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Centers and limit cycles in polynomial systems of
ordinary differential equations

Valery G. Romanovski and Douglas S. Shafer

Abstract.

A polynomial system of differential equations on the plane with
a singularity at which the eigenvalues of the linear part are complex
can be placed, by means of an affine transformation and a rescaling
of time, in the form & = Az —y + P(z,y), y = = + \y + Q(z,y).
The problem of determining, when A = 0, whether the origin is a
spiral focus or a center dates back to Poincaré. This is the center
problem. We discuss an approach to this problem that uses methods
of computational commutative algebra. We treat generalizations of the
center problem to the complex setting and to higher dimensions. The
theory developed also has bearing on the cyclicity problem at the origin,
the problem of determining bounds on the number of isolated periodic
orbits that can bifurcate from the origin under small perturbation of
the coefficients of the original system. We also treat this application
of the theory. Some attention is also devoted to periodic solutions on
center manifolds and their bifurcations.
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Introduction

A polynomial system of differential equations on the plane with a
singularity at which the eigenvalues of the linear part are complex can
be placed, by means of an affine transformation and a rescaling of time,
in the form

(0) t=Xx—y+ Px,y), y=z+y+Q(z,y).

When A = 0 the origin is either a focus (in the phase portrait either ev-
ery trajectory near the origin spirals towards the origin or every nearby
trajectory spirals away from it) or a center (every nearby trajectory is an
oval). The center problem, which dates back to Poincaré, is the problem
of characterizing the center case. When P and () are polynomials that
are parametrized by their coefficients the systems with a center at the
origin are picked out by the simultaneous vanishing of infinitely many
polynomials in the coefficients. The set of solutions of polynomial equa-
tions is determined by the ideal in the ring of all polynomials that the
polynomials in question generate and forms the affine variety of that
ideal. Thus the systems in family (0) that have a center at the origin
correspond to points of a variety in the space of coefficients, the center
variety. The problem of finding the relevant polynomials, understanding
the structure of the ideal they generate, and ultimately the correspond-
ing center variety in the space of coefficients of (0) is one to which the
methods of computational algebra are well suited. Thus we begin in
Section 1 with a description of the algebraic machinery used in a com-
putational algebra approach to the center problem. Section 2 then treats
the center problem and its natural generalization to the complex setting
in order to take advantage of working over the algebraically closed field
C in place of R.

In Section 3 we describe a generalization of the center problem to
higher dimensional settings. It is here that we present, in the middle
two subsections, important concepts that also apply in the original two-
dimensional setting. Section 5 also presents a generalization to higher
dimensions, but in a different context.

The question of how many limit cycles (isolated closed orbits) can
emerge from a center under arbitrarily small perturbation of the coeffi-
cients in P and (@ is called the cyclicity problem. Its intimate connection
to the center problem through the ideal of polynomials that yield the
center variety is described in Section 4.

In order to illustrate how the ideas and techniques that we describe
are actually applied in practice we have concluded Sections 2, 3, and
5 with discussions of specific families of differential equations. These
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discussions illustrate how questions of the feasibility of computations
arise and provide an opportunity to introduce methods for extending
our computational reach.

Finally, in Section 6 we bring the various disparate, independently
developed ideas from earlier sections together in a complete treatment
of systems of the form (0) in which P and @ are homogeneous qua-
dratic polynomials. The definitive solutions of the center and cyclicity
problems for these systems is one of the crowning achievements of the
qualitative theory of differential equations and an excellent vehicle for
illustrating the concepts that we present.

Much but not all of the material in Sections 1, 2, 4, and 6 is a
streamlined but completely independent presentation of ideas and re-
sults developed in more detail in our book [70], to which we sometimes
refer the reader for more elaboration or details of proofs. Conversely,
some of the ideas in [70] are treated more fully here, such as the ques-
tion of convergence of normalizing transformations that is addressed in
Subsection 2.3. The material on higher dimensional systems in Sections
3 and 5 is not treated in [70].

For the convenience of the reader in navigating this article we present
here an outline organized by sections and subsections.

1. Algebraic background
1.1 Ideals and Their Varieties
1.2 Monomial Orders and Grobner Bases
1.3 Ideals and the Geometry of Varieties
1.4 Elimination, Implicitization, and the Radical Membership Test
1.5 Trreducible Decomposition of Varieties Using Modular Arith-
metic
2. The Center Problem for Two-dimensional Real Systems and Its Gen-
eralizations
2.1 The First Return Map and the Lyapunov Quantities
2.2 Lyapunov Functions and the Center Problem
2.3 Normal Forms
2.4 Complexification and the p : —¢ Resonant Center Problem
2.5 Integrability of a Cubic Family
3. Higher Dimensional Systems
3.1 The Center Problem for Higher Dimensional Systems
3.2 Darboux Integrals and Integrating Factors
3.3 Time-reversibility and Integrability
3.4 Integrability of a Three-dimensional Quadratic System with an
Invariant Plane
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4. The Cyclicity Problem
4.1 Counting Positive Zeros of Real Analytic Functions
4.2 The Focus Quantities and an Upper Bound on Cyclicity
4.3 Radical Bautin Ideal
4.4 Nonradical Ideal L
5. Centers on Center Manifolds
5.1 Center Manifolds and First Integrals
5.2 Periodic Solutions of the Moon-Rand System
6. Epilogue: Planar Quadratic Systems
6.1 The Center Problem
6.2 The Cyclicity Problem

§1. Algebraic Background

In this section we lay out the algebraic and geometric framework in
which we will be working. Proofs and elaborations on what is presented
here can be found, for example, in [1], [8], [26], and [70], and for the
purely algebraic results, in [58] and [83]. The reader can also consult
the notes of Hans Schénemann in the present volume.

1.1. Ideals and Their Varieties

Let k[z1,...,2,] denote the ring of polynomials in n indeterminates
with coefficients in the field &, which will typically be the set R of real
numbers or C of complex numbers. We will be interested in solutions of
systems of polynomial equations

(11)  fi=0, fo=0, fs=0, ... fi € F Cklz1,...,2,]

for specific collections F' of polynomials, where the polynomials are here
regarded as mappings from k" into k. Associate to F the set (F) of
all finite linear combinations of elements of F', that is, all polynomi-
als hifi + -+ + hsfs for all choices of s € N, of h; € kl[z1,...,z,],
and of f; € F. The set (F) is an ideal of k[z1,...,z,] (a subset of
k[xy,...,2,] that is closed under addition and multiplication by any el-
ement of k[xy,...,x,]), the ideal generated by F, whose elements are
called its generators. It is immediate that an element a of k™ is a solu-
tion of system (1.1) if and only if f(a) = 0 for every f € (F). Thus the
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solution set of (1.1) is determined by the ideal generated by F', not the
specific set of generators F'.

Important concepts connected with ideals that we need to describe
the set of solutions of (1.1) are the following. The radical of an ideal I,
denoted /T , is the ideal

VI={feklxy,...,x,]: there exists p € N such that f? € I}.

An ideal I C k[zy,...,x,] is called a radical ideal if I = +/I. A proper
ideal I is prime if fg € I only if f or g is in I. Every prime ideal is
radical, but not conversely.

The following result is of fundamental importance.

Theorem 1.1.1 (Hilbert Basis Theorem). If k is a field, then every
ideal I inklx1, ..., xy) is finitely generated: there exist finitely many f; €
I such that I = <f1, .. .,fs> = {hlfl + o+ hsfs: hj S k)[.’El,.. . ,mn]}

Thus finitely many of the elements of F' suffice to determine the set
of solutions of (1.1).

Definition 1.1.2. An affine variety is a subset of k™ that is the
solution set of a system of equations of the form (1.1). It will be denoted
by V(I), where I is the ideal (F), or, when a finite set of generators of
T is specified, by V(f1,...,[s). A wvariety is irreducible if it is not the
union of finitely many proper subsets, each of which is itself a variety.

Some authors (e.g., Hartshorne [38]) refer to the set of solutions of
(1.1) as an “algebraic set” and reserve the term “variety” for the case
that the field k is algebraically closed and the ideal I is prime, in which
case the set of solutions is irreducible. (In general an algebraic set V
is irreducible if and only if the ideal I(V') of Definition 1.1.3 below is a
prime ideal.) However, we are often interested in just the real solutions
of (1.1) and prefer to refer to the irreducible components of a variety as
themselves varieties.

Definition 1.1.3. Given any subset S of k™, the ideal I(S) of S is
defined as the set of elements of k[z1,...,x,] that vanish on S.

Denote by V the set of all affine varieties of k™ and by I the set
of all polynomial ideals in k[xi,...,2,]. Then Definitions 1.1.2 and
1.1.3 define maps V : I - Vand I : V — I. The maps I and V are
inclusion-reversing, I is one-to-one (injective) and V is onto (surjective).
Furthermore, for any variety V. C k™, V(I(V)) = V, and for any two
varieties V and W, V = W if and only if (W) = I(V).

Our goal is to understand the set of solutions of system (1.1). To do
s0 means to obtain a description of the variety V(F') that is as complete
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and as explicit as possible. Every affine variety Vas we have described
it can be decomposed into finitely many irreducible components. This
is because any chain of varieties

EVEEIER
generates by an application of I a strictly increasing chain of ideals

[(V)SI(V) GL(Ve) GI(V3) G -

in k[xy,...,2,] (the inclusions are proper because I is injective) and it
is a consequence of Theorem 1.1.1 that any ascending chain of ideals in
E[x1,...,x,] must terminate. Thus V is expressible as

(12) V:V1U"'UVm7

where each V; is irreducible and V; ¢ Vj, if j # k, and in fact this
decomposition is unique up to the order of the V;. Thus to solve (1.1)
we wish to find the decomposition (1.2) for V' = V(F). Knowing that
this decomposition exists, apply I to (1.2). Since for any two varieties
Vand W, I(VUW) =I(V)NI(W) (which is always itself an ideal) we
obtain

(V(F) = (Vi) - O I(Vp).

The ideals on the right hand side are all prime. The ideal on the left
hand side is not typically (F’), but is identified by the following theorem,
if we are working over an algebraically closed field.

Theorem 1.1.4 (Strong Hilbert Nullstellensatz). Let I be an ideal
in Clzy,...,2,]. Then
(1.3) I(V(I))=VI.

If the ideal (F') is radical then the following theorem applies.

Theorem 1.1.5. Every radical ideal I C Clxy,...,x,] can be rep-
resented in a unique way as an intersection of prime ideals, I = NJL, P;
where P. ¢ Py if r # s.

Thus starting with a finite set of generators of (F) we can use a
computer algebra system such as MACAULAY?2 [56], MAPLE [57], MATH-
EMATICA [59], REDUCE [66], or SINGULAR [29] to decompose (F') as

(F)=PiN---NP,,
where each P; is a prime ideal, and know that

V=V(P)U---UV(P,).
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If the ideal (F) is not radical then in order to decompose it into
an intersection of ideals we need a weaker condition on the components
of the decomposition. Namely, an ideal I C k[xq,...,x,] is called a
primary ideal if for any pair f,g € klz1,...,2,], fg € I only if either
felorgPelfor some pe N. An ideal [ is primary if and only if
VT is prime; VI is called the associated prime ideal of I. A primary
decomposition of an ideal I C k[x1,...,x,] is a representation of I as a
finite intersection of primary ideals @;, I = NjL;Q;. The decomposi-
tion is called a minimal primary decomposition if the associated prime
ideals \/@ are all distinct and NM;»;Q; ¢ @; for any j. A minimal
primary decomposition of a polynomial ideal always exists, but it is not
necessarily unique.

Theorem 1.1.6 (Lasker—Noether Decomposition Theorem). Every
ideal T in k[z1,...,z,) has a minimal primary decomposition. All such
decompositions have the same number m of primary ideals and the same
collection of associated prime ideals.

Then as in the case that (F) is radical we use a computer alge-
bra system to perform a primary decomposition of (F'), which typically
computes the prime decomposition of /(F) as well. Since over any
field, for any ideal I of k[z1,...,x,], V(I) = V(v/T), we obtain the
prime ideals corresponding to the irreducible components in the variety
corresponding to (1.1). Two efficient algorithms for primary decompo-
sition, both implemented in the SINGULAR library primdec.lib ([28]),
are those developed by P. Gianni, B. Trager, and G. Zacharias ([35]) and
by T. Shimoyama and K. Yokoyama ([76]).

1.2. Monomial Orders and Grobner Bases

Two important problems that we will need to be able to solve are:
1. The ideal membership problem: given an ideal I of k[x1, ..., 2,] and
a polynomial f, determining whether or not f is an element of I.
2. The ideal equality problem: given two ideals I and J, each repre-
sented by a finite set of generators, determining whether or not I = J.
Consider the first one. In the special case that n = 1 every ideal I
is generated by a single element f;. Moreover the Division Algorithm
states that for every polynomial f there exist unique polynomials ¢ and
r such that f = ¢gf; + r and either r = 0 or deg(r) < deg(f); f is
in [ if and only if the “remainder” r of this division of f by f; is the
zero polynomial. To generalize these ideas to the case n > 1 we must
decide how to order the monomials in a polynomial and, for a collection
{f1,.-., fs} in k[zq,...,2,], be able to algorithmically obtain g1, ..., gs
and 7 such that f =g1f1 +---gsfs + 7.
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When n = 1 the monomials in k[z] are naturally ordered by degree.
For n > 1 there are numerous natural orders of the monomials. Let
No = {0,1,2,...}. Exploiting the one-to-one correspondence between
elements o = (o, ...,a,) of N and monomials x* = 27" --- 2% in
klxy,...,2,] (once an order z; > --- > x, of the indeterminates has
been specified) we define a monomial order to be a total order > on Ny
(i.e., a partial order in which any two elements of Njj can be compared)
such that (a) for all o, 8, and v in N, if &« > 8 then a++v > S+, and
(b) every non-empty subset of N has a smallest element.

Three commonly used monomial orders are the following (where
addition and rescaling in Z" is performed componentwise: for o, 5 € Z™
and p € Z the jth entry of o + pS is the jth entry of « plus p times the
jth entry of 3):

(a) Lexicographic Order. Define o >jox 8 if and only if, reading left to
right, the first nonzero entry in the n-tuple a — € Z" is positive.
(b) Degree Lexicographic Order. Define o >gegiex 5 if and only if

n n
|a|:Zaj > |5|:Zﬁj or la] = |B] and @ >ex B
j=1 j=1

(c) Degree Reverse Lexicographic Order. Define o >gegrev 3 if and only
if either |a| > |B| or |a| = |B] and, reading right to left, the first
nonzero entry in the n-tuple o — § € Z" is negative.

For example, for a = (2,2,3,1) and 8 = (2,0,4,2), « is greater than

with respect to all three orders.

Once a monomial order has been fixed then the standard form for
any nonzero element f of k[z1,...,x,] is

f=a1x + aax®? + - - 4 agx%,

where a; # 0 for j =1,...,5, a; # aj for i # jand 1 < 4,5 < s, and
where, with respect to the specified term order, a;y > g > -+ > .
When f # 0 is written in standard form then

(a) the leading term LT(f) of f is the term a;x?,

(b) the leading monomial LM(f) of f is the monomial x**, and

(c) the leading coefficient LC(f) of f is the coefficient a;.

For n > 1 the Division Algorithm generalizes to a Multivariate
Division Algorithm by which for any polynomial f and any ordered
set ' = {f1,...,fs} of non-zero polynomials (the generators of the
ideal I = (F)) there exist polynomials uq,...,us and r such that f =
w1 f1 + -+ usfs +r and either r = 0 or r is reduced with respect to
the set F' in the sense that none of its monomials is divisible by any ele-
ment of the set {LM(f1),...,LM(fs)} (where we say that a monomial



Centers and limit cycles 275

{63

X% = 2" .. 2% divides a monomial x° = xfl oaPn written x| xP,

if B; > a for all j, 1 < j < n). The inequality deg(r) < deg(f) al-
ways holds, but if no further restrictions are placed on the elements of
F then the remainder could change when the order of the elements of
F' is changed and could be nonzero for every order even when f is in I.
These problems are eliminated when we restrict to a Grobner basis of
I, introduced by B. Buchberger in [12].

Definition 1.2.1. Fiz a monomial order on k[z1,. .., Ty].

(a) A Grobner basis (also called a standard basis) of a nonempty ideal
I in k[xy,...,x,] is a finite nonempty subset G = {g1,...,9m} of
I\ {0} with the property that for every nonzero f € I, there exists
gj € G such that LT (g;) | LT(f).

(b) A Grébner basis G = {g1,...,gm} s called minimal if for alli,j €
{1,...,m}, LC(g;) = 1 and for j # i, LM(g;) does not divide
LM(g;).

(¢) A Grébner basis G = {g1,...,9m} is called reduced if for all i,
1 <i<m, LC(g;) = 1 and no term of g; is divisible by any
LT(g;) for j #1i (i.e., g; is reduced with respect to G \ {g;}).

Every nonzero ideal in k[z1,...,x,] has a unique reduced Grébner
basis (which of course may depend on the monomial order selected),
which can be computed algorithmically. The procedure is available on
all popular computer algebra systems. Thus the issue of membership of
a polynomial f in an ideal I can be settled by computing its remainder
upon division by a Groébner basis with respect to any monomial order:
fisin I if and only if the remainder is zero (in SINGULAR the remainder
is computed with the command reduce). The issue of the equality of
two ideals can be settled by comparing their unique reduced Grébner
bases with respect to any monomial order: two ideals are equal if and
only if they have the same reduced Grobner bases.

1.3. Ideals and the Geometry of Varieties

We have already noted that over any ground field k, V(I) = V(V/T).
It is also true in general that two affine varieties V' and W are the
same if and only if I(V) = I(W). For ideals I and J in Clxy,...,x,],
V(I) = V(J) if and only if VT = V/J.

If V and W are affine varieties in k™ then VN W and V U W are
also varieties. The set-theoretic difference V'\ W need not be a variety,
but has important applications, so for any set S in k™ we define the
Zariski closure of S, denoted S, to be the smallest variety with respect
to inclusion that contains S; it is the intersection of all varieties that
contain S. If V.=V (I) and W = V(J) then we would like to explore
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the connection between the ideals I and J and the new varieties VW,
VUW, and V' \ W. This involves the sum, intersection, and quotient of
the ideals I and J.

Given ideals I and J in k[zq, ..., x,] the sum of I and J is the ideal
defined by

I+J:={f+g:felandge J}.
This corresponds to the intersection of the corresponding affine varieties:
(1.4) VI+J)=V({I)NnV(J).

To get a basis of I + J we can simply take the union of any basis of
and any basis of J.

The set-theoretic intersection of any two ideals in k[z1,...,x,] is
also an ideal in k[zy,...,x,] and this corresponds to the union of the
corresponding affine varieties:

(1.5) V({INnJ)=V({I)UuV(J).
A Grébner basis G of I N J can be computed using the following proce-
dure. f I = (f1,..., fu) and J = {(g1,...,Gv) in k[z1,..., 2y

1. Compute a Grobner basis G of
<tf1(x)7 cee ,tfu(X), (1 - t)gl(x)a tey (1 - t)gv(x)>

in k[t,x1,...,2x,] with respect to lexicographic order with ¢t > z7 >
. e > xn.
2. G=G Nklxy,...,x)

In SINGULAR one can simply use the command intersect.

The situation with the set-theoretic difference of two varieties is
somewhat more complicated. Given two ideals I and J their ideal quo-
tient I : J is the ideal

I:J={f€klx1,...,xy): fgeIforallgeJ}

In SINGULAR the quotient is computed with the command quotient.
In general if T and J are ideals in k[x1, ..., 2,] then

(1.6) V) \V(J) C V(I:J)

(recall that the overline indicates Zariski closure). If k = C and I is a
radical ideal then this improves to

(1.7) VIOH\ V() =V :J).
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1.4. Elimination, Implicitization, and the Radical Mem-
bership Test

We state here three theorems that are most helpful in investigating
solutions of (1.1).

Let I be an ideal in k[x1,...,2,] (with the implicit ordering of the
variables 1 > --- > x,) and fix £ € {0,1,...,n — 1}. The £-th elimina-
tion ideal of I is the ideal Iy = I Nk[xpyq, ..., xy,].

Theorem 1.4.1 (Elimination Theorem). Let G be a Grébner basis
for an ideal T of k[x1,...,x,] with respect to lexicographic order with
T1 > Ty >0 > xy,. Then for every £, 0 < { <n—1, the set

Gy := Gﬂk[mg+1,...,mn]

1s a Grobner basis for the (-th elimination ideal I,.

To eliminate a group of variables it is more efficient to use an ap-
propriate elimination order instead of the lexicographic order (see the
notes of Hans Schonemann in this volume).

