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Bridgeland’s stability and the positive cone of the
moduli spaces of stable objects on an abelian
surface.

Kota Yoshioka
Dedicated to Shigeru Mukai for his sixtieth birthday

Abstract.

We shall study the chamber structure of positive cone of the al-
banese fiber of the moduli spaces of stable objects on an abelian surface
via the chamber structure of stability conditions.

80. Introduction

The space of stability conditions on an abelian surfaces X is studied
by Bridgeland in [8]. In particular, he completely described a connected
component Stab(X)* consisting of stability conditions ¢ such that the
structure sheaves of points k, (x € X) are stable of a fixed phase ¢. In
the space of stability conditions, there is a natural action of the universal
cover (Eff@,R) of GLT(2,R). In our situation, Stab(X)*/(/}\iJr(ZR)
is isomorphic to NS(X)r x Amp(X)r as stated in [8, sect. 15]. In par-
ticular, if NS(X) = ZH, then Stab(X)*/ﬁ+(2, R) is isomorphic to the
upper half plane H. For the stability conditions o(g,,) corresponding
to (B,w) € NS(X)r x Amp(X)r, moduli spaces of o(g,,,)-semi-stable
objects are extensively studied in [18], [19] and [28]. In particular, the
projectivity of the moduli spaces are proved for a general o(g,,). We
also constructed ample line bundles on the moduli spaces. As a conse-
quence of these results, we also got some results on the moduli spaces of
Gieseker semi-stable sheaves. Indeed for a parameter (8,w) = (5,tH)
(t > 0) called the large volume limit, Bridgeland stability coincides
with Gieseker stability. For the study of Gieseker stability on abel-
ian surfaces, Fourier-Mukai transforms are very important tool, though
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Gieseker stability is not preserved in general. For the proof of projectiv-
ity of the moduli space of Bridgeland semi-stable objects, we constructed
a Fourier-Mukai transform which induces an isomorphism to a moduli
space of Gieseker semi-stable objects. In this sense, Bridgeland stability
is regarded as a minimal generalization of Gieseker stability preserved
by Fourier-Mukai transforms.

In this note, we continue to study the moduli spaces of Bridgeland
semi-stable objects. In particular, we shall study the birational ge-
ometry of the moduli spaces. Before explaining our main results, we
prepare some notation and explain some results in [19]. For the alge-
braic cohomology groups H*(X,Z)as := Z & NS(X) & Zox, let ( , )
be the Mukai pairing, where px is the fundamental class of X. For
x = x0 + 21 + x20x With zg,20 € Z and 27 € NS(X), we also write
x = (xo,x1,22). For E € D(X), v(E) = ch(F) denotes the Mukai
vector of E. For v € H*(X,Z)ag, M(g.)(v) denotes the moduli space
of 0(g .)-semi-stable objects £ with v(E) = v. Mg (v) is a projec-
tive scheme if (5,w) is general ([19, Thm. 1.4]). If v is primitive and
(v?) > 6, then as a Bogomolov factor, we have an irreducible symplectic
manifold K g ,(v) which is deformation equivalent to the generalized
Kummer variety constructed by Beauville [5]. K g ,(v) is a fiber of the
albanese map of Mg,y (v). We also have an isometry

(91,”(3,“, : UL n H*(X, Z)alg — NS(K(BM) (’U))

where NS(K(g,,)(v)) is equipped with the Beauville-Fujiki form. For a

Mukai vector v of a coherent sheaf (i.e., v = v(F), F € Coh(X)), MIB{(’U)
denotes the moduli space of S-twisted semi-stable sheaves E with v(E) =
v. If B =0, then we denote it by My (v). Since Mg(v) = M1 (v)
(t>0), a fiber Kg(v) of the albanese map is K (g 15)(v).

In [19, sect. 5.3], we relate the ample cone of K3, (v) to a chamber
structure of NS(X)g x Amp(X)g. In this note, we refine this correspon-
dence. For a Mukai vector v € H*(X,Z)a1,, we shall construct a map
from our space of stability conditions NS(X)g x Amp(X)r to the pos-
itive cone PT(v1)g of vt. This map is surjective up to the action of
R~ on P*(vt)g. More precisely, we slightly extend the map in order
to treat the boundary of positive cone. In order to state the precise
statement (Proposition 0.1), we need more notation.

We fix a norm || || on NS(X)r. For the closure Amp(X)g of the
ample cone of X, we set

C(Amp(X)g) :={z € Amp(X)g | ||| = 1},

H :=NS(X)p x C(Amp(X)g) x Rso.
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Then we have an embedding NS(X)g x Amp(X)r — 9 by sending (3, w)

to (8, w/||wl], [lw]])-
For v = (r,¢1,a) € H(X,Z) a1, we set

Pt(vl)g =<2 € H(X,Z)ag ® R
B ¢ (z,m7Ho + (Ho,c1)ox) >0

z € v, (v?) 20,}

where Hj is an ample divisor on X. P7¥(vl)g is the closure of the
positive cone P¥(v!)g of vt
For (8, H,t) € $, we set

(B, H,t) == (7"252(2[{2) + (eﬁ,v>> (H+(8,H)ox)

—(e1 —rB,H) <€ﬁ - t2(H2)QX> :

2

Then (8, H,t) € P+ (vl)p.
Proposition 0.1 (Proposition. 3.11). We have a surjective map

= ) —  Pt(vh)R/Rso
(67H7t) = R>0£(ﬁaHat)'

Moreover if tH is ample, then £(8, H,t) belongs to the positive cone of

vt

We introduce the wall and chamber structures on § and P+ (v1)zand
show that they correspond each other. By using these descriptions, we
also study the movable cone of Kz . (v).

Let 20 be the set of Mukai vectors v; such that

(0.1) (v1,v—v1) >0, () >0, {(v—11)%) >0.
Then we have a chamber structure on P*(v!)g by the set of walls
{v{ | v; € 20}.

Theorem 0.2 (Theorem 3.31). Assume that (8, H,t) € § satisfies
E(B, H,t) & Uy, cauvi-. Let T be the set of primitive and isotropic Mukai
vectors u with (u,v) = 0,1,2. Let D(B,tH) be the connected component
of P*(vh)r \ Uuesut containing £(3, H,t). Then

Mov(K g,¢m)(v)) = bv,8,01(D(B,tH)).

Moreover

evﬁﬂgH(H*(X, Z)alg M D(B,tH)) C MOV(K(BJH) (’U))
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In the movable cone of Kz 5 (v), Hassett and Tschinkel [9, Thm.
7, Prop. 17] introduced the chamber structure. The chamber structure
of D(B,tH) by {vi | vi € W} corresponds to the chamber structure of
the interior of Mov (K (3¢5 (v)) via 0, 5,11

As an application of our results, we get a result on the birational
structure of Mg(v)

Proposition 0.3 (Proposition 3.39). Let (X, H) be a polarized abel-
ian surface and v a Mukai vector such that 20 := (v?) > 6. Then MIB{(U)
18 birationally equivalent to PicO(Y) X Hilbf/ if and only if there is an
isotropic Mukai vector w € H*(X,Z)ag with (v,w) = 1, where Y is an
abelian surface.

This result also follows from a characterization of the generalized
Kummer variety by Markman and Mehrotra [16]. Proposition 0.3 gives
an affirmative solution of a conjecture of Mukai [24].

Corollary 0.4 (Corollary 3.42). Let (X, H) be a principally polar-
ized abelian surface with NS(X) = ZH. Let v = (r,dH,a) be a Mukai
vector with ¢ := d* —ra > 3. Then Mg(v) 1s birationally equivalent to
X x Hilbf;( if and only if the quadratic equation

ra® + 2dxy + ay® = £1
has an integer valued solution.

We also study the location of walls. If rk NS(X) > 2, we show that
the stabilizer of v in the group of autoequivalences is infinite. Hence
if there is a wall, then we can generate infinitely many walls by the
action of autoequivalences. We also show that there is an example of X
and v such that there is no wall, which implies that the ample cone of
K Z (v) is the same as the positive cone and the autoequivalences act as
automorphisms of M g(v)

The study of the movable cone is motivated by recent works [1]
and [3]. They studied the movable cones of the moduli spaces for the
projective plane and a K3 surface by analyzing the chamber structure of
Bridgeland’s stability. For an irreducible symplectic manifold, Markman
[14] studied the movable cone extensively. In particular, he obtained a
numerical characterization of the movable cone. In this sense, our result
(Theorem 3.31) gives concrete examples of his results. In particular, we
give a moduli-theoretic explanation of birational models of K g (v).

Let us briefly explain the contents of this note. In section 1, we
introduce some notations and recall known results on irreducible sym-
plectic manifolds. In particular, we define our parameter space of sta-
bility condition and the wall for stability conditions. We also give a
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characterization of the walls in terms of Mukai lattice (Proposition 1.3).
In section 2, we shall study the cohomological action of the autoequiv-
alences of D(X), which will be used to study the set of walls. We first
treat the case where rkNS(X) = 1. In this case, we can use the 2 by
2 matrices description of the cohomological action of the Fourier-Mukai
transforms in [27]. We then describe the stabilizer group Stab(v) of a
Mukai vector v. By using it, we shall construct many autoequivalences
fixing v for all abelian surfaces.

In section 3, we relate our space of stability condition with the pos-
itive cone of the moduli spaces. We first construct a map from the
space of stability conditions to the positive cone. Then we describe the
nef cone of the moduli spaces. In subsection 3.3, we study the diviso-
rial contractions of the moduli spaces. Then we get the description of
movable cones (Theorem 3.31).

In section 4, as an example, we treat the case where NS(X) = ZH.
In this case, the boundaries of P+(vt), are spanned by two isotropic
vectors vy. For a Mukai vector v = (r,dH, a), we show that vy are not
defined over Q if and only if /(v?)/(H?) ¢ Q. For the rank 1 case,
this condition is equivalent to the existence of infinitely many walls [28].
According to Markman’s solution [14] of the movable cone conjecture
of Kawamata and Morrison ([11], [21]), we have infinitely many walls
under this condition. By our correspondence of the space of stability
conditions and the positive cone, we see that the accumulation points
correspond to the two boundaries R-gvy which are the accumulation
points set of walls. Thus we get an explanation of the existence of
accumulation points in terms of the positive cone. For the general cases,
if \/(v?)/(H?) ¢ Q, then we show that infinitely many Fourier-Mukai
transforms preserve v as in the rank 1 case. So there are infinitely many
walls if there is a wall. However as in the case where rk NS(X) > 2, we
have an abelian surface and a Mukai vector v such that there is no wall
for v. In section 5, we shall explain how our result on the movable cone
follows from Markman’s general theory. In appendix, we shall study the
base of Lagrangian fibrations.

After we wrote the first version of this note, Bayer and Macri [4]
completed their study of the birational geometry of moduli spaces over
K3 surfaces. In particular, they completely described the nef cone and
the movable cone of the moduli spaces. Moreover the results are gener-
alized to deformations of the moduli spaces [2], [20].
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§1. Preliminaries

1.1. Notation.

We denote the category of coherent sheaves on X by Coh(X) and
the bounded derived category of Coh(X) by D(X). A Mukai lattice
of X consists of H**(X,Z) := @;_, H*(X,Z) and an integral bilincar
form ( , ) on H**(X,Z):

(ro + 1 + 20X, Y0 + Y1 + Y20x) = (T1,91) — Toy2 — T2yo € Z,

where x1,y1 € H*(X,7Z), xo,22,90,y2 € Z and ox € H*(X,Z) is the
fundamental class of X. We also introduce the algebraic Mukai lattice
as the pair of H*(X,Z)ag := Z®NS(X)®Z and ( , ) on H*(X,Z)alq-
For = x¢ + 21 + 220x Wwith zg,22 € Z and 21 € H?(X,Z), we also
write = (20, 21,22). For E € D(X), v(E) := ch(F) denotes the Mukai
vector of F.

For E € D(X xY), we set

%y (2) == Rpy.(E®pk(2)), = € D(X),

where px,py are projections from X X Y to X and Y respectively. Let
Eq(D(X),D(Y)) be the set of equivalences between D(X) and D(Y").
We set

Eqo(D(Y),D(Z))
::{@EE@ € Eq(D(Y),D(Z))‘ E € Coh(Y x Z), k € Z} ,

£(2) == JBa(D(Y),D(2)),
Y

£:=J&2) = |JEqy(D(),D(2)).

Note that £ is a groupoid with respect to the composition of the equiv-
alences. .

As we explained in the introduction, Stab(X)*/GL (2,R) is isomor-
phic to NS(X)r x Amp(X)g. Let us briefly explain a stability condition
0(3,w) associated to (3,w) € NS(X)g x Amp(X)q. Let T(g., be a full
subcategory of Coh(X) generated by torsion sheaves and p-stable tor-
sion free sheaves E with (c1(FE) —rk E,w) > 0, and let §5.,) be a
full subcategory of Coh(X) generated by p-stable torsion free sheaves E
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with (c1(E) —rk Ef,w) < 0. (T(g,u), §(8,w)) is a torsion pair of Coh(X).
Let 213, be its tilting. Thus,

HY(E)=0,1i# —1,0, }

A W) = FeD(X
(Bw) { ( )‘H—l(E) €F(pw) H(E) € Tpw)

Let Z(.) : D(X) — C is a group homomorphism called the stability
function. In terms of the Mukai lattice (H*(X,Z)ag, ( , )), Z(gw) I8
given by

Z(pu)(E) = ("TV71% y(E)), EeD(X).

Then Z(3.)(F) € HUR o for 0 # E € Az ). We define the phase
gzﬁ(ﬁ)w)(E) S (0, 1] of 0 £ F ¢ Q[(BM) by

Zpw)(E) =1Zp.w)(E) |e”\/?1¢’(ﬁ,w) (B)

Then (A(5,4), Z(3w)) is the stability condition o(g . In particular, k,
is a stable object of the phase ¢z (k) = 1.
Definition 1.1. (1) Anobject 0 # E € A3, is 0(3,.,)-semi-
stable if
PB.w) (F) < d(3.w) (E)
for all proper subobject F' # 0 of E. If the inequality is strict,
then F'is 0(g .,)-stable.
(2) An object 0 # E € D(X) is 0(g,)-semi-stable (resp. o(g.)-
stable), if there is an integer n such that E[—n] € Az ) and
E[—n] is 0(g,.)-semi-stable (resp. o(g,,,)-stable).

1.2. A parameter space of stability conditions.
For an abelian surface X, the ample cone Amp(X) is described as

Amp(X) = {x € NS(X) | (z%) > 0, (2, h) > 0},
where h € NS(X) is an ample class of X. We set
Amp(X), = {z € NS(X)i | (z*) >0, (z,h) > 0},

where k = Q,R. For a cone V C R™, we set C(V) := (V \ {0})/Rxo.
We fix a norm || || on R™ and identify C(V) with {z € V | ||z|| = 1}.
Then we have a bijection V'\ {0} — C (V) x R5¢ by sending x € V'\ {0}

to (z/[l]], ||z[])-
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We have a map

C(Amp(X)g) x Rzg  —  Amp(X), U {0}
(L,t — tL

which is bijective over Amp(X)g and the fiber over 0 is Amp(X)g x {0}.
Thus C(Amp(X)g) x R>¢ is a partial compactification of Amp(X)
We set

= NS(X)r x C(Amp(X)z) x Rsg,
H 1= NS(X)g x C(Amp(X)g) x Rxo.

We have an identification

9 — NS(X)R X Amp(X)R

(1.1) (B.H,1) (B, tH)

and these spaces are our parameter space of stability conditions and its
partial compactification. N
Let us introduce a wall and chamber structure on §.

Definition 1.2 (cf. [28, Defn. 2.7]). Let v be a Mukai vector.
(1) For a Mukai vector v; satisfying

(1.2) (v1,v—v1) >0, (v]) >0, {((v—121)?) >0,
we define the wall W, as

(1.3) Wo, :=={(8,H,t) € 9 | RZ(g,1)(v1) = RZ(g,¢1)(v)}.

