we denote the set of smooth T'-actions on M. This set is
endowed with the topology generated by the open basis

{Oyv ={pc A, M) | p" € U}},

where v and U run over I' and all open subsets of Diff(M). We say
two [-actions p; and py are smoothly conjugate if there exists a diffeo-
morphism h of M such that p] = hop]oh~! for any v € I'. An I'-action
po is locally rigid if it admits a neighborhood in A(T", M) such that any
action in it is smoothly conjugate to pg.

The above projective BS(1, k)-action on RP* can be generalized to
I',, p-actions on the sphere S™. Let B = (v1,...,v,) be a basis of R™.
We define an BS(n, k)-action pp on S™ = R" U {oo} by p%(z) =k -z
and pi(z) = x + v; for 2 € R™, where ¢ - 00 = 0o and 0o + v = 00
for any ¢ # 0 and v € R™. The sphere S™ admits a natural conformal
structure and the action pp preserves it. In [1], the author of this paper
proved that the action ppg is not locally rigid but it exhibits a weak form
of rigidity.

Proposition 1.2 ([1]). pp and pp: are smoothly conjugate if and
only if there exists a conformal linear transformation T of R™ such that
TB = B'. In particular, pg is not locally rigid if n > 2.

Theorem 1.3 ([1]). There exists a neighborhood of pp in ATy, i, S™)
such that any action in it is smoothly conjugate to pg: with some basis B’.
In particular, any I'y, i.-action close to pp preserves a smooth conformal
structure on S™.

In this paper, we prove analogous results for another generalization
of the projective BS(1,k)-action on RP!. Let B = (v1,...,v,) be a
basis of R™ with v; = (v;;)7~;. We define a I, y-action pp on the
n-dimensional torus T" = (R U {oco})™ by

P, .. xn) = (k-21,... k- xp),
b;
pp (@1, xn) = (1 + V1), .o Ty + Vpy)-
Remark that the point 2, = (00,...,00) € T" is a global fixed point of
the action pp.
The aim of this paper is to show that the action pg is not locally

rigid if n > 2, but it exhibits rigidity like the above I'j, -action on S™.
Let G be the subgroup of GL,R consisting of linear transformations
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f which have the form f(z1,...,2,) = (@1Z5(1), .-+, @nTo(n)) With real
numbers ay, ..., a, # 0 and a permutation o on {1,...,n}.

Proposition 1.4. Two actions pg and pp: are smoothly conjugate
if and only if B' = gB for some g € G. In particular, pg is not locally
rigid if n > 2.

Theorem 1.5. There exists a neighborhood of pp in A(L'y , T™)
such that any action in it is smoothly conjugate to pg for some basis
B of R™.

The theorem is proved by an application of the method used in [1].
Firstly, we show persistence of the global fixed point z.,. Next, we
reduce the theorem to the corresponding theorem for local actions at
the global fixed point. The same argument as in [1], we can see that
the theorem for local actions follows from exactness of a finite dimen-
sional linear complex. The exactness can be checked by an elementary
computation.

The author would like to thank an anonymous referee for many
suggestions to improve the article.

§2. Proof of Theorem 1.5

2.1. Reduction from global to local

Let T' be a discrete group and M a smooth closed manifold. We
say that a point x, € M is a global fized point of a I'-action p on M if
pY(z) =z for any v € I'. We can apply the following general result on
persistence of a global fixed point of I';, ;-action to the action pp.

Lemma 2.1 ([1, Lemma 2.10]). Let M be a manifold and p. be
a I'y, p-action on M. Suppose that p. has a global fized point py such
that (Dp%)p, = k=1 and (Dpb),, = I for any i = 1,...,n. Then,
there exists a neighborhood U C A(T'y, ks, M) of p. and a continuous map
p: U — M such that p(p.) = po and that p(p) is a global fized point of
p for any p € U.

The action pp and its global fixed point z., satisfy the assumption
of the lemma. Hence, any action p close to pp admits a global fixed
point z, close t0 T.