Consider now the following problem: given a rational or a polyno-
mial parametrization of a subset S of k", try to eliminate the parameters

S0 as to express the set in terms of polynomials in x4, ..., x,. Hence sup-
pose we are given the system of equations
tr,..o,t tr,..o,t
(1.8) T = 7f1( ! m), ceey Ty = 7f"( ! m),
gl(tlv'“atm) gn(th' atm)

where f;,g; € k[t1,...,ty] for j = 1,...,n. Let W = V(g1 ---gn).
Equations (1.8) define a function

F:E"\W — k"
by the formula

ity tn) foltr, o tm)
(1.9) F(ty, ..., tm) = (791(7,‘1,-..,7%)’ cee 7gn(t1,...,tm))'

The image of £™ \ W under F, which we denote by F(k™ \ W), is not
necessarily an affine variety. Consequently, we look for the smallest affine
variety that contains F'(k™ \ W), that is, its Zariski closure F'(k™ \ W).
The problem of finding F'(k™ \ W) is known as the problem of rational
implicitization. If the right-hand sides of (1.8) are polynomials, then it is
the problem of polynomial implicitization. The terminology comes from
the fact that the collection of polynomials fi, ..., fs that determine the
variety V(fi1,..., fs) defines it only implicitly. The following theorem
gives an algorithm for rational implicitization.
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Theorem 1.4.2 (Rational Implicitization Theorem). Let k be an
infinite field, let f1,..., fn and g1,...,gn be elements of k[ty,... tm],
let W=V(g1--gn), and let F: K™\ W — k™ be the function defined
by equations (1.9). Set g = g1 -+ gn. Consider the ideal

J={fi —q1x1,. ., fn — GnTn, 1 — gy) CT kY, 1, tm, @1, .., Ty,
and let
(110) Jm+1 =JnN If[éﬂl, e ,iL’n]

be the (m+1)st elimination ideal. Then V (Jy,11) is the smallest variety
in k™ containing F (K™ \ W).

The following statement is called the Radical Membership Test.

Theorem 1.4.3. Let I = (fy,..., fs) be an ideal in k[zq,..., x,)].
Then f € VI if and only if 1 € (f1,..., fs,1 —wf) C klz1,... 20, w)].

Thus to determine if a polynomial f is an element of the ideal
VAf1s. oy fs) C Eklx, ..., z,] we merely compute the (unique) reduced
Grobner basis G of the ideal (f1,..., fs,1 —wf) C k[z1,...,z,,w] with
respect to any monomial order and have an affirmative answer if and
only if G = {1}. In the case that k = C we can use this test to check
whether a polynomial f vanishes on the variety of the ideal I. By The-
orems 1.1.4 and 1.4.3 f € I(V(I)) = T if and only if the reduced
Grobner basis G (with respect to any fixed monomial order) of the ideal

(fr,-- [, L =wf) Cklxy,...,zn,w]is G ={1}.

1.5. Irreducible Decomposition of Varieties Using Modu-
lar Arithmetic

At present there are few algorithms for the primary decomposition
of polynomial ideals (see for example the notes of Hans Schénemann in
this volume). All of them involve rather laborious calculations. If we
are interested in decomposition of varieties then it is sufficient to find
the minimal associated primes of the ideal of the variety (see Definition
1.1.3 and the paragraphs that follow it); in SINGULAR this be done with
the routines minAssGTZ and minAssChar ([28]).

When the variety consists of a finite number of points in C"™ compu-
tation of a Grobner basis with respect to a lexicographic order solves the
problem. In such a case a Grobner basis with respect to lexicographic
order is always in “triangular” form, like in the following example from
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[3]. Consider the system f; = fo = f3 = fy = 0 where
f1 = 822y? + 5y + 3232 + 2%yz
fo =a® + 2y32% + 139223 + 5yt
fs =82 + 12y + 22° + 3

fa =722yt +18xy32% + 323,

(1.11)

The reduced Grobner basis for the ideal generated by fi, fo, f3, f4 in
Q[z,y, z] with respect to degree reverse lexicographic order with the
variables ordered z > y > z is

(1.12) =z, ga=y"+1, g3=2"

Thus the system f; = fo = f3 = f4 = 0 is equivalent to the system
g1 = g2 = g3 = 0 and finding the solutions to the latter system is
straightforward. Of course for a general system (1.1) a Grobner basis
will usually be much more complicated than in this example. However,
if system (1.1) has only a finite number of solutions then any reduced
Grobner basis with respect to lexicographic order must contain a poly-
nomial in one variable, g1(x1), say. Then there exists a collection of
polynomials in the Grobner basis depending on z; and one additional
variable, say go(z1,22), ..., g:(z1,22), and so on through the full list of
variables. Thus we first solve (perhaps only numerically) the equation
g1(x1) = 0. Then for every solution x} of g1 (x1) = 0 we find the solu-
tions of ga(z7,22) = -+ = gi(x},x2) = 0, a system of polynomials in
the single variable zo. Continuing the process we obtain all solutions of
the system (1.1). Thus in the case of a finite number of solutions, at
least theoretically a Grobner basis computation provides the complete
solution to the problem. In practice, however, calculation of Grobner
bases, especially with respect to lexicographic orders, often generates
enormous computational difficulties. In particular the size of the coef-
ficients of the so-called S-polynomials involved in the computation of a
Grobner basis grow exponentially. For instance, as pointed out in [3],
for the simple polynomials of (1.11) the following polynomial appears in
intermediate computations of the Grobner basis (1.12):

(1.13) y® — 1735906504290451290764747182 - - - .

The integer in the second term of this polynomial contains roughly
80,000 digits. It is the numerator of a rational number with roughly
an equal number of digits in the denominator.

This notorious computational difficulty in Grébner basis calculations
over the field of rational numbers is an essential obstacle for using the
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Grobner basis theory for real world applications, in particular since the
algorithms for computing decompositions of ideals and varieties rely on
multiple computations of Grobner bases of ideals and modules. We now
describe an approach based on the use of modular arithmetic which
can drastically simplify the problem of finding the set of solutions of a
polynomial system (1.1).

To perform modular computations we choose a prime number p and
carry out all calculations modulo p, that is, in the finite field of charac-
teristic p (the field Z, = Z/p). It turns out that modular calculations
still keep essential information about the original system and it is often
possible to extract this information from the result of the calculations
done in Z, and thereby obtain the exact solution of system (1.1) over
the field of rational numbers.

To carry out the rational reconstruction, that is, to reconstruct the
element r/s of Q given its image t € Z,, we use the following algorithm
of [86] (where the symbol |-| stands for the floor function).

Step 1. Define u = (uy,ug,us) := (1,0,p), v = (v1,v2,v3) == (0,1, ¢).
Step 2. While /p/2 < v3
do {q := |us/vs], r:=u—qu,u:=v, v:i=r}.
Step 3. If [va| > \/p/2 then error().
Step 4. Return wvs, vs.

Given an integer ¢ and a prime number p the algorithm produces
integers vy and vg such that v /vy = ¢ (mod p). However, vs/vs need not
exist and if this is the case the algorithm returns “error().” A MATHE-
MATICA code to perform the rational reconstruction by means of this
algorithm is given in [36].

For example, computing the Grobner basis of (1.11) over the field
of characteristic 32003 we obtain G = {x, ¥ + 8001, 22}. Using the
algorithm of rational reconstruction given above we immediately find
8001 = 1/4 (mod 32003). The reconstruction gives the polynomials
(1.12). Now, of course, no large numbers (as in (1.13)) appear in the
intermediate polynomials; all numbers have at most five digits. Thus the
speed of calculation increases and memory consumption falls drastically.

An approach suggested in [69] for solving systems (1.1) that involve
large polynomials, that is, for finding the decomposition of the variety
of the ideal I = (f1,..., fm), consists of the following five steps.

Step 1. Choose a prime number p and compute the minimal associated
primes Q1,...,Q; of I in L[z, ..., Tyl

Step 2. Using the rational reconstruction algorithm lift the ideals @j
(1 < j < s) to ideals Q; in Q[z1,...,z,] by replacing all
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the coefficients of @j by the corresponding rational numbers
computed with the reconstruction algorithm.

Step 3. For each j =1,...,s use the radical membership test to check
whether the polynomials fq,..., fs are in the radicals of the
ideals @, that is, whether the reduced Grobner basis of the
ideal (1 —wf,Q;) is equal to {1}. If “yes” then go to Step 4,
otherwise pick another prime number p and go back to Step 1.

Step 4. Compute Q = N;_1Q; C Q[z1,...,7n].

Step 5. Check that /Q = /1, that is, that for any ¢ € Q the reduced
Grobner basis of the ideal (1 — wg, I) is equal to {1} and for
any f € I the reduced Grobner basis of the ideal (1 — wf, Q)
is equal to {1}. If this is the case then V(I) = U5_, V(Q;). If
not then pick another prime number p and go back to Step 1.

We will not discuss whether the algorithm must terminate for gen-
eral polynomial systems. However we will mention that this procedure
has been successfully applied to the decomposition of polynomial va-
rieties defined by large polynomials arising in the study of the center
problem for many systems of ordinary differential equations (see, for
example, [69] and the references given there).

We note that the first two steps of the algorithm are well-known and
have been widely used in solving polynomial systems. The difference in
the approach presented above is that it proposes a procedure (Steps 3-5)
for checking that the set of solutions obtained is complete, that is, that
no solution has been lost using modular calculations.

We use the approach presented here to study the center problem
for a two-dimensional system in the next section. As mentioned there,
if the computation with one prime number does not give the correct
result then instead of recomputing with another prime (going back to
Step 1) sometimes it is preferable to try to make a “lucky guess” about
the correct polynomials in the decomposition and use them to obtain
true components of the decomposition of the variety of interest (see, for
example, [68]) .

§2. The Center Problem for Two-dimensional Real Systems
and Its Generalizations

If a real analytic system of differential equations on an open subset
of the plane has a singular point then by a translation the singularity
can be placed at the origin so that the system takes the form

(2.1) i =au+bv+U(uv), ©=cu+dv+V(uv),



282 V. G. Romanovski and D. S. Shafer

where U and V are convergent series whose expansions begin with terms
of degree at least two.

In the generic case that ad — bc < 0 or ad —bc > 0 but a+d # 0 the
eigenvalues of the linear part of (2.1) at 0 have nonzero real part and by
the Hartman-Grobman Theorem the phase portrait in a neighborhood of
0 is the same, up to homeomorphism, as that of the linear approximation

(2.2) U =au+bv, U=-cu-+dv,

hence is a topological saddle, sink, or source. In fact in the latter two
cases it is either a node (every trajectory tends towards or away from
0 with a limiting tangent direction) or a focus (every trajectory spirals
towards or away from 0). When ad —bc > 0 and a +d = 0 a new
possibility emerges, depending on the nonlinearities: 0 could be a center,
a singularity for which there exists a neighborhood €2 such that the
trajectory of any point in Q\{0} is a simple closed curve + that contains 0
in its interior (the bounded component of the complement R?\ {y} of 7).
(In this case the period annulus of the center is the set Q7 \ {0}, where
Qs is the largest such neighborhood €2, with respect to set inclusion.)
Most importantly, the phase portrait near 0 of the full system (2.1) could
differ topologically from that of the linear approximation. For example,
when written in polar coordinates the system

= —v —u(u® + v?)
(2.3) ) 5 o
0= u—uv(u’+0v7).
takes the form 7 = —r3, ) = 1, making it clear that the origin is a stable

focus, whereas for the linear approximation the origin is a center.

In this article by the center problem for system (2.1) we mean the
problem of determining, for a particular family of the form (2.1) for
which ad — be > 0 and a + d = 0, computable conditions on the nonlin-
earities that distinguish between a focus and a center at the origin. (The
condition ad — be # 0 classifies the singularity as elementary. There is
also the problem of determining when a non-elementary singularity of
an analytic system is a center.)

The center problem dates back a little over a hundred years with
the early work of Dulac and Kapteyn ([31, 44, 45]), followed by that
of Frommer ([33]), and later by that of many others. The literature
devoted to the subject is vast, and we will discuss only a few aspects of
the problem. Among other references the reader may consult [2, 22, 23,
51, 70, 74, 75, 78, 91] and the references that they contain.

Intimately connected to the center problem is the existence of first
integrals, according to the following definition.
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Definition 2.0.1.

a. A first integral for a system x = £(x) of analytic ordinary differ-
ential equations on an open set U in R™ or C" is a monconstant
function ¥ : U — C that is constant on trajectories of the system
in U.

b. A formal first integral for such a system is a nontrivial formal power
series U(x) = > vax* such that, regarding £ as a vector field on
U, the scalar product (f,gradW¥V) is zero (which can be viewed as
meaning that %[\P(x(t)] = 0 under term by term differentiation,).

c. Firstintegrals Uy, ..., U, are functionally independent on U if their
gradients as vectors in R™ or C™ are linearly independent on a dense
open subset of U (see, for example, [42, 88]).

2.1. The First Return Map and the Lyapunov Quantities

Probably the most natural way to try to distinguish between a center
and a focus is using polar coordinates. We discuss this approach first.

By a nonsingular linear coordinate change any system of the form
(2.1) for which ad — be > 0 can be written in the form

u:au—ﬁv—&—ﬁ(u,v)

(2.4) ~
0= fu+av+ Qu,v),

where P and @ are convergent series starting with quadratic terms.
Changing to polar coordinates u = r cosy, v = rsiny, near the origin
we may take ¢ as the independent variable and write

dr  r%F (r,cos p,sin ¢)
de 1+ 7rG (r,cos p,sin )

:R(h‘p)‘

The function R(r,p) is 2m-periodic in ¢ and analytic for sufficiently
small |r| and all ¢. Thus we can expand R(r, ) in a convergent power
series in 7 to obtain

dr 9 3
(2.5) & =" Ro(p) +r°R3(p) + - -
Choose a sufficiently short line segment ¥ = {(u,v) : v =0,0 < u < r*}
and consider the solution of (2.5) with the initial condition 7(0) = ro.
Expanding it in a power series in 79 we obtain

(2.6) r(@,70) = wi(@)ro + wap)rg + ws()rg + - -

The (¢, ro) from (2.6) is a solution of (2.5); inserting it into (2.5) yields
a system of recurrence differential equations for the functions w,(¢) from



284 V. G. Romanovski and D. S. Shafer

which the functions w; are determined successively. Setting ¢ = 27 in
the solution r(p,r9) we obtain the value r(2m,rg) corresponding to the
point of ¥ at which trajectory r(p,rg) first intersects ¥ again. The
reader can consult, for example, [70, §3.1] for a fuller discussion of the
derivation procedure. It is illustrated in some detail in the proof of parts
(a) through (d) of Theorem 5.2.2 below.

Definition 2.1.1. Fiz a system of the form (2.4).
(a) The function

(2.7) K(ro) = f(2m,0,70) = Tjuro + 1275 + Marg + -+ -

(defined for |ro| < r*), where i1 = wy(27) and n; = w;(27) for
j > 2, is called the Poincaré first return map or just the return
map.

(b)  The function

(2.8) D(ro) = H(ro) — ro = mro + M2rg + n3rh + -

1s called the difference function.
(c) The coefficient n;, j € N, is called the jth Lyapunov quantity.

The first Lyapunov quantity has the value n; = 7j; — 1 = 27/ — 1.
Thus if @ < 0 then the origin is a stable focus and if a > 0 then it is an
unstable focus. It is also easy to see that the first nonzero coefficient of
the expansion (2.8) is the coefficient of an odd power of ryg.

Zeros of (2.8) correspond to cycles (closed orbits, that is, orbits
that are ovals) of system (2.4); isolated zeros correspond to limit cycles
(isolated closed orbits). Note that analyticity of system (2.1) insures
that 2 has but finitely many isolated zeros in a neighborhood of 0,
so that the singularity at 0 must be either a focus or a center. Other
possibilities exist for C'* systems.

It is apparent that system (2.4) has a center at the origin if all the
Lyapunov quantities are zero and that if for some k& € Ny = {0,1,2,...}

(2.9) m=1mn2=-=1n =0, nary1 #0,

then the origin is a focus, which is stable if 795411 < 0 and is unstable
if nor+1 > 0. When (2.9) holds for k > 0 it is termed a weak (or fine)
focus of order k. As is the case with a center, in this case it is possible
that small isolated closed orbits of the system could emerge from the
singularity when the right hand sides of (2.1) are perturbed slightly.
This issue will be addressed in Section 4.

This approach to distinguishing foci and centers, which is illustrated
in the proof of Theorem 5.2.2; reduces the problem to that of computing
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the Lyapunov quantities. Although conceptually straightforward, it is
rather inefficient from the computational point of view since the proce-
dure requires computations of integrals of trigonometric polynomials, a
relatively difficult problem that becomes infeasible when the degree of
the polynomial increases.

2.2. Lyapunov Functions and the Center Problem
A Lyapunov function for a smooth system

(2.10) u = f(u)

on a neighborhood of 0 in R™ for which £(0) = 0 is a function W from an
open neighborhood €2 of 0 into R that is continuous on €2, continuously
differentiable and strictly positive on © \ {0}, and is nonincreasing on
trajectories of (2.10) in € \ {0}. This last condition is equivalent to
the condition that the scalar product W (u) := (grad W(u),f(u)) be
nonpositive on Q\{0}. W is a strict Lyapunov function if W is negative.
The Lyapunov Stability Theorem (see, for example, [9, 17, 70]) states
that if there exists a Lyapunov function for (2.10) then 0 is stable in
the sense that for every ¢ > 0 there exists a 6 > 0 such that if |ug| < &
then the trajectory ug(t) through ug satisfies |ug(t)| < e for all ¢ > 0,
and that if there exists a strict Lyapunov function for (2.10) then O is
asymptotically stable, that is, it is stable and additionally there exists
a A > 0 such that if Jug] < A then the trajectory up(t) through ug
satisfies |ug(t)] — 0 as ¢ — co. Moreover 0 is unstable, i.e., not stable,
if there exists what would otherwise be a Lyapunov function W except
that W > 0 on Q\ {0}.

Another approach to the center problem, which is computationally
much better than that presented in the previous subsection, is based on

making use of Lyapunov functions, which for the system
i=—-v+U u,v) = U(u,v

o 0(u,0) = Ul

0= u+V(u,v)=V(u,v),

where U and V' are convergent series starting with quadratic terms, have
the form

(2.12) O (u,v) = u® +v° + Z dirulvh.
Jj+k=3

Letting X = U 3% + V%, the vector field associated to the right hand
side of (2.11), if we can find a function (2.12) such that for some k € N
00 0P

2.1 X0 =— TV =q- (u? 2k 4L
(2.13) 8uU+avV g-(u*+v7)" +
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then by the Lyapunov Stability Theorem the origin is a stable focus if
g < 0 and is an unstable focus if g > 0. If

0P 0P
(2.14) X<I>—auU+aUV_O
then ®(u,v) is a first integral of system (2.11). In this case the origin is
stable (in the sense of Lyapunov), but not asymptotically stable. That
is, it is a center.

Along the lines of the discussion above a characterization of elemen-
tary centers at the origin of (2.11) is given by the following theorem.
Among many other places a proof may be found in [70, §3.1]. A proof
can be also derived from Theorem 2.4.4 proved below.

Theorem 2.2.1 (Poincaré-Lyapunov Theorem). Systemn (2.11) on
R? has a center at the origin if and only if there exists an analytic or
formal first integral that has the form V(u,v) = u®+v?+--.. Moreover
in the latter case there exists an analytic first integral of the same form.

As already mentioned, usually we are interested in the behavior of
trajectories, not of a particular system, but of some family of systems, for
example, all systems (2.11) in which U and V" are arbitrary homogeneous
polynomials of degree two. Thus the coefficients of (2.11) are not fixed
numbers but parameters. In such a case we can hardly expect that either
(2.13) or (2.14) will hold for all values of the parameters. Rather, it is
usual that for some values (2.13) holds while for the others there is a first
integral, that is, (2.14) holds. In the parametric case the coefficients ¢,
of (2.12) prove to be polynomials in the parameters of (2.11). If in trying
to satisfy the identity (2.14) we encounter obstacles to its fulfillment then
these obstacles will constitute necessary conditions for the existence of
a first integral of the form (2.12) for system (2.11).

A computational procedure for finding the first m necessary condi-
tions for integrability of (2.11) in the case that U and V are polynomials
is as follows.

1. Write down the initial string of (2.12) up to order 2m + 1,

2m—+1

2 2 E i,k

@2m+1(u7v7w) =u”+v°+ (rbij’JU .
j+k=3

2. For each i € {3,...,2m + 1} equate the coefficients of the terms
of order 7 in the expression

0Pom+1 ~  O0Pomt1 ~
2mt1y  9P2man g

(2.15) % o
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to zero, obtaining 2m — 2 systems of linear equations in the unknowns
Pk

3. Successively solve the 2m — 2 linear systems, beginning with
that arising from index i = 3, using the values obtained for the ¢;; by
means of the system corresponding to index ¢ in the systems of higher
index. The systems that correspond to odd 7 = 2iy — 1 always have
unique solutions. For systems that correspond to even i = 2i there is
one more equation than there are unknowns, but by dropping a suitable
equation one obtains a system that has a unique solution. After solving
the system assign the value 0 to the as yet undetermined ¢;,x, (with
Jo + ko = 2ip).