(2) 20 denotes the set of Mukai vectors vy satisfying (1.2).

(3) A chamber for stabilities is a connected component of £ \
le GQUWvl .

(4) We also have a wall and chamber structure on NS(X)g x
Amp(X)g via (1.1), which is the same as was introduced in
(28], [19].

(5) Wesay that (3, H,t) € $ (resp. (8,w) € NS(X)r xAmp(X)g)
is general, if it is in a chamber.

As we explained in [28], [19, Prop. 5.7] implies that if (5, H,t) €
W, , there is a properly o (g, p)-semi-stable object £ with v(E) = v. In
general, W,,, may be an empty set. We have the following characteriza-

tion for the non-emptiness of the wall whose proof is given in subsection
3.2.
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Proposition 1.3. Let vy be a Mukai vector satisfying (1.2). Then
Wy, N9 # 0 if and only if

(1.4) (v,v1)% > (V*)(v3).

Corollary 1.4. Let w be an isotropic Mukai vector. If (v?)/2 >
(w,v) > 0, then w satisfies (1.2) and W,,N$ is non-empty. In particular,
if (w,v) = 1,2 and (v?) > 6, then w satisfies (1.2) and W,, N $ # 0.

We set vy := (r1,&1,a1). Then the defining equation of W, is
(1.5)
det (a —(&8)+ 7"7([92)_;2(112) ar — (&1, 8) + 7(62)_32“[2))
—(§—rB,H) —(& — B, H)
=& =B, H)a— (£ —rp, H)ay + (11§ — &1, B)(B, H)

(€& ) = (60, B)(E ) — (ra6 =y, 11y D=L

=0.
2

Lemma 1.5. (1) If r& —ré& #0, then

W, {8, H,t) €9 | (€~ 7B, H) = 0}.
(2)  If & —ré& =0, then

W, = {(8, H,t) € 9 | (£ — 1B, H) = 0}.

Proof. (1) Assume that r1& — 7€ # 0. Then we can take H €
Amp(X)g with (r1& — &, H) # 0. We take 8 € NS(X)g with (§ —
rB3,H) = 0. Then we have (§; —71, H) # 0. Since Z g ¢ (v) # 0, (1.5)
implies that (8, H,t) ¢ W,,. Since the hypersurface ({ —rS, H) =0 is
irreducible, we get the claim.

(2) If r1& — r& =0, then (1.5) implies that

(Fa—a)€—rs.H)=0.
Since vy € Qu, W, is defined by (£ — 8, H) = 0. Q.E.D.

Remark 1.6. The assumption of Lemma 1.5 (2) is equivalent to
Q)l( Nvt = viNot. Indeed Q)L( Nvt = viNot is equivalent to Qu+Qu; =
Qu 4+ Qpx. Since vy € Qu, it is equivalent to v; € Qv + Qox -
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1.3. Facts on irreducible symplectic manifolds.

For a smooth projective manifold M, Amp(M ), C NS(M); denotes
the ample cone of M and Nef(M), C NS(M)j, denotes the nef cone of
numerically effective divisors on M, where k = Q, R.

Definition 1.7. Let M be a smooth projective manifold.

(1) (a) A divisor D on M is movable, if the base locus of |D| has
codimension > 2.
(b) Mov(M), C NS(X)i (k= Q,R) denotes the cone gen-
erated by movable divisors and Mov (M) the closure in
NS(X)g.
(2) For an irreducible symplectic manifold M, ¢p; denotes the
Beauville-Fujiki form on H?(M,Z). Then the positive cone is
defined as

P (M), == {z € NS(X) | que(z,2) > 0,qu (2, h) > 0}

where £ = Q,R and & is an ample divisor on M. We also set

PH(M), = {z € NS(X) | gm(x,2) > 0,qnm(x, h) > 0}.
Remark 1.8. By the definition, Mov (M )g = Mov(M)g N NS(M)qg.

We note that Mov(M)g is contained in P+ (M) by works of Huy-
brechts ([10], [9, Thm. 7]). There is a different argument in [14, Lem.
6.22] based on results of Boucksom [7].

1.4. Moduli spaces
Definition 1.9. A Mukai vector v := (r,§,a) € H*(X,Z)ag is
positive, if

(i) r>0or

(i) = =0 and ¢ is effective or

(i) r=¢=0and a > 0.

Definition 1.10. Let v € H*(X,Z)a1; be a Mukai vector.

(1) If v is positive, then let Mg(v) be the moduli space of 3-
twisted semi-stable sheaves E on X with v(E) =v. If 8 =0,
then we also denote Mg (v) by My (v).

(2) Mg, (v) denotes the moduli space of o(g,)-semi-stable ob-
jects E' with v(E) = v.

Remark 1.11. (1) If H is general in Amp(X), then Mg(v)
does not depend on the choice of .
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(2) If v is positive, then M4 1m)(v) = Mf[(v) for some (s,t).
Thus twisted semi-stability is a special case of Bridgeland
semi-stability.

Assume that v is primitive and (f3,w) is general with respect to wv.
We fix Ey € Mg, (v). Let

o - :D(X)— D(X)

be the F;ourier—Mukai transform by the Poincare line bundle P on X x X ,
where X := Pic?(X) is the dual of X. Then we have an albanese map
a: Mg (v) = X x X by
a(E) == (det(D¥_ o(E — Ey)),det(E — Ey)) € X x X
([19, Rem. 4.10]). a is an étale locally trivial fibration.
Definition 1.12. Assume that v is primitive and (v?) > 6.
(1)  Kg.w)(v) denotes a fiber of the albanese map Mg .,)(v) —

o~

XxX. Ifv is positive, then we also denote a fiber of a :
M (v) = X x X by K (v).
(2)

(1.6) Ov 5,0t v = H2(M(g,4)(v), Z) = H*(K (g ) (v), Z)
denotes the Mukai’s homomorphism. If there is a universal
family E on Mg, (v), e.g., there is a Mukai vector w with
(v,w) =1, then
01}75,&0(1’) =1 (pM(g,w)(U)*(Ch(E)pi;( (xv)»\K(g’w)(v)v
where px,par, ., (v) are projections from X x Mg (v) to X
and Mg . (v) respectively.

Theorem 1.13 ([19, Prop. 5.16]). For v € H*(X,Z)ag, Mg,.)(v)
18 a smooth projective symplectic manifold which is deformation equiva-

lent to Hilb;%/2 xX. Assume that (v?) > 6.
(1) K (v) is an irreducible symplectic manifold of
dim K g, (v) = (v*) — 2

which is deformation equivalent to the generalized Kummer
variety constructed by Beauwville [5].

av,ﬁ,w : ('Ula< ) >) — (Hz(K(ﬁ,w)(v)aZ)aqK(ﬂ,w)(v))

is an isometry of Hodge structure.
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§2. Fourier-Mukai transforms on abelian surfaces.

2.1. Cohomological Fourier-Mukai transforms

We collect some results on the Fourier-Mukai transforms on abelian
surfaces X with tkNS(X) = 1. Let Hx be the ample generator of
NS(X). We shall describe the action of Fourier-Mukai transforms on the
cohomology lattices in [27]. For Y € FM(X), we have (HZ) = (H%).
We set n:= (H%)/2. In [27, sect. 6.4], we constructed an isomorphism
of lattices

Lx : (H*(sz)alg7<’ >) - (Sme(Z’n)aB)v

(rdHx,a) ( e d\f) ,

where Sym,(Z, n) is given by

Symy(Z,n) := {(y\ﬂ% y\Z/ﬁ)

and the bilinear form B on Sym,(Z,n) is given by

x,y,zGZ},

B(X1, X2) :=2ny1y2 — (x122 + 2122)

for X; = ( i y“/ﬁ) € Sym,(Z,n) (i =1,2).

Each ®x_.y gives an isometry

(2.1) ty 0 O Ly 01y € O(Sym,(Z,n)),

where O(Sym,(Z, n)) is the isometry group of the lattice (Sym,(Z, n), B).
Thus we have a map

n: & — O(Symy(Z,n))

which preserves the structures of multiplications.

Definition 2.1. We set

o {( 1)

G := GNSL(2,R).

rs =n, adr — bes = +1

a,b,c,d,r,s € 7, r,$>0}
)

We have a right action - of G on the lattice (Symy(Z,n), B):
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(2.2) <d\% d\f) gi=tg (d\r/ﬁ d*f) 9. ge .

Thus we have an anti-homomorphism:
a: G/{£1} — O(Symy(n,Z)).
Theorem 2.2 ([27, Thm. 6.16, Prop. 6.19]). Let
@ € Eqy(D(Y), D(X))

be an equivalence.
(1) vy :=v(®(Oy)) and vy := P(oy) are positive isotropic Mukai
vectors with (vi,ve) = —1 and we can write

U1 = (p%TlaplquY7q%T2)a Vg = (pETQaPQqQHY7q§T1)7
P1:91,P2,q42,71,T2 € Z7 p1,7T1,T2 > 07

riry =M, p1gaT1 — p2qiTe = L.

(2) We set

f(d) = + (gjg Z;\/\/@ € G/{=1).

Then 6(®) is uniquely determined by ® and we have a map
0:&— G/{£1}.

(3) The action of 0(®) on Symy(n,Z) is the action of ® on
H*(X,Z)ag:

tx o ®(v) = 1y (v) - 0(D).

Thus we have the following commutative diagram:

| S

G/{£1} — O(Symy(n, Z))

From now on, we identify the Mukai lattice H*(X,Z)a, with
Symgy(n,Z) via tx. Then for g € G and v € H*(X,Z)a1g, v - g means
tx(v-g) =ux(v)-g.
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Y_H

2, 8 Hy y?) = ?envi ug =

For an isotropic Mukai vector v = (z=, -~
(@2, = Hy,yf?), where (¢',y/) = (2.)g.

We also need to treat the composition of a Fourier-Mukai trans-
form and the dualizing functor Dx. For a Fourier-Mukai transform
® € Eqy(D(X),D(Y)), we set

6(® 0 Dy ) = ((1) _01) 0(®) € G/{+1).

Then the action of (P o Dx) on Symy(Z,n) is the same as the action
of ®oDyx.

2.2. A stabilizer subgroup.

We keep the notation in subsection 2.1. In particular, we assume
that Tk NS(X) = 1. Let v := (r,dH, a) be a primitive Mukai vector with
r # 0. We shall study the stabilizer of +v € H*(X,Z)a,/{£1} in G.
Assume that

o) ws W) E )=l )

and zw — yz = €. Then we have

ra? 4+ 2dv/nxz + az? = er,

ry? + 2dv/nyw + aw® = ea,

roy + dvn(zw + zy) + azw = edy/n,
W — Yz = €.

(2.4)

Hence
y(re + 2dv/nz) + (az)w = roy + 2dv/nzy + azw = 0.

We note that
(rz + 2dv/nz,az) # (0,0)
by
x(rz + 2dv/nz) + z(az) = er # 0.

We set y := —Aaz and w := A(rz + 2d\/nz). Then
€ = zw — yz = \(rz? + 2dv/nxz + az?) = Aer.

Hence A = 1/r. Therefore

(2.5) y:—%z, w=x+2d\f§.
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Conversely for x, z with
(2.6) ra® 4 2dv/nrz + az? = er,

we define y,w by (2.5). Then (2.4) are satisfied. We note that (2.6) is
written as

(z+dvn2)* —((2)* =
We set X :=x +dy/n% and Z := 2. Then

(2.7) X2 17% =€
and Ja
z y\ _ (X —dynZ —aZ _
(z w) - ( rZ X+dynZz.) X1y + ZF,
where
(10 _(—dyn  —a
Y N )

We have F? = (1. We set

Stabg(v) :={g € G | g(v) = (det g)v}
—{9eG|g= XL+ ZF}.

Stabg(v) is a normal subgroup of Stab(v) of index 2. Indeed for g €

Stab(v), we have g(v) = n(g)(det g)v and n(gg') = n(g)n(g), 9,9" €
Stab(v). Thus kern = Stabg(v). We get a homomorphism

¢: Stabg(v) — R
XIh+ZF — X+ ZV0.

Proposition 2.3. Assume that vVnl ¢ Q.

(1) For XI, + ZF € Staby(v), X + ZV/{ is an algebraic integer
such that (X + Z/€)? € Q(v/nf).

(2) mp=Z®Zs.

(3) s injective or ker p = {\/Z_lF} if N/ = Stabg(v). In
particular, if n =1 and £ > 1, then @ is injective.

Proof. We set o := X + Z+/{. Assume that XI, + ZF € G. Then

9 9 Yy TZ O Yyw 2w
x?y 7$w7yz7

vy v v S
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Hence
2X?% 4 d*nz?) =2? + vw? € Z,
X% - d*nZ? =zw € Z,

X7 Tz
2 2
r =r +dz* eZ
vnooon ’
which impy that
X7
2.9 X?4+02%,—= €Q.
(2.9) +25 = €Q

We note that « satisfies the equation
a?—2Xa+e=0.

Since 2X = z + w is an algebraic integer, « is an algebraic integer. By
(2.9),
2 2 2 XY
af = (X +10Z2%) +2=—=Vnl € Q(Vnl).
vn
Thus (1) holds.
(2) We first prove that im ¢ # {41}. We take a solution (p, q) € Z%?
of p?> — nlq? =1 such that ¢ # 0. We set X := p and Z := ¢y/n. Then

_(p—dng —agqyn
(2.10) XL+ ZF = ( g p+dnq>

satisfies all the requirements. Therefore im ¢ # {+1}. By the Dirichlet
unit theorem, the torsion part of im¢ is {#1}. Since a? is a unit of
the ring of integers of Q(v/nf), the rank of im ¢ is 1, which implies the
claim.

If o = X + Z\/{ =1, then o® = 1 implies that XZ = 0. If Z =0,
then X = 1. If X = 0, then Z+v/¢ = 1. Therefore the first part of the
claims holds.

Assume that n =1 and ¢ > 1. Then

LF _ 1 (d\/ﬁ —a >
it =l e am)
Hence ¢ | a®,¢ | 72,£ | d®n. Since v is primitive, a?,72,d? are relatively

prime. Hence ¢ | n, which is a contradiction. Therefore the second part
also holds. Q.E.D.
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We set

Stabg (v)* 1= { (“z g)) € Staby(v)

xw—yzzl,ye\/ﬁZ}.

All elements of Stabg(v)* come from autoequivalences of D(X) (see
Lemma 2.5 below). Stabg(v)/Stabg(v)* is a finite group of type

(Z)27)®".
I
A= <f 3}) € Stab(v) \ Stabg(v),
then

z —T

. (x L(az + Qdﬁx)) |

In particular, A% = £1,.
Example 2.4. Assume that n = 1. Then

XI,+ ZF € GL(2,Z) = G < X +dZ,aZ,rZ € L.

Assume that 2 | 7 and 2 | a. Then the primitivity of v implies that
2td. Hence { =d* —ra=1 mod 4. Then O := Z[HT‘/Z] is the ring of
integers. We note that X +dZ,aZ,rZ € Z imply that 2dZ,aZ,rZ € Z.
Since ged(r/2,a/2,d) = 1, we have 2Z € Z. Then X — dZ € 7Z implies
that X — Z € Z. Therefore X + Zv/{ € O with (2.7). Conversely for
X + ZV{¢ € O with (2.7), we have X + dZ,aZ,rZ € Z. Therefore the
fundamental unit of O is the generator of im (.

2.3. The case where rkNS(X) > 2.

Assume that Tk NS(X) > 2. Let v = (r,§,a) be a Mukai vector
with (v?) = 2¢. By using Proposition 2.3, we shall construct many
autoequivalences preserving v. Assume that £ € Amp(X) and set £ =
dH, where H is a primitive and ample divisor. Let L :=Z ®ZH & Zox
be a sublattice of H*(X,Z)al.

Lemma 2.5. Let vg = (p?n,pqH, q*) be a primitive and isotropic
Mukai vector with n = (H?)/2 and ged(pn,q) = 1.

(1) Mpg(vy) =2 X.