A T-action with a global fixed point induces a local I'-action. We
define the space of local actions on R™ as follows. Let D be the group
of germs of local diffeomorphisms of R" fixing the origin. For F' € D
and r > 1, we denote the r-th derivative of I at the origin by D(()T)F. Tt
is an element of the vector space S™" of symmetric r-multilinear maps
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from (R™)" to R™. We define a norm || - [|") on "™ by

||L||(T) =sup{||L(&, ..., &) | &1y, & € R 1G] < 1 for any i},

for L € 8™, where || - || is the Euclidean norm on R"™. We also define a
pseudo-distance d,. on D by

dr(G1,G) = | DS Gy = D G|

i=1

for G1,G2 € D. The pseudo-distance on D induces a non-Hausdorff
topology on D. We call it the C] .-topology. Let Hom(I', D) the set of
homomorphisms from I" to D, which can be regarded as the set of local
I'-actions on (R™,0). The C] -topology on D induces a topology on
Hom(T", D) like A(T', M). We also call this topology on Hom(T', D) the
C7. .-topology. We say that two local I'-actions P; and P, are smoothly
conjugate if there exists H € D such that P} = H o P o H~! for any
vyel.
Let ¢ be the local coordinate of T" at x, given by

1 1
o(r1, ..., o) = <9517.”7$n>7

where 1/00 = 0. For a basis B of R", we define a local T'), y-action Pp
by P} = pophop~!. For each I, p-action p close to pp, we can take a
local coordinate ¢, close to ¢ with ¢, (z,) = 0 so that a local T',, y-action
given by P = ¢, 0 pho <p;1 is C} -close to pp.

The following proposition reduces Theorem 1.5 to the corresponding

result for local actions.

Proposition 2.2. Let p be al'y, ;.-action on T™ close to pp. Suppose
that the induced local action P, is smoothly conjugate to Pp: for some
basis B" of R™. Then, the action p is smoothly conjugate to pp:.

The rest of this subsection is devoted to the proof of the propos-
ition. Let B’ = (v1,...,v,) be a basis of R™ such that P, is smoothly
conjugate to Pgs. For each o = (0q,...,0,) € {£1}", there exist inte-

gers m7, ..., mg such that o; - Z;.Z:l mfuv;; >0 for any ¢ = 1,...,n. Set

my my n
bo="by' b and vf =3 5 mfv;;. Then, we have

(1) P () = (2 0], x0T,

Let m be the maximum of {|m;|? | o € {£1"},i=1,...,n} and put
S = {aF yu{blr - bl | |I;] < m}. By the assumption of the proposition,
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there exists a diffeomorphism h from a neighborhood V of z. to a
neighborhood V' of x, and a family (V) er, , of neighborhoods of
such that V, € V N (pg) (V) and h o pg.(z) = p? o h(z) for any
v €'y, and any = € V,. Since S is a finite set, we can take an open
interval I C RP\ {0} such that co € I and I" C N, es V- The set I™
is a neighborhood of zo and ho p},(z) = p7 o h(x) for any = € I" and
yeS.
Putlh={zel|z=o0corax>0},I1={zxel|z=o00o0rz<0},
and U, = I, X -+ x I, for o = (01,...,0,) € {£1}". Equa-
tion (1) implies that pb, (U,) C U,, ﬂn>0(pl;§,)”(U70) = {rx}, and
U,s0(p%) "(Uy) = T" for any o € {£1}", where U, is the closure of
U,. For o € {#1}", let m(z,0) be the minimal integer m such that
(p%)™ () is contained in U,. We define a map h, : T" — T" by

ho(@) = (7)) 0 ho (pls )" (z).

We prove Proposition 2.2 by showing that h, does not depend on the
choice of ¢ and it is a smooth conjugacy between pg: and p.

Lemma 2.3. h,(z) = (pP) "™ o ho (p55)™(x) for any m>m(z, o).

Proof. The lemma is shown by induction of m. Suppose that the
equation holds for some m > m(z,0). Since (p5,)"™(U,) C U,, we have

(p*) =" o ho (pg )" (@) = (p°7) "D o (ho pg) 0 (p5) ™ ()
= ()" o (P 0 k) o g™ ()
= (p") " oo (pf5) " (x).
Hence, the required equation holds for m + 1. Q.E.D.
Lemma 2.4. The map h, is injective.