4. Evaluate (2.15) with the currently known ¢;i (i + j < 2iy) and
find the coefficient of u7°v*°, which we denote by g;, 1.

Computing in this way one obtains a list of polynomials g1, g2, g3, . . -
in the parameters of system (2.11). Each polynomial g; gives a necessary
condition for integrability so that system (2.11) admits an integral of the
form (2.12) if and only if

Thus the set in the parameter space corresponding to systems with a
center at the origin (equivalently, systems having a first integral of the
form (2.12)) is the set of common zeros of system (2.16), that is, is the
variety of the ideal I = (g; : ¢ € N), which we call the center variety.. By
the Hilbert Basis Theorem (Theorem 1.1.1) there is an integer m that
system (2.16) is equivalent to the system g; = --- = g, = 0, but it is a
difficult problem to find such m.

A practical approach to finding the center variety is as follows. We
compute the polynomials g; until the chain of varieties (considered as
complex varieties) V(1) D V(I2) D V(I2) D ... stabilizes, that is, until
we find kg such that V(Ij,) = V(Ijy+1), where I, = (g1,...,g%). To
check that two varieties are equal one can use the Radical Membership
Test (Theorem 1.4.3) and the fact that over C, V(I) = V(J) if and only
if /T = /J. Once we have found such a ko we expect that V(I) =
V(Ix,), but all we know so far is the inclusion V(I) C V(Iy,). The
first step in establishing the reverse inclusion is to find the irreducible
decomposition (1.2) of V' := V (I}, ). Having found the decomposition we
must then prove that for each point of V;, 1 <i < m, the corresponding
system admits a first integral of the form (2.12). If this can be done for
every ¢ then we conclude that the variety V(I) coincides with V (Ij,)
and the center problem for the family is solved.

We will discuss this computational procedure in more detail in Sub-
section 2.4, where a more general system is treated. A concrete example
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is the discussion in Subsection 6.1 leading up to the statement of Theo-
rem 6.1.1.

2.3. Normal Forms

Deep insight in the center problem is provided by the theory of nor-
mal forms so before proceeding further we recall some of the main facts
of the theory of Poincaré-Dulac normal forms for systems of differential
equations on C™. Consider the system

(2.17) % = Ax + X(x),

where x € C", A is a possibly complex n x n matrix, and each component
Xk(x) of X, 1 < k < n, is a convergent power series, possibly with
complex coefficients, that contains no constant or linear terms. In brief
the idea is to make an analytic or formal change of variables to reduce
(2.17) to a form more amenable for study, typically by eliminating as
many unnecessary terms as possible. Since there is always an invertible
linear transformation that places the linear part A of (2.17) in Jordan
normal form, we will assume without loss of generality that this has
already been done. For simplicity from now on we assume additionally
that the Jordan normal form is diagonal, that is, that the matriz A is
a diagonal matriz with eigenvalues ki, ...,k,. We denote the ordered
n-tuple of the eigenvalues by k = (k1,...,kn).
We say that system (2.17) is formally equivalent to a system

(2.18) y=Ay+Y(y)

if there is a change of variables

(2.19) x=H(y) =y +h(y)
that transforms (2.17) into (2.18), where the coordinate functions of Y
and h, Y; and h;, j =1,...,n, are formal power series that begin with

terms of at least degree two. If all ¥; and h; are convergent power
series (and all X; are as well) then by the Inverse Function Theorem
the transformation (2.19) has an analytic inverse on a neighborhood of
0 and we say that (2.17) and (2.18) are analytically equivalent.

Henceforth we will use the following notation. For any multi-index
o, the coefficient of the monomial x® in the mth component X,, of X
will be denoted X,S? ). We will use the same notational convention for Y
and h.

Let H?® denote the vector space of functions from C" to C™ each
of whose components is a homogeneous polynomial function of degree
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s; elements of H*® will be termed vector homogeneous polynomials. If
{e1,...,e,} is the standard basis of C",

J
ej =(0,...,0,1,0,...,0)",
then a basis for H* is the collection of vector homogeneous functions
(220) Via = xo‘ej

for all j such that 1 < j < n and all & = (aq,...,a,) € Ny such that
|| = s (where |a| = a1 + -+ -+ ay,). Note that (2.20) is the product of a
monomial and a vector. Supposing that by a series of transformations all
terms in the right hand side of (2.17) that are in H?® for 2 < s < sy — 1
that can be eliminated by a transformation of the form (2.19) have
already been so removed, terms in H®° that can be removed are those
that lie in the image of the linear operator on H®° defined by

(2.21) Lp(y) = dp(y)Ay — Ap(y) ,

where p(y) denotes a vector homogeneous polynomial and dp(y) stands
for the Jacobi matrix of p(y). L is called the homological operator. Tts
eigenvalues are given by the following lemma. See for example [9, 70]
for a proof. For a, 8 € C", (e, 8) will denote the scalar product

(0, 8) = ;B
j=1

Lemma 2.3.1. Let A be an nxn matriz with eigenvalues K1, . .., Ky
and let L be the corresponding homological operator on H?® given by
(2.21). Let k = (K1,...,kn). Then the eigenvalues \; of L are

Aj = (o, K) — Km,

where m ranges over the initial segment {1,...,n} C N and « ranges
over the set {8 € Njj : || = s}.

Suppose m € {1,...,n} and a« € N{J, |a| = a1 + -+ + o, > 2, are
such that
(a,K) — Km = 0.

Then m and « are called a resonant pair, the corresponding coefficient
X,S? ) of the monomial x® in the mth component of X is called a resonant
coefficient, and the corresponding term is called a resonant term of the
vector field X associated to (2.17). Index and multi-index pairs, terms,
and coefficients that are not resonant are called nonresonant.
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If F =73, fax® is a convergent or formal series we say that x* is a
resonant monomial of the series F if (k, ) = 0.

Definition 2.3.2. A normal form for system (2.17) is a system
(2.17) in which every nonresonant coefficient is equal to zero. A normal-
izing transformation for system (2.17) is any (possibly merely formal)
change of variables (2.19) that transforms (2.17) into a normal form; it
1s called distinguished if for each resonant pair m and o the correspond-
g coefficient hﬁfj) is zero, in which case the resulting normal form is
likewise termed distinguished.

Note however that although a normal form is the simplest form that
we are certain to be able to obtain in general, for a particular system it
might not be the absolute simplest. A normalizing transformation that
eliminates all the nonresonant terms could very well produce resonant
terms, which the original system did not have. Thus when normalizing
a polynomial system, which of course contains but a finite number of
terms, we can obtain a normal form that contains infinitely many terms.

Every system is at least formally equivalent to a normal form which,
unless we restrict to distinguished normalizing transformations, need not
be unique.

Theorem 2.3.3. Every system (2.17) can be transformed to its dis-
tinguished mormal form and the distinguished normalizing transforma-
tion that produces it is unique.

Proof.  Assume that a substitution (2.19) transforms system (2.17)
to (2.18). We write Y(y) = > ooy Ys(y) and h(y) = > o2, hy(y), where
Y, and hg are homogeneous vector-valued polynomials of degree s. Then
Y, and h; satisfy

s—1
(222)  dh,(y)Ay — Ah, = [X], - Z dh;(y)Ys41-5(y) — Ys(y)

where by [X]s we denote the degree s homogeneous vector-valued poly-
nomial obtained when X(y 4+ h(y)) is expanded in a power series in y.
Decompose H? as the direct sum H® = H; © H;, in which H; consists
of resonant homogeneous polynomials and H; consists of nonresonant
homogeneous polynomials (that is, H? is the kernel of the operator £ of
(2.21) and L is invertible on H? ).

To find the distinguished normal form we separate the components
on the right-hand side of (2.22) into two parts according to the decompo-
sition H® = H®H; . For the part belonging to H;,, since L is invertible
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on this subspace, we choose Y; = 0 and then h is the corresponding
solution of (2.22). For the part belonging to H? we choose hy, = 0 and

Ya(y) = (X, — 3 dhy(y)Yar1_s(y).
=2

Performing this procedure for all s we obtain the distinguished normal
form of (2.17). Q.E.D.

Lemma 2.3.1 yields the following theorem.

Theorem 2.3.4. Let ki,...,K, be the eigenvalues of the n X n
matriz A in (2.17) and (2.18), set kK = (K1,...,Kkn), and suppose that

(2.23) (o, K) — K # 0

for all m € {1,...,n} and for all @ € N for which |a] > 2. Then
systems (2.17) and (2.18) are formally equivalent for all X and Y, and
the equivalence transformation (2.19) is uniquely determined by X and
Y.

We now discuss the convergence of the normalizing transformation.
A classical result is the Poincaré-Dulac Theorem. Define the Poincaré

domain in C™ to be all points (z1,...,2,) such that the convex hull of
the set {z1,...,2,} C C does not contain the origin. Then the theo-
rem asserts that if the vector (k1,...,ky) of eigenvalues of A in (2.17)

lies in the Poincaré domain then there exists a convergent normalizing
transformation (see Chapter 5 of [4] for a complete exposition).
The following theorem was proved by C. L. Siegel ([79]).

Theorem 2.3.5. Suppose there exist positive constants C' > 0 and
v > 0 such that for all @ € Niy such that |o| > 1 and for allk € {1,...,n}
the inequality

n
g QiR — R

=1

(2.24) > Cla|™

holds. Then there exists a convergent transformation of (2.17) to normal
form.

Siegel’s theorem is strong in the sense that condition (2.24) is sat-
isfied for almost all kK € C™ with respect to Lebesgue measure. However
the condition of the theorem in fact implies that the normal form should
be linear, so the normal form itself is not interesting. An essential further
step in the investigation of the convergence of normalizing transforma-
tion is due to V. A. Pliss [65].
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Theorem 2.3.6. Suppose that for system (2.17)
(i)  the nonzero elements among the Z?Zl ok — Ky, satisfy condition
(2.24) and
(i)  some formal normal form of (2.17) is linear.
Then there exists a convergent transformation to normal form.

Although this theorem still deals with linear normal forms the result
is very useful and it finds a generalization in the work of A. D. Bryuno,
who has achieved fundamental insights into convergence and divergence
problems in his work ([10, 11]). In particular Bryuno introduced two
conditions that together are sufficient for existence of a convergent nor-
malizing transformation:

Condition w: for wy = min(a, k) over all & € N for which
(a, k) # 0 and |a| < 2¢ S22 Inwy < oo;

Condition A (simplified version): some normal form has the
form

(2.25) y = (1+g(y))Ay,

that is, ¢; = k;y,(1 + g(y)) for some scalar function g¢(y).
Clearly Condition w is a sharper version of (2.24) and Condition A
extends the condition of Pliss. Thus we will say that system (2.17)
satisfies the Pliss-Bryuno condition if it can be transformed to (2.25) by
a substitution of the form (2.19).

To reiterate, if Condition w and Condition A are satisfied then a
convergent normalizing transformation exists ([10]).

Asindicated in [85], Bryuno’s criteria have been the standard against
which convergence results are measured. Nevertheless see [81] for sig-
nificant progress, including criteria for divergence of the formal normal
form. For more on the convergence properties of normal forms the reader
can consult [84, 85, 87, 88].

We conclude this subsection with three lemmas that will be needed
later on. The proofs are from [87].

Lemma 2.3.7. Suppose ®(x) is an analytic or formal first integral
of (2.17) and that (2.18) is the distinguished normal form of (2.17)
that arises by means of the distinguished normalization (2.19). Then
O(y) = ®(y + h(y)) is a first integral of (2.18) and it contains only
resonant terms.

Proof. The first assertion is just the chain rule. Write 5(y) as a

sum of homogeneous polynomials, ®(y) = Yoy ¥, (y), where £ > 0.
We prove the second assertion by induction on the degree k.
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Basis step. Because ®(y) is a first integral of (2.18)

Zfi,yj 5y =0

=1

(that is, (d;I;g,Ay) = 0), which means that ®, contains only resonant
terms. _

Inductive step. Suppose that for £ < j < m — 1, ®; contains only
resonant terms. A computation yields

(A, Ay) + > (dDpyr1—j(y), ¥;) = 0.
j=2

Since Y; and ;I;m“, ;j are resonant homogeneous polynomials in the vec-
tor field and in the function, respectively, the second summand contains,
as a function, only resonant terms, hence the same is true of the first.
Thus ® contains only resonant terms. Q.E.D.

Lemma 2.3.8. If system (2.17) has n — 1 functionally indepen-
dent analytic or formal first integrals then its distinguished normal form
satisfies the Pliss-Bryuno condition, that is, is of the form (2.25).

Proof. Let X := (kyy1 4+ YA(Y), .-, fnyn + Yn(y)) be the vector
field corresponding to the distinguished normal form (2.23) and suppose
that Hy(x),...,H,—1(x) are the n — 1 functionally independent first
integrals of (2.17). By Lemma 2.3.7 the vector field X has n — 1 first
integrals H, (¥)y---, ﬁn_l(y), which are functionally independent and
all resonant. N

Let © denote the (n — 1)-dimensional linear space spanned by dHq,
dHQ,. c dH,,_. Since the ﬁj(x) are first integrals of the vector field
X, X is orthogonal to Q and H; — ﬁj. Since all the first integrals I?Il(y)
contain only resonant terms this implies that (A i(y), Ay) = 0 for each
J, hence (k1y1,...,KknYn) is also orthogonal to Q. Since we are in n-
dimensional space, the two vector fields X and (K11, - - KnYn) must
be parallel at each point y in a neighborhood of the origin. Hence there
exists a function of the form 1+ ¢(y) such that

X = (Hlyl(l + g(y)), DI ”inyn(l + g(y)))
Q.E.D.

Lemma 2.3.9. If system (2.17) has n —1 functionally independent
analytic or formal first integrals on a neighborhood of 0 in C" then
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the distinguished normalization (2.19) that transforms (2.17) into the
distinguished normal form (2.25) is convergent.

Proof. We give the proof for the case that not all the eigenvalues
of the matrix A are zero.

By Lemma 2.3.8 the distinguished normal form has the form (2.25).
By the proof of Theorem 2.3.3 the coefficients h;a) satisfy
(2.26)

o e - —0), (¢

(1) = k)R = [X;(y +R)))@ —r;0@) =5 37 fimig@OnO
i=1 LeN}
(<

where [X;(y+h(y))](® (which henceforth will be abbreviated to [X;](*))
denotes the coefficient of y® when X;(y + h(y)) is expanded in powers
of y and £ < o means oo — ¢ € Nj.

If (o, k) — k; = 0 then by Theorem 2.3.3 (2.26) yields

(2.27) h;a) =0 and gl@ %) = Iij_l ([Xj](a) - Z (K,H)hgé)g(az))
LeENy
L<a
But since ¢g(®~9 is the coefficient of a resonant term, (o — £, k) = 0,
so (¢,k) = (a, k) = Kj, hence hy) is the coefficient of a resonant term,
hence is zero (since the normalization is distinguished), and in fact (2.27)
is

(2.28) h;a) =0 and g¢@7%) = m;l[Xj](a).

If (a, k) — #; # 0 then making the choice g(®~9 =0, (2.26) yields

« — a 4 a—
(2.29) hP(@@nﬁﬁm”mem<®.
LeN?
(<«
Thus in the distinguished normalizing transformation x = y + h(y) the
coefficients of h are given by (2.29) and the distinguished normal form
is
Uj = K5y (1 + Y 9<°“ej)y(a‘eﬂ‘>), 1<j<n
a—e; ENg'

afej;aéO

in which (a —e;,x) = 0 and the g{®~%i) satisfy (2.28).
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By the results of [15] and [53], since system (2.17) has n — 1 func-
tionally independent analytic first integrals on a neighborhood of 0 in
C™ the eigenvalues kK1, ..., k, of the matrix A satisfy

81,161 + -+ S1pkp = 0,
(2.30)
Sn—1,1K1 +---+ Sp—1,nkn = 07

where the n—1 vectors (s1,1,...,51,n),--+, (Sn—1,15- -, 8n—1,n) € N are
linearly independent. Without loss of generality we can assume that the
solution of (2.30) is

V1 Vp—1

K1 = —Rn,...,Kkp-1 =
M1 Hn—1

Rn

where p; € Z\ {0}, v; € Ny, and each pair p; and v; are relatively prime
for j =1,...,n—1. Thus for any a € Nj and j for which |a| > 2 and
|(a, k) — k| # 0 we have that for some M; € N,

M

J
Nl"'ﬂn—

|kn| > L 7
1 M1 fp—1

(e, k) = 5] =

where the last inequality holds because of our assumption that at least
one eigenvalue of A is nonzero. Setting 6 = uy -+ pin—1/|kn|, for any
a € Ny for which |o| > 2 and |(a, k) — Kj| # 0,

(2.31) (o, k) — k|7t <6
Then using the fact that (¢, k) = (o, k) = Ky,

> (LrhOged

LeNg
(<«

(e, k) = £

< 3 (1l ) = gl g gt
LeN]
(<o

< D (46l ) @ge 0],
LeNy
{<o

Setting p = max{1 + d|x;| : 1 < j < n} we obtain from (2.29)

I <SG+ p 3 (Vg0

LeNy
L=<
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By the Cauchy estimates there exists a polydisk
D ={lyj| <r:1<j<n}

on which |[X;]®| < Mr~lol where M = max; supyp, |X;|.

Recall that a power series £ = > ¢ (@) is said to majorize a power
series ¢ = 3. ¢(®z*, denoted ¢ < &, if [¢(@)] <&@ for all & € Ny Let
X(x) = le =T —lolx® Then X is analytic on D and majorizes X;
for each j. Otherwise for any series w we let w denote the majorant of
w obtained by replacing each coefficient in w by its modulus. Then for

v =max{|k;|7': 1 <j <n},

(232) > hj+g Zﬁ]—&-’g\ (né+v)X(y+h)+ (p+1) Zh]g.
=1

y=(u,u,...,u)
Then W (u) has the form W(u) = uV (u) and by (2.32)

(2.33) uV(u) < (nd + )X, (1+ V(u) + (p+ 1)V (u)?u?

where X, (1 + V(1)) = X(u+ hy(u,...,u), ... ,u+ hn(u, ... u)/u.
Defining

(2.34) L(u,s) = s — (nd + v)uX,(1+s) — (p+ 1)su,

it is clear that I is analytic on a neighborhood of the origin and satisfies
I'(0,0) = 0 and g—E(O, 0) = 1. By the Implicit Function Theorem there
is a unique analytic solution s(u) of I'(u, s) = 0 satisfying s(0) = 0 in
a neighborhood of the origin. A comparison of (2.33) and (2.34) shows
that s(u) majorizes V(u), hence V is analytic in a neighborhood of the
origin, hence W is, which in turn implies convergence of Z;-lzl Ej + 9,
hence ultimately of h; and g. Q.E.D.

In the course of proving Lemma 2.3.9 we showed that the existence
of n — 1 functionally independent first integrals implies the estimate
(2.31). This means that in this case Condition w is fulfilled. Thus the
convergence of the normalizing transformation follows from the result
of Bryuno. However we have presented a detailed proof to demonstrate
the usage of the method of majorants, which is the main tool for prov-
ing convergence of normalizing transformations in the theory of normal
forms.
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2.4. Complexification and the p : —¢ Resonant Center Prob-
lem
Computation of the obstacles for integrability of systems (2.4) will
be further simplified if we consider a generalization of the center problem
suggested by Dulac ([31]). We introduce the complex variable

(2.35) x] =u+ v,

thus regarding the real plane (u,v) as a complex line. Differentiating
(2.35) we obtain the complex differential equation

(2.36) i1 = (a+if)r; + Xy (21, 71),

where X; = P +iQ and P and @ (from (2.4)) are evaluated at (z7 +
71)/2,(x1 — T1)/(2¢). Adjoining to this equation its complex conjugate
we obtain the system

i‘l = (Oé + ’L,B)Zﬁl +X1(131,[El)

(2.37) . R —
1 = (a—1iB)T1 + X1 (21,71)

We observe that if a system (2.11), which is a particular case of (2.4),
has a first integral of the form (2.12) then the corresponding system
(2.37) admits a first integral of the form

U=uxZ1+- .

It is convenient to consider Z; as a distinct variable xo that is in-
dependent of xy, the function X;(x1,Z;) as a new independent function
Xo(x1,x9), and in place of (2.37) work with the more general system

1 = (a+if)xy + X1 (21, 22)

(238) i’g — (Oé — Z/B).’EQ + X2(Ila ‘TQ) :

If in going from (2.37) to (2.38) we maintain the condition that
Xo(z1,71) = X1 (21, Z1) then system (2.38) on C? is the complezification
of the real system (2.4) on R?. In this case the complex line II :=
{(z1,22) : ©2 = T1} is invariant for system (2.38); viewing II as a two-
dimensional hyperplane in R*, the flow on II is precisely the original
flow of system (2.4) on R2. In this sense the phase portrait of the real
system has been embedded in an invariant set in the phase portrait of
a complex one.