(2)  For an isotropic vector vi € H*(X,Z)ag with (vo,v1) = 1,
there is a Fourier-Mukai transform ® : D(X) — D(X) such
that ®(—ox) = vy and ®(v(Ox)) = v1. Moreover we have the
following.
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(a) @ is unique up to the action of Aut(X) x Pic®(X) x 27,
where 2k € 27 acts as the shift functor [2k] : D(X) —
D(X).

(b) Ifwvy € L, then we can take ® such that ®(L) = L and
1 is the identity.

Proof. (1) We fix a stable sheaf E with v(E) = vg. Let P be
the Poincaré line bundle on X x Pic’(X). Then we have a surjective
homomorphism Pic’(X) — My(vy) by sending y € Pic®(X) to F ®
P|xx () € Mu(vo) ([22]). So we get an isomorphism Pic’(X)/E(E) —
My (vg), where

S(E) = {y € Pic"(X) | EQ P xxqy) = E}.

Let T, : X — X be the translation by x. For a divisor D on X,
ép : X — Pic’(X) denotes the homomorphism such that ¢p(z) =
T:Ox(D)® Ox(—D). We set K(D) :=ker ¢p. If (D?) > 0, then ¢p is
finite and #K (D) = d?, where d := (D?)/2. For D = pqH, [22, Thm.
7.11] implies that ¢pqr(Xp2,) = X(E), where X,,, denotes the set of m-
torsion points of X, which is the kernel of m : X — X the multiplication
by m € Zso. Hence we have a morphism ¢ : X — Mg (vg) such that

¢(x) = E@ T (Ox(pqH)) ® Ox(—pgH), v € X
and ¢ induces an isomorphism
X/ (X + K(pgH)) = X /S(E) = My (vo).
Since K(pgH) = (pq) Y (K (H)), n(K(H)) = 0 and (pn,q) = 1, we have
a sequence of isomorphisms
X/(Xpen + K(pgH)) =" X/p*nK (pgH) = X/q~(0) 5 X.

Therefore My (vg) = X.
(2) By our assumption, we have a universal family E on X x My (vg).
By (1), we have an isomorphism

X X Mp(vg) = X x X.

Thus we may assume that E € Coh(X x X). Then we have an equiva-
lence

3 :D(X) - D(X)

such that ®(C,) = E|xy«,[1] for z € X. Since (2! (v1), &~ *(vg)) =
1, tk® 1(v;) = 1. Let po : X x X — X be the second projection.
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Replacing E by E ® p5(L) (L € Pic(X)), we have ®~1(v;) = v(Ox).
Thus the first claim holds.

(a) If @' : D(X) — D(X) also satisfies the same properties, then
P 19'(px) = ox and ®1®'(v(Ox)) = v(Ox). Hence ®~1®’ is the
Fourier-Mukai transform whose kernel is Or ® p5(N)[2k], where N €
Pic’(X) and T is the graph of g € Aut(X). Hence

¥'(E) = 0(g.(E ® N))[2k], E € D(X).

(b) We take a complex F; € D(X) with v(E;) = v;. For a S-flat
coherent sheaf F on X x S with F x5 € My (vo) (s € S), we set

Ly = detps, (FY @ Ey).

If we replace F by F @ £}, then we have L = Og. We set E; := EQP.
Then by the identification X = My (vo) in the proof of (1), we have

(1% Gpgrr)™ (1 @ Lyg,) = (1 x p*ng)* (E),

where E is the universal family in (2) which is normalized to satisfy
Lg = Ox. Indeed ®(v(Ox)) = v(FE;) implies that

e1(La) = —r (@5 'L (1)) = =1 (0(0x)) = 0.

Hence E' := E ® L} also satisfies U(@fél[_l)]x((’)x)) = v1.
We set 3 := 1 H. For G € D(X) with

v(G) =re’ +apx +dH + D+ (dH + D, B)ox, D € H*,
Lemma 2.6 below implies that
(P*qn)* (0(PR,x(@)))
=¢ 1 (V(Rppico x)«(EY @ G) ® Lg,))

:qs;qH(“((I)?(v—micO(X)(Ev ®G)® LE,))
=(p*qn)" (p*na + S5-ox — dH + D) ® ¢y, (v(L, ).

(2.11)

In order to complete the proof of the claim, we need to show that
by (Lw,) € (p*qn)*(L). We take integers x,y with ypn — xq = +1.
Then we have v; = (22, zyH,y*n). Hence

x 1
vy = 2% £+ —(H + (H,B)ox) + ——0x-
pn p=n



492 K. Yoshioka
Applying (2.11) to v(Ox) = L'\ (v1), we have
(P*qn)" (v(Ox)) =(p*qn)" (1 + - ox F p— H) ® ¢pn (v(Lm,))
=(p2qn)*(v(0x(¥p—nH))) ® Gpgn (V(LE,))-

Therefore the claim holds.
Q.E.D.

Let m : X x X — X be the addition map. Then
m*(Ox(pqH)) ® pi(Ox (—paH)) @ p3(Ox (—pqH))) = (1 X ¢pqn)"(P).

(@5

We shall compute ¢ X%Pico(x)(w)) for w e H*(X,Z).

pqH
Lemma 2.6. We set 3 := pinH. For
u:=re’ +aox + (dH + D)+ (dH + D, B)ox, D € NS(X)g N H*,
we have
(DX x (v w) = (Pqn)* (p*na + Frox — dH + D).

Proof. Let e1, e, e3,e4 be a basis of H'(X,Z) such that ¢, (H) =
e1 Nes +nesg Aeg. In

H*(X x X,Z)=H"(X,Z)® H*(X,Z),
we identify e; ® 1 with e; and denote 1 ® e; by f;. Then
c1(m*(Ox (H)) ® p1(Ox(—H)) @ p3(Ox (—H)))
=(e1 + f1) A(e2 + f2) + nles + f3) A (ea + fa)

—(e1 ANex+mnez Nes) — (fi A fa+nfs A fa)
=e1 A fot+ fiNes+nles A fa+ fsANeq) =:1.

We denote the class by 17. Then we see that

2

o= (esNe)) A(fi A fo) =n¥(er Nea) A (fa A fu)
+ n((eg A 64)* A (f2 A f4) + (61 A 64)* A (fl A\ f4)
+(e2 A e3)* A(fa A fs) +(e1 Aes)” A(f1 A f3)),
774

— =n%(ey Aea Aes Aes) A(fi A fa A f3 A fa),



Moduli of stable objects on an abelian surface 493

where {(e; A e;)* | 7,7} is the dual basis of {e; Ae; | 4,5} via the
intersection pairing. We note that H~ is generated by

e1 Neg —nes N\eq, €2 \Neyg, €1 \eyg, €2 \es, €1 N\ es.

Then we see that

\2

(b;qH((pf(aPico(X)(v(\)/u))
=pa.(p} (P*ne ™ (re” + agx + (dH + D + (dH + D, ) ox))e"™")
=P+ (p1 (P*n(r + agx + dH + D))eP™")
=p’n’(pq)*(~dH + D) + p*na + p°n’q‘rox.

Since (p?qn)*(z;) = (p?qn)?x; for z; € H*(X,Q), we get the claim.
Q.ED.

By Lemma 2.5, every member of Stabg(v)* comes from an autoe-

quivalence of D(X) and we have a homomorphism
Stabo(v)* — O(Ifﬂ< (X, Z)alg)~

Lemma 2.7. For a Mukai vector v = (r,&,a), assume that (£2) > 0.
We set & := dH, where H is a primitive ample divisor and d € Z. If

V{(v2) /(&) & Q, then there is an autoequivalence ® : D(X) — D(X)
such that ® acts on L := Z@®ZH ®Zox as an isometry of infinite order

and ®(v) = v.

Proof. By the proof of Proposition 2.3 (2), Stabg(v)* contains an
element g of infinite order. By Lemma 2.5, we have a Fourier-Mukai
transform ¢ : D(X) — D(X) inducing the action of g on L. Q.E.D.

83. The space of stability conditions and the positive cone of
the moduli spaces.

3.1. A polarization of M ¢ (v).

We shall explain a natural ample line bundle on the moduli space
Mp,1y(v), which is introduced in [19] and [3].
For v = (r,£,a), we set

dg = %, ag = —(e” v).

Then

v=re’ +agox +dsH + Dg + (dgH + Dg, B)ox, Ds € NS(X)gN H*.
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Let

@)
2dg

£ (r(H + (H,B)ox) + dg(H?)ox)

- é (ag(H + (H, B)ox) + ds(H*)e®) € H*(X, Z)ug ® R

be a vector in [19, Defn. 5.12], where w = tH.
Definition 3.1. For (3, H,t) € NS(X)r X Amp(X)p x R>¢, we set

5(67 H, t) ::dﬁgw

_ (ﬁg(gm N <eﬁ,v>) (H + (5. H)ox)

(-5, H) (eﬁ - tQ(fQ)QX).

Assume that r #£ 0. We set § := £ Then v = red + asox. For

T

B=68+sH+ D with D € NS(X)gr N H*, we set

r(6 — B, H —0)2
dﬁz((Hg)), a/g:a(s—&—((ﬂ 2 ) )’r‘.
&(B,H,t) =r (tQ(HQ) _é(ﬂ =" + %) (H + (6, H)ox)

—r(6—3,H) (eﬁ - %ng)

:r<(“’ )7(?75) )+<2”r2>) (H + (6, H)ox)

— (6= 8,H) ((B=0+(8-0,0)0x) + (¢ = “ox)).

r

Assume that 7 = 0. Then we also have
t2(H?
€(B,H,t) = —ag(H + (H,B)ox) — dg(H?) (eﬁ _ (2 )QX)

~((6.8) - it + (1, 8)ew) - (6. 11) (¢ - HED o)

Lemma 3.2.

R-0&(B, H,t) = Roolm(Z(5,4 1) (U)*16ﬁ+\/7_1tH).
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Proof.
Zipam) () =58 (H?) = a5 + (§ —rB,tH)V-1

For the complex conjugate Zg 5y (v) of Z(gp(v), we have

In(Z g,y (v) e V1)

2( 172 20772

= (rEE Yt + 5 o) — (e - o) (0 - 000 )
=t€{(B, H, ).

Hence the claim holds. Q.E.D.

Remark 3.3. The expression of {(5, H,t) in Lemma 3.2 appeared
in [3]. The difference of the sign comes from the difference of 6, and
01},[3,1&H~

Remark 3.4. Assume that »r =0 and ¢t > 0. Then

and

(#?)
2

If £ is effective, then we have a morphism M fl(v) — Hilbi by sending F

to the scheme-theoretic support Div(E) and 6, (0x) comes from Hilbi.

Since Mg 1r)(v) = Mﬁ(v) for t > 0 and (§,H) >0, 0, ,.u((&, H)ox)

is base point free for ¢ > 0.

We shall remark the behavior of (8, H,t) under the Fourier-Mukai
transforms. Let

$:D(X) — D (X;)
be a twisted Fourier-Mukai transform such that
B(r1e?) = —ox,, ®(ox) = —r1e7,
where o is a representative of a suitable Brauer class. Then we can
describe the cohomological Fourier-Mukai transform as
r ’ r o, -~
q)(re’y + agx + g + (E,’Y)QX) = _EQXH - Tlaeﬂy + m(g + (577/)9)(1)’
where
1

€ €NS(X)g, €= e (@€ +(EMex)) € NS(Xi)e.
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Remark 3.5. By taking a locally free a-twisted stable sheaf G with
X(G,G) = 0, we have a notion of Mukai vector, thus, we have a map
([18, Rem. 1.2.10]):

(el Dal(Xl) — H*(Xla(@)alg

For (8,w) € NS(X)r x Amp(X)g, we set

_ 2_w2/\ ~ e
_ 1 W= )G (8 —4,w)(B - 7)

il (((5—7);)—@2))2 (B = yw)?

B- '_7/ 1 ((B=1)7)=(w") —7)2) —( w)(@ @) (3 , ,)A,
=y - — 5 ) )
T — 2y _ 2
| 1| (% W)) (ﬁ v, )2

Then (3,&) € NS(X1)g x Amp(X))z.
By [19, sect. A.1], we get the following commutative diagram:

?

(3.1)

D(X) =D (X,)

Z(B,ml
C
<71

where

¢(=—r (((’7‘5)3) —(w?) +\/—_1(B—7,w)) '

Proposition 3.6. For (8,H,t) € NS(X)r x Amp(X)r X Rsq, we
have R o®(&(8, H,t)) = Rx08(8, Hy,t1), where t, Hy = tH.

Proof.
Ro®(£(8, H,1)) :R>O(I>(Im(z(ﬁ,tH)(v)_leﬂ+¢fltH))
:R>OIH1(Z(B¢H)(U)—lq)(eﬁ_,’_\/jltH))
(’g’tﬁ)(¢(U))_1C_1Ce§+\/?1t’71)
:R>0£(E, H17t1).

=R-oIm(Z

Q.E.D.
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Remark 3.7. We have a commutative diagram

vt (1) O(v)*+
00,8, l%m,g,g
NS(K 3.0 (1) —5 = NS(KE,  ((0)))
where K((XE,&) (®(v)) is the Bogomolov factor of the moduli of 05,z -stable
objects M% _ (®(v)). Then we have

(8,@)

R>O¢)*(9U7B,w(§(ﬂ/a Hlv t/))) = R>09¢(U)7§7@(§(ﬁ/7 Hl; tl))7

where t1 H; = tH'.

3.2. Stability conditions and the positive cone.
Assume that 7 # 0. We note that (3, H,t) € o% if and only if
§ — B € H*. In this case, we have ((§ — 8)?) < 0, which implies that
(W) = ((B=9)*)  (*)

— > 0.
2 + 212 -

Therefore we get the following claim.

Lemma 3.8.

E(B,H,t) € ox <= &(B,H,t) =r(n+ (n,0)ox), n € Amp(X),

Moreover

n € Amp(X)r <= H € Amp(X)g.
Lemma 3.9. Assume that (8 — 6, H) # 0 and set

- 1 t2(H?) — ((8-0)*) | (v?)
Then
L )= <:§>' Moreover

(772):@_2){:){(1{):0 or

r2 t=0 and ((8 - 6)?) = ‘%2

(2) (B—=06,H)(n,H') >0 for H € Amp(X)gr which is sufficiently
close to H.
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Proof. (1)
o) =((8 - %) +2 (CURL = {E= R )
gl (g0, 3y
2 (H?) + @ + 3 Ejf;iq)rz (tQ(Hz) _2((5_5) ) 4 %)2
N

7'

Moreover the equality holds if and only if (8, H,t) satisfy (i) or (ii).

(2) It is sufficient to prove (3 — 6, H)(n, H) > 0. If (H?) = 0, then
(B—06,H)(n,H) = (8—0,H)? > 0. Assume that (H?) > 0. We set
B—8=sH+D (se€R,De H'). Then

(6_6’H)(777H)

:% ((5 — 6, H)? — (H?)(D?) + t*(H*)* + (H2)<”2>) > 0.

r2
Q.E.D.
Definition 3.10. We set

Pt (vh), = {x € H (X, Z)ay @ k

x€ev,{(xz%) >0
(x,7Hy + (rHo,8)ox) >0 [’

Pt(vt), = {x € H (X, Z)ag ® k

xev,(v7) >0
(z,7Ho + (rHo,0)0ox) >0’
where k = Q,R and Hy € Amp(X)gp.

We take a norm || || on NS(X)g defined over Q and regard the cone
C(Amp(X)g) in subsection 1.2 as a subset of Amp(X )y (subsection 1.2):

C(Amp(X)g) = {L € Amp(X)y | ||L|| = 1}.
Under this identification, {(5, H,t) is defined for
(67 I‘I7 t) S 5 = NS(X)]R X C’(Amp(X)R) X Rzo.
For the embedding

NS(X)g x Amp(X)p — )
(B,H) = (B, H/|[H]|, |[H]]),
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we have

R>08(8, H,t) =R>08(8, H/[|HI|, [|H|[t),
(ﬁ,f[7 t) ENS(X)]R X Amp(X)R X Rzo.