Proof. Take z1, 79 € T? and m = max{m(x1,0), m(x2,0)}. Then,
we have

ho(wi) = (p"7) ™™ 0 hoo (pig)"™ ().
for i = 1,2. The map in the right-hand side is injective. Q.E.D.
Lemma 2.5. h, 0 ph, = p?oh, for anyy €T.

Proof. Fixz € T™ and take m > m(z, o) such that m >m(p}, (x), o)
for any v € S. It is sufficient to show that h, o pj, = p? o h, for
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v €{a,by,...,b,}. For any i =1,...,n, the identity b;b; = b;b; im-
plies that

he © P () = (p°7) "™ 0 ho (i)™ o pi (x)
(0" )™ o (ho pl) o (pi5)™ (@)

— ()0 (o o ) o (lg)" (@)

=p" o (pP7) "™ o ho (pl5)" (x)

= p% o hy(z).

The identity ab; = b¥a also implies

he © pi(x) = (p*) 7™ o ho ()™ o pis ()
(p") 7™ o (ho pih) o (p5) ™ (@)
— (pP) o (0% 0 B o (pl5)™ ()
=p"o(p") ™ oho (pig)"(x)

Q.E.D.

For a diffeomorphism f on a manifold M and a hyperbolic fixed
point p of f, we denote the unstable manifold of p by W¥(p, f) (see
e.g., [3] for the definitions and basic results on hyperbolic dynamics).
By Fix(f), we also denote the set of fixed points of f. For [ > 0, let
Fix;(f) be the set of hyperbolic fixed point of f whose unstable manifold
is l[-dimensional.

The diffeomorphisms p% and p%, are Morse-Smale diffeomorphisms
with the fixed point set {0,00}™. For each fixed point p = (p1,...,pn) €
{0,00}", W¥(p,p%/) = Wi x -+« x W,, with W; = R if p; = 0 and
W; = {oo} if p; = co. If p is sufficiently close to pp, then p® is a
Morse—Smale diffeomorphism and Fix;(p®) has the same cardinality as
Fix;(p%), and hence, as Fix;(p%,) for any [ = 0,...,n. By Lemma 2.4
and Lemma 2.5, h, maps Fix(p%,) to Fix(p®) bijectively.

Lemma 2.6. For anyl = 0,...,n and p € Fix;(p%,), ho(p) is a
point in Fix;(p®). Moreover, the restriction of h, to W"(p, p%/) is a
diffeomorphism onto W*(hs(p), p®).

Remark that W*(q, p®) is an (embedded) submanifold diffeomorphic
to R! for ¢ € Fix;(p®) since p® is Morse-Smale.

Proof. Take | = 0,...,n and p € Fix(p%/). Notice that
W*(p, p%) NU, is a non-empty open subset of W*(p, p%,). Thus, there
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exists a neighborhood V* of p in W*(p, p%,) such that (p%, )™ (V*) C
U,. We have m(y,o) < m(p,o) for any y € V*. This implies that
he = (pb)~™P:9) o hoo (phs,)™P9) on V¥, In particular, the restriction
of hy to V" is a diffeomorphism onto h,(V*"). Since W*(p,p%/) =
Um0 (0B )™ (V*), he 0 ply = p® 0 hy, and h, is injective, the restriction
of hy to W¥(p, p%,) is a diffeomorphism onto h, (W*(p, p%.)).

For x € W¥(p, p%.), we have

(p") " (ho(x)) = ho © (ph) "™ (x) === ho(p)-

This implies that he (W"(p, p%/) is a subset of W*"(h,(p), p*). In par-
ticular, the dimension of W*(hs(p),p®) is at least I. Since h, maps
the finite set Fix(p%,) to Fix(p®) bijectively and the sets Fix;(p%,) and
Fix;(p®) have the same cardinality for each j = 0,...,n, the map h,
is a bijection from Fix;(p%,) to Fix;(p®). The set h,(W"(p, p%/)) is
a p°-invariant open subset of W*(h,(p), p*) which contains h,(p). It
should coincide with W*(h,(p), p*), and hence, the restriction of h, to
W (p, p%.) is a diffeomorphism onto W*(h,(p), p*). Q.E.D.