For the center problem the case of interest is & = 0. In this situation
a time rescaling by i yields from (2.38) the system

1= z1+ X1(z1,22)

2.39
( ) —$2+X2($1,$2).

T
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This latter family is a particular subfamily of the family

(2.40) f= gt (o, 5)
&g = —qro + Xo(x1,22)

where p and ¢ are relatively prime positive integers.
It is easy to see from condition (2.43) below that if system (2.40)
has a first integral represented by the formal power series

U (zq,z2) Z uljx1x2
i+5>0
1,J€No
that begins with terms of order at most p + ¢ then up to rescaling by a
non-zero constant ¥ must be of the form

— 9,.P i oJ

(2.41) (21, 22) = xjzg + E , Vig,j—pT1T
i+j>p+q
i,7€Ng

where the indexing has been chosen so as to simplify formulas that we
will obtain below.

The observations presented above suggest the following generaliza-
tion of the concept of a center to systems of the form (2.40) (see [91]).

Definition 2.4.1. System (2.40) has a p : —q resonant center at
the origin if it admits an analytic first integral of the form (2.41).

We consider polynomial systems (2.40) on C2, which we write in the
form

T = pr— Z Q5T H_y —P(m,y),
(i,7)€8

J=—qy+ Y bty =Q(z,y),

(i,7)€S8

(2.42)

where p,q € N, GCD(p,q) = 1, and where, for some ¢ € N, S is an
ordered f-element subset

S = {(u1,v1), (uz,v2),..., (u1,ve)}

of N_; x Ny, every element of which satisfies uy + vx > 1, where N
denotes the set of natural numbers and for a non-negative integer n,

= {-n,...,—1,0} UN. The notation (2.42) simply emphasizes
that we take into account only non-zero coefficients of the polynomials
of interest and will simplify formulas that occur later. We denote by
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(@, 0) = (Quy vy s Qugvas - - > Qugvps Dogugs - - -5 Doy uy ) the ordered vector of
the coefficients of system (2.42), by E(a,b) = C?* the parameter space
of (2.42), and by Cla, b] the polynomial ring in the variables a;;, bj;.

Writing X = P% —|—Qa% for the vector field corresponding to (2.42),
the condition that a function ¥(x,y) be a first integral of (2.42) is the
identity

det OV ov

2.43 XV = —P — =0
(243 o Pla) + 5Q(9) =0,
which for functions of the form (2.41) is
(2.44)
(gz9'yP + Y g ) (pr— X amnz™y")
i+j>p+q (m,n)€eS
_l’_
(priy?='+ 3 JUiegipry ) (cay+ X bama”y™ )
i+j>p+q (m,n)es
=0.

We augment the set of coefficients in (2.41) with the collection
(2.45) J={v_g4s4-5s:5=0,...,p+q},

where in agreement with formula (2.41) we set vgg = 1 and vy, = 0
for all other elements of J, so that elements of J are the coefficients
of the terms of degree p + ¢ in ¥(x,y). We also set app = bpm = 0
for (m,n) ¢ S. With these conventions, for (ki,k2) € N_y x N_,, the
coefficient gy, x, of z¥179y*2FP in (2.44) is zero for k; + ko < 0 and for
]{11 + ]{52 Z 1is

(2.46)
gkl,kg =
(pkl - qk2)0k17k2
ki+ko—1
- Z [(81 + Q)a’klfsl,szsz - (SQ +p)bk?1*81,k2*52] Usy,s2+
$1+82=0

$1>—q, $2>—p

This formula can be used recursively in an attempt to construct a formal
first integral ¥ for system (2.42), at the first stage finding all vy, x, for
which k1 + ko = 1, at the second all vy, x, for which ky + ks = 2, and so
on. For any pair k1 and ko, if

(2.47) qky1 # pko,

and if all coefficients v, ¢, are already known for ¢; + {3 < ki + ko, then
Uk, .k, 1S uniquely determined by (2.46) and the condition that g, x, be



300 V. G. Romanovski and D. S. Shafer

zero. But at each of the stages k1 + k2 = k(p + ¢q), k € N (but only at
these stages, since GCD(p,q) = 1) there occurs the one resonant pair
(k1, ko) = (kq, kp) for which (2.47) does not hold, hence for which (2.46)
becomes
(2.48)
9kq,kp =
kq+kp—1
- Z [(51 + q)akl—sl,kz—sz - (82 +p)bk1—81,/€2—82] Usy,s2
s1+s52=0
$12—q,522>—p
so that the process of constructing a first integral ¥ succeeds at this step
only if the expression on the right hand side of (2.48) is zero. In this
case the value of vy, k, = Uggkp is not determined by equation (2.46)
and may be assigned arbitrarily.

We remark that even though it is not generally true that an integral
of the form (2.41) exists, the construction process described above always
yields a formal series of the form (2.41) for which XV = ¥, P + ¥, Q
reduces to

(2.49) XV = gq’p(qup)z + 92q72p(qup)3 + 93q,3p($qyp)4 +--

where the polynomials gxq kp are computed by (2.48).

It is evident from (2.46) that for all indices (k1,k2) € N_g x N_,,
Uk, ks 1S @ polynomial function of the coefficients of (2.42), that is, is an
element of the ring that we have denoted Cla, b], hence by (2.48) so are
the expressions grqkp for all k. As above we would like to regard the
polynomial g4 rp as the kth “obstruction” to the existence of the integral
(2.41). It is certainly true that if at a point (a*,b*) of our parameter
space E(a,b), grq.rp(a®,b*) # 0, then the construction process fails at
that step. However, although g, , is uniquely determined, for £ > 1
Jkq.kp 18 not, since for £ < k vgy ¢y was arbitrary. Thus although it is
true that the vanishing of giq xp(a*,b*) for all k£ € N is sufficient for the
existence of a formal first integral of the form (2.41), it is not clear a
priori that it is necessary. In Theorem 2.4.4 below we prove that the
condition is indeed necessary, independently of the choices of the vgq ¢p.

Definition 2.4.2. Fiz a set S. The kth focus quantity of the family
(2.42) is the polynomial giq kp- A Bautin ideal of the family (2.42) is
the ideal B = {(gq.p, 92q.2ps - - - » Gjq.jps - - -) i1 Cla,b]. The center variety
of the family (2.42) is the variety of the Bautin ideal,

Ve = V((9q,ps 920,25 - - -+ Gjgips - - )
={(a,b) : gjq.jp(a,b) =0 for all j € N}.
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We now prove that the variety V¢ is the same for all choices of the
polynomials vj4 jp, 7 € N that determine g4 1p and thus that the center
variety V¢ is well-defined. For that purpose we will need the following
lemma.

Lemma 2.4.3. Suppose the system & = Ax admits n — 1 indepen-
dent polynomial first integrals. If system (2.17) admits n—1 functionally
independent analytic or formal first integrals (i.e., possibly some of each)
then it also admits n—1 functionally independent analytic first integrals.

Proof. 1f system (2.17) admits n — 1 analytic or formal first in-
tegrals then by Lemmas 2.3.8 and 2.3.9 the system is transformed to
the distinguished normal form satisfying the Pliss-Bryuno condition by
a convergent transformation. By hypothesis the system in normal form
has n — 1 polynomial first integrals. Applying to these integrals the in-
verse of the distinguished normalizing transformation we obtain n — 1
functionally independent analytic first integrals of (2.17). Q.E.D.

Theorem 2.4.4. Consider a family of systems of the form (2.42),

with parameter space FE(a,b) = C**, where p,q € N, GCD(p,q) = 1.

1. Let ¥ be an analytic or formal series of the form (2.41) and let
Ga.ps 92¢.2ps 93q,3ps - - - be polynomials in Cla,b] that satisfy (2.49)
with respect to the system (2.42). Then the system in family (2.42)
corresponding to the choice of coefficients (a*,b*) € E(a,b) has a
center at the origin if and only if grqrp(a®,b*) =0 for all k € N.

2. LetV and gqi,pr be as above and suppose there exists another func-
tion U’ of the form (2.41) and polynomials g, ,, G54 25> G3g.3ps - - - 11
Cla.b] that satisfy (2.49) with respect to the family (2.42). Then
Ve = V¢, where

Ve = V((Qq,p(% b)? ng,Qp(a7 b)7 .- >)

and
VC/ = V((Q;,p(av b), gl2q,2p(a7 b)v .- >)

Proof. 1) Suppose that family (2.42) is as in the statement of the
theorem. Let ¥ be an analytic or formal series of the form (2.41) and
let {grq.kp(a,b) : k € N} be polynomials in (a,b) that satisfy (2.49).

If, for (a*,b*) € E(a,b), grgrp(a*,0*) = 0 for all & € N then ¥
is an analytic or formal first integral for the corresponding family in
(2.42). By Lemma 2.4.3 there also exists an analytic first integral, so by
Definition 2.4.1 the system has a center at the origin of C2.

For the converse, suppose that there exists a & € N and a choice
(a*,b*) of the parameters such that g;q jp(a*,0*) =0for 1 <j<k-—1
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but grgrp(a®,b*) # 0. Let H(z1,y1) be the distinguished normalizing
transformation (2.19) that produces the distinguished normal form

(o)
i1 = pri+m ZX(jQ+1,jp)(x‘{y117)j = pr1 + 21 X (x9y?)
j=1

(2.50)

oo
1=y + 31 Y YOI ) = gy Y ().
j=1

and consider the function F' = W o H. By the proof of Lemma 2.3.7 we
see that
F(z1,y1) = 2y + fa (@fy])® + -+ fi (21y1)* + Uz, 1)
= f(@{yy) + U(21,91)
where U(z1,y1) begins with terms of order no less than k(p + ¢) + 1.
Thus OF
oz = qz{yl f'(z1y?) + (@1, 91)
T
and OF
v~ = peiyl f (@) + Bl )
1
where a(z1,y1) and 5(z1,y1) begin with terms of order no less than
k(p+ q) + 1, and so the left hand side of (2.43) is
pa(zi,y1) — Bz, 1)
+ (g X (21y7) + pY (21y7)) 2y7 f'(21y7)
+ X(@y)) alzr, y1) + Y (@1y7) B, v1) -

Hence if we subtract

po(z,y1) — Bz, y1) + X(2fyy) a(zr, y1) + Y (z{y)) Bz, v1),

which begins with terms of order at least k(p + q) + 1, from each side of
(2.43) we obtain

(2.51) G(2{y?) 23t £ (1Y) = grgrp(a™, b*) (@fyD)s + -+,

where G(2{y) = ¢X (21y7) + pY (2{y}).

Now suppose, contrary to what we wish to show, that system (2.42)
for the choice (a,b) = (a*,b*) has a center at the origin of C?, so that it
admits a first integral ®(x,y) = x%y? + ---. Then by Lemma 2.3.8 the
distinguished normal form (2.50) satisfies the Pliss-Bryuno condition.
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But this means that the function G vanishes identically, hence the left
hand side of (2.51) is identically zero, whereas the right hand side is not,
a contradiction.

2) It Ve # V{ then there exists (a*,b*) that belongs to one of the
varieties V¢ and V2 but not to the other, say (a*,b*) € V¢ but (a*,b*) ¢
V¢. The inclusion (a*,b*) € Ve means that the system corresponding to
(a*,b*) has a center at the origin. Therefore by part (1) gy, 1, (a*,b*) =0
for all k& € N. This contradicts our assumption that (a*,0*) ¢ V7.

Q.E.D.

The center variety therefore corresponds exactly to those systems of
the form (2.42) for which there is a center at the origin of C2, in the
sense of Definition 2.4.1. In the case that (2.42) is a system on R? rather
than C? the polynomials g;, ;, are still defined but in that context are
called the saddle quantities of the system.

2.5. Integrability of a Cubic Family

As an illustration and application of the ideas developed so far, in
this subsection we derive a set of sufficient conditions for existence of a
2 : —3 resonant center in a plane cubic system. We begin, however, with
a general observation.

When investigating integrability one sometimes obtains integrals or
integrating factors that are defined for some but not all values of the
parameters. Instead of looking for explicit forms of first integrals in the
remaining “degenerate” cases one can often conclude that integrals exist
using the geometric argument given in the following lemma.

Lemma 2.5.1. Suppose the parameters in the family of systems
(2.42) are the coefficients of the polynomials, so that the parameter space
is E(a,b) = C*, and let V and W be varieties in E(a,b) such that
system (2.42) admits a local analytic first integral of the form (2.41) for
all values of the parameters in V.\ W. If

(2.52) VAW =V

(where the overline denotes the Zariski closure) then the system admits
a local analytic first integral of the form (2.41) for all values of the
parameters in V.

Proof. By Theorem 2.4.4 the set of all systems that admit a local
analytic first integral of the form (2.41) is the variety of a Bautin ideal
V(B). By hypothesis V'\ W C V(B). Taking the Zariski closure we
obtain V'\ W C V(B). Thus by (2.52) V C V(B) and all systems from
V admit a local analytic first integral of the form (2.41). Q.E.D.
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For some varieties it is straightforward to check whether (2.52) holds.
In more complicated situations, if V.=V (I) and W = V(J), if [ is a
radical ideal then since k = C by (1.7) VAW = V(I : J), so (2.52)
holds if I : J = I. If I is not radical then it may be replaced by v/T,
since V(I) = V(\/T).

The system that we treat in this subsection is

- 2 2
& = x(2 — axx® — anry — ap2y”)
2

2.53 .
( ) Y= y(_3 + b20.132 + b11.13y + bogy

);

which was studied in [36]. We first recall the following result of [16]
which we will need for our analysis. It was first observed in [36] that the
result is valid for non-integer values of ¢ when the result is stated as we
do here (compare with Definition 2.4.1).

Theorem 2.5.2. The system

. 2 2
& = z(1 — agez® — aj12y — ap2y”)
2

2.54 .
( ) U = y(—q + baox® + bi12y + boay

)
with ¢ € R and ¢ > 1 has a first integral of the form

U(z,y) =aty+ Y wvia'y
i+j>14q
1,7€Np
if at least one of the following conditions holds:
(1) a1 = by = b1 =0;
(2) an = (q—2)az —bao = 0;
(3)  qazoair + a11bao + (¢ — 2)agebir — baob11 =0,
qazoaoz + (¢ — 1)agoboz — baoboz = 0, and
qai1ao2 — qagzbii + (2¢ — 1)a11bo2 — bi1bo2 = 0.

As a preliminary result we first derive a collection of sufficient con-
ditions for linearizability of system (2.53). Computational constraints
that will arise later force the restriction to the three cases based on the
values of a7 and byy. The condition agg = bog arises from the method
of proof.

Theorem 2.5.3. System (2.53) has a linearizable resonant center
at the origin if at least one of conditions («), (8), and () holds:
(Oz) all = b11 =1 and
(1) bg():ago:o or
(2) ago—bzo =0 and
270,(2)21%0 - 9(102()%0(702 + ].44(102(720 - 28b20b02 + 48 = 0,’
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(B) a11:1, b11 :0, and
(1) bgOZG,Qo:O or
(2) ago—bzo =0 and
27&82b%0 — 90,02[)%0[)02 + 396ag2b29 — 52b20bg2 + 360 = 0;
(’7) aj] = 0, b11 = ]., and
(1) a02:a20—b20:0 or
(2) a0 — bao = 3ap2bzo — baobo2 + 6 = 0.

Proof. Following the method developed in [23] we make the sub-
stitutions v = zy and w = y?. When ayy = by we obtain a system of
ordinary differential equations on the whole (v, w)-plane:

O = —v + (b1 — a11)v? + (bog — agz)vw

(2.55) _ , ,
w = —6w + 2b20’l) + 2[)11'011} + 2b02w .

Since the convex hull in C of the set eigenvalues {—1,—6} of the linear
part does not contain the origin of C, by the Poincaré-Dulac Theorem
(Subsection 2.3) there exists an analytic change of coordinates (v1, w1) =
&(v,w) bringing (2.55) to its normal form

(2.56) 0 = —vy, W = —nwi+ av?.

Thus system (2.55) is linearizable if and only if the coefficient @ in the
resonant monomial av$ in the normal form is zero. In terms of the
coefficients of (2.53) the coefficient a is
(2.57)
b2 (360a]; — 516a3,b11 + 240a7,b7; — 36a11b3,
+ 396(10204%1b20 — 52&%11)02[)20 — 306&02&11()11()20

+ 24&11b02b11b20 + 54(102()%1(720 + 27@%21)30 — 9(102()02()%0).
Setting a17 = b1 = 1 in (2.57) gives that a = 0 provided
bgo (48 + 144&02[)20 — 28b02b20 + 27&%217%0 — 9&02[)02[)30) = 0,

which yields («).
Setting a11 = 1 and b1; = 0 in (2.57) gives that a = 0 provided

b20(360 + 396a02b20 — 52bo2bao + 27agyb3y — aozbozbsy) = 0,

which yields ().
Finally, setting a;; = 0 and by; = 1 in (2.57)) gives that a = 0
provided
a02b30(6 + 3agabao — bozbao) = 0,
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which yields subcases (7).
The linear system has the first integral W(vy,w;) = v$/w; off the

vi-axis. By invariance of the w-axis v = 0 in (2.55) the normalizing

transformation has the form (v, w;) = £(v,w) = (v(1 + (1)),w + -(?)-),

where the symbol (k) over the dots indicates the lowest order of the
omitted terms, so that we obtain an analytic first integral (where de-
fined)

() (4)
O(z,y) = ‘I’(ry(l +h) )

(2)\6
6,6
xy(1+~~~) 2)

6,2
— - 14+ 22,
5 @ oy (L+--)
But this last object is a formal first integral of (2.53), which by taking
square roots gives a formal first integral of the form z3y +- - -, which im-

plies existence of a local analytic first integral of the same form. Q.E.D.

The following theorem gives a collection of sufficient conditions for
integrability of system (2.53). Along with the results of [30] these con-
ditions constitute the list of necessary and sufficient conditions for inte-
grability.

Theorem 2.5.4. System (2.53) has a resonant center at the origin
if at least one of conditions (&), (8), (v), and () holds:

(o) a1 =b11 =1 and at least one of the following holds:
(1) ag()*bgoio and
270,321%0 - 9(1021)%01)02 + ].440,02(720 - 28b20b02 + 48 = 0,’
(2)  bag =ag =0;
(3) bo2 = az =0;
(B) a1 =1, by1 =0, and at least one of the following holds:
(1) ago—bgozo and
27&32b%0 - 9(102()%0()02 + 396a02b290 — 52b20bg2 + 360 = 0;
(2) bao =az =0;
(3)  agboz + 6 = bag = ag2 — bo2 = 0;
(4) a20boz — 6 = bag = 3ags + 4bpz = 0;
(5) baobo2 + 18 = 3age + 4bp2 = asg + 3b2g = 05
(6)  3aoz + 4boz = 3azg + 2b29 = 0;
(v) a1 =0, b1 =1, and at least one of the following holds:
(1) b02=a02:0;
(2)  3ag2bao — baoboz + 6 = azg — bag = 0;
(3) a2 = agp — by = 0;
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(4) a0+ 2bgg = 0;
(0) a11 =0bi1 =0 and at least one of the following holds:
(1)  3aspaoz + a2boz — 2b20bo2 = 0;
(2) agz = 0;
(3) bgo = 0,’
(4) g0 + 2bgy = 0.

Proof.  Computing the conditions. Using formulas (2.46) and (2.48)
we compute the first twelve focus quantities gs 2, ..., g36,24. We find
that gg(2k4+1)p2k+1) = 0 for & = 0,...,5 and that (after rescaling by
504)

g6.4 = 1512at a0 + 216ag2a3; a3y + 36a3,azgbo2 — 176403 azobr;
— 288aoga11a§0b11 — 72a11a§0b02b11 + 672@?1a20b%1 + 72a02a30b%1
+ 20a3ybozb?; — 84a11azb?; + 1008at,bag + 2196a02a3, azobao
+ 63a3,a30ba0 + 57603, asoboabao + 21ageasgboabag — 1848a3,by1bag
— 1386a02a11a20b11b20 — 272a11a20bo2b11b29 + 1008a7 b3, bao
+ 198a02a20b% 1 bao + 20a0bo2b? bag — 168a11b3,bag + 360agaa?, b2,
+ 12602, a20b3y — 97643, boab3, — 468ag2a11b11b30 + 512a11bo2b11b3,
+ 108agab?, b3y — 40bgab? b3y — 84ag2boabig.

The rest are too long to be presented here, but the interested reader
should have no trouble computing them using (2.46) and (2.48) with
any popular computer algebra system.

The next step is to find the irreducible decomposition of the vari-
ety of the ideal Bia = (g6.4,912,8,---,936,24). Even using the routine
minAssGTZ of the special purpose program SINGULAR and working in
modular arithmetic this proved to be computationally infeasible. In-
deed, even after applying a rescaling x — ax, y — Sy in order to
reduce the number of parameters by assigning specific values to pairs of
nonzero coefficients the computations are still very difficult. Therefore
we limit our considerations to the following four cases: («) a1 = b1 = 1,
([3) a1 = 1, bll = 0, (’}/) a1 = O7 bll = 1, and (5) a1 = b11 =0.