Proposition 3.11. We have a map

[1]

5 — C(H* (X, Z)alg & R)
(B,H,t) R>0é(8, H,t)

whose image is the positive cone C+ = C(P*(vl)g) of vt. Moreover
if tH is ample, then £(B, H,t) belongs to the interior of CT.

Proof. By Proposition 3.6, it is sufficient to prove the claim for
r # 0. An element

(32)  u=C+(C0)ex + (e + ox) € vE N HY (X, Z)ug ® R

satisfies (u?) > 0 and (u,rH+(rH,5)ox) > 0 if and only if (¢?) > yQ%
and (¢,rH) > 0. We first assume that y # 0. We set % =aH + D
(r€R,D¢c H') and

(v?) —r2(D?)

=+
7 P2(072)

Then the conditions are x > o4 if ry > 0and x < o_ ifry < 0. If y =0,
then the condition is (¢?) > 0 and (¢,rH) > 0, that is, 7( € Amp(X ).

We shall first prove that im(Z) contains C*. We shall find (8, H, t)
such that 3 =6 +sH + D, (s € R,D € H) and

R>O§(57 H7 t) = R>Ou~

We set

2(2 1 42 <v§>_ 2
sty =

Then g(s,0) define continuous functions from (0, 00) to [0, 00) and from
(—=00,0) to (—o0,0_]. Hence we can take s € R with z = ¢(s,0). For
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B:=6+ sH + D, we have

&0+ sH + D, H,0)
r(f—o,H)

:(B—IJH) (_((ﬁ " 2 ) ex)

+(B-0+ (5~ 5agx+( —“igx)

=g(s,0)(H + (H,0)ox) + (D + (D, 6)ox) + (e —%gx) :g.

Since r(8 — 8§, H)y = rsy(H?) and sz = sg(s,0) > 0,
rey = (C,rH)/(H?) > 0
implies that (8 — §, H) and y have the same sign. Thus
R<o&(6+ sH + D, H,0) = Rygu.
If y = 0, then Lemma 3.8 implies that

P2(C?) + (07)

§(67 ert) = 2

(€ + (¢, 0)ex) € Rsou.

Hence v € imZ. Conversely for £(8, H,t), Lemma 3.8 or Lemma 3.9
implies that (8, H,t) € CT. Therefore the claim holds. Q.E.D.

Remark 3.12. If w in (3.2) belongs to H*(X,Z)as @ Q and satisfies
(u?) > 0, then there is (8, H, t) such that Z(8, H,t) = u, 3, H € NS(X)g
and t* € Q: Indeed if u € H*(X,Z)aq, then we may assume that
H € NS(X)qg. For g(s,0) € Q, we can take (s',') such that s',#'> € Q
and g(s',t") = g(s,0). Hence the claim holds.

Proposition 3.13. (8, H,t) € W, (see Definition 1.2) if and only
if (8, H,t) € vt Noit.

Proof. We note that (1.5) is written as

2\ 20772 2\ 20772
det (a_(fﬁ)'i‘ri(ﬁ) ;(H) al_(glaﬂ)"f'rli(ﬁ) ;(H)>

_<£_TB7H) _(61_7"157}[)
(3.3) _ (e=pH) ) opy BUED
(-7, H) ~(H + (H.B)ox.v)

:<£(67H7 t);U1>-
Hence the claim holds. Q.E.D.
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Proof of Proposition 1.3. By Proposition 3.13 and Proposition 3.11,
it is sufficient to find the condition P+(vl), Noit # 0. We set n =
(v} — (v1,v)v € v+, Then vi Nvt =t Not. Since the signature of
vt is (1,tk NS(X)), the condition is (n?) < 0. Since

%) = (@) (1) (%) = (v1,0)%),
we get the claim. Q.E.D.

Definition 3.14. (1) A connected component D of Pt (v1)g\
Uy, ey is a chamber.
(2) D(B, H,t) is a chamber such that £(3, H,t) € D(8, H,t).

D(p3, H,t) consists of x € P+(vt), such that (£(8, H,t),£v1) > 0
implies (z, £v1) > 0, that is, (£(8, H,t),v1)(z,v1) > 0.
Proposition 3.15 ([19, Thm. 1.6]). We fiz a general (3, H,t).
(1)  Assume that (', H',t") belongs to a chamber and H' € Amp(X)q,
t? € Q, B’ € NS(X)qg. Then O, p v/ (B, H ') is an am-

ple Q-divisor of K g 4 5ry(v).
(2)  We have a surjective map

ey 9 = C(PH(Kg,m)(v)g)

such that
o8 H 1)) =Ry 51 (E(6, H', 1')).

(3)  LetC be a chamber in $). Then Z(C) is the chamber D(B', H',t')
(B,H",t')€C) in CT and

ev,ﬁ,tH(D(/Ba H,t)) = Nef(K(,@,tH)(U))R-

Proof. (1) Since (8, H',t') is general, we may assume that dg (v) #
0. If dg/(v) > 0, then the claim is a consequence of [19, Thm. 1.6]. If
dgr(v) <0, then we apply [19, Thm. 1.6] to Mg 1 gr)(—v). Since &, for
v is the same as that for —v and 0_,, g gy = =0y gr v, —0u g7 v (Ep 1)
is ample, which implies that dg/0, g v (§m) is ample.

(2) Since 0, 5,11 : P (vh)p — PT(K(g,m)(v))y is an isomorphism,
the claim follows from Proposition 3.11.

(3) By (1) and (2), 05, 1,:(D(53, H,t)) is contained in Nef (K g ;1) (v) )R-
Then the claim follows from [19, Cor. 5.17 (2)]. More precisely, we
proved that &(B, H',t') € P*(vh)r Nvi N D(B, H,t) gives a contrac-
tion under the assumption dg: > 0. For the case where dg: < 0, we
get the claim by the same reduction in (1). We next treat the case
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where dgr = 0. If ri& —r& # 0, then W,, does not contain the set
dg = 0 by Lemma 1.5 (1). For a general point of W,,, we can apply [19,
Cor. 5.17 (2)]. Hence for any &(5', H', ') € P*(vh)r Novi N D(B, H,t),
Ou 5.0 (E(B',H' 1)) gives a contraction.

If & — & = 0, then W, is the set dgr = 0 by Lemma 1.5 (1). In
this case, 6, 5,01 (£(8', H',t')) gives a contraction. Q.E.D.

Corollary 3.16. For (', H',t') € D(B, H,t) with (£(8', H',t')?) >
0, 0u5,:m(§(B', H' 1)) gives a birational contraction of K g py(v).

Proof. 'We first note that the canonical bundle of Kg p)(v) is
trivial. By Proposition 3.15 (3) and (£(8', H',t')?) > 0, we can apply
the base point free theorem to get the claim. Q.E.D.

The following result describe the exceptional locus of the contrac-
tion.

Proposition 3.17. Assume that (8', H',t") € D(5, H,t)\D(8, H,t).
We set

Mg iy (v)" = ={E € Mg p)(v) | E is o(g ¢ nry-stable },
K(ﬁ,tH)(U)* :ZM(ﬁ’tH)(U)* N K(B,tH) (’U)
If ((B', H',t')?) > 0, then 0,501 (E(B', H' 1)) is ample over K g 4y (v)*.

Thus the exceptional locus of the contraction by 0, s .m(E(8', H',t")) is
contained in K g ) (v) \ Kgem)(v)*.

Proof. Since (£(f', H',t')?) > 0, we can take a general (31, H1,t1)
such that 81, H; € NS(X)g, 2 € Q and

g(ﬂ/7H/7t/) = xé.(/BaH,t) + (1 - x)f(ﬁlaHhtl)v (S (O’ 1)

Since
Mg,y (v)" C Mg,rr) (v) N Mg, 4 11,)(0),
we have
avaﬁ»tH(x)\M(g,tH)(v)* = 0v,6,,t: H, (z)‘M(ﬁ,tH)(U)*’ T e UJ_’
where

Ov,p,t1 (T) =1 (PM(BJH)(U)*(Ch(E)Pj((SUV)) € NS(Mg,tm)(v)),

(cf. Definition 1.12). Since 0, g1 (&(5, H,t)) and 0, g, 1, 1, (£(51, H1,t1))
are ample divisors on Mg ,p)(v) and Mg, 4, u,)(v) respectively,
Ov,5,er1(E(B', H',t')) is ample over Mg 5y (v)*. Q.E.D.
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3.3. The movable cone of Kz 5 (v)-
Definition 3.18. We set

w € H*(X,Z)ay is primitive,
Jpi=qw 9 )
(w*)y =0, (v,w) =k
2
J.= U jk.
k=0

By the classification of walls in [18], the following is obvious.

Lemma 3.19. For vy € J; and wy, € 0 with
wy & {ivy,v —idv | 1< < (v?)/2}),
v Nwi NP (ubh)g = 0.

Proof. If vir Nwi N P*(vh)g # 0, then we have £ € H*(X,Z)alg
such that ¢ € v Nwi Not and (€2) > 0. Since v; € J1, we have a
decomposition v = fv; + vo where (v?) = 0, (vy,v2) = 1 and £ = (v?2) /2.
Then we have a decomposition

¢t = (Zv, ® Zwy) L L.
Since (£2) > 0, L is negative definite. We set
wy =TU1 A+ Yug + 1),
wy :=({ —z)v1 + (1 —y)va — 1,

where x,y € Z and n € L. By replacing w; by ws if necessary, we
may assume that y > 1. Since w; € 20, (w?) > 0,(w3) > 0 and
{(wy,wz) > 0. Thus we have 2zy + (n?) > 0, 2(( —z)(1 —y) + (n*) >0
and y({ — x) + z(1 —y) — (n*) > 0. On the other hand,

y(l —z) + (1 —y) — (1) <yl — ) + (1 —y) +2(0 —2)(1 —y)
=l(2—-y) —x.
If y > 2, then zy > —(n?)/2 > 0 implies that > 0. Hence (w1, ws) < 0.
If y = 1, then (w3) > 0 implies that n = 0. Hence wy = (¢ — x)v; with

0 < x < {, which is a contradiction. Therefore vi- Nwi N P¥(v)g =

0. Q.E.D.
Remark 3.20. For w € Jy, we have W,, = Rw N P*(vt)p.

We also have the following result.
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Proposition 3.21. Assume that v is a primitive Mukai vector with
0:= (v?)/2 > 4. For vy, w1 € Jo with wy & Zuvy,

v Nwi NPT (vh)r = 0.

Proof. If vi Nwi N PH(vh)g # 0, we can take &€ € H*(X,Z)alg
such that ¢ € v{ Nwi Nt and (¢2) > 0. Then v — fvy,v — bw; €
ELNvtNH* (X, 7). Since EXNvtNH* (X, 7)., is negative definite, we
have (v—{fvy, v—Lfw;)? < ((v—Lv1)?){((v—Ffw1)?). Moreover if the equality
holds, then v — fvy = £(v — fwy) by (v — fv1)?) = {(v — bw;)?) = —2L.
In this case, we have v; = wy or 2v = £(v; + wq). By the primitivity of
v and £ > 4, the latter case does not occur. Hence we have

402 =((v — tv1)*){(v — fw1)?)
> (v — Loy, v — bw;)? = (02 (v, wr) — 20)2.
Thus —2¢ < £2(vy,w,) — 2¢ < 2¢, which implies that 0 < £(vy,w;) < 4.
Since ¢ > 4, this does not occur. Therefore the claim holds. Q.E.D.
Remark 3.22. Tf rkNS(X) > 2, then Jy # 0 if and only if #J = oo.

Definition 3.23. Let v be a primitive Mukai vector. For v € J,UJs,
we set )
v
dy :=v— (v’
(v, u)

Lemma 3.24. Let u be an isotropic Mukai vector with (v, u) = 1,2.

(1) d, is a primitive vector with (d?) = —(v?).
(2) d, defines a reflection of the lattice v*:
R,: vt — vt

2(dy,x)
A A du>d“'

Proof. (1) We set d, = kdi, k € Z. Then (v?) = k*(d3) +
2
2k‘£ﬁ<d1,u> € 2k7Z. Hence v = kd; + <<;u>>u is divisible by k. By
the primitivity of v, k = 1. (d?) = —(v?) is easy.

(2) For z € v*, we have (d,,r) = — (i??) (x,u). Hence

Ry(x) =2 — ﬁ(agu)du € H(X,Z)alg-

Obviously R, preserves the bilinear form. Therefore R, is an isometry
of vt. Q.E.D.
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Proposition 3.25. Let vy be an isotropic Mukai vector such that
(v,v1) = 1. Then

(1) v = Llvy + va, where £ := (v2)/2, (v3) =0 and (vy,vs) = 1.

(2) WesetY = Mg(vy) and let

3 :D(X) - D(Y)

be a Fourier-Mukai transform such that ®(vy) = (0,0,—1)
and ®(vy) = (1,0,0). Then the contravariant Fourier-Mukai
transform U := [1] o @71 0 Dy o ® gives an isometry ¥ of
H*(X,Z)ag such that

U0 = R,,.
Proof. We have a decomposition
H*(X,Z)aig = (Zv1 + Zvo) L L,
where L is a lattice with ®(L) = NS(Y'). Hence we see that

U(w) =w, w € L,

\IJ(Ul) = — Vi,
\I/(’Ug) = — V3.
Since v, d,, € (Zvy + Zvs), we get the claim. Q.E.D.

Definition 3.26. Let W be a wall for v. Let (8, H,t) be a point of
W and (', H',t') be a point in an adjacent chamber. Then we define
the codimension of the wall W by

codimW := min ¢ (v;,v;) — (Z(dim/\/lg(vi)“ - <Ui2>)> +17,

v=ivi | i i
where v = ) v; are decompositions of v such that ¢z.pm)(v) =
b(p,emry (Vi) and (e g1y (vi) > b my(v4), 1 < j.
If codim W > 2, then the proof of [18, Prop. 4.3.5] implies that
dim{E € Mgy 1 (v) | E is not o(g,5)-stable } < (v?).

Proposition 3.27. Let v be a primitive Mukai vector with (v?) > 6.
Let W be a wall for v and take (8, H,t) € W such that f € NS(X)q and
H € Amp(X)g.



506 K. Yoshioka

(1) W is a codimension 0 wall if and only if W is defined by vy
such that

v =Llv; +vg, (V) = (W3) =0, (vy,v) =1, £ = (v?)/2.

(2) We take (B, wy) from chambers separated by the codimen-
sion 0 wall W in (1). We may assume that ¢z, o \(E1) <
BBy wi)(E) for By € Mg y(v1) and E € Mg, o, y(v). Then

(a) Oy, 0. (E(B, H,t)) give divisorial contractions.
(b)  Let Di C Mg, «.)(v) be the exceptional divisors of the
contractions. Then D+ are irreducible divisors such that

(D1) Koy sy (v) = £200,85 o (doy) € NS(K (g 04)(v))-

Proof. (1) is a consequence of [18, Lem. 4.3.4 (2)].
(2) Let & : D(X) — D(Y) be the Fourier-Mukai transform in Propo-
sition 3.25. By [18, Prop. 4.1.4], ® induces an isomorphism

Mg, o.y(v) = Pic®(Y) x Hilb§, .

By using the Hilbert-Chow morphism Hilb@ — S%Y, we have a divisorial
contraction

Mg, o,y (v) = Pic’(Y) x Hilb}. — Pic"(Y) x S*Y.

By using Lemma 3.28, we get the claim (a). Since Dy o ® gives an
isomorphism
M y(v) = Pic’(Y) x Hilby,

by [18, Prop. 4.1.4], we also get the claim (a). (b) is a consequence of
Lemma 3.28 below. Q.E.D.

Lemma 3.28. Let v = (1,0,—¢) be a primitive Mukai vector with
¢>3. We set vy =(0,0,—1) and v2 = (1,0,0). Then

dy, = v —20v; = (1,0,4).