Lemma 2.7. h,(p) does not depend on the choice of o for any
p € Fix(p%).

Proof. Take l = 0,...,n and p = (p1,...,pn) € Fix;(pp’). Put
by, = Hpizoo b;. Then, p is the unique element in Fix;(p%,) which is
fixed by plg,. By the identity p®» o h, = hy, o pl];’f/, he(p) is the unique
element in Fix;(p?) = h, (Fix;(p%,)) which is fixed by ps. Q.E.D.

Lemma 2.8. The map h, does not depend on the choice of o.

Proof. Take 0,0’ € {£1}" and put g = h_} o h,. It is sufficient
to show that the restriction g, of g to W"(p, p%,) is the identity map
for each p = (p1,...,p;) € Fix(p%,) = {0,00}". By the above lemmas,
gp(p) = p and the restriction of g, is a diffeomorphism of W*"(p, p%)
which commutes with p%,. Recall that p%, (z) = kx and W*(p, p%,) is
naturally identified with a vector space P, _,R. Under the identifica-
tion, we have

gp(k~Mx)

(Dgp)o - = lim = =5 = ph o gy o (ph) () = gp()-

m——+oo
In particular, the map g, is an linear isomorphism. The linear map g,
commutes with pg, for any j=1,...,n. This implies that g,(m,(v;)) =
mp(vj), where m,: R" — P, _oR is the natural projection. Since
(mp(v5))7— spans @pi:() R, the map g, is the identity map on W*(p, p%/)
for each p € Fix(p%, ). Q.E.D.
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Since I" = Uae{il}" U, and h, = h on U,, the above lemma
implies that h, = h on I". For any z € T" and o € {£1}", the point
(p%)™®7)(x) is contained in I". Take a neighborhood N, of x such
that (pls)™®7)(N,) C I". By Lemma 2.5,

ho(y) = (p°7) ™57 0 by 0 (p )™ (y)
= (p"7) ™7 0 o (p )™ (y)

for any y € N,. Hence, h, is a local diffeomorphism. Since h, is
injective, it is a diffeomorphism of T". By Lemma 2.5, it is a smooth
conjugacy between two actions pp/ and p.

2.2. Rigidity of local actions

Fix a basis B = (v1,...,v,) of R” with v; = (v;;)7—;. Let Pp be
the local I';, ;-action defined in the previous section. In this subsection,
we show the local version of Theorem 1.5.

Theorem 2.9. If a local action P € Hom(T',, 1, D) is sufficiently
close to Pp in Cﬁm—topology, then it is smoothly conjugate to Pp: for
some basis B’ of R™.

Combined with Proposition 2.2, the theorem implies Theorem 1.5.

The above theorem follows from the same argument as in [1]. Firstly,
we prove the stability of the linear part of the local action. Secondly, we
show exactness of a linear complex and see that existence of B’ follow
from it.

For w = (w;)"_; € R", we define a map Q,: R” x R” — R" by

n

Qu(z,y) = (wiz;y;)e;

j=1

for x = (z;)1, and y = (y;)I_,, where (e1, ..., e,) be the standard basis
of R™. Then, the local action Pp satisfies that

Pa(x1,...,2n) =k ' -x,

b.

Py (z1,...,2,) =2 — Qu,(z,2) + O(||z[?).
Let I be the identity map of R™. We recall a lemma in [1] concerning
stability of the linear part of P%.

Lemma 2.10 ([1, Lemma 2.2]). Let P, be a local action in
Hom(T'), x, D) such that Dél)Pf = k7T and D(()I)Pfi =1 for any
i = 1,...,n. Then, there exists a Cj  -neighborhood U of P. in
Hom(T',, x, D) such that D(()l)Pbi =1 foranyPel andi=1,...,n.
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Hence, Dél)Pbﬂ' = I forany j = 1,...,nif P issufficiently C} -close

loc
to Pg. The following lemma is essentially same as Lemma 2.3 of [1].