In case (0), computing over Q we obtain conditions (¢) of the theo-
rem.

In case (3) it was not possible to complete the computations with
minAssGTZ working over Q so we used the modular approach presented
in Subsection 1.5. Executing minAssGTZ with coefficients in the field of
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characteristic 32003 yields the following list of associated prime ideals:

P = (azp — bao,
ayb3 — 10668a02b30bo2 — 10653a02bag — 8299bagbos + 10681)
Py = (b2, azo)
Py = (a2 + 10669bgz, azg — 10667bag)
Py = {agz + 10669boa, az + 3bag, baoboz + 18)
Ps = (bag, agz + 10669bgz, asoboz — 6)
Ps={

= (b0, ag2 — boz, a20bo2 + 6)

Using the rational reconstruction algorithm given in Subsection 1.5 we
obtain the conditions (3) of the theorem.

To check the correctness of the decomposition we follow the proce-
dure described in Subsection 1.5. A simple check shows that each of
conditions (3) yields the vanishing of all the generators of the ideal Bjs.
However, since modular computations were used some components of
the irreducible decomposition of the variety V(B;2) might have been
lost. To check that the decomposition is correct we use the function
intersect of SINGULAR to compute P = N{_, P;. Then using the Rad-
ical Membership Test (see Subsection 1.4) we verify that each polynomial
of P vanishes on V(B;2). This means that conditions (1) through (6) of
(8) give the correct decomposition of the variety of the ideal Bi2 when
a1 = 1 and b11 =0.

In the same manner we obtain the conditions («) and () of the
theorem.

Proof of sufficiency. It must now be shown that in each of the seventeen
cases in Theorem 2.5.4 the corresponding system is indeed integrable.
One of the most useful techniques for doing so is the method of Darboux,
which is based on the construction of first integrals or integrating factors
using algebraic invariant curves and which will be described in detail in
Subsection 3.2.

In twelve of the seventeen cases in Theorem 2.5.4 integrability fol-
lows directly from Theorem 2.5.2 or Theorem 2.5.3 and in three of the
remaining cases a Darboux integrating factor can be constructed, as
indicated in Table 1. Table 2 lists the invariant curves and Darboux
integrating factors for the latter three cases, as well as for a fourth case
in which a Darboux integrating factor can be constructed. As Table 2
shows, in the case (8)(2) the integrating factor does not exist, hence
integrability is not guaranteed, when bge = 0, but this situation, as well
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G ) Case in
Tise m 054 Theorem 2.5.2 Other method
€orem 2.o. or Theorem 2.5.3

2.5.4(a)(1) 2.5.3()(2)

2.5.4(a)(2) 2.5.3(a)(1) also series
2.5.4(c)(3) 2.5.2(3)

2.5.4()(1) 2.5.3(8)(2)

2.5.4(8)(2) 2.5.3(8)(1) also Darboux IF
2.5.4(5)(3) Darboux IF
2.5.4(5)(4) Darboux IF
2.5.4(8)(5)

2.5.4(8)(6) 2.5.2(3) [when ¢ = 3]

2.5.4(v)(1)

2.5.4(v)(2) 2.5.3(7)(2)

2.5.4(v)(3) 2.5.3(a)(1)

2.5.4()(4) 2.5.2(2)

2.5.4(0)(1) 2.5.2(3)

2.5.4(0)(2) Darboux IF
2.5.4(5)(3) 2.5.2(1)

2.5.4(6)(4) 2.5.2(2)

Table 1. Cases in Theorem 2.5.4.

as several others like it, is covered by Lemma 2.5.1. We also note that in
the first three cases in Table 2 appeal must be made to Theorem 3.2.7.
In the last case in Table 2, using the integrating factor one can construct
the explicit first integral, in terms of the hypergeometric function,

3x3y2
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As indicated in Table 1, case («)(2) can also be handled by a dif-
ferent method, which we now describe in detail in order to illustrate the
technique. Writing just a for age and just b for bys the corresponding
system is

(2.58) i =2z — 2%y —axy?, = —3y+ay’+by’.
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Case  Invariant curves Integrating factor

aq

B)2) foa=1%4/%y ffzf;%(f3f4)7%725022

faa=1% /b2y

e Il Ei i
f5:1+%x2—2xy

faa=1=E/2y

fs6=1% (\/ %l“-f' b%y>
b20

(5)(2) f3,4 =1+ %(E f‘f4f'2*3(fsle)f%fE

P2 (st E (o)

Table 2. Integrating factors and invariant curves in addition
to fi =x and fo = y.

We look for a formal first integral of the form
U(w,y) = 3 h(a)y".
k=2

Inserting this expression for ¥ into (2.43) and equating the coefficient
of ¥ to zero gives a sequence of first order linear ordinary differential
equations that the unknown functions hj must satisfy:

(2.59) 2zh), — 3khy, = 2?h),_, — (k — D) zhy_1 + azh),_, — (k — 2)bhg_o

(where we initialize by setting hg = hy = 0). We will prove by induc-
tion on k that there exists a sequence of polynomial functions hj with
deg hy < k + 1 that solves the sequence of differential equations (2.59).
Basis step. It is immediate that ho(x) = 22 solves (2.59) for k = 2 (and
that hz(z) = —z* solves (2.59) for k = 3).

Inductive step. Suppose that for & = 2,...,m—1 there exist polynomials
hy satisfying (2.59) for which deg hy < k+ 1. The solution of (2.59) for
k=mis

(2.60) hn () = %me/z/mflfgm/ng(x) dz

where g,,(x) = 2%h!, | — (mk — V)xhy,_1 + azxh!, o — (m — 2)bh,,_o.
By the inductive hypothesis g, is a sum of constants times powers of x



Centers and limit cycles 311

for which the powers all lie in the set {0,1,2,...,m,m + 1}, hence the
integrand is is a sum of constants times powers of = for which the powers
all lie in the set {—%m —14s5:0<s<m+ 1}, which cannot contain
—1 since m > 4 implies s < %m. Thus no logarithm is produced, so
that if we choose the constant of integration to be zero the right hand
side of (2.60) produces a sum of constants times powers of z for which
the powers all lie in the set {(—2m —1+s)+1+3m:0<s<m+1},
whose largest element is m + 1.

Thus (2.58) admits a formal first integral which by our choice of hs
is of the form x3y? + ... Consequently by (1) of Theorem 2.4.4 it has
an analytic first integral of such a form around the origin.

There remain cases (8)(5) and (y)(1). The latter is just like case
(8)(2) with a1, asg, and bog swapped with by, aga, and boe, respectively.
In particular there exist the two additional invariant curves 1+4/as0/2z.
As for case (8)(5), when bga # 0 the system is

& =20 — pha® — 2Py + Shosry®, G = 3y — 122y + boay®.

bo2 bo2

When by > 0 the change of variables

o VB o VB
Vbos Vo2

has the effect of making by, = 3. Retaining the notation x and y in the
new system we find that the substitution

42 v _ 8x3y(3z +y—1)(1+ 3z +y)

X = oy =
(—1 4 3zy + y?)? (=14 3zy + y?)*

transforms it to
X =4X —2Y —9X?% Y =3Y(1 - 8X),

which has a node at the origin. The transformed system admits a first
integral of the form ® = Y*/(X + kY + O(2))3, which pulls back to a
first integral of the form

® = 2%*(k+0(1)), (k>0 is a constant).

We can then take square roots to obtain a suitable first integral of the
original system.

If bgo is negative we can effectively make by = —3 by means of a
similar transformation along with x replaced by iz and y by y/i, which
is still real once we multiply out the terms corresponding to the product
Bz 4+y —1)(1 + 3z + y) in the transformation above.

The situation bps = 0 is covered by Lemma 2.5.1. Q.E.D.
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§3. Higher Dimensional Systems

3.1. The Center Problem For Higher Dimensional Systems

Normal form theory provides a natural generalization of the center
problem to the case of higher dimensional systems. We have seen above
that the existence of a center in system (2.40) is equivalent to local
analytic integrability of the system. It is also equivalent to the fact that
the distinguished Poincaré-Dulac normal form of the system satisfies the
Pliss-Bryuno condition. An n-dimensional system

(3.1) % = Ax + X(x),

is said to be completely integrable if it admits n — 1 functionally inde-
pendent first integrals. Thus a natural extension of the concept of a
center for system (2.40) to the case of system (3.1) is the condition that
the latter system have n — 1 functionally independent analytic or formal
first integrals. This property has been studied in [53, 85, 87, 88|, with
the result stated in Theorem 3.1.1. As above, for simplicity we assume
that the matrix A in (3.1) is diagonal. We will also assume that it has at
least one nonzero eigenvalue and will let k = (K1, ..., K,) be the n-tuple
of its eigenvalues. Let

(3.2) R={aeNy:|al >0and (k,a)=0}

and let r denote the rank of the Z-module spanned by elements of the
set fR.

Theorem 3.1.1. System (3.1) has n — 1 functionally independent
analytic or formal first integrals on a neighborhood of 0 in C™ if and
only if r = n — 1 and the distinguished normal form of (3.1) satisfies
the Pliss-Bryuno condition.

Proof. Suppose r = n — 1 and the distinguished normal form of
(3.1) satisfies the Pliss-Bryuno condition. Then there exist n — 1 inde-
pendent vectors p; € Nij such that (u;, ) = 0 for each i. It is easy to
see that y*i, i = 1,...,n — 1, are n — 1 functionally independent first
integrals of the normal form (2.25). Since the distinguished normalizing
transformation (2.19) is convergent, its inverse

(3.3) y =x+ h(x)

is convergent as well. Applying this transformation to y*¢ we obtain
n—1 functionally independent analytic or formal first integrals of (2.17),
which is (3.1).
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Conversely, if system (3.1), which is (2.17), has n — 1 functionally
independent analytic or formal first integrals, then by Lemma 2.3.8 its
distinguished normal form is of the form (2.25) and by Lemma 2.3.9 the
distinguished normalizing transformation is convergent. Q.E.D.

The normal form of system (3.1) is not uniquely defined since it
depends on a particular choice of resonant coefficients in the normalizing
transformation. Similarly, if we look for a convergent or formal power
series ®(x) = x® + --- that satisfies the condition X® = 0, where X is
the vector field associated to (3.1), we see that resonant coefficients in ®
can be chosen arbitrarily. Thus as in the two-dimensional case discussed
above if for some power series ® we have that X® # 0, this does not yet
mean that the system does not have a power series first integral of the
form ®(x) = x* +---. The problem of such uncertainty is addressed in
the following generalization of Theorem 2.4.4 ([71]).

Theorem 3.1.2. Let X' be the vector field associated to system (3.1)
and let R be the set defined by (3.2).
(a) There exists a series y(x) with arbitrary resonant monomials such
that

(3.4) Xp(x) = D pax®,

aER

where p,, are polynomials in the coefficients of X .
(b) If the vector field X has n— 1 functionally independent analytic or
formal first integrals then for any ¥ satisfying (3.4),

(3.5) Do =0 for all a € R.

The assertion in part (a) of the theorem is that any particular p, is
a polynomial in finitely many of the coefficients of X, with coefficients
in the fixed underlying field. Henceforth we will assume that coefficients
in (3.1) depend in a polynomial way on a finite number of parameters.
Thus the p, for which (3.4) holds are polynomials in these parameters,
and although they are not uniquely defined, when the system admits
n — 1 analytic first integrals the variety that they determine is uniquely
specified.

We denote by B the ideal generated by the polynomials p, corre-
sponding to n — 1 functionally independent functions ™), ... =1
satisfying (3.4), that is,

(3.6) B=pW:aeR, i=1,...,n—1).

In analogy with the two-dimensional case we call B a Bautin ideal of
system (3.1).
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By Theorem 3.1.2 the variety V(B) of B is the set of all points in
the space of parameters of system (3.1) such that the corresponding sys-
tems have n — 1 functionally independent first integrals. In a kind of
analogy with the two-dimensional case we call the variety of the Bautin
ideal B the integrability variety of system (3.1). As mentioned above it
follows from Theorem 3.1.2 that the integrability variety is well-defined,
that is, is independent on a particular choice of the resonant coefficients
in the series 1)) and is the same as the variety of any particular ideal
(p((ll), e ,p((ln D.ae R), where p((ll), e ,pgn D are polynomials corre-
sponding to any n — 1 functionally independent series (), ... (=1
satisfying (3.4). It follows from the proof of Theorem 3.1.2 (see also [53])
that any series ¥(*) satisfying (3.4) is of the form

(37) '(/)(9) (X) =x% 4 ... ,

where oy € R and the dots stand for terms of order greater than |as].
Moreover, if functions (3.7) for s = 1,...,n — 1 are independent first
integrals of our system then by Theorem 3.1.1 » = n — 1 and the system
satisfies the Pliss-Bryuno condition. Hence there are also integrals of
the form (3.7) with lowest order terms corresponding to elements of 9.
Thus to find the variety of the ideal (3.6) we can choose n — 1 linearly
independent vectors from R, say a1, ..., q,—1 € R. Then 1, ... x¥ -1
are functionally independent and we look for n — 1 functions ) (x) =
x% 4 ... satisfying

(3.8) X (x) =) pl)x"

acR

In actual calculations we can find only a finite number of polynomials

p((x ), so writing (for each k € N)

By, = <p£yl)a"'7p§1n71) e 9%7 ‘Oé| < k>a

we compute successive B until the chain of radical ideals

\F \/7 Bs C--

stabilizes (that is, until we find an m such that v/B,, = \/Bm+1). Then
using various methods we try to show that V(B) = V(B,,), that is, that
all systems corresponding to points in V(B,,) have n — 1 functionally
independent analytic or formal first integrals. An example in which we
study the center problem for a three-dimensional quadratic family will
be given in Subsection 3.4.
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3.2. Darboux Integrals and Integrating Factors

In 1878 G. Darboux ([27]) showed that for some systems of planar
polynomial ordinary differential equations it is possible to construct first
integrals using the invariant algebraic curves they possess. In particular,
he proved that if a planar polynomial ordinary differential system of
degree m has at least m(m + 1)/2 + 1 invariant algebraic curves then
it has a first integral, which has an easy expression as a function of the
invariant algebraic curves.

The Darboux method for finding first integrals has been used and
further extended by many authors (see, for instance, [20, 23, 52] and the
references given there). We give here some of the main results of the
Darboux theory of integrability in the n-dimensional setting, following
mainly the survey [55]. An application of the method was already given
in the proof of Theorem 2.5.4.

We consider the system of differential equations

(39) ilzpl(x)v'“aftn:Pn(X)v

where x = (z1,...,2,) € C", P, = P;(x) € C[x], and P; and FP;
have no common factor if 7 # j. As usual we let X denote the vec-
tor field on C™ associated to (3.9). The degree of X is the number
d = max{deg Py, ...,deg P,}. For any polynomial f € C[x] the corre-
sponding codimension-one algebraic surface V(f) is invariant for X if
and only if V(f) C V(Xf).

Definition 3.2.1. A nonconstant polynomial f(x) € C[x] is called
an algebraic partial integral of system (3.9) if there exists a polynomial
K(x) € C[x] such that

(3.10) Xf =Kf.
The polynomial K is termed a cofactor of f.

It is easy to see that K has degree at most d — 1. The following
facts are also apparent:

1. if f is an algebraic partial integral for (3.9) with cofactor K, then any
constant multiple of f is also an algebraic partial integral for (3.9)
with cofactor K;

2. if fi and fo are algebraic partial integrals for (3.9) with cofactors
K; and Ko, then ffo is an algebraic partial integral for (3.9) with
cofactor K1 + Ko;

3. if f is an algebraic partial integral for (3.9) then V(f) is an algebraic
invariant surface of system (3.9).

The converse of the third point holds as well.
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Proposition 3.2.2. Fiz f € C[x]. V(f) is an algebraic invariant
surface of system (3.9) if and only if f is an algebraic partial integral of
system (3.9).

Proof of the “only if” part. The polynomial f factors as a product
= f - f& of irreducible factors. The inclusion V(f) C V(Xf)
clearly implies that for all j, V(f;) C V(Xf;), hence applying the map-
ping I of Section 1.1, Xf; € I(V(Xf;)) C I(V(f;)). Since f; is irre-
ducible, (f;) is prime, hence radical, so by Theorem 1.1.4 I(V(f;)) = (f;)
and we conclude that Xf; € (f;) for all j. Therefore Xf; = K f;, for
some K; € C[x], so that every polynomial f; is an algebraic partial
integral of (3.9), hence a product of powers of them is. Q.E.D.

Remark. A function that meets the condition of Definition 3.2.1
is frequently termed an algebraic invariant surface, in keeping with the
characterization given in the proposition.

For polynomials f and ¢ that do not have a common factor the
function exp(g/f) is an exponential factor for the system (3.9) with
vector field X if there exists a polynomial L € C[x] of degree at most
d — 1 such that X(exp(g/f) = Lexp(g/f). The polynomial L is the
cofactor of the exponential factor. If exp(g/f) is an exponential factor
then V(f) is an invariant algebraic surface ([20]).

Definition 3.2.3. A Darboux first integral of system (3.9) is a first
integral of the form

(3.11) L foeexp(g/h),

where f;, g and h are polynomials and «; are complex numbers.

If sufficiently many algebraic invariant surfaces can be found then
they can be used to construct a Darboux first integral, as the following
theorem, which goes back to Darboux, shows.

Theorem 3.2.4 (Darboux). Set N = (n+371). If the polynomial
vector field of degree d associated to (3.9) has at least N + 1 irreducible,
pairwise coprime algebraic invariant surfaces fi,...,fp, then system
(3.9) admits a Darboux first integral.

If p > N + n then the system admits a rational first integral ([43]).
However, even the condition p > N +1 stated in the theorem occurs very
seldom. Fortunately it is often possible to find a Darboux first integral
using a smaller number of invariant algebraic surfaces.

The following result, apart from the reference to exponential factors,
also goes back to Darboux.
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Theorem 3.2.5. Suppose the polynomial vector field X of degree d
i C™ admits p irreducible, pairwise coprime invariant algebraic surfaces
fi with cofactors K; and q exponential factors exp(g;/h;) with cofactors
L;. Then there exist oy, B; € C, not all zero, such that

P q
YK+ 8Ly =0,
i=1 j=1

if and only if the (multi-valued) function

(3.12) H = fi* - for(exp(gr/h))” ... (exp(gq/hq))*

s a first integral of X .

If a first integral of system (3.9) cannot be found then we turn our
attention to the possible existence of an integrating factor. Classically,
an integrating factor of the differential equation

(3.13) M(z,y)dx + N(z,y)dy =0

for differentiable functions M and N on an open set € is a differentiable
function p(x,y) on Q such that p(z, y)M(x,y) de+p(z, y)N(z,y)dy =0
is an exact differential, which is the case if and only if

O(uM) — O(uN)

dy ox

Let div X denote the divergence of the vector field X corresponding
to (39)7 divX = Z@Pj/axj

Definition 3.2.6. An integrating factor on an open set Q € C™ for
system (3.9) is a differentiable function p(x) on Q such that

0.

(3.14) Xp=—pdivX

holds throughout on Q. An integrating factor on Q of the form (3.11) is
termed a Darboux integrating factor on 2.

The reciprocal of p, where defined, is also of great importance for
investigation of the behavior of trajectories of system (3.9). It is called
the inverse Jacobi multiplier (see for example the survey paper [34]).

Under the conditions of Theorem 3.2.5 a function p of the form
(3.12) is a Darboux integrating factor if and only if

p q
ZO&jKj+ZBjLJ’+diVXEO.

j=1 j=1
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Darboux’s method is one of the most efficient tools for studying the
center problem for polynomial systems (3.9). In particular, if we are
able to construct a Darboux first integral (3.11) with algebraic surfaces
f; = 0 that do not pass through the origin, then we are sure to have a
first integral that is analytic in a neighborhood of the origin. However
existence of a Darboux integrating factor in a two-dimensional system
(2.40) does not necessarily yield existence of an analytic first integral of
the system. We mention the following result, which is a particular case
of a theorem in [23] and which allows one to conclude existence of an
analytic first integral of (2.40) from the form of the Darboux integrating
factor.

Theorem 3.2.7. Suppose system (2.40) has a local integrating fac-
tor of the form p =[]/~ F{* in which a; # 0 and F; is analytic in x;
and xo. Then the system admits a first integral of the form (2.41) if one
of the following conditions holds:

(i) F;(0,0) #0 for alli;

(i)  F;(0,0) vanishes for at most one value of i and the corresponding
Darbouz factor has either the form F;(xq1,x2) = 21+ o(x1,x2) or
the form F;(x1,xe) = xo + o(x1,x2); or

(iii)  exactly two factors, denote them Fy and Fy vanish atl the origin,
they have the form Fy(x1,x2) = x1 + o(x1,22) and Fa(z1,22) =
x9 + o(x1,22), and at most one of the coefficients oy and s is
an integer less than —1.