For the Hilbert-Chow morphism Hilb_l;( — StX, the exceptional divisor
D is divisible by 2 and satisfies

Dk (v) = 20,((1,0,€)) = 20, (dy, ).

Proposition 3.29. Let v be a primitive Mukai vector with (v?) > 6.
Let W be a wall for v and take (8, H,t) € W such that € NS(X)qg and
H € Amp(X)g.
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(1) W is a codimension 1 wall if and only if W is defined by vy
such that
(i) v =wv+wvy, (W) =0, (W3 >0, (v,v1) = 2 and vy is
primitive or
(i) v = v +ve+us (W) =0 (i = 1,2,3), (v1,v2) =
<1}2,’U3> = <’U3,U1> =1.
For the second case, (v?) = 6, W,, and W,, intersect trans-
versely and (B, H,t) € W, N W,,.
(2) Assume that (8, H,t) belongs to exactly one wall W. We
take (B+,w+) from chambers separated by the codimension
1 wall W in (1). In the notation of (1), we may assume
that ¢(ﬂ+7w+)(E1) < ¢(5+’w+)(E) for E1 € M(g,w)(vl) and
E € Mg, o )(v). We set

D+ = {E S M(f;+7w+)(1}) | HOHl(El,E) 7& 0,E1 S M(B,w)(vl)}u
D_ = {E (S M(Bﬂwf)(v) | HOIn(E,El) 75 O,El S M(ﬁ,w)(”l)}

Then

(a) D4 are non-empty and irreducible divisors.

(b)) (Di)ikpy wy(0) = F0psws(do,) € NS(K(g, wi)(v)).
In particular, DL are primitive.

(¢) 08, w.(E(B,H,t)) gives contractions of Dy.

Proof. (1) The classification of codimension 1 walls in [18, Lem.
4.3.4 (2), Prop. 4.3.5] imply that W is defined by v; with the required
properties. It is easy to see that v, vo,v3 spans a lattice of rank 3 and
vi- Ny = Z(vs — vy — vg). Hence W, and W,, intersect transversely.

(2) Dy = 043, w,(dy,) is a consequence of [18, Lem. 4.5.1] and
D_ = —0,3 . (d) follows from [18, Prop. 4.5.2]. By Lemma 3.24
(1), D+ are primitive.

The non-emptiness and the contractibility of Dy are showed in the
proof of [19, Cor. 5.17]. Q.E.D.

Remark 3.30. For the wall W in Proposition 3.29, we have an iso-
morphism
FiMgyw() = Mg o) (v)
such that f, 00,5, o, = 0yp_w_ o R, : Indeed we have a map f as
a birational map. We set wy := tH,. Then 0,5, .. ({(B+,Hi,t)) €
NS(M g, w.)(v)) is relatively ample over X x X. Since

gv,ﬁ,,wf (Rm (£(5+7 HJr» t))) € NS(M(Q—M—)(U))
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is relatively ample over X X X , [ is an isomorphism. For the wall
W in Proposition 3.27, we also have a similar isomorphism f by using
Fourier-Mukai transform ¥ in Proposition 3.25.

The following results fit in the general result of Markman [13] on
the movable cone of irreducible symplectic manifolds.

Theorem 3.31. Let (X, H) be a polarized abelian surface X. Let
v be a primitive Mukai vector with (v?) > 6. We take (3,H,t) € =
NS(X)r x C(Amp(X)r) xRxq such that £(3, H,t) € PT(vh)g\Uyewut,
where 0 is the set of Mukai vectors satisfying (1.2). Thus (8,tH) is
general (see Definition 1.2).
(1) Let D(B,tH) be a connected component of PT(v)r \ Uyesut
containing §(8, H,t) (cf. Definition 3.18). Then

Mov (K g,¢ 11 (v))]R =0,.8,:0(D(B,tH)).

Moreover

Ov,p,t1(H* (X, Z)ag N D(B,tH)) C Mov(K 5,¢1)(v))-

(2) We choose u € J; (i =1,2). Let x € H*(X,Z)ag N D(B,tH)
be a general element of the boundary defined by {x,u) = 0.
Then
(a) 0,(z) defines a divisorial contraction from a birational
model K(ﬁ’,t/H’)(/U) Of K(,B,tH)(U)'

(b)  The exceptional divisor of the contraction is primitive in
NS(Kg,¢my(v)) if w € Ja, and the exceptional divisor is
divisible by 2 in NS(K (541 (v)) if u € Jy.

Proof. (1) We note that
Mov(K g, (v))r C C(PH(K(g.1m)(v))) = Ov,,0m (P (01 )g)

and

(3.4) U D(p',H',t') = D(3,tH).

§(B/,H' " )E€D(B,tH)

Assume that £(5',H',t') € D(B,tH). Since there is no wall of codi-
mension 0,1, we have a natural birational identification K g ;5 (v)--- —
K g 4 gy (v) with an identification NS(K (1) (v)) — NS(K g/ 4 gy (v)).
Hence

U Ov..000(D(B', H' ') € Mov(K (.05 (v))r
§(B H! ¢ )ED(B,tH)
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and

0v,5,01(D(B, tH))

- U Ou.p.00(D(B', H',t')) C Mov(K (g, (v))g-
€(B',H' t')E€D(B,tH)

Assume that £(5', H',t") € D(B,tH). We set
N = x&(B H ¢+ (1 —x)&(B, H,t), z €[0,1].

If 0, 5.u(&(6',H',t')) is movable, then L, := 60, 3,1(n;) is movable
for 0 < 2 < 1. We take an adjacent wall ut (u € J) of D(3,tH)
separating &(5’, H',t') and &(8, H,t). Then we find 2o € QN (0, 1) such
that (n.,,u) = 0. Let D(B1, Hi,t1) C D(B,tH) be the chamber such
that n, € £&(D(B1, Hy,t1)) for 2’ < x < x with 2’ < z. Since all walls
W between 19 and 1, satisfy codim W > 2, we have a natural birational
map ¢ : K my(v) -+ — K(g, ¢, 1,)(v) which induces a commutative
diagram

UL _ ’UL

Gv,ﬁ,tHl J,QU’BIJIHI

NS(K(BJH) (U)) L) NS(K(ﬁhtlHl) (U))

Since (n3,) > 0, ¢.(La,) gives a divisorial contraction of Kg, ¢, m,)(v).
Let C(C Kg, +, ,)(v)) be a general curve contracted by ¢.(Ly,). Since
Ly =0, p5,u(&(B',H,t')) is movable, ¢.(L1) is also movable. Hence we
may assume that C is not contained in its base locus. Then (. (Ly),C) >
0. Since (¢«(Ly),C) > 0 for 2/ < x < xg, we have (p.(Ly,),C) > 0,
which is a contradiction. Hence 0, g1 (£(58', H',t')) is not movable.

Assume that { € H*(X,Z)a belongs to D(B,tH). We take
D(B',H',t') containing & by (3.4). If (%) > 0, then Corollary 3.16
implies that 6, 5,1 (§) gives a birational contraction of Kz gy (v).
Hence it is movable.

If (€2) = 0, then see Proposition 3.38. Therefore (1) holds.

(2) is a consequence of Proposition 3.27 and 3.29. Q.E.D.

Remark 3.32. For u € Jg, u™ is a tangent of P+(vl),.

Corollary 3.33. Keep notations in Theorem 3.31.

(1) Let (K,L) be a pair of a smooth manifold K with a trivial
canonical bundle and an ample divisor L on K. If K is bira-
tionally equivalent to Kz, (v), then there is (', H',t') €
D(B,tH) such that K = K 45y (v) and RooL corresponds
to R>09U,ﬂ,w(€(ﬁla H/a t/))
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(2) Let (M,L) be a pair of smooth manifold M with a trivial
canonical bundle and an ample divisor L on M. If M is bira-
tionally equivalent to Mg ;) (v), then there is (B, H',1') €
D(B,tH) such that M = Mg 4 gy (v) and RsoL corresponds
to Rs00y, 8., (E(B', H',t')) up to line bundles coming from the
albanese variety Alb(M g gy (v)).

Proof. (1) Since the canonical bundles of K and K(gp)(v) are
trivial, we have a birational map

f Ko — K(g’tH)(U)

with an isomorphism f. : NS(K) — NS(Kgm)(v)). Then f.(L) €
Mov (K (5,11 (v))g. We take (8', H',t") € § such that

fo(L) € Ruoby g, (§(B', H' 1))

and ', H' € NS(X)g (see Remark 3.12). Assume that &(8', H',t') €
D(By, H1,t1)(C D(B,tH)). We take an ample divisor Ly on K such that
J«(Lo) € 0y 8,05 (D(B1, Hy,t1)). For the birational map g : K(¢m)(v) —
K, 4,m,)(v), L1 := (g o f)«(Lo) is ample. We note that g o f induces
an isomorphism

@HO(K7 OK(nLO)) = @HO(K(BLHFH)(U)’ OK(ﬁl,tlHl)(U) (nLl))
n>0 n>0

Then the ampleness of Ly and L; imply that go f : K — K3, ¢, a,)(v)
is an isomorphism. Since L is ample, 0, g1 ({(8', H',t')) is also ample
on Kg, 1, i,)(v), which implies that £(8', H',t') € D(B1, Hy,t1). Hence
K= K, 1,1, (v) = Kgrnn (0)-

(2) For a birational map ¢ : M --- — M ,p)(v), we have a com-
mutative diagram

Mo Mg.1m)(v)

l l

Ab(M) —"— Alb(M(g,11)(v))

where 7 is an isomorphism.

Let K be a smooth fiber of the albanese map of M. Then the
canonical bundle of K is trivial. For a general smooth fiber K, ¢ induces
a birational map K — K (g .5)(v). Thereis £(8', H',t") € D(B,tH) such
that for the birational map v : Mg p)(v) -+ — Mgy (v), o

indices an isomorphism K — K g 1757y (v). Thus (¥ 09). (L) [k ;0 s 01 ()
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is ample. Since the albanese map of Mg/ 4 g7y (v) is isotrivial, (o). (L)
is relatively ample over Alb(M g 1 gry(v)). As in the proof of (1), by
looking at relative global sections, we see the ¥ o ¢ is an isomorphism.

Q.ED.

Corollary 3.34. Keep notations in Theorem 3.31
(1)  Assume that 31 = Jo = 0, that is,

min{ (v, w) > 0| (w?) =0} > 3.

Then
D(B,tH) = P (v )g.

In particular, MOV(K(ﬂ)tH)(U))Q = P‘*‘(K(&tH) (v))
(2)  Assume that 3y = 0 and Jo # 0, that is,

0"

min{ (v, w) > 0| (w?) =0} = 2.

For every divisorial contraction from a birational model
of Kpmy(v), the exceptional divisor is primitive in
NS(Kg,tm)(v))-

(3)  Assume that J1 # 0, that is,

min{ (v, w) > 0| (w?) =0} = 1.

Then there is a divisorial contraction from a birational model
of K41 (v) such that the exceptional divisor is a prime di-
visor and divisible by 2 in NS(K (545 (v)).

Let us study the structure of walls in a neighborhood of a rational
point of P+ (vL),\ P*(v1)g. Let A be a compact subset of PT(v1)g and
u an isotropic Mukai vector in the boundary of P+ (v+)g. Let uA be the
cone spanned by u and A. We note that W4 := {v; € W | ANwvi # 0}
is a finite set. We fix a point a € A which does not lie on any wall and
assume that there is no wall between u and a (cf. Remark 3.37).

Lemma 3.35. v; € 20 satisfies vi- N uA # 0 if and only if vi- N
(AU{u}) #0.

Proof. Assume that w € vi- NuA. We take w’ € A such that w
belongs to the segment uw’ connecting u and w’. Assume that (vi,u) #
0. If vy N A = (), then (vy,u)(vy,w’) < 0. Since there is no wall between
u and a, we have (vy,u)(v1,a) > 0. Then w’ and a are separated by the
hyperplane v{-. Therefore there is a point x € A with 2 € v, which is
a contradiction. Hence v{- N A # 0. Q.E.D.
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Proposition 3.36. (1) {v1 € W|vinuA\ {u}) #0} is a
finite set.
(2)  There is an open neighborhood of u such that

{v €W v} NUN (uA\ {u}) #0} Cut.
In particular the set of walls is finite in U N uA and all walls
pass the point u.

Proof. By Lemma 3.35,
{v1 €W | vi N (uAd\ {u}) # 0} C Wa.
Hence (1) holds. (2) easily follow from (1). Q.E.D.

Remark 3.37. Assume that e satisfies (e”,v) = 0. Then we can set
v=re’ + &+ (€ 8)ox. We set

B:={v, €W |e’ cvi}.
For v1 € B and vy := v — vy € B, we can set

v1 i=rie? + & + (&1, B)ox,
vy i=roe’ 4+ & + (€2, B)ox.

Since 0 < (v1,v2) = (£1,&2), & # 0 and & # 0. If (5,w’) belongs to
the wall defined by v1, then (£7), (£3) > 0 implies that both of n&; and
n&s are effective, or both of —n&; and —né; are effective, where n is the
denominator of 8. In particular, (1, H)| < |(§, H)| for all ample divisor
H. Then we also see that the set of &; is finite.

Iftr = r(fg}{H)), then |ri| < |r|. Therefore

B":={v1 € B| (1§ —r&, H) = 0 for some H € Amp(X)q }

is a finite set. We take H € Amp(X)g such that (H,r & —r&) # 0 for
all v; € B'. Then (8, H,t) (t < 1) belongs to a chamber.

Proposition 3.38. Let u be a primitive and isotropic Mukai vec-
tor with w € P*(vt)y. We take (8,H,t) € $ \ Uy, canWa, such that
&(B,H,t) and u are not separated by a wall. Then 0, g u(uw) gives a

Lagrangian fibration K (g ry(v) — pv*)/2-1,

Proof. We take a Fourier-Mukai transform ® : D(X) — D(X)
such that rk ®(u) # 0. Since ® induces an isomorphism Mg ;5)(v) —
M(Bl,tlHl)(é(v)) with R>0(I)(£(/617H17t1)) = R>0£(B7H7 t)? W€ may as-
sume that rku # 0. Then we have v = ref with » # 0. We take
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w = tu with tkw > 0. We set Y := My (w) and let E be the universal
family as twisted objects. Then we have (twisted) Fourier-Mukai trans-
forms @?(L[k)], : D(X) — D*(Y), where « are suitable 2-cocycles of Oy
defining EY and k =1 for (§ — 8/, H) > 0, k =2 for (6 — 3/, H) < 0.
We set v/ = @?(V_[}lg],(v) Since (3, tH, s) does not lie on any wall for
s > 1, we have M(B,sffl)(v/) &= Mg (V') for s > 1, where M2 (v') is the
moduli space of semi-stable a-twisted sheaves on Y ([30]). Thus we get
an isomorphism Mg ¢pr)(v) — M2 (v') with rko” = 0. We note that
the scheme-theoretic support Div(FE) of a purely 1-dimensional sheaf
is well-defined even for a twisted sheaf. Hence we have a morphism
fo M2 (v') — Hilby by sending E € M2 (v') to Div(E), where Hilby,
is the Hilbert scheme of effective divisors D on Y with n = ¢ (D).
For a smooth divisor D, f~'(D) = Pic’(D). Hence f is dominant,
which implies f is surjective. Therefore we get a surjective morphism
M s,1my(v) — Hilb{.. Combining with the properties of the albanese
map, we have a commutative diagram:

M(ﬂ,tH) (’U) —_— Hllbny

! |

XxX —— Pic®(Y)

Hence we get a morphism K g p)(v) — P(H(Y,0(D))), where D €
Hilby.. Then we see that 6, gx(u) comes from P(H'(Y,O(D))). Thus
0.,8,¢1 (u) gives a Lagrangian fibration. Q.E.D.

As we shall see in appendix, the fiber of K5 44 (v) = P(H(Y, O(D)))
is connected.