Lemma 2.11. Let P, be a local action in Hom(T',, x, D) such that
D(()I)Pf = k7' and D(()I)Pfj =1 for any j = 1,...,n. Suppose that
there exists 0 > 0 such that

max [|[Ao D P —2DF P o (4, 1)) > 5] 4|,

Jj=1,....n

for any linear map A: R™ — R™. Then, P* = k~'I for any P which is
sufficiently C2 _-close to P,.

loc

Proof. Let U be a C? -open neighborhood of P, consisting of P €
Hom(T',, &, D) such that

3|D§Y P — D PY || + | DV P — k71| - || D P < 62
for any j =1,...,n. Fix P € Y and put
A=DMPr— k7,
B; = DS P — DY PP
C;=AoDPPY —2DP Pl o (A, ).
We will show that A = 0. The identity P®o P% = PV o pa implies that
(k"' T+ A)o (DS PY +B;) = k- (DY PY + B;)o (k™' I+ A, k' T + A).
Thus, we have that
IC;|® = | A e B; —2B; 0 (A, I) = (D§” P + By) o (A, A)|®
<A - (318,19 + 4| - [DP P )
< (6/2)[14]
for any j = 1,...,n. By assumption, A = 0. Q.E.D.
We apply the lemma for Pg.

Lemma 2.12. The local action Pg satisfies the assumption of
Lemma 2.11. In particular, P* = k=1 for any P € Hom(T, s, D)
which is sufficiently C? -close to Pp.

loc
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Proof. Take a square matrix A = (a;;) of size n and put
Cj=AoDP Py — 2DV Py o (A1) = —2{A0Q,, —2Q.,(A,I)}.

Then,
Cjlei,e;) = —2{A 0 Qy,(ei,e;) —2Q, (Aey, e;)}
= —2{A(—wvije;) — 2(—vijaiiei)}
= —2uy; {aiiei - Z akiek}-
ki
This implies that ||C}(e;, e;)|| = 2|vi;| - ||(ari)f—, ||, and hence,

max_||C; I®) > 2 max v - [[(ari) =1 |

Jj=1,...,n Jj=1,...,n
for any ¢« = 1,...,n. Since (v1,...,v,) is a basis of R", there
exists 6 > 0 such that maxj—i,_ . ,|v;| > 6 for any ¢ = 1,...,n
We also have [|A||Y) < nmax;—;__,|/(ar:)f—,]. This implies that
max;—1,_nl|C; [ > (20/n)[[A[V. QED.

Recall that §™™ is the vector space of symmetric r-multilinear maps
from (R™)" to R™. Elements of S™ are just linear endomorphisms of
R". For Q,Q’ € 8?™, we define [Q, Q'] € §*" by

2
[Q7Q 507£1a§2 ZQ £k7 gk-‘!—lagk-‘v—?)) Q/(€k7Q(€k+17€k+2))7
k=0

where we set &3 = & and & = &. We also define linear maps
L%: (Sl,n)Z — (SQ,n)n and LlB: (SQ,n)n N (SB,n)n(n—l)/Z by
LOB(A/> B/) = (A/ o Q'Ui - Qvi o (AI7 I) - Qvi © (Iu AI) + QB’e-;)?:lv
Lip(qr, - qn) = ([¢5: Qu,] — (a5, Qu.])1<i<j<n-
By the exactly same argument as in p. 1841-1844 of [1], Theorem 2.9
follows from the following
Proposition 2.13. Ker L} = Im L.
We show this proposition in the next subsection.

2.3. Proof of Proposition 2.13

It is not hard to check that Im LY C Ker LY. We will show Ker LL, C
Im LY. Recall that I = (eq,...,e,) is the standard basis of R™. As
shown in Lemma 2.11 of [1], it is enough to prove Proposition 2.13 for
the case B=1. Set L° = LY and L' =
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For v, w € R™, let (v, w) be the standard inner product of v and w,
ie., (v,w) =", v;w;. Let W be the subspace of (§*™)" consisting of
the elements (¢;)7—; such that g;(e;, e;) = 0 and (gi(e;,e;),¢e;) = 0 for
any ¢, =1,...,n.

The following formula on @); is useful for computation;

e e:) = v.e;) = <'U,€7;>6i (Z:]),
QU( (2] ]) Qei( ) 1) {0 (l#])

forv e R and 4,5 = 1,...,n. In particular, Q,(ej,ex) =€ if i =j =k
and Q, (e;, ex) = 0 otherwise.
Lemma 2.14. W +Im L% = (§2")".