3.3. Time-reversibility and Integrability
An important class of systems in the study of the center problem
are those that are time-reversible according to the following definition.

Definition 3.3.1. System
(3.15) x=1f(x), (xeR"orxeC"),

18 called time-reversible if there exists an invertible n x n matriz T such
that the system is invariant under the transformation y = Tx and the
time inversion t — —T.

To illustrate the ideas we first consider the two-dimensional case,
for which time-reversibility has a simple geometric meaning when the
variables are real. Thus we let x = (z1,22) € C? (or R?) and further
limit ourselves to the transformations of the form

(3.16) T :x YT, To— Y txy

with 7 € C (or R) (note that T defined by (3.16) is an involution).
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A straight line L is an azis of symmetry of a real autonomous two-
dimensional system of ordinary differential equations if as point-sets (ig-
noring the sense of the parametrization by time ¢) the orbits of the
system are symmetric with respect to the line L. There are two types of
symmetry of a real system with respect to a line L: mirror symmetry,
meaning that when the phase portrait is reflected in the line L it is un-
changed; and time-reversible symmetry, meaning that when the phase
portrait is reflected in the line L and then the sense of every trajectory is
reversed (corresponding to a reversal of time) the original phase portrait
is obtained. The symmetry (3.16) can be considered as a generalization
of the second type of reflection to the case of complex two-dimensional
systems, as we now explain.

Consider a parametric family of real systems

(3.17) w=U(u,v), ©="V(u,v).

Introducing a complex structure on the plane (u, v) by setting = u+iv
we obtain from (3.17) the equation

(3.18) i=P,z) (P=U+iV).

As described above we can treat T as an independent variable y to obtain
the complexification of (3.17) in the form

(3.19) & =Pry), y=0Qy).

We will assume that system (3.19) has the form (2.42). Let a denote
the vector of coefficients of the polynomial P(x,y) in (3.18) that arises
from the real system (3.17) by setting © = w + dv. It is easy to see
that if @ = +a (meaning that either all the coefficients are real or all
are pure imaginary) then the w-axis is an axis of symmetry of the real
system (3.17) and of the corresponding complex differential equation
(3.18). Thus the u-axis is an axis of symmetry for (3.18) if

(3.20) P(z,x) = —P(z,T)
(the case a = —a) or if
(3.21) P(z,z) = P(z,T)

(the case a = @). We now observe that if condition (3.20) is satisfied
then under the change @ — Z, T — = equation (3.18) is transformed into
its negative,

(3.22) i = —P(z,1)
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while if condition (3.21) holds then (3.18) is unchanged. Thus condition
(3.21) means that the system is reversible with respect to reflection
across the u-axis (i.e., the transformation does not change the system)
while condition (3.20) corresponds to time-reversibility with respect to
the same transformation.

If the line of reflection is not the u-axis but a distinct line L then
we can apply the rotation z; = e~*?x through an appropriate angle ¢
to make L the u-axis. In the new coordinates we have

i) = e WP(exy,e 7).

By the discussion in the paragraph following (3.22) this system is time-
reversible with respect to the line Imz; = 0 if (3.20) holds, meaning
that

e¥P(etvxy,e1%Z)) = —e W P(eZy, e Pxy).

Hence, reverting to the variable x, (3.18) is time-reversible when there
exists a ¢ such that

(3.23) e*?P(x,7) = —P(e*%7, e %%g).

In fact we have shown that if system (3.19) is the complexification
of a real system (3.17) and it admits a symmetry (3.16) with vy = e%¥#0
then the line v = u tan ¢g is a line of symmetry of the trajectories (as
point-sets) of the real system.

Direct calculation shows that the system (3.19) is time-reversible
with respect to a transformation (3.16) if and only if for some =

(3.24) YQ(vy,x/v) = —P(x,y), ~Q(x,y) = —P(vy,z/7).

We will limit our study to the case of polynomial systems of the form
(2.42) and use the notation introduced in the paragraph following (2.42).

The condition (3.24) immediately yields that system (2.42) is time-
reversible if and only if

(3.25) bap =" Yapg, Apg = bepy P,

Eliminating v from (3.25) using Theorem 1.4.2 we obtain equations
defining the set of time-reversible systems in the space of parameters
of (2.42). From formula (4.15) below it is not difficult to see that if
system (2.42) with p = ¢ = 1 is time-reversible (that is, condition (3.25)
is fulfilled) then it has a first integral of the form (2.41).

A similar approach works for some higher-dimensional systems where
the study is based on a result obtained in [53]. We consider a three-
dimensional system x = Ax + X(x) for which the eigenvalues of the
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matrix A are 0, —1, and 1, which we write in the form

m
. i dk
iy = Y aijrriadal = P(x)

i+jt+k=2
i,7,k>0

m
(3.26) o= —wat Y bipwiegrl = Qo)
itjth=2
i,7,k>0

m
T3 = T3+ Z ci,j7k_1xix§:1:’§ = R(CE)
itj+k=2
i,7,k>0
Let u, v, and w be the number of parameters in the first, second, and
third equations, respectively. By (a, b, ¢) we denote a (u + v + w)-tuple
of parameters of system (3.26).

By Proposition 11 of [53], if system (3.26) is time-reversible with
respect to a linear transformation that permutes x5 and 3 then it admits
two functionally independent analytic first integrals. Time-reversibility
means that there exists an invertible matrix 7" such that

(3.27) T lofoT = —f,

where f is the vector function of the right-hand side of (3.26). We look
for a transformation 7" of the form

1 0 0
(3.28) T=10 0 ~
0 1/4 0

Note that T'= T1T5, where
1 0 0
=10 0 1
0 1 0

and Ty = diag(1,1/v,), that is, T3 is the matrix of an orthogonal trans-
formation. Thus T is a composition of the orthogonal transformation 75
and the permutation T;. Easy computations show that (3.27) is satisfied
for T' defined by (3.28) if and only if

(3.29) i = —'yl*kaﬂk, bmnp = =7 " Cmpn.-
Define the ideal

(3.30) H=(1—-yvy,am+ vlfkaﬂk, bnp + Y " Cmpn) C kly,7,a,b, ],
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where y is a new variable and & is R or C. The following theorem iden-
tifies systems in the family (3.26) that are time-reversible with respect
to (3.28). We call the ideal I defined in the theorem the Sibirsky ideal.

Theorem 3.3.2. The Zariski closure of all systems in the fam-
ily (3.26) (with coefficients in either k = R or k = C) that are time-
reversible with respect to (3.28) is the variety V(Ig) of the ideal

(3.31) Is = k[a,b,c] N H.

A generating set for Ig is obtained by computing a Grébner basis for H
with respect to any elimination order with {y,~v} > {a,b,c} and choosing
from the output list the polynomials that do not depend on y and ~y.

Proof. System (3.26) is time-reversible for particular parameters
a, b, and c if there exists v # 0 such that (3.29) holds. To find all
such parameter strings we have to add to equations (3.29) the equation
1 —yv = 0 (which imposes the condition v # 0) and eliminate from the
system obtained the variables v and y. Geometrically, the elimination
means the projection of the variety V(H) of the ideal H onto the affine
(u + v + w)-dimensional space of parameters (a,b,c). It is easily seen
that the image of such a projection is not necessarily an algebraic set.
However the Zariski closure of the projection can be computed using
Theorem 1.4.2. By this theorem it is equal to the variety of the second
elimination ideal of H, that is, to the variety of the ideal Is. By the
Elimination Theorem (Theorem 1.4.1), in order to compute a Grobner
basis for Ig one can compute a Grobner basis of H with respect to
lexicographic order (or any elimination order) with {y,v} > {a,b,c}
and choose from the output list the polynomials that depend only on a,
b, and ¢ and not on y or 7. Q.E.D.

Corollary 3.3.3. Let Is be the ideal (3.31) of system (3.26). Then
all systems that correspond to points in V(Ig) are integrable.

Proof. Denote by S the set in the parameter space of all systems
of the form (3.26) for which (3.29) holds with v # 0. All systems from
S are time-reversible, therefore, by Proposition 11 of [53] they also are
integrable. Thus & C V(B), where B is a Bautin ideal of (3.26) defined
in Subsection 3.1. Hence S = V(Is) C V(B), where S is the Zariski
closure of S. As shown in Subsection 3.1, V(B) is the set of all inte-
grable systems of family (3.26). Therefore all systems from V(Ig) are
integrable. Q.E.D.

We note in passing that there is also a strong connection between
time-reversibility and invariants of certain groups (see [70, 77, 78]).
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3.4. Integrability of a Three-dimensional Quadratic Sys-
tem with an Invariant Plane
Recently the condition of complete analytic integrability of qua-
dratic (1: —=1:1), (2: —1:1), and (1: —2: 1) resonant Lotka-Volterra
systems were obtained in [6]. In this subsection we consider (0: —1:1)
resonant systems of the form

(3.32)
& = z(ag00® + a110y + a1012)
Y = —y+ baoor? + br1ozy + bio122 + bozoy® + bo11yz + boo2z?
z =z + 6200$2 + C110TY + C101XZz + C020y2 + Co11Y= + 000222.

This family was studied in [39], where necessary and sufficient conditions
for the existence of two functionally independent first integrals were
obtained. We will show how the theory developed in earlier sections
applies to this family, describe the computational difficulties encountered
and ways around them, and give a full description of the result in a
special case.

The following statement is a more general version of Lemma 2.5.1
and it is proved similarly.

Lemma 3.4.1. Suppose (2.17) is a family of polynomial systems
whose coefficients are the parameters and let V- and W be varieties in
the affine space of the parameters such that system (2.17) is integrable
for all values of the parameters in V\ W. If

(3.33) VAW =V
(where the overline denotes the Zariski closure) then the system is inte-
grable for all values of the parameters in V.

With the help of the results of the previous section finding the fol-
lowing sufficient conditions for integrability is straightforward.

Theorem 3.4.2. The Zariski closure of the set of all time-reversible
systems in family (3.32) is the variety of the ideal Ig generated by the
polynomials listed in Table 3. Moreover, all systems from V(Ig) are
integrable.

Proof. The ideal H of (3.30) for family (3.32) is

H = (1 —yw,2a200, b110 + ¢101,a101 + a1107,
02 + bo207, bo1 + o117, b2oo + 2007,

bio1 + 11077, boo2 + €0207°)-
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200

bo11¢200 — b200co11

ai10bo11r — @101C011

a101bo20 — @110C002
bo20b101C011 + bo11C110C002
boo2¢200€110 + b200b101C020
a110boo2¢110 + @101b101C020
b200bo11c110 + b101C200C011

b1016300 + b300C110
a110b101¢200 + @101b200C110

biio + cio1
bo20bo11 — Co11C002
b200bo20 — €200C002
a110b200 — @101¢200
bo11b101¢020 + boo2C110C011
bo20boozC110 + b101C020C002
5(2)110110 + blolcgu
a1o1bo11c110 + @110b101C011
bo20b101¢200 + b200C110C002
b3a0b101 + 110¢502

a110b020b101 + @101¢110C002
2 2
50205002%11 - 501100200002

afipbior + aigiciio
bo20b002¢200¢€011 — b200b011 Co20C002
5(2)2050020011 - bo11CozoC(2)02 a110b020b002¢011 — @101b011C020C002
bo20b301 €020 — boo2€110Co02 bg11C020 — boo2¢i1q
52005(2)11%20 - 500202000(2)11 alolb(2)116020 - anoboozcgn
a101b200b011 €020 — @110b002C200C011
b01150020%10 - b%0160206011
a10150020§10 - anob%mcom
b02oboo2C§oo - bgoocozocooz
bgzobomcmo - b200€0206(2)02

b%ooboucozo - 500203000011
lﬁmboncmo - ‘1?1050026011
52005002C%10 - 550102000020
bo02¢300 — b3o0C020
a110b0020300 - ‘1101(13006020
@110b0200002C200 — @101b200C020C002 a%u)bOOQCQOO - a%(anOOCOQO
bggobooz - 00206302 01105(2)205002 - a10100200302
a§10b020b002 - 0%0100206002 lﬁlobooz - 11?010020
b02C110 + bYo1 520

Table 3. Generators of the ideal Ig for Family (3.32).

Computing the second elimination ideal of H (Subsection §1.4) we obtain
the ideal Is given in the statement of the theorem. By Corollary 3.3.3
any system from V(Ig) is integrable. Q.E.D.

Turning to necessary conditions for integrability of members of fam-
ily (3.32), as mentioned in the discussion after Theorem 3.1.2 to find the
integrability variety of system (2.18) one can look for any series (3.7)
satisfying (3.8). For system (3.32) R = {a € N3 : as = a3} and two
lowest order elements of R are (1,0,0) and (0,1,1). So in our case we
look for series ¢ and % in the forms

(334) ¢ =+ Z ¢ijk$iyjzk

iti+k>1
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and
(3.35) b=yz+ Y iatyzt
i+jt+k>2
such that
O 3¢1 81/)1
(3.36) o P+ ax2 R Z Jala,b,c)x
aER
and
Oy 8% 31/)2
. —=P
(3.37) 90, T o, ax2 axSR aze;h a,b,c)x

where P, @, R are the right hand sides of (3.32) and g4, ha (@ € R) are
polynomials in (a, b, ¢).

One computes, for small |a/, polynomials g, and h, defined accord-
ing to (3.36) and (3.37). In [39] computations were done for |a| < 8
using the computer algebra system MATHEMATICA. This yielded an
ideal Bg = (ga, ho @ @ € R, |a| < 8). Since the expressions of the poly-
nomials are large we do not present them here, but the interested reader
should be able to compute them using any available computer algebra
system.

The next step is to find the irreducible decomposition of the va-
riety V(Bs). This is computationally difficult; even using the routine
minAssGTZ ([28]) of the computer algebra system SINGULAR ([29]), which
performs calculations according to the algorithm of [35], on most gener-
ally available computing systems it will probably prove infeasible. How-
ever, the change of coordinates

y—by, zw+cz,

for bc # 0, transforms (3.32) into a quadratic system with the same
linear part but with bp11 changed to boi1/c and cp11 changed to ¢p11/b.
Thus if bg11¢co11 # 0 one may assume that bg11 = cg11 = 1 by choosing
suitable b and c¢. Hence to obtain necessary conditions for integrability
of system (3.32) it is enough to consider separately the four cases: (i)
boir = coin = 0, (ii) boi1 = 0, cor1 = 1, (iii) bo11 = 1, conn = O,
and (iv) bp11 = co11 = 1. For each of these cases the computations
with SINGULAR become feasible and produce a collection of necessary
conditions, each corresponding to an irreducible component of V(Bsg).
We present here the case bp11 = c¢p11 = 0, and refer the reader to [39]
for the complete treatment.
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1.
aip1¢110 + b1o1€020 — €110C002 — @110C101 D110 + C101 D200
a110b101 — bo20b101 + boo2c110 + a101¢101 €200
II.
bio2ti0 + bio1¢h20 bo20b701 €020 — boo2¢T10C002
bo20boo2¢110 + b1o1c020C002 b320b101 + C110C502
b320boo2 — €020¢302 —b390bo02¢200 + b200C020C302
bo20b101¢200 + b200c110C002 boo2¢200¢110 + b200b101 020
b200b002¢3 10 — D301 200020 ba0obo20 — c200¢002
—bo20b002¢300 + b300C020C002 b101¢300 + b3goCi10
—boo2¢300 + b300C020 —a101bo20 + a110C002
a110b101¢200 + @101b200¢110 —a101b002¢}19 + a110b3 01 Co20
a110bo02¢110 + 1010101020 a110b002¢300 — @101b300C020
a110b020b101 + @101€110C002  @110b020b002C200 — @101b200C020C002
a110b820b002 — @101¢020¢302 a110b200 — a101¢200
a?iobior + adprci10 a?10bo02¢200 — @391 b200C020
a310bo20b002 — 201020002 a310boo2 — a3y co20
bi10 + c101
I11.
€002, bo20, bi1o + ci01, @101, G110

Table 4. Integrability conditions for system (3.32) with
boi1 = co11 = 0.

Theorem 3.4.3. System (3.32) with bo11 = co11 = 0 is integrable
if and only if asoo = 0 and all the polynomials in at least one of the lists
I, II, and III in Table 4 vanish.

Proof. System (3.32) is integrable only if all the conditions in at
least one of the three lists are met. We must show conversely that if
all the conditions in any one of the lists are met then system (3.32) is
integrable.

If each polynomial in list III is zero then in (3.32) @ = 0 and the
system restricted to any invariant plane z = ¢ is Hamiltonian. If each
polynomial in list II is zero then each generator of Ig listed in Table
3 vanishes so by Theorem 3.4.2 system (3.32) is integrable. If each
polynomial in list I is zero then by a linear transformation we may make
booe = bipr = @110 = 1 and thus reduce the parameter space to C*:
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(a101, b110, bo20s Co02)- As always fo(x,y,z) = = 0 is an invariant plane
with cofactor Ky = y + a19012. We look for other invariant planes in
the form f(z,y,2) = 1 + wix + ugy + uzz with cofactors of the form
k = c1x + coy + c3z. Calculations give

2
c1 =0, c2=cppou—1u”, c3=u,

where u is a root of the cubic equation

(3.38)  (—a101 + a101bo20 + bi1o + afg1b110 + coo2 — a101b110C002)

— (b()20 + 0802)’[1, =+ 20002u2 — u3 =0.

Let D be the discriminant of (3.38). Then off the surfaces D = 0 and
F := —a101 + a101bo20 + b110 + a3g1b110 + coo2 — a101b110c002 = 0 in the
space of the parameters equation (3.38) has three distinct and non-zero
roots. Let f; and fo be invariant surfaces corresponding to any two of
them, call them r; and r9, respectively. Referring to Theorem 3.2.5 we
look for a Darboux first integral in the form

(3.39) ola,y,2) =z f1" f57,
where a; and ay must satisfy
K() + Olel + O[QKQ =0.

Inserting Ko = y + a1012 and K; = (coo2 — 1)1y + 12 for j = 1,2
and equating the coefficients of y and z to zero gives a system of two
linear equations in a; and ay whose determinant is 7179 (r1 — r2), which
is different from zero since the roots of (3.38) are non-zero and dis-
tinct. Thus we obtain a non-trivial solution and conclude by Theorem
3.2.5 that system (3.32) admits a first integral of the form (3.39). Since
the divergence of the vector field corresponding to (3.32) is equal to
Y=+ 2bg20y + a1012 4+ 2cp22 and also does not depend on x similar consid-
erations show that the system also has a Jacobi multiplier of the form
M =z f{" fJ?. Thus by Theorem 1.3 of [6] for all values of the param-
eters for which D # 0 and F' # 0 it also admits a first integral of the
form (3.35). By Lemma 3.4.1 system (3.32) is integrable for all values
of the parameters for which each polynomial in list III is zero. Q.E.D.

84. The Cyclicity Problem

4.1. Counting Positive Zeros of Real Analytic Functions

A problem of both practical and theoretical importance in the geo-
metric theory of differential equations on the plane is the creation of
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limit cycles (isolated closed orbits) in the phase portrait when relevant
parameters are perturbed slightly. In general limit cycles can bifurcate
from critical points, other cycles, saddle loops, and other more elaborate
sets. In this section we investigate the creation of limit cycles from an
isolated singularity of a polynomial system u = f(u), which without loss
of generality we may assume to be located at the origin.

If the eigenvalues of the linear part at the origin have non-zero
real parts, so that the singularity is hyperbolic, then by the Hartman-
Grobman Theorem and the structural stability of hyperbolic linear sys-
tems no small limit cycles can be created under small perturbation. The
simplest non-hyperbolic case is that in which the determinant of df(0)
is positive but its trace is zero, so that the singularity is either a focus
or a center and every nearby system has an isolated singularity near
the origin, which without loss of generality may be assumed to also be
located at the origin. Thus after a possible time-rescaling the original
system and any system near it can be expressed in the respective forms

@ = —v+ P(u,v)

4.1 ~

1) 0= u+ Qu,v)
and

(42) = Au—v+ P(u,v)

o =u+ M+ Q(u,v).

Loosely speaking the cyclicity of the origin in system (4.1) with
respect to perturbation within family (4.2) is the maximum number of
limit cycles that can appear in an arbitrarily small neighborhood of the
origin under an arbitrarily small perturbation of A (from 0) and the
coefficients of the polynomials P and Q, but in such a way that the
perturbation remains in some predetermined family of systems. Note
that when the origin is originally a center limit cycles can simultaneously
bifurcate both from the center itself and from cycles within the period
annulus that surrounds it. In this discussion we ignore the “large” cycles
that might appear from cycles in the period annulus. By the cyclicity
problem we mean the problem of determining the cyclicity of the origin.

The precise definition of cyclicity is as follows. Let I' denote the
parameter space that specifies the family of the form (4.1) of interest
and « an element of I'. For example, if we are interested in all quadratic
systems of the form (4.2), then

P(u,v) = Agou® + Ajyuv + Agv? and Q(u,v) = Bagu? + Byjuv + Byov?
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so that a parameter string is v = (Asag, A11, Ao2, Boo, B11, Boz2), which
we will typically abbreviate to just v = (A, B), and I' = R®. Since
perturbations naturally take place in the corresponding family (4.2) the
full parameter space of interest is I'y ;=R x T".