3.4. The birational classes of the moduli spaces of rank 1
sheaves.
Proposition 3.39. Let (X, H) be a polarized abelian surface. Let
v = (r,&,a) be a Mukai vector such that 20 := (v?) > 6. Then Mg(v)
s birationally equivalent to PiCO(Y) X Hilb‘;/ if and only if there is an
isotropic Mukai vector w € H*(X,Z)ag with (v,w) = 1, where Y is an
abelian surface.

Proof. By using a Fourier-Mukai transform, we may assume that
r > 0. If there is an isotropic Mukai vector w with (v,w) = 1, then
MI/_BI (w) is a fine moduli space and the claim follows by [31, Cor. 0.3].

Conversely if ML (v) is birationally equivalent to Pic®(Y) x Hilb,,
then we have a birational map f : Kg(v) — Kg/(1,0,—¢), where H' is
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an ample divisor on Y. Then we have an isomorphism f, : NS(K g (v)) —
NS(Kp/(1,0,—¢)). By the isomorphism f,, the movable cones are iso-
morphic. By Thoerem 3.31, J; # 0. Q.E.D.

Remark 3.40. Proposition 3.39 also follows from [16, Lem. 4.9]. In-
deed they characterize the generalized Kummer variety in terms of the
class of the stably prime exceptional divisor § such that 2§ should cor-
responds to the diagonal divisor. It implies the existence of an isotropic
vector w in Proposition 3.39.

Remark 3.41. If
min{ (v, w) > 0| (w?) =0} >3,
then M fI(v) is not birationally equivalent to any moduli space M2, , (v)
on an abelian surface Y with rkv’ = 2.
The following result was conjecture by Mukai [24].

Corollary 3.42. Let (X, H) be a principally polarized abelian sur-
face with NS(X) = ZH. Let v = (r,dH,a) be a Mukai vector with
¢:=d*>—ra>3. Then MZ(’U) is birationally equivalent to X x Hilb%
if and only if the quadratic equation

rz? + 2dzy 4+ ay® = +1
has an integer valued solution.
Proof. Primitive isotropic Mukai vectors are described as w =
+(p*, —pgH, ¢%), p,q € Z and
(v,w) = F(rq* + 2rpq + ap?).
Hence the claim follows from Proposition 3.39. Q.E.D.

Remark 3.43. We assume that (X, H) is a principally polarized
abelian surface with NS(X) = ZH. If £ = 1,2, then Mukai proved
Mg(v) >~ X x Hilb% (see [28, section 7]).

3.5. Walls for X with rkNS(X) > 2.

We shall show that there are many walls by using Fourier-Mukai
transforms. We set

Qe :={6 e NS(X)r | (£%) =20}

Lemma 3.44. We set v = (r,&o,a) (r # 0) and £ = (v?)/2. An
isotropic vector w € H*(X,Z)ag @ R satisfies (w,v) = 0 if and only if
w = (tkw)eSo/™E with ré € Qp or w = (0,&, (€,&)/r) with (€2) = 0.
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Proof. Assume that rkw # 0 and set w = (rkw)efo/" ¢, Since
v =reo/T — %gx, the condition is

0= (/7€ o) = —r@ + ¢

2 r
Thus 7€ € Q.
If rtkw = 0, then we set w = e£/7(0,¢,a) with (¢€2) = 0. Then the
condition is @ = 0, which implies w = (0,&, (£,&) /7). Q.E.D.

Lemma 3.45. Assume that Tk NS(X) > 2. For & € NS(X) and
an ample divisor &, there is & € NS(X) such that & = & + r(k& +n)

(k> (1), n € NS(X)) and \/ 25 ¢ Q.

Proof. We take an integer k; >> 0 such that ((&o + rk.€)?) > 0. If

V20((&o + 1k1£)?) & Z, then &y + rki€ satisfies the claim. Assume that

20((&o + Tk1€)?) € Z. We take n € NS(X) with (n, (§ +7k1&)) =
0. Then &; := (rka + 1) (& +1k1€) — rn satisfies 20(£7) = (rko + 1)%a® +
20r2(n?). If 20(£2) = 22, x € Z, then

—2€r2(772) = ((rke + )a—z)((rka + 1)a + x) > (rke + 1)a.

Hence for ko > 0, / (ze V24 Q.E.D.

(6)

Proposition 3.46. Assume that Tk NS(X) > 2. For v = (r,&o,a)
with (v?) = 20, if € > r > 0, then Uyeaput contains PT(vt)p \ Pt (vh)g.

Proof.  Since £ > r, u := (0,0, —1) satisfies (1.2) and (1.4). Hence
u defines a non-empty wall u=.

We shall use Lemma 3.44 to show the claim. For r§ € Qg, we

take 11 € NS(X)g in a neighborhood of €. Then é—%‘i)gl € Qy is

also sufficiently close to r£. Replacing £ by —¢ if necessary, we assume
that r&; is ample. We take a primitive and ample divisor H such that

dH = & +7(ké+n) (k> 0) and % ¢ Q. Then limy,_, o (g—é)H =

%51. In particular, for any open neighborhood U of r{, we can take
1

an ample divisor H such that (H2 HeU. Weset L :=7Z@®ZH®Zox.-
For v/ := vef&*" = (r dH,a’) € L, Lemma 2.7 implies we have an

autoequivalence ® of D(X) such that ®(v') = v" and @, is of infinite

order. We set (1 := e’ (di <H2>>H. Then R (4 are the fixed rays of
® in Lg N P+ (vl)y and the rays defined by ®"(u)’ converge to the
fixed rays. Hence (1 € Upcz®"(u)t. We set U := e~ (Fatm@ehéitn ¢
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Eq(D(X),v), where Eq(D(X), v) is the set of autoequivalences of D(X)
fixing v. Since

20 20
(di m)Hzfoi“mH‘f'T(kfl-Fﬁ)a

T -
<H2>H> € Upez ¥ (u)L. Hence ef0/m+¢ € Userq(D(x),0) (1)L

For ¢ € Amp(X) with (¢2) = 0, we have (0,&, (€,&)/r) € (0,0, —1)*.
Therefore the claim holds. Q.E.D.

Lemma 3.47. Assume that v1 defines a wall for v. Then ((v?) +
(0))/2 > (v,v1) > (V?). In particular, (v?) > (v,v1) > (v}).

e%(foi

Proof. Since (v — vy1,v1) > 0, we have (v,v;) > (v}). Since 0 <
{((v—"01)%) = (V) + (v?) — 2(v,v1), we get the first claim. Then we have
(v?) > (v}), which implies the second claim. Q.E.D.

Lemma 3.48. Let X be an abelian surface with NS(X) =ZH 1 L,
where H is an ample divisor and L is a negative definite lattice. Assume
that (H?) = 20(Mra + 1), r,a € Z~o. We set v := (20r, H,2la). Then
(v2) = (H?) — 8¢*ra = 2¢ and there is no wall for v. In particular,
Amp(K g (v)) coincides with its positive cone.

Proof. We note that (v,w) € 2¢Z for all w € H*(X,Z)a. By
Lemma 3.47, there is no wall for v. Q.E.D.

Remark 3.49. If \/(v2)(H?) = 20+/4ra+1 ¢ Q or tkNS(X) > 2

then there are infinitely many autoequivalences of D(X) preserving v.

Proposition 3.50. Assume that Tk NS(X) > 2 or \/(v?)/(H?) ¢
Q. If there is no wall for v, then Aut(Mpg(v)) contains an automorphism
of infinite order.

Proof. We may assume that v = (r,&,a), where £ is ample. We
take g € Stabg(v)* of infinite order. Then there is an autoequivalence
® of D(X) which induces g. Then ® induces an isomorphism Mg (v) —
My (v). Q.E.D.

If Mg ,py(v) is birationally equivalent to Mg (1,0, —£), we can get
a more precise description of the stabilizer group. Since there is an
autoequivalence ® : D(X) — D(X) with ®(v) = (1,0, —¢), it is sufficient
to treat the case v = (1,0, —¢).

Proposition 3.51. We set v = (1,0, —¢).
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(1) A Fourier-Mukai transform ® : D(Y') — D(X) with the condi-
tion ®((1,0,—£)) = (1,0, —¢) corresponds to a decomposition

(3.5) v = Lluy + usg, <U17U2> =1, <U%> = <u§> =0,

where uyp = ®(—oy) and us = ®(v(Oy)).
(2)  For the decomposition (3.5), one of the following holds.
(i)
ur = (p°s,pa€, ¢°t), us = —(¢°t, lpgé, °p°s),

where p,q,s,t € 7 satisfy lsp?> —t¢g> = 1 and € is a
primitive divisor with (£2) = 2st > 0.
(i)
=1, u = (0757_1)7 U2 = (17_570)7

where (€2) = 0.
(3)  For the case (i) of (2), ift =1, then Y = X.

Proof. (1) Since v = {(—py) + v(Oy), we have
v==>(w) =D (—py) +v(Oy).

Since gy and v(Oy) are isotropic vector with (—oy,v(Oy)) = 1, we
get the decomposition (3.5). Conversely for the decomposition (3.5), we
have an equivalence ® : D(Y) — D(X) such that u; = ®(—py) and
uz = ®(v(Oy)), where Y = My (d+u;) and H is an ample divisor on X.
(2) We first assume that rku; # 0. We set u; = (px, pg€,y), where
¢ € NS(X) is primitive and ged(x,¢€) = 1. Since w; is primitive,
ged(p,y) = 1. Assume that ¢?(£2) # 0. Then p?¢?(£2) = 2pry implies
that p | z and ¢% | y. So we write u; = (p%s,pq&, ¢*t) with (£2) = 2st.
Since 1 = (v,u;), we have p?sf — ¢*t = 1. We set up := v — fu;. Then

uy = (1 — lsp®, —lpgé, —0(1 + ¢°t)) = —(q°t, lpq€, £*p*s).

If st < 0, then we have (p%s/, ¢*t) = (1,0) or (p?st,q*t) = (0,—1). Since
rku; # 0, we have p?> = s = ¢ = 1 and ¢ = 0. Since ¢*(£?) # 0, this case
does not occur. Therefore st > 0.

If ¢?(¢?) = 0, then y = 0 and p = +1. Hence u; = +(z,q¢,0).
Since 1 = (v,u1) = tlx, x = £1 and £ = 1. Thus u; = (1,¢&,0) and
us = (0, —¢&, —1). By exchanging u; by us, we have (ii).

We next assume that rku; = 0. We set vy = (0,D,y). Then
1= (v,u;) = —y. Hence u; = (0, D, —1) with (D?) = 0. Then (i) holds,
where t = —1, ¢ = 1 and pq is the multiplicity of D. (3) If (£2) = 2s,
then Lemma 2.5 implies the claim. Q.E.D.
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Remark 3.52. In [27], the condition v = fuy + ug with (uy,us) =1,
(u?) = (u3) = 0 is called numerical equation and plays important role
for the study of stable sheaves.

For m € Q, we set
Qem = {6 € NS(X)r | £ € VmNS(X)g, (€%) = 2¢}.
Qtm = Qe if and only if /m € Qvm'. For £ € Qq,m, we take an
ample divisor H with Q= NNS(X) = ZH. If p*/(H?)/2 - ¢* = 1
has an integral solution (p,q), then there is an autoequivalence ® in

Proposition 3.51. In particular, if /m ¢ Q, then there are infinitely
many ® in Proposition 3.51.

Lemma 3.53. (1)  FEach Qem is a dense or empty subset of

Qe
(2)  UymeoQem is dense in Q. In particular, there are many
autoequivalences ® in Proposition 3.51.

Proof. (1) We set QF = Q, N Amp(X)g and sz =QumNQS.
Then Qp = QFU-Q; and Q¢ = QZmU—QZm. Assume that Qg ,, # 0.
We take & € QZm and set

Bg, == {n €& | —(n*) <20}
Then we have a bijective correspondence
Qf — B
& =
where

_ 208 — (€ &)éo

20+ (§0,8)
4 20 — (n?)
S e ()™

Then sz corresponds to 7 € /mNS(X)g. Therefore Qg is dense

in Qg.
(2) is a consequence of Lemma 3.45 and (1). Q.E.D.

84. The case where rkNS(X) = 1.

4.1. The walls and chambers on the (s,t)-plane.

From now on, let X be an abelian surface such that NS(X) = ZH,
where H is an ample generator. We set (H?) = 2n. Let H := {(s,t) |
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t > 0} be the upper half plane and H := {(s,t) | t > 0} its closure. We

identify NS(X)r x C(Amp(X)p) x Rso with H via (sH, H,t) — (s,t).
We shall study the set of walls.

Lemma 4.1 ([12], [28, Cor. 5.10]). If \/£/n € Q, there are finitely
many chamber.

By this lemma, it is sufficient to treat the case where \/¢/n & Q.

Proposition 4.2. Assume that n < 4. Let v := (r,dH,a) be a
primitive Mukai vector with (v?) > 0. Then there is an isometry ® of
H*(X,Z)ag = ZP such that ®(v) = (r',d'H,a’) with r'a’ <0.

Proof. We may assume that r £ 0. Replacing v by —v, we may
assume that r > 0. By the action of e™# | we may assume that |d| < r/2.
Since d*n — ra > 0, we have n/4 > (d/r)?n > a/r. By our assumption,
we have a < r. If a > 0, then we apply the isometry ¢ : (r,dH,a) —
(a,—dH,r). Applying the same arguments to ¢(v), we finally get an
isometry ® such that ®(v) = (r',d'H,a’) with r’a’ <O0. Q.E.D.

Corollary 4.3. Assume that n < 4. Let v := (r,dH,a) be a primi-
tive Mukai vector with (v?) > 0. If \/{/n & Q, then there are infinitely

many isotropic Mukai vectors u such that {(u,v) > 0 and (v —u)?) > 0.
In particular, there are infinitely many walls for v.

Proof. We first show that there is a Mukai vector u satisfying the
requirements. We may assume that ra < 0. If ra = 0, then (v?) =
d*(H?). Hence ra < 0. Then u = (0,0,1) or (0,0,—1) satisfies the
requirements.

Since \/¢/n ¢ Q, Stabg(v)* contains an element g of infinite order.
Then ¢"(u) (n € Z) also satisfies the requirements. Q.E.D.

Remark 4.4. The condition (H?) < 8 in Corollary 4.3 is necessary
by Lemma 3.48.

4.2. An example

Assume that n := (H?)/2 = 1. We set v := (2,H,—2). Then
0:= (v?)/2 =5. We set

()3

Stabg(v) ={£g" | n € Z},
Stab(v) = Stabg(v) x (h),
h=lgh=—g¢ %

In this case, we have
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Let Cp is a line defined by

S = —.

2
Tt is the wall defined by v := (0,0, —1). Let C_1 is a circle defined by

t?2 +s(s+2)=0.

It is the wall defined by v_1 := (1,0,0) = vg - g~ . We set v,, 1= vg - g"
and let C),, be the wall defined by v,.

Lemma 4.5. {C,, | n € Z} is the set of walls for v.

Proof. Tt is sufficient to prove that there is no wall between C_1
and Cp. If a Mukai vector w := (r',d'H,a’) defines a wall for v and
the wall W, lies between C_; and Cj. Since C_; passes (0,0), Wy,
intersects with the line s = 0. Hence we get d’,1 — d’ > 0, which is a
contradiction. Q.E.D.

Proposition 4.6. (1)  For (s,t) € UpnezCh,
M(SH,tH) (2a Ha _2) = MH(27 H7 _2)

(2) Let (r,dH,a) be a primitive Mukai vector such that 2| r,2 | a
and d*> —ra =5. Then

MH(T‘, dH, CL) = MH(2,H, —2).

Proof. (1) Let C be the chamber between Cy and C_;. Then
Unezg™(C) = H\ UpezCh. Let ¥ : D(X) — D(X) be a contravari-
ant Fourier-Mukai transform inducing g. Since W preserves the stability,
the claim holds.

(2) By the action of GL(2,Z), w := (r,dH,a) is transformed to
(1,0,=5) or (2,H,—2) ( [27, Prop. 7.12]). Since 2 | (w,u) for all u €
H*(X,Z)ag, w = (r,dH,a) is transformed to (2, H,—2). Then the
claim follows from (1). Q.E.D.