Proof. Take (¢;)7_; € (8*™)". We put a;; = —(qgi(e;, €:),¢€;), aji =
(giei,ei), e;), and by; = 0, bj; = (gi(e;,e;),e;) for distinct 4, j = 1,...,n.
Let A and B be square matrices of size n whose (i, j)-entries are a;; and
b;j, respectively. Then, LY(A, B) = (qf"B)?:1 satisfies that

g (eiver) = A Qe (eiyei) — 2Qe, (Aei, e;) + Qpe, (€, ;)
= Ae; — 2a;;€; + bise;
= qi(eivei)v

0P lej ej) = A+ Qe (ej,e5) — 2Qe, (Aej, e5) + Qpe, (), ;)
=bjie;
= (ai(ej, ex), ej)e;j.

Hence, ¢; — qlA’B is an element of W. Q.E.D.

Lemma 2.15. Ker L' N W = {0}.
Proof. Take (¢;)", € Ker L' N W. Since (¢;)"., € W, we have
gi(ei,e;) =0 and (gi(ej,e;),e;) =0forany i,j =1,...,n. If i # j,
(65, Qe; (5. €5, €5) = 3{ai(ej, €5) — Qe, (€5, ailej,€5))}
= 3{ai(ej,e5) — (ailej,e5), e5)e;},

= 3qi(ej, €5),
[0, Qe.](ej, €5, ¢5) = 3{q;(ej,e5) — Qe, (€5, q5(ej.€5))}
=0.

Since [gi, Qc,] — [gj, Qe;] = 0, we obtain that g;(e;, e;) = 0.
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Iti#j,
(45, Qe,](eis €5, ¢5) = qi(es, e5) — 2Qc, (e, qi(ei, €5))
= qgi(ei, ;) — 2(qi(ei, ), €5)¢;
[0, Qe;](€i,€5,€5) = —Qe, (eis qj (e, €5))
= —Qe,(€,0)
=0.

Since [gs, Qe,] — 45, Qe,] = 0, we obtain that g;(e;,e;) = 0.
For distinct 4,7,k =1,...,n,

[qiv er](ej7 €5, ek) = qi(eka ej) - 2er (eja qi(ej7 ek))
= qi(ej7ek) - 2<qi(ej7ek)7ej>ej7
(g5, Qe.l (e, €5, ) = 0.

Since [g;, Qc,;]—[qj, Qe;] = 0, we obtain that g;(e;, ex) = 0. Now, we have
qi(ej,ex) = 0 for any (¢;)'-; € Ker L' N W and any 4,5,k = 1,...,n.
Q.E.D.

Now, we prove Proposition 2.13. Since Im L° is a subspace of Ker L',
we have (§%™)" = W @ Im L° by the above lemmas. By Im L° C Ker L!
and Ker L' N W = {0} again, we obtain that Ker L' = Im L°.

83. Proof of Proposition 1.4

It is easy to see that any linear isomorphism g € G of R™ can be
extended uniquely to a diffeomorphism h, of T" = (RU {c0})™ and the
diffeomorphism h, is a conjugacy between pp and pyp.

Suppose that pp and pps are smoothly conjugate by a diffeo-
morphism h. We will show that h = h, for some g € G. The conjugacy
h preserves the unique repelling fixed point (0,...,0) of p% and p%,
and their unstable manifold R™ C T" = (R U {o0})™. The restriction
hg of h to R™ commutes with the linear map x — kz. By the same
argument as in the proof of Lemma 2.8, the map hg is linear. Take
(aij)i =1 such that hg(e;) = 31", aije;.

We set

Vi ={(z1,...,3,) € T" | 2; = 00, 7; # o0 if i # j}

fori =1,...,n. Each V; is a submanifold of V; which is diffeomorphic
to R"~1. Since h is continuous, we have
h(v) < () Vi

Qjj 750
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Since h is a diffeomorphism of T™, there exists a unique o(j) € {1,...,n}
such that a;; # 0 for each j = 1,...n. Since the linear transformation
h|g is invertible, o is a permutation of {1,...,n}. Therefore, hg is an
element of G.
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