Definition 4.1.1. For parameters (\,7) let n((A\,7),€)) denote the
number of limit cycles of the corresponding system (4.2) that lie wholly
within an e-neighborhood of the origin. The singularity at the origin
for the system (4.2) that corresponds to the fized choice of parameters
(A*,7*) € T'\ has cyclicity ¢ with respect to the space I'y if there exist
positive constants 0o and €y such that for every pair € and § satisfying
O0<e<e and 0 < d <y

max{n((A,7),€)) : [(A,7) = (A",7")| <6} = c.

The concept of cyclicity and the idea of the method presented below
are due to N. N. Bautin [7]. In our exposition we follow mainly [47, 70].
The reader can also consult [18, 40, 41, 72] for application of the same
methods to other problems and the relation of the cyclicity problem to
the second half of Hilbert’s 16th problem. In our exposition we will
restrict our attention to the problem of finding an upper bound on the
cyclicity.

If system (4.2) is written in polar coordinates then as described
in Subsection 2.1 a “first return” mapping Z is defined from a short
segment of the positive u-axis back into the positive wu-axis; it is the
first intersection in positive time of the orbit through a point with the
positive u-axis. The mapping & is analytic and extends analytically to
a neighborhood of 0 in the z-axis. Small cycles surrounding the origin
correspond to small positive zeros of the real analytic function

(4.3) D(r) = R(r) —r=mr+nr’ +n3r° + - .

This is the function of (2.8). It is apparent from the analyticity of
solutions of (4.2) that the coefficients n;, the Lyapunov quantities, are
real analytic functions of A and the coefficients of P and C~2 For fixed
values of A\ they are polynomials in the coefficients of P and @ (for
example, Proposition 6.2.2 of [70]). Recall from Subsection 2.1 that
they can be computed by recursively solving a collection of initial value
problems that arise in connection with the polar coordinate expression
of the system.

It follows from the geometry of the first return map that the first
non-zero Lyapunov quantity, when it exists, has odd index, say 2k + 1,
k € Np. In this case the singularity is called a kth order fine focus, and
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no matter what the analytic family that contains P and @ (the set of
allowable perturbations) at most k small zeros of 2(r), hence at most
k small limit cycles surrounding the origin, can be produced (see, for
example, Theorem 6.2.7 of [70]).

When the origin is a center, so that Z(r) = 0, the solution of the
cyclicity problem hinges on identifying a special basis of the ideal gen-
erated by the Lyapunov quantities when they are viewed as elements of
a relevant ring of functions or germs of functions in the parameters of
the family. The general definition is as follows.

Definition 4.1.2. Let R be a Noetherian ring and let { fo, f1, f2,- ..}
be an ordered set of elements of R. The minimal basis of the ideal
(fo, f1, f2,...) in R is the set M generated in the following recursive
fashion:

(a) initially set M = {f;}, where J is the smallest index j for which
f; is not the zero of R;

(b)  successively check elements f;, j > J+1, adjoining f; to M if and
only if f; & (M).

The expression “the minimal basis of I = (f1, f2,...)” will always
mean the minimal basis of this ideal with the generators ordered as spec-
ified by the order in which they are listed. Note that the minimal basis
need not be the basis of minimal cardinality. As an extreme example
(and an illustration of the notational convention just described), in the
principal ideal domain R[z] the minimal basis of (x3, 22 z) is not {z},
but {23, 22, z}.

Following [41] we make the following definition.

Definition 4.1.3. The Bautin depth of the ideal I = (f1, fo,...)
(with generators ordered as specified by the order in which they are listed)
1s the cardinality of the minimal basis of I.

The proof of the following theorem can be found, for instance, in
[70].

Theorem 4.1.4. Let F(z,0) = Z;.io 13(0)z7 be an analytic func-
tion that converges on U = {(z,0) : |z| < e and |§ — 0*] <6} CR xR"
and let 5 denote the germ of f; at @* in the ring of germs Ggx of complex
analytic functions at @* when 0* is regarded as an element of C™. Sup-
pose the minimal basis of the ideal (fo, f1,f2,...) in Gy is {f;,,.... £},
j1 < -+ < Jm- Then there exist positive nu~mbers €< e and 5 < § such
that for each fixed @ satisfying |0 — 0*| < § the equation F(z,0) = 0,
regarded as an equation in z alone, has at most m — 1 isolated solutions
in the interval (0,€).
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The hypotheses insure that there exist positive real numbers € < e
and & < § and m analytic functions 1j,(2,0) on U= {(z0) : |z <
Zand |0 — 6| < 8} that satisfy 1;,(0,0*) = 0 and are such that .7 (z,0)
can be expressed on U as

(4.4) F(2,0) = f5, (0) L+, (2,0))2" + -+ £, ()1 + 45, (2,0) 27

(e.g., Lemma 6.1.6 of [70]). But a function of the form (4.4), when
regarded (for any 6 within distance 5 of 0*) as a function of z alone, has
at most m — 1 isolated zeros in the interval a < z < € (e.g., Proposition
6.1.2 of [70]).

In the setting of interest to us Theorem 4.1.4 implies that we can ob-
tain an upper bound on the cyclicity of the origin by finding the Bautin
depth (Definition 4.1.3) of the ideal generated by the Lyapunov quanti-
ties (always regarded as ordered in the natural way by their indices).

4.2. The Focus Quantities and an Upper Bound on Cyclic-
ity

As pointed out at the end of Section 2.1, from the point of view of
computations the Lyapunov quantities 7; in (4.3) are difficult to work
with. Since both they and the focus quantities, which are readily com-
puted, identify by their vanishing the centers in family (4.1), there must
be a connection between them. In this section we derive this relation-
ship, which allows us to use the focus quantities to treat the cyclicity
problem. The key to connecting these two sets of objects, one of which
arises directly from the original real system and the other of which per-
tains to the complexification of the original system, is to work on the
invariant plane z = Z in C?, which contains a copy of the phase por-
trait of the real system. A complication that also arises, which will be
addressed later in this section, is that whereas the focus quantities arise
from the complexification of system (4.1), perturbations occur within
the larger family (4.2).

Suppose that in (4.1)

Z Ajpuo® Q(u,v) = Z Bjrulv*

(J.k)ET (.k)ET

for some set T' C Ny x Ny of allowable indices. Any element of the set
of allowable perturbations of the original system is given by a string of
coefficients, which we abbreviate (A4, B). The set of all such coefficient
strings is our parameter space, which we will denote E(A, B) when per-
turbations are restricted to (4.1) and E(), (A4, B)) when perturbations
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are made in (4.2). Any complexification corresponds to a string of com-
plex coefficients which we abbreviate (a,b), which lies in corresponding
parameter space E(a,b). Since the coefficients (a,b) satisfy b = a and
gik(a,a) € R for all admissible a, and because Re a;; and Im aj; are
polynomials with rational coefficients in the original coefficients (A, B),

(4.5) 98 (A, B) < gii(a(A, B),a(A, B))

is a polynomial in (A, B) with rational coefficients.

Theorem 4.2.1. For the Lyapunov quantities n; as defined by (4.3)
with respect to (4.1) and the focus quantities gy, as defined by (4.5),
a. m =mn2=0,

b. g =g,

and for k e N, k > 2,

C. M2k € <9¥1w-~,9§_1,k_1> and Nok 1 — TGy, € <9]§1a~~~79§_1,k_1> in
R[A, B].

Proof. The first Lyapunov quantity for (4.2) satisfies ; = €™ —1,
hence vanishes when A = 0. Since the first non-zero Lyapunov quantity
has odd index (or by a simple computation) ns = 0.

Let 2" denote the vector field on a neighborhood of the origin in C?
that corresponds to the complexification

=iz + X(2,y), y=—iy+Y(z,y)

of (4.1) (compare (2.4) and (2.38)). For the remaining conclusions, first
recall from the definition of the focus quantities that for any N € N
there exists a polynomial

2N+1 ]
(4.6) Un(z,y)=ay+ Y vpaly®
j+k=3
such that
(4.7) 2V(2,y) = g1 (zy)* + gaz(xy)® + -+ + gyn (xy) VT

We have truncated the series for ¥ at 2N + 1 since it need not be
convergent. The idea of the proof (which comes from [90]) is to relate
the change Z(r) in position along the positive u-axis in one turn around
the origin to the change in the value of Wy for sufficiently large N,
computing the change in ¥y by integrating its derivative along solutions,
which naturally generates the focus quantities according to (4.7). In
fact Wy is defined for (z,y) € C2, but we evaluate it on (z, %), which as
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already mentioned is an invariant plane that contains the phase portrait
of (4.1). Moreover since Uy and the focus quantities ggr pertain to
the complexification of (4.1), the focus quantities ggi are actually the
quantities gfk.

For every r > 0 we have a number £ = U (7, 7). Since we restrict to
r > 0 the function & = f(r) = ¥n(r,r) is invertible; writing the inverse
as r = g(&), if € is the change in £ in one turn about the origin then

D(r) = R(r) —r = g(E+€) — g(€) = g (E)e + 1" (€)€
S AU (r,r) — LA S AVN(r r)?
0 P I (O E

for some E between £ and £ + €, with corresponding 7 between r and
%(T) Since \I/(.’L',y) =Y+, § = f(T') = \IIN(TaT) :7“2 +¢37°3 +
SO

1

48) () = (

1
) AT =+ ] AT 2,
5+ ) ~N(r,r) (8773 + ) N(r,7)

In one turn about the origin (from the point (u,v) = (r,0) to the
point (u,v) = (#(r),0)) the change in ¥y is (for some time 7 > 0)

AW (r,7) = / ’ 4 (2(t), 2(t))] dt

[ a0+ o)

Okl

/ ngk\x (D252 + ()N +2) d.

From (4.1) it is clear that the polar angle 0 satisfies 0 =1+---, hence
may be used as the variable of integration. Writing

l2(t)] = r + wa (0)r2 + w3 (0)r® + - - -

and

dt
0= 1+ ug (0)r + ua (0)r? + - --
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and letting fi; denote a function of § whose exact identity is not impor-
tant, we have

AN (r,7)
2r N
= / ZQ&(T +wy(0)r® 4 - )T 4wy (0)r + ua(0)r® 4 ---) db
0 k=1
+ 0(T2N+2)

N
= > [2rgir® 2 4 gl (Frar™ P+ frar™ )]+ o(rVHR),
k=1

Since AWy is of order at least four in r it is apparent that 7 is of
order r. Thus when we insert this expression for AUy (r,r) into (4.8)
we obtain
(4.9)

2(r) = Z [Wgﬂ;fkr%ﬂ + g8 (Frar P2 4 froor 3 4 )} + o(r?NTh),
k=1

Combining (4.3) and (4.9) yields

N

N1 + nar® + s + -
= mgiir + g (Fart + fiar® + )
+ 7g5r° + 9o (faar® + faor” + )
+ mg5sr + gag(faar® + faor® +--+)
4.
+mgR 2N R (Fyr2NT2 4 fN72r2N+3 ro)
+ o(r?Nth),
Thus 73 = 7gF, and given k € N, the choice N = k shows that the last
pair of assertions of the proposition holds for 1y through n9r4+1. Q.E.D.

An immediate consequence of Theorem 4.2.1 is the equality of the
ideals
(9w k€N) = (g 1k €N) = (ogs1 : k €N)

in R[A, B], and of the corresponding ideals in the ring ¢ 4~ p~) of germs
at (A*, B*) of real analytic functions of (A, B). This in turn implies the
following result.

Theorem 4.2.2. Let 1 be the Lyapunov quantities for the sin-
gularity of (4.1) at the origin, let gk be the focus quantities for its
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complexification, and let gfk denote the polynomial function defined by
(4.5). Suppose {my,,...,ny, } and {gj, js- - &j..j.} are the minimal
bases for the ideal (Mg 1 : k € N) = (grr : k € N) in G4~ g~y with re-
spect to the ordered sets {Ms,M5,N7,...} and {11, a2, ...}, respectively.
Then m =n and for q=1,2,...,m, kg = 2j, + 1.

Theorem 4.2.2 relates the Lyapunov quantities generated by an el-
ement of the family (4.1) to the focus quantities of its complexification.
However, bifurcations to produce limit cycles naturally take place in
the larger family (4.2). In order to use the focus quantities to treat the
cyclicity of the origin in (4.1) we must establish the relationship between
the minimal basis of the ideal generated by the Lyapunov quantities for
the restricted family (4.1) and the minimal basis of the ideal gener-
ated by the Lyapunov quantities of larger family (4.2). Henceforth we
will write just 7, for the Lyapunov quantities that depend on just the
parameters (A, B) and n(\) for those that depend on the parameters
(A, (4, B)), although of course 7 (0, (4, B)) = nx(A, B). Because the
functions 7 (A) are not polynomials in the parameters (), (A, B)) we
must work in the ring of germs of analytic functions at (0, (A*, B¥)).

Theorem 4.2.3. Fiz families (4.1) and (4.2) for which the non-
linearities P and @ are restricted to the same set of polynomials. Let
{n(N) : k € N} be the Lyapunov quantities for family (4.2) and let
{nr : k € N} be the Lyapunov quantities for family (4.1). Fix (A*, B*)
and suppose that the minimal basis of the ideal (ny,My,...) in G4+ B+

is {Mpys 5 Mp, b k1 < ooo < k. Then {ny(X),my,,....my,, } is the
minimal basis of the ideal (n,(X),M5(A),n3(A),...) in Do, (a- B))-

Proof. Rearranging the terms in the power series expansion of
nk(A, (A, B)) we may write

(A (4, B))

where 75 (0, (A, B)) = 0. But since nx(0, (A4, B)) = nk(A, B) in fact

ﬁk()‘v (Av B)) + ﬁk(Av B)a

(410) nk()‘a (AvB)) :ﬁk(/\v (A’B)) +77k(AaB)

Since
m(\ (A4,B) =™ — 1 =271+ £(27\) + )

there exists a function ug (A, (A, B)) that is real analytic on a neighbor-
hood of (0, (A*, B*)) in the parameter space such that

k(A (4, B)) = ur(A, (A, B))m (A, (A, B)).
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Thus (4.10) becomes, suppressing the (A, B) dependence in the notation,

(4.11) Mk(A) = ur(A)n1(A) + .-

Let L denote the set {n ,...,n;, }. Because L is the minimal basis of
the ideal (1 : k € N) in 94+ p-), (4.11) implies that for all & € N the
identity

(A, (A, B))
= uk()" (Av B))nl ()‘7 (A’ B)) + hk,l(A7 B)nkl (A7 B)
+ -+ him (A, B)ng,, (A, B)

holds on a neighborhood of (0, (A*, B*)) in E(A, (A*, B*)) for functions
hy,q that are defined and real analytic on that neighborhood, though
without A dependence. The same equation is therefore true at the level
of germs in ¥ 4+ p+)). Thus

M = {771()\)7771@1,--- 5nkm}

is a basis of the ideal (n;()\),15(A),...) C Ho,(a+,B+)). We must show
that it is the minimal basis. Hence let

N ={n(A),n;,(N),....m;, (M)}

be the unique minimal basis (which must contain 7, (\), since n, () is
first on the list and is not 0). There are four ways in which M could fail
to be the minimal basis N:
i. There exists p € {1,2,...,min{m,n}} such that for ¢ < p — 1,
kq = jq and my, =m; (A) but g, #n; (A) and j, < kp.
ii. There exists p € {1,2,...,min{m,n}} such that for ¢ < p — 1,
kq = jq and m, = njq()\) but n;  # njp()\) and jp > kp.
iii. n <mandforge{l,...,n} kg = j, and n;, = mn; (A).
iv. n>m and for g € {1,...,m}: kg = j, and m,,_ = n;_(N).
We will show that the first case is impossible, and leave the exclusion
of the remaining cases to the reader (or see Lemma 6.2.8 of [70]). Thus
suppose that there exists p € {1,2,...,min{m, n}} as in point (i). Then
kp—1 = jp—1 < jp < kp so because L is minimal
N, = hlnkl +o Tt hp_lnkp—l
for hy,...,h, 1 € 94« p~). Applying the corresponding equality of
functions that holds on a neighborhood of (A*, B*) to (4.11) implies
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that the identity

05, (A) = wj, (A)n1(A) +1nj,
= wj, (M) (A) + hang, + -+ hp_1mk,_,
=, (M) (A) +hang, (A) + -+ + hyp_1my, ()

is valid on a neighborhood of (0, (4, B)) in E(A, (4, B)) (although h, is
independent of A), so the corresponding equality of germs contradicts
the fact that N is minimal. Q.E.D.

Theorem 4.2.4. Suppose that for a coefficient string (A*, B*) the
Bautin depth (Definition 4.1.3) of the ideal (gF,, 8%, ...) in G a= g for
the corresponding system of the form (4.1) is m. Then the cyclicity of
the origin of the system (4.1) with respect to perturbation in (4.2) is at
most m.

Proof. The cyclicity of the origin of an element of family (4.1) with
respect to perturbation within the family (4.2) is equal to the maximum
number of small positive zeros of the function

D(r)=R(r) —r =\ +n(N)r® +n3(A\)r’ + - -

that can be made to bifurcate from the origin under arbitrarily small
perturbation of the parameters (A, (4, B)). By the hypothesis and The-
orem 4.2.2 the minimal basis of the ideal (n3,m5,7m7,...) in 94+ p+) has
m elements, hence by Theorem 4.2.3 the minimal basis of the ideal

(M1 (A);m2(A); m3(N), )

in 9,(a-,B~)) has m + 1 elements. Then by Theorem 4.1.4 the max-
imum possible number of small positive zeros of the function 2(r) is
m. Q.E.D.

4.3. Radical Bautin Ideal

In order to apply Theorem 4.2.4 we need a computationally feasible
method for determining the minimal basis of the ideal (g5, : k € N),
of which only the first few generators are ever explicitly known. Since
an upper bound for the cyclicity of the origin is at issue only when the
origin is a center (in the sense that if it is a fine focus of order k then
the cyclicity is at most k), we suppose that the center problem has been
solved: we know the minimum K such that V(B) = V(Bg). (Note that
this does not say the same thing as B = Bg, but only that VB = v/Bx,
provided the ground field is C.) The key issue now proves to be whether
or not the ideal By is a radical ideal.
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Theorem 4.3.1. Suppose K is such that
(1) V(B)=V(Bg) and
(2) By is a radical ideal.
Then the cyclicity of the origin of system (4.1) with respect to perturba-
tion in (4.2) is at most the Bautin depth (Definition 4.1.3) of Bx.

Proof. By the first hypothesis gxj vanishes on V(Bg) for every k,
so gri € I(V(Bk)). But the Strong Hilbert Nullstellensatz states that
I(V(Bk)) = VB, which by the second hypothesis is By, so B C By,
hence B = Bgx. Then the minimal basis of B is the minimal basis
{Gkikys -+ Gk, b Of B, which is computable. Thus for any k& € N
there exist fg.1,..., f.m € Cla,b] such that

(4.12) gk = f19ky by 0 F S Gk ko

But since gii(a,a) = giy.(A(a,b), B(a,b)) € R for all k € N, this implies
that
9 = (Re f1)gf, 5, + - + (Re fn)gj,, 5, -

Thus for any (A*, B*) in E(A, B), L := {g%hkl,. . ,g]}ﬁm’km} is a basis of
the ideal I = (gf;, : k € N) in 9+ ,B+)- It is apparent that even if L were
not the minimal basis of the ideal I = (g}, g%, ...) in %4~ p-) (because
of possible collapsing of gi, x, to g]}fmkq = 0), it nevertheless contains
the minimal basis, which therefore can have at most m elements. The
conclusion of the theorem then follows from Theorem 4.2.4. Q.E.D.

In Subsection 6.2 we will use this theorem to prove the important
result that the cyclicity of a center or focus in a quadratic system is
at most three. (A quadratic system is a system ordinary differential
equations in which the right hand sides are polynomials of degree at
most two.) The reader can examine the proof now, but we defer the
result in order to present it in one context with the solution of the center
problem for quadratic systems, to which it is intimately connected and
on which it depends.