4.3. Divisors on the moduli spaces Mg, 1)(v)-

Definition 4.7. Let v = (r,dH,a) be a Mukai vector with » > 0
and set £ := (v?)/2 = d*n — ra. We set

d 1 /¢
S4 ::—:i:—\/j.
r rvVn



Moduli of stable objects on an abelian surface 521

Lemma 4.8. We take g € Stabo(v)* such that the order is infinite.
Then (s+,0) are the fized points of the action of g on (s,t)-plane. In
particular, if there is a wall, then (s+,0) are the accumulation points of
the set of walls.

We set (8,w) := (sH,tH). Then v = (r,dH, a) is written as
v = Teﬂ +d5(H+ ([37H)QX) +aﬁQX7
where

dg =d —rs,

a5:—<eﬁ,v>=a—(dH,ﬁ)+@r.

Definition 4.9. We set

(4.1)
&(s,t) :=¢(sH, H,t)

2dn a
_ 2, 42y, _ o _a
=(r(s* +t°)n —a) <H + o QX> 2n(d —rs) (1 Tgx) .
We consider the circle
1 a
. 2 — _—— —_— — p—
Cor it 4 (s—N) <s - (A n)) 0, \ER,

that is, RZ(sp,¢m)(v) = RZ(sprem) (€M), where X # d/r. We note that
(A, 0) € Cy x and (d—7s)(d—1rA) > 0 for (s,t) € Cy ». For (s,t) € Cy z,
we see that

E(s,t) = (d—rs) (rfnir—/\a (H—i— ZdTnQX> —2n (1 - %Qx)) )
Hence R-0&(s,t) = Rso&(A,0) and is determined by A. If
Co ={(5,1) | RZ(sm,em)(v) = RZ(sp1,0m1) (v1) },
that is, C, x is the wall defined by a Mukai vector vy := (r1,d1H, a1),

then 247158 = r=119 ¢ . Thus &(s,t)/(d — rs) € H*(X, Q).

Lemma 4.10.

a0 =2 (£ [7) (i ) o [T (1 20x)

and satisfy (£(s+,0)?) = 0. Thus £(s+,0) define isotropic vectors in
vh C H*(X,Z)ag @ R.
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Proof.

r

_4( 2L ) ( ) (20) + 4622

4 ( n) — 4n € )+4€n—
”

<§(5i,0)2>: <€ il ) (2n) +4€n— 8<f:|:nf é)md@n)

:4:%(6 - d2n)(2n) + 4%(7“@)(271) =0.

Therefore we get the claim. Q.E.D.

Proposition 3.15 is written as follows.

Proposition 4.11. (1) If (s,t) belongs to a chamber and
5,82 € Q, then 0, smiu(E(s,t)) is an ample Q-divisor of
K(sm,my(v).

(2)  We have a bijective map

P [5—754-] - C(P+(K(SH,15H) (’U))R)

such that
50(/\) = R>09’U,SH,tH (6()‘7 0))

(3) Nef(K(sH,tH) (U))R = @(D(SHa H, t) N [S_, 3+])

Proof. (1) is obvious. (2) We note that f()) := (rA>n—a)/(d—r}\)
gives a bijective map

frils—isi]— [27\/& — 2dn ool U [—oo,—%m — 2dn]

and

U Con =B\ {(s-,0). (s-.0)},

AE[s—,s4]

where we identify oo with —co, A = d/r corresponds to +o00 and C, 4/,
is the line s = d/r. Since Cy, xN[s—, s4+] = {A}, [s—, s4] is the parameter
space of C, . Since {(s,t) is determined by f(A), Proposition 3.15
implies ¢ is bijective.

(3) is a consequence of Proposition 3.15 (1) and (2). Q.E.D.
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4.4. The movable cone of K,y 1) (v).
Lemma 4.12. Let v be a Mukai vector with (v?) = 2¢.

(1) 39 # 0 if and only if \/¢/n € Q.

(2)  Assume that \/¢/n & Q. Then Iy, # 0 if and only if #3 = co.
In this case, (s4+,0) and (s—,0) are the accumulation points
Of Uwea, W -

Proof. Since x € H*(X,Z)ag @ R satisfies (z?) = (z,v) = 0 if and
only if z € R{(s+,0). Hence (1) holds. By Proposition 2.3, Stabg(v)
contains an element g of infinite order. Hence (2) is obvious.  Q.E.D.

Proposition 4.13. Let v be a primitive Mukai vector with (v?) > 6.
Let W C H be a wall for v and take (s,t) € W such that s € Q. Then
W is a codimension 1 wall if and only if W is defined by vy such that
v =1 + vy, (v3) =0, (v,v1) = 2, vy is primitive and there are T(Bw)-
stable objects F; with v(E;) = v; fori=1,2.

Proof.  Since NS(X) = ZH, there is no decomposition v = uy +us+
uz such that (u?) =0 (i = 1,2,3) and (u;,u;) = 1 (i # j). Then the
classification of codimension 1 walls in [18, Lem. 4.3.4 (2), Prop. 4.3.5]
imply that W is defined by v; with the required properties. Q.E.D.

Theorem 4.14. Let (X, H) be a polarized abelian surface X with
NS(X) = ZH. Letv be a primitive Mukai vector with (v?) > 6. Assume
that \/¢/n & Q.

(1)  Assume that 31 = T2 = 0, that is,
min{ (v, w) > 0| (w?) =0} > 3.

Then the movable cone of Ksi,1my(v) is the same as the pos-
itive cone of Ksmtmy(v). In this case, there is an action of
birational automorphisms such that a fundamental domain is

a cone spanned by rational vectors.
(2)  Assume that 31 = 0 and Ty # 0, that is,

min{(v,w) >0 | (w?) =0} = 2.

Then the movable cone of K( g ¢y (v) is spanned by two vec-
tors, which give divisorial contractions. Moreover the excep-
tional divisors are primitive in NS(K sq 11)(v)).

(3)  Assume that J1 # 0, that is,

min{(v,w) >0 | (w?) =0} = 1.
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Then the movable cone of K sy ¢r) (v) is spanned by two vec-
tors, which give divisorial contractions. Moreover one of the
exceptional divisors is divisible by 2 in NS(K (g 1r)(v)).
Proof. (1) Let ® : D(X) — D(X) be a Fourier-Mukai transform
preserving +v. We set (s"H,t'H) := ®((sH,tH)). Then we have an iso-
morphism ® : Mg 1) (v) = Mgy (v), which induces a birational
map
o
M) (V) = Mo mpmy(v) - = Msm,emy(v).
Since 6, : vt — NS(K(spm)(v)) is compatible with respect to the
action of ®, we have an action of Stabg(v)* on NS(K (g ) (v)). Since
V¢/n ¢ Q, Lemma 2.7 implies that Stabg(v)* contains an element g of

infinite order. Hence the claim holds.
(2) and (3) are consequence of Corollary 3.34. Q.E.D.

Remark 4.15. By Lemma 3.48, there are v satisfying (1). For v =
(2, H, —2k), we have (v?) = 2(n + 4k) and case (2) holds, if \/¢/n & Q.
If rkv = 1, then case (3) holds.

Proposition 4.16. Let v be a primitive Mukai vector with (v?) > 6.

Assume that \/L/n € Q.

(1)  There is at most one isotropic Mukai vector vy with (v,v1) =
1,2.
(2)  If there is a vector vy of (1), then

PH(vt)g = Mov(K s,y (v))r U Ry, (Mov(K (51,4 1y (V)R)

and the two chambers are separated by dﬁl.

(3)  If there is mo vy of (1), then P+(vt)y = Mov(K (s ,1m) (V)R-

Proof. (1) Since \/¢/n € Q, there are two isotropic Mukai vectors
w1y, wg such that

{z € H*(X,Z)ag | (z,v) = (2?) = 0} = Zw; U Zws,.

Then v+ ®Q = Quw; +Quws. We may assume that (w1, ws) < 0. Let vy be
an isotropic Mukai vectors such that (v,v1) = 1,2. Since (v,d,,) = 0, we
set d,, := aw; +bwsy (a,b € Q). Then we have 2ab(wy,ws) = —(v?) < 0.
By Lemma 3.24 (2), R,, preserves {£ws, tws}. Since

R'Ul (wl) = w1 — a(aw1 + bw2) = —aw27

Ry, (w1) = tws. If Ry, (w1) = wao, then we have R, (w1 +ws) = wy+wa.
Hence (d,,,w; + wy) = 0. Since ((wy + w2)?) = 2(wy,wz) < 0 and
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(d2) < 0, v* is negative definite, which is a contradiction. Therefore
R, (w1) = —ws. Then we see that wy +ws € Zd,,. If (v,v3) = 1,2, then
the primitivities of d,, and d,, imply that d,, = £d,,. If d,, = —d,,,

then we see that
—<U—2> 2 U1 + 2 U
4 (v,v1) ! (v,v2) )

Since (v?) > 6 and v is primitive, this case does not occur. Therefore
dy, = dy,, which implies that v; = vs.
(2) and (3) are obvious. Q.E.D.

Remark 4.17. Theorem 4.14 and Proposition 4.16 are compatible
with Oguiso’s general results [26, Thm. 1.3].

85. Relations with Markman’s results.

In this section, we shall explain the relation between our results and
Markman’s general results [13], [14], [15].

Definition 5.1. Let M be an irreducible symplectic manifold and
h an ample class.

(1) An effective divisor E is prime exceptional, if E is reduced
and irreducible of gy (E?) < 0.

(2) Let e € NS(M) be a primitive class. e is stably prime ex-
ceptional, if gar(e, h) > 0 and there is a projective irreducible
symplectic manifold M’, a parallel-transport operator

g: H*(M,Z) — H*(M',Z),
and an integer k, such that kg(e) is the class of a prime ex-
ceptional divisor E C M’.

Let Spe;,, be the set of stably prime exceptional divisors of M. Then
Markman described the interior of the movable cone in terms of Spe,,.

Theorem 5.2 ([14, Prop. 1.8, Lem. 6.22]). Let M be an irreducible
symplectic manifold and Mov(M)° the interior of Mov(v)gr. Then
Mov(M)°? = {z € PY(M) | qu(z,e) > 0 for all e € Spe,,}.

Let M be an irreducible symplectic manifold which is deformation
equivalent to the generalized Kummer variety K (1,0, —¢) of dimension
2¢ — 2. We shall explain the description of Spe,,. For e € H?(M,Z)
with g (e?) = —2¢, we set

div qpr(e, ) := min{qr(e,z) > 0 |z € H*(M,Z)}.
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As an abstract lattice, the cohomological Mukai lattice H**(X,Z) =
@?:0 H?(X,7) is independent of the choice of an abelian surface X. We

denote this lattice by A. It is a direct sum of 4 copies of the hyperbolic
lattice. Since M is deformation equivalent to K (1,0, —¢), by using a
parallel-transport, we have a primitive embedding H?(M,Z) — A. The
O(]N\)—orbit of the embedding is independent of the choice of a parallel-
transport by similar claims to [14, Thm. 9.3, Thm. 9.8]. For M =

Ky (v), it is the embedding

—1
HX(Ky(v),2) ™ vt ¢ H*(X,Z)

([14, Example 9.6]). We fix an embedding and regard H?(M,Z) as a
sublattice of A. Let Zv be the orthogonal compliment of H2(M,Z)
in A. Then (v2) = 2. Since (v,e) = 0, e & v are isotropic. We define
(p,0) € Zso %X Z~q by requiring that (e+wv)/p and (e—v)/o are primitive
and isotropic. We also set r := p/ged(p,0) and s := o/ged(p, o). If
(| divqas(e, o), then 7 and s are relatively prime integers with rs =
0,0/2,0/4. We set rs(e) := {r,s}.

Proposition 5.3 ([15]). Let M be an irreducible symplectic mani-
fold of dim M = 2¢ — 2 which is deformation equivalent to Ky (1,0, —£).
(1) Fore € Spey,, qu(€?) = =20 and ¢ | div qpr(e, o).
(2) Fore € H*(M,Z) with qn(e*) = —2¢ and £ | divqp(e, o),
the orbit of e of the monodromy group action is classified by
rs(e) := {r, s} and divqr(e, o).

For each value of {r, s} with rs € {£,£/2,¢/4}, the same examples
in [13, sect. 10, 11] show that there are Ky (v) with dim Ky (v) = 2¢—2
and e € NS(Kg(v)) such that divgy(e,e) = £,2¢ and rs(e) = {r, s}.
Then we also get the following description of Spe,,.

Proposition 5.4. Let M be an irreducible symplectic manifold of
dim M = 2(—2 which is deformation equivalent to Ky (1,0, —¢) and h an
ample divisor on M. A divisor e with qp(e,e) = —2¢ and qpr(e,h) > 0
1s stably prime exceptional if and only if

(1) divgp(e,e) =20 and {r,s} = {1,¢} or

(2) divgu(e, o) and {r,s} are one of the following.

(a) divgu(e,®) = 20 and {r,s} = {2,/2}, £ > 6, { = 2
mod 4.

(b) divgar(e,®) =¢ and {r,s} = {1,£}, £>3, 21 L.

(¢) divgu(e,®) =1 and {r,s} ={1,4/2}, £>2, 2| L.
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If M = Kg,)(v) for some v, then we shall explain that the case
(1) corresponds to the codimension 0 wall u* (u € J;) and the case (2)
corresponds to the codimension 1 wall ut (u € Ja).

(1) We first assume that u € J;. Since d,, = v—20u, v+d,, = 2(v—Lu)
and v — dy, = 20u. Since (dy, ) = —20{u, ) on v, div g, () (du,®) =
2¢. Since (v+dy,u) = 2, v+d,, is primitive, which implies that {p,o} =
{2,2¢}. Therefore {r,s} = {1,¢}.

(2) We next assume that v € J3. In this case, we have d, =
v —fu. Thus v +d, = 2v — fu and v — d,, = fu. We shall compute
div gx,, (v)(du,®). We first note that (d,, ) = —f{u, ) on v, Since
H*(X,7Z) is a 4 copies of hyperbolic lattice, there is an isotropic Mukai
vector A\ € H**(X,Z) with {u,\) = 1. Then

H*(X,Z) = (Zu + Z\) & (Zu + Z\)*.
We set
(5.1) vi=22+au+§ a€Ec (Zut TNt

Then xA+yu+zn (z,y, 2 € Z,n € (Zu+7ZN)*) belongs to v* if and only
if za + 2y + z(€,m) = 0. If 21 £, then the unimodularity of (Zu + Z\)*
implies that we can take n with 2 { ({,n). We take z € Z such that
y=—(a+2(£n))/2 € Z. Then A\+yu+zn € vt and (d,, \+yu+2zn) =
—l(u, A + yu + zn) = —L. Therefore div ¢, (v)(du,®) = £. If 2 | £, then
the primitivity of v implies that 2 a. Hence x\ +yu+ 21 € v satisfies
2 | z. Then we have

(duy X+ yu+ zn) = —L{lu, X + yu + zn) = —Lx{u, \) € 207.

Hence div qg; (v)(du,®) = 2. Therefore div qg,, (»)(du, ) = 2¢ if and
only if there is a € Z such that 2 | (v — au).

We next compute {r, s}. We take w such that Zu+Zw is a saturated
sublattice of H*(X,Z)a, containing v. For the notation of (5.1), w =
2+ or 2w = 2A +&. Thus they are distinguished by div qx, (»)(du, ®).
We set v = au 4+ bw (b = 1,2). Then v+ d, = (2a — {)u + 2bw. We
note that ¢ = 2a + b*(w?)/2 by blu,w) = 2. If 2 { ¢, then v + d,
is primitive, which implies that {p,oc} = {1,£}. In this case, b = 1
and divgg,, (v)(dy,®) = £. Assume that 2 | £. Then (v +dy)/2 =
(a —L/2)u+bw € H(X,Z)ag. If b =1, then (v + d,)/2 is primitive,
which implies {p,c} = {2,¢}. If b = 2, then the primitivity of v implies
that 21 a. Then ¢ =2 mod 4 and (v+d,)/4 € H*(X,Z)a1s is primitive,
which implies {p,o} = {4,¢}. Therefore {r, s} satisfies (a), (b) or (c).
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§6. Appendix

6.1. The base of Lagrangian fibrations

Let @51@ : D(X) — D*(Y) be the Fourier-Mukai transform in the

proof of Proposition 3.38. Then we have an isomorphism
¢ Mg iy (v) = M7 (V')
and a morphism
f: M%I(v/) — Hilby, .
We set v’ := (0,7,b),b € Zand H' := tH. Since a : Mg my(v) — XxX
is the albanese map,
o s Mg (0,1,0) = Mgy (v) = X x X
is the albanese map. Then
Mg, (0,m,b) — Hilb}. — Pic’(Y)
induces a morphism g : X x X — Pic’(Y) with a commutative diagram

Mg, (0,9,b) —L— Hilb?,

| |

XxX —2 Pi®(Y).

Let K%,(0,7,b) be a fiber of M&,(0,7,b) — X x X. Since Hilby, —
Pic’(Y) is a P(")/2=1_bundle, we have a morphism

K, (0,m,b) — PO/2-1,

We shall prove the following.

Proposition 6.1. The fiber of K%,(0,n,b) — P™*)/2-1 s con-
nected.

For D € Hilb}., f~1(D) consists of a-twisted stable sheaves E such
that E is an Op-module. We take an effective divisor D € Hilby.. Since
afiber of K%, (0,7,b) — P)/2=1is a fiber of f~1(D) — X x X, we shall
study the map f~1(D) — X x X. For the connectivity of fibers, we may
assume that D is a general member of Hilb{.. Indeed since P*)/2-1 ig
a normal variety over a field of characteristic 0, the connectivity of the
generic fiber implies the connectivity for all fibers.

The following well-known result is due to Reider.
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Proposition 6.2. Let X be an abelian surface defined over an alge-
braically closed field k and D a divisor on X. If (X, D) % (C1 x Cy, C1 +
kCs) and (D?) > 4, then |D| is base point free. Moreover |D| is fized
point free, if (X, D) % (Cy x Ca,Cy + kCs) and (D?) = 4.

Lemma 6.3. For a general point of Hilb{., D is a normal crossing
divisor such that each component D; is smooth and the configuration is
tree.

Proof. We take a line bundle L on Y with ¢; (L) = 7. If |L| is base
point free, then Bertini’s theorem implies that a general member of |L|
is a smooth divisor. Assume that |L| has a base point. Then Proposition
6.2 implies that (i) (n?) = 4 and L does not have a fixed component or
(ii) there is an elliptic curve C' on Y with (1, C) = 1. In the first case,

K(L):={zeY |TL)=L}

is a subgroup of order 4. Let Bs(L) be the set of base points. Then by
the action of K (L), Bs(L) is invariant. Therefore #Bs(L) > #K(L).
Since L does not have a fixed component, 4 > #Bs(L). Therefore Bs(L)
consists of 4 points. For two D, D’ € |L|, D and D’ intersect transver-
sally. Therefore D is smooth at base points. By using Bertini’s theorem,
D is smooth for a general member of |L|. For case (ii), there is an elliptic
curve C’ such that (C,C") = 1 and n = C + nC’, where n = (n?)/2.
Since nC” is linear equivalent to > ., C; with C; N C; =0 (i # j), we
get the claim. Q.E.D.

6.2. Moduli of twisted-stable sheaves on D

By Lemma 6.3, we shall study f~!(D) for a normal crossing divisor
D = >"" . D; such that D, are smooth curves and the configuration of
D, is tree. We may assume that D = Do+D1+---+D,, and p1,p2, ..., Pm
are the singular points of D such that p; = D,y N D; with ¢(i) < i.

By looking at the dual graph of irreducible components, we have
the following lemma.

Lemma 6.4. For each singular point p;, we have a unique decom-
position D = A + B® with A* N B* = {p;}.

Lemma 6.5. In the free abelian group generated by Do, D1, .., D,
we have

ZD+7ZA  + - -+ ZA™ =ZDy ®ZD1 & - - ® ZD,,,.

Proof. Before proving this lemma, we note that ZD +ZA* = ZD +
ZB*. Thus the left hand side is independent of the choice of A? in the
decomposition D = A* + B,
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For each D;, let py,,...,pn, € D, be the singular points of D. Then
we have the decompositions D = A™ 4 B™ with A" N B™ = {p,, }.
We may assume that D; C A" for all j. Then D = D;+>_, B"/. Hence
S oZD; C ZD + " | A', which implies the claim. Q.E.D.

Definition 6.6. Let 8 be a Q-Cartier divisor on D.

(1) For a subdivisor D’ C D, S(D') := [, € Q denotes the
degree of B|p: € H?*(D',Q).

(2) For a coherent sheaf E on D, we set x(E(—08)) = x(F) —
B(Div(E)).

Definition 6.7. We have a surjective homomorphism

deg™: Pic(D) — D", Zs;
E — >, deg(E|p,)d;.

Indeed for a smooth point p; € D;, we have a Cartier divisor and get a

line bundle Op(p;) on D. Then deg™ (Op(p;)) = 6;.

Definition 6.8. Let H' be an ample divisor on D. A purely 1-
dimensional sheaf F on D is S-twisted semi-stable, if

X(F(=8)) _ x(E(P))
(Div(F), H') = (Div(E), H')

for all 0 # F' C E. If the inequality is strict for all proper subsheaf F,
then FE is [-twisted stable.

Since HZ,(D,0}) = 0, by refining the covering of D, we have an
ap-twisted line bundle L on D which induces an equivalence

Coh®(D) — Coh(D)
E = E®LVY.

Let G be a locally free a-twisted sheaf defining twisted semi-stability of
f~YD). Then G’ := G\p ® L1 is a locally free sheaf on D. We set 3 :=
c1(G")/rtk G’ € H*(D,Q). Thus we have an isomorphism f~1(D) —
M2 (v), where M2 (v) is the moduli space of S-twisted sheaves on D
with v(E) = v and the polarization is H|,. We shall describe Mg (v).

Let & be a smooth point of D. Then the stalk F, is a free Op .-
module. Since Div(E) = D, the classification of finitely generated Op -
module implies that £, = Op .

Proposition 6.9. Assume that 3 is general, that is, Mg (v) consists
of B-twisted stable sheaves.
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(1) Mg(v) is non-empty and consists of line bundles on D.
(2) Mg(v) is isomorphic to [, Pic®(D;). In particular, Mg(v) is
an abelian variety.

For the proof of Proposition 6.9, we first prove the following.
Lemma 6.10. Mg(v) consists of locally free Op-modules.

Proof. For E e M g(v), assume that E|p, is torsion free. Then E)p,
is a locally free sheaf of rank 1 on D;. By using Nakayama’s lemma, we
have a surjective homomorphim Ox , — E, for all z € D;. Then we
have a surjective homomorphism Oy — E|y for a neighborhood U of
z. Since F is an Op-module, we have a surjective homomorphism ¥ :
Opnu — Ejy. Since E is a locally free Op-module over X \U;xD;NDy,,
Supp ker 1) C Ujx,D; N Dy,. Hence 1 is an isomorphism. Therefore it is
sufficient to show the torsion freeness of E|p,. Assume that the torsion
module 7' of F|p, is not zero. Then there is a component D; such that
T, # 0 at p; € D; N D;. We take the decomposition D = A’ 4+ B’
with A°N B = {p;} in Lemma 6.4. We may assume that D; C A* and
D; C B?. Let T' be the torsion submodule of E:. Then T is a direct
summand of 7" with T}, = T, . For the morphism E — FE|4:/T", the
kernel contains a submodule F fitting in an exact sequence

0— (E‘Bi/TN)(_pi) —F =T — 0,
where T" is the torsion submodule of E|g:. Then we have

X(Eyp /T (=pi = B) + x(T") _ X(F(=F)) _x(E(=H))
(B*,H") - (BL,H) (D,H")
X(Ep /T (=)
(B, H')
Since X((Bjpe/T")(~pi — B) + X(T") > x((Ep:/T")(~B)), we get a
contradiction. Therefore F|p, is torsion free, and we complete the proof.
Q.E.D.

We next characterize the Mukai vectors of E|p, for E € M 7 (v). We
set v(B)4i) = (0, A", a;) and v(E|p:) = (0,B",b;). Since Ejgi(—p;) is a
subsheaf of E' and FE|p: is a quotient of £, we have

b —1— B(B") - X(E) = B(D) - b; — B(B")

(6.1) (BT, H') (D, H') (B, H') -

Hence

X(E) — B(D))(B', H')

(
n > (D,H’)

(6.2) b = min {n €Z + B(B") } .
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Conversely if (6.2) holds for a line bundle E on D, then we shall
prove that E is 3-twisted stable.
We first note that (6.1) holds and

ai— 1= B(A) _ x(E)=B(D) _ ai— B(A)

(6.3) (i, i) O, H) (AL Ey

For an exact sequence
0—-F —FE—FEy—0

such that £y and E5 are purely 1-dimensional and E is S-twisted stable,
Div(E}) is connected. We set

Div(E1) N Div(Es3) := {Dnys Pros s Pn. }-

We note that p,, = Da, N Dy, with {a;,b;} = {n;,¢(n;)}. We may
assume that D, C Fy and Dy, C F>. Replacing B’ by A?, we may as-
sume that D,; C A" NDiv(E) and Dy, C Div(E2)NB™ for 1 < j <s.
Since A" \ {py,} is a connected component of D\ {p,,}, connectivity
of Div(En) \ {p,} implies that Div(E;) C A™. Since D is a tree con-
figuration, we also have B™ N B™ = () for j # k. Hence we have a
decomposition of Div(Es) = D — Div(E;) into connected components
BJ: Div(Ey) = Y-, B™. By (6.1), we have

X(E(=5))

(D,H’) (an7H/) < X(E\B"f (_/8))

Then we have

XEB) o,y XEB) ,
Zj:X(EIB"j(—ﬁ)) > Zj: W(B JH') = W(DIV(E%H )-
Since U;B™ is a disjoint union, we have a surjective homomorphism
E — @®;E|gn. Since By — E — ©;E| g~ is a zero map, we have a
surjective morphism Ey — @;F|gr;. Since Div(Ey) = Zj B"i and FE»
is pure, it is an isomorphism. Therefore

X(E(=8))

5.1 (Div(E»), H'),

X(Ea2(—0)) >

which implies F is S-twisted stable.

Remark 6.11. By the proof of Lemma 6.5, we also have an exact
sequence
0— Op,(— anj) — Op = ®;0pn — 0.
J
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Hence
X(E|Dz‘) = (D_DivDi) +X(E) - anj
J

Definition 6.12. For a sequence of smooth curves C1,Cs, ...,Cy in
X and a sequence of integers di,ds, ..., d,, Pic"ll’d?"”’ds(Z:;:1 Cj) de-
notes the moduli spaces of line bundles E on Zj‘:l C such that

X(Eic,) = di + (1 = g(Cy)).
By Lemma 6.5, we have a bijective correspondence

(X(E1py), X(Eipy ) s X(ED,,)) > (X(E), b1, b2, ..., by).

Hence Proposition 6.9 follows from the following claim.

Lemma 6.13. For E € Mg(v), we set
di :=deg(Ep,) = x(E|p,) — (1 — g(Di)).
Then we have an isomorphism

i—1

Pic®o®®i(Y " pj) = Pic®o® %1 (3 " D;) x Picd (D;).
7=0 7=0

In particular, Picd(”dl"“’d’"(zylzo Dj) =1]; Pic% (D;).
Proof. For E e Picdo-d-di (Zj‘:o D), we have

1—1
b, Eip,) € Pich -t (37 D)) x Picd(D;)
j=0

25>

j<i
and F fits in an exact sequence

0— Ep,(—pi) > E— Eiy. . p;, = 0.
Since Extk(E| e D, Ejp,(—pi)) = 0 for k # 1 and

Ext'(Ejy,_, p;» Bip, (=) =H(X,Extp (E)s,_ b, Bip, (=)
~H’(X,Cp,),

E is uniquely determined by (£ e D, Eip,(=pi))- Q.E.D.
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6.3. Proof of Proposition 6.1

Lemma 6.14. Let C be a smooth curve of (C?) > 0 in an abelian
surface Y. Then Hy(C,Z) — Hy(Y,Z) is surjective.

Proof. If it is not surjective, then f : Pic’(Y) — Pic’(C) is not in-
jective. For the abelian surface f(Pic’(Y)), we set Y’ :=Pic’(f(Pic’(Y))).
Since C' — Y factors through Alb(C), we have the following diagram

cC — Y’

b

C — Y

Let y be a point of kerg. Since T,/(C) is algebraically equivalent to C,
we have (T(C),C) = (C,C) > 0. Thus T;(C) N C # 0. For a point
s €T, (C)NC, g(s) = g(s+y) for the points s,s +y € C. Thus g|¢ is
not injective. Therefore H,(C,Z) — H;(Y,Z) is surjective. Q.E.D.

For the divisor D € Hilby, in Lemma 6.3, we take E € f~!(D). Let
0 be a Cartier divisor of D such that 0 = 3. 0;, 0; = Ej NijPij, Dij €
D; \ Ugzi Dy and deg(d;) = >, n” = 0 for all i. For Op(d) € Pic(D),
we have Op(0) = Op + 32, ;ni;Cp,; in K(D). Hence

Y (E(0) = 2V x(E) + Z nijEp,;

in K(X). Then we have

AV, x (E(2))) = a(®Y_, x (E)) + Z nija(Ep,;)

This morphism is the same as

HPIC HJac By S X xX

sending Op (3, ; nijpij) to the image of >, . nj;pi; € Y by a.

Lemma 6.15. a:Y — X x X sendingy €Y to a(E,) € X x X is
injective.

Proof. We set u = (r,&,a). Replacing u by —u, we may assume
that » > 0. We set p = (r,€£). Since v is primitive, (p,a) = 1. Since
ra = (£2)/2 € p*Z, we may set r = p°t and ¢ = pgH, where H is
primitive. Since ¢?(H?)/2 = ta and (gq,pt) = 1, we can set a = ¢*s.
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Thus we get v = (p?t, pqH, ¢*s), where (pt,q) = 1, (p,q?s) = 1 and the
type of H is (1,ts). We take E € Y. We have a morphism f: X — Y
by sending x € X to T)(F). Then X/K(F) =2 Y, where K(E) =

2 ~
m (K (pgH) L X). We note that g : X - Y — X x X is the morphism
sending = to (¢*sz, dpem(x)). We shall prove that ker g = K(F).
We set K(pgH) = . Vi/Vi @ .7-Va/Va. Then

pqta

5 pt P2t 1 1
K(E)=p*tK(pgH) = —Vi/Vi & —Va/Va = =V1 V1 & — V> /Va,
g pgts q qs

where we used (pt,q)V1 = Vi and (p,qt)V2 = Va. For (3, -5-) €

ker(¢?s) N K(pgH), we have ('12;%, q;;%) € Vi @ Va. Then we have
x1 € pVi and x5 € ptVs. Hence

1 1
ker(q”s) N K(pgH) = avl/vl o gVQ/VQ = K(E).

Q.E.D.
By Proposition 6.9, Proposition 6.1 follows from the following claim.

Lemma 6.16. If D is a normal crossing divisor of smooth curves
D;, then ker u is connected.

Proof. Since D; are smooth, it is sufficient to prove that

H Pic’( ) — H.(Y,Z)

is surjective. Since
Hl(H Pic’(D; @Hl (Pic®( @Hl D;,7),
i

Lemma 6.14 implies the claim unless all D; are elliptic curves. If all D;
are elliptic curves, then (Dg, D1) = 1 implies that the natural homomor-
phism Dg x D; — Y is an isomorphism. Hence

Hl(Do,Z) @Hl(D17Z) — Hl(KZ)

is an isomorphism. Therefore the claim holds. Q.E.D.
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