4.4. Nonradical Ideal By

Suppose that the center problem has been solved for a family of
interest, so that we know a value of K for which V(B) = V(Bk), but
that the ideal Bx is not a radical ideal. In this case Theorem 4.3.1 does
not apply, but it is sometimes possible to still obtain an upper bound on
the cyclicity of centers in family (4.1) by using a structure possessed by
the focus quantities to move the ideals in question to a different ring. In
order to more easily describe this structure we will write the family of
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complexifications of elements of the family (4.1) of polynomial systems
in a form like that of (2.42),

= ir-— Z apg? Ty = iz + P(z,y)
(p,q)€S

g=—iy+ Y bupar'y"t = —iy+Q(z,y)
(p,.9)€S

(4.13)

for a fixed finite set S C ({—1}UNp) x Ny each element of which satisfies
p+q>1. (Here Ng ={0,1,2,...}.) We let ¢ denote the cardinality of
S, which we order in some manner and write as

S = {(plaql)v ) (péaqé)}'

Consistent with this ordering we order the coefficients as

(ap1q17 te 7am¢1wqu,mv ] b(hm)v

which as always we shorten to (a,b). We write Cla, b] for the polynomial
ring in the indeterminates (ap,q,,-.-;bq,p,) over C. Any monomial in
Cla, b] will be written in the abbreviated form [v] where

V1 vy Vo1 v2e e
V] =apl, - -apty balt, b2 v=(v1,...,V0).

Define a mapping L : N2 — 72 by

(4.14) L(v) =vi(p1,q1) + - ve(pe, qe) + ves1(qe, pe) + - - -+ vae(qu, p1)-

Then the focus quantities ggx for family (4.13) have the form

1 v A
(4.15) gax=75 >, g (-
{v:L(v)=(k.k)}

where L is the mapping defined by (4.14) and for v = (v1, ..., ve) € N2,
U = (vas,...,v1). (See Corollary 3.4.6 of [70]. Similar properties of the
focus quantities were also obtained in [25, 50].)

To exploit this structure, let

M ={v e N2 Lv)=(j,7) for some j € Np}.

A has the structure of an abelian monoid under addition (an abelian
group except for the existence of inverses). The fact that the monomials
in the polynomials ggr have exponent strings in .# implies that they
are invariants for group actions (3.16). Indeed, the algorithm in [67]
(also [70, Table 5.1]), given here in Table 5, produces a Hilbert basis
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H ={u1,...,pn} of A by computing a Grobner basis G of the ideal
H of (3.30) corresponding to (3.26), with the appropriate modifications
so as to apply to the two-dimensional system (4.13). (To say that 7 is
a Hilbert basis of .#Z means that each element of .Z is a finite sum of
elements of 7 but no element of J# can be expressed as a sum of other
elements of J# (where repetition of summands is allowed in each case).)
For each element p; of the Hilbert basis ¢ so constructed let h; = [1;]
be the corresponding monomial in C[a,b] and define the mapping

(4.16) F:C* - CM: (a,b) = (c1,...,car) = (hi(a,b), ..., har(a, b))
which, letting ¢ = (c1, ..., car), induces the homomorphism of C-algebras
F*: Cle] — Cla, b]

D diyett it = Y dyh (a,b) - hG (a,b).

Let W c CM denote the image of F and W C CM its Zariski closure,
the smallest affine subvariety of CM that contains it. Let C[WW] denote
the coordinate ring of W, which can be regarded as the set of mappings
from CM (c-space) into C, each of which agrees on W with a polynomial
function (see [26] or [70]). Since v € .# if and only if ¥ € .#, by (4.15)
the kth focus quantity has the form g = > 'glgi)h‘fl -+ h$}M, hence is in
Image(F*) for all k. Let gf, denote any pre-image in C[c] of grx. Then
each g¢, lies in C[W], which has the structure of a commutative ring, so
for any K € N we may view (g§;,...,g%) as an ideal in C[W].

Theorem 4.3.1 carries over to the coordinate ring because the Strong
Hilbert Nullstellensatz is valid there: let H be any ideal in C[W], let S

be any subset of W, and define

(4.17)

Vi (H)={x €W :h(x)=0 for all h € H}

and
I (S) = {f € C[W] : f(x) =0 for all x € S}.
Then
Loy (Vi () = V.

The next result is the analogue of Theorem 4.3.1.

Theorem 4.4.1. Suppose that for the complexification (4.13) of the
family (4.1) with focus quantities {gx : k € N} the polynomials g5, as
just described satisfy
(1) VW(Q%MQS%"') :VW(gfla“;g(]f(K) and
(2) (951, 95%x) is radical in C[W],
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Algorithm for computing a Hilbert basis of .#

Input:

An ordered index set S = {(p1,q1), -+, (pesqe)}
specifying a family of systems (4.13).
Output:

A Hilbert basis 2 for the monoid .# for family (4.13).

Procedure:

1. Compute the reduced Grobner basis Gy for H defined by
(3.30) with respect to lexicographic order with

{y,7} > {a,b,c}.
2. G:=GyNnCla,b.

3. Writing e; = (0,...,0,1,0,...,0),
A ={p, o [p] -4 € G}
Ufej+ex_jr1:1<5<4
and =+ ([e;] — [e2r—j+1]) & G}

Table 5. Algorithm for computing a Hilbert basis of .#

for some K € N. Then the cyclicity of the singularity at the origin of
(4.1) with respect to perturbation in (4.2) is at most the cardinality of
the minimal basis of B .

Proof. The proof is practically identical to the proof of Theorem
4.3.1. Writing B¢ = (951,659, ...) and BS = (¢51,...,9% ) for these

ideals in C[WW], for any k € N,

gin € (Vg (BY)) = Iy (Vi (B%)) = /B, = B,

so B¢ = BS;. Thus for every k € N there exist polynomials f; 5 € Cla, b]
such that, as polynomial mappings,

gik(€) = frr(e)gii(e) + - + frr(e)gk Kk (€)
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holds for every ¢ € W. Since C[W]| = Clc]/ker F*, applying F* we
obtain
gre = (F*fui)gn + -+ (F* fr k) 9k K

in Cla,b], from which (4.12) follows. The remainder of the proof of
Theorem 4.3.1 from (4.12) onward gives the result. Q.E.D.

The implementation of Theorem 4.4.1 is as practical as that of The-
orem 4.3.1. To describe it we need the following definitions and obser-
vations.

Let J = (c1 — h1(a,b),...,car — har(a, b)) C Cla, b, d].

Let R = JNC[c]. Then R = ker F* (Theorem 2.4.2 of [1]) and is
a radical ideal because it is the kernel of a ring homomorphism into an
integral domain, hence is prime.

Let Vo = F(V(B)), the image under F' of the center variety.

It is readily verified that if f € Cla,b] and f¢ € C[c] are any two
polynomials that satisfy F¥#(f¢) = f and if (a, IA)) € CY and ¢ € CM are
any two coordinate strings that satisfy F(a,b) = ¢ then f¢(é) = f(a, b).
That is,

F¥(f¢) = f and F(a,b) = ¢ imply f°(¢) = f(a,b),

which implies that Vo € V(B¢). Thus because V¢ is the smallest, variety
that contains Vi, we obtain the first inclusion in

(4.18) Ve © V(B € V(BS).

Let R’ denote the ideal in Cla, b, ¢| generated by any set of generators
of the ideal R in Clc].

Let N = R+ Bk + J in Cla, b, c|.

Let H= N nNCc].

The ideas in §1.8.3 of [37] imply that V& = V(H), which yields the
implication

(4.19) (R' + By + J) N Cc] = BY implies Vo = V(BY).

If the antecedent in (4.19) is true then it together with (4.18) implies
Condition (1) of Theorem 4.4.1.

Since W = Image(F), W = V(R) (Theorem 1.4.2).

Letting ~ denote isomorphism of rings, C[W] ~ C[c]/I(W) (The-
orem 7 in §5.2 of [26]), so by Theorem 1.1.4 and the fact that R is a
radical ideal,

(4.20)  C[W] =~ C[d]/1(W) = C[d/I(V(R)) = C[¢]/VR = C[c|/R.
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Let <(4,) be a monomial ordering on Cla, b, ], for instance, a lexico-
graphic ordering, that possesses an elimination property for (a,b). That
is, with respect to <(4,) any monomial containing only the variables of
(c) is smaller than every element that contains a variable of (a, b).

Let Jg be a Grobner basis of J with respect to <(q4.p)-

Then Rg = {r1,...,rr} = Jo NClc] is a Grobner basis of R by the
Elimination Theorem (Theorem 1.4.1).

By the isomorphism (4.20)

(951, -+ g5 k) is radical in C[W]
if and only if
(g5, +ker F* ... g% + ker F*) is radical in C[c]/ ker F?,
which in turn holds if
(4.21) (9515 0% x> T1s- -, rr) is radical in Clc].

Therefore condition (4.21) implies Condition (2) of Theorem 4.4.1.
Thus in summary, Theorem 4.4.1 can be implemented in the follow-
ing steps.

1. Use the algorithm that is given in Table 5 to compute a Hilbert basis
My = {v1,...,vm}y CNY of . For 1 < j < M let h; denote the
monomial [v].

2. Compute a Grobner basis Jg = {f1,..., fu} of the ideal

J={c1 —hi(a,b),...,car — ha(a, b)) C Cla, b, ]

with respect to any elimination ordering <(, ). Form the Grobner
basis Rg = Jo NCle] = {r1,...,rr} of R =JNC[c] = ker F*.

3. Compute, with respect to <4 ), the reduced Grobner basis Ng of
the ideal N = (r1,...,77,911,- -+, 9K K, f1,-- -, fu) in Cla, b, ¢|]. Form
Hg = Ng N Cl¢], the reduced Grébner basis of N N Clc].

4. For 1 < k < K compute gf, as the remainder when gy is divided
by the Grobner basis Jg of J in Cla,b,c] (Proposition 7 of §7.3 of
[26]). The computation is in Cla, b, c] but because gix € Image(F*¥),
9ix € Cle].

5. Compute, with respect to the monomial order on C[¢| induced by the
order <4 on Cla, b, c], the unique reduced Grébner basis (B% ) of
BS. in Clc]. If (B%)s = Hg then Condition (1) of Theorem 4.4.1
holds.

6. Check whether (gfy,...,9%x,71,--.,77) is a radical ideal in C|¢]. If
so then Condition (2) in Theorem 4.4.1 holds.
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We illustrate the method by using it to prove the following theorem,
first proved in [47] using the same procedure.

Theorem 4.4.2. The cyclicity of a center at the origin in the family
of real systems whose expression in complex form (using the indexing
scheme of (4.13)) is

& =i(x — a_127% — agor® — aogx:?Q)
18 at most four.
Proof. The complexification of the underlying real system is
= i(r —a_12y”® — axz® — agezy?)
y=—i(y — b27_1x2 — booz?y — boay®).

The first six focus quantities, each reduced modulo the ideal generated
by the previous ones, are

g11 =0
oo = —i(3a20a02 - 3b20b02)
g33 =10

gaa = —10i(216a3a% 15 + 576a3,b20a> 15 + 216a20b30a” 15 — 144b3a% |5
+ 144ag,b3 _y — 216ag,b2b5 1 — 5T6agbj,bs _y — 216b7,03 1)
gs5 = —1007:(—3402&%0[)200,%2[)27_1 — 2268&20[)30&3_12[)2,_1
+ 1134b3,a® b, 1 — 1134ag,a-12b5 _; + 2268adybo2a—1205 _,
+ 3402@026%2a_12bg7_1)
g6 = —10000i(10206a3,b30bo2a> 15 + 6804a20b3ybo2a> 1
— 3402b30bo2a> 15 + 3402a5,b20bo2b3 4
— 6804ag,b20b3ob5 1 — 10206a02b20b35b5 1 ).
It follows from the results of [49] that V(B) = V(Bg), so Condition (1)
of Theorem 4.3.1 holds with K = 6. Calculations (e.g. with SINGULAR)
show that Bg is not a radical ideal, so that Condition (2) fails. We seek
therefore to apply Theorem 4.4.1.

Applying the algorithm mentioned above for computing a Hilbert
basis of .# we compute the reduced Grébner basis of the ideal

J = (1—wa,a_12—t1,0%by 1 —t1, a0 —t2, boa—a’ta, aga —t3, a*bag —t3)

with respect to lexicographic order with w > a > t1 > to > t3 > a_10 >
aso > a1l > Qg2 > b20 > b11 > b02 > bg)_l. The polynomials of the
output list that do not depend on w, «, t1, to, t3, or ty are
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ap2a20 — boabag —a? by + agybs
—a? 1pa20b3, + a%2b02b§,71 —a? pa30ba0 + aOngngﬁl.
—a? 5a3, + biyb3
A Hilbert basis of . is thus the 13-element set
(100 001) (010 010) (000 032) (002 012) (200 300)
(011 000) (001 100) (001 022) (210 200)
(000 110) (230 000) (220 100) (003 002)

so M = 13. We denote the j-th element of this list by v; and let
hj = [v;] € Cla,b]. For example hy = asoaoz and his = agybs ;.

For the elimination ordering <, ) choose lex with the ordering of
the variables

a_12 > Q20 > Ap2 > bzo > b02 > b27,1 >cp >0 > C13.

Computing a Grobner basis Jg of the ideal J = (¢; — hi(a,b),...,c13 —
his(a,b)) in Cla, b, c|] with respect to <(,) and forming the Grobner
basis Rg = Jg NC|c] of the ideal R yields a 44-element set {ry,...,r}.
We then compute the reduced Grobner basis Ng, with respect to <(q,5),
of the ideal N = (r1,...,744) + {g11,--.,966) + J in Cla, b, c] and form
the reduced Grébner basis Hg = Ng N Clc] of N N Clc].

Division of each gix, 1 < k < 6, by the Grobner basis Jg yields

951 =0 952 = —i(—3ca + 3c9) 955 =0

954 = —10i(144c5 — 216¢6 — 576¢7 — 216¢s — 144010 + 216¢11 + 576¢12
+ 216¢43)

955 = —100i(—1134c;c5 + 2268¢1c6 + 3402¢1¢7 + 1134¢1¢19 — 2268¢1 011
— 3402c¢1¢12)

966 = —10000¢(3402¢4c5 — 6804cqce — 10206c4c7 — 3402¢4¢19
+ 6804c4c11 + 10206¢4¢12).

When the unique reduced Grébner basis of the ideal Bf is computed
with respect to lex with ¢; > --- > ¢35 it is the same as the set of
polynomials Hg computed above, so we conclude that Condition (1) of
Theorem 4.4.1 holds.

Finally, computing the radical of (¢, ..., 95 "1, - - -, 744) With SIN-
GULAR we find that this ideal is radical, so that Condition (2) in Theorem
4.4.1 holds.

Since the minimal basis of Bg is clearly {g22, g4, 55, go6} wWe con-
clude by Theorem 4.4.1 that the cyclicity of a center at the origin in the
original real family is at most four. Q.E.D.
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§5. Centers on Center Manifolds

One of the most effective tools for studying the behavior of trajec-
tories of high-dimensional systems of ordinary differential equations is
the theory of center manifolds, which in some respects originates from
the work of V. A. Pliss on the Reduction Principle ([64]; see also [63])
and which was further developed by many others (see, e.g. [19, 80] and
references therein).

Consider an (m + n)-dimensional system of ordinary differential
equations of the form

&= Az + u(x,y)

(5-1) y = By +v(z,y),

where z € R™, y € R", where A and B are square matrices whose spectra
o(A) and o(B) satisfy Rec(A) = 0 and Reo(B) # 0, and where u, v are
C*-functions, k > 1, which vanish together with their first derivatives
at the origin. A C*-manifold W¢ = W¢(0,U) in a neighborhood U of
0 is said to be a center manifold of (5.1) if W€ is invariant under the
flow induced by (5.1) as long as the solution remains in U and W€ is the
graph of a CF function y = h(z) which is tangent at (0,0) € R™ x R”
to the z-space.

A proof of the following theorem can be found in many places, for
example in [19].

Theorem 5.0.3. There exists a neighborhood U of 0 € R™ x R™
such that there exists a local center manifold W€(0,U) of (5.1) which is
the graph of a C*-function y = h(x).

5.1. Center Manifolds and First Integrals

In Subsection 3.1 we considered completely integrable systems. How-
ever, complete integrability is a relatively rare phenomenon. Most sys-
tems are not completely integrable. Nevertheless if we know even just
one integral of a system often we can say a great deal about the behavior
of trajectories of the system. An important such case is that in which a
first integral defines a surface with a family of periodic solutions on it.
The surface is usually a center manifold. Under a small perturbation the
family of periodic solutions can be destroyed, but the center manifold
could very well persist for perturbations that are relevant to the con-
text of the problem and might contain limit cycles. In this subsection
we study center manifolds and their connection to the center problem,
limiting the consideration to the case of three-dimensional systems, in
large part as developed in [32].
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Suppose U is an open neighborhood of the origin in R?, f : U — R3 is
a real analytic mapping, and that df(0) has one non-zero and two purely
imaginary eigenvalues. By an invertible linear change of coordinates and
a possibly negative rescaling of time the system of differential equations
u = f(u) can be written in the form

= —v+ Plu,v,w) = P(u,v,w)
(5.2) b= u+Quv,w) = Q(u,v,s)
W = —Aw + R(u,v,w) = R(u,v,w)

where A is a positive real number. As usual we will let X' denote the
corresponding vector field

(5.3) X=P2 +Q~% +RZ

on a neighborhood of the origin.

For every r € N there exists in a sufficiently small neighborhood of
the origin a C" center manifold W€, which contains all the recurrent
behavior of system (5.2) in a neighborhood of the origin in R3 ([17,
§4.1], [61, §2], [80]). It is not necessarily unique, but the local flows
near the origin on any two C"*! center manifolds are C" conjugate
in a neighborhood of the origin ([14]). This fact justifies our abuse of
language in speaking below of limit cycles on “the” center manifold.

The following example of V. I. Bulgakov and A. A. Grin’ ([13])
illustrates something of the richness of limit cycle bifurcations possible
even in low-degree polynomial systems in low dimension. Consider the
quadratic three-dimensional system

U= au— Bv+ asuv + agv2 + aquw + asvw
(5.4) U = Bu+ av — asu?® — aguv — asuw + agvw

w = 20w + 2a4w2 .
The system has the infinite family of algebraic invariant surfaces

(5.5) w = *(u® +v?), ke R\ {0}.
Passing to polar coordinates u = r cos ¢, v = rsin ¢ we obtain on each
algebraic invariant surface the system

a4 3

i‘zar—kzr

. as o .
o=0- T T Gercosy —asrsing.

(5.6)
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If we start with system (5.6) with & = 0 and a4 # 0 and perturb it so
as to make a non-zero and of the opposite sign from that of as/k then
on every surface (5.5) there occurs a Hopf bifurcation that produces a
limit cycle emanating from the origin. This process therefore produces a
family of systems (5.4) with infinitely many distinct algebraic invariant
surfaces with one small limit cycle on each one.

A natural generalization of the concept of cyclicity to higher dimen-
sional systems would be to say that a singular point of an autonomous
system of ordinary differential equations has cyclicity £ if at most £ limit
cycles can appear from the singular point under small perturbation and
there exist perturbations that yield k limit cycles. With this definition
of cyclicity the example of Bulgakov and Grin’ shows that the cyclicity
of even a quadratic system could be infinite. (There remains, however,
the following open problem: what is an upper bound for the cyclicity of
a singular point of a quadratic three-dimensional system restricted to a
single center manifold?)

The following theorem is a generalization of the Poincaré-Lyapunov
Theorem (Theorem 2.2.1) given in Subsection 2.2.

Theorem 5.1.1 (Lyapunov Center Theorem). For system (5.2)
with corresponding wvector field (5.3) the origin is a center for X|W¢€
if and only if X admits a real analytic local first integral of the form
®(u,v,w) = u?+ v+ -+ in a neighborhood of the origin in R3. More-
over when there exists a center the local center manifold W€ is unique
and is analytic.

We have formulated Theorem 5.1.1 for the three-dimensional case,
but in fact Lyapunov studied n-dimensional systems (2.17) in the case
that the matrix A has a pair of purely imaginary eigenvalues and the real
parts of all the other eigenvalues are negative ([48]). Lyapunov showed
that the zero solution of system is asymptotically stable or unstable
depending on the sign of a certain constant. In the “transcendental” case
(X4+Y =0for X and Y in the normal form (5.9) of the complexification
(5.7) of (5.2)) Lyapunov proved the existence of a family of periodic
solutions of (2.18) without inferring the analyticity of the corresponding
invariant manifold. Yu. N. Bibikov ([9, §13]) did this step, but still in
the case where eigenvalues of A with positive real parts are excluded
(see [5] for the treatment of the general case).

By Theorem 5.1.1 existence of a center of X'|W¢ is equivalent to
existence of a first integral for X', so we can restrict our efforts to in-
vestigation of conditions for existence of an integral ®, which can be as-
sumed to have no constant term, hence must have the form ®(u, v, w) =
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u? +v? 4 --.. We further suppose that each of P, , and R is a sum of
homogeneous polynomials of degrees between 2 and some number N.

We begin by introducing the complex variable z = u + tv. Then
the first two equations in (5.2) are equivalent to a single equation & =
iz + Xi(x,z,w), where X; is a sum of homogeneous polynomials of de-
grees between 2 and N. As in Subsection 2.4, adjoining to this equation
its complex conjugate, replacing T everywhere by y, regarding y as an in-
dependent complex variable, and replacing w by z simply as a notational
convenience we obtain the complexification of family (5.2),

N
= dr+ E apgra?Pylz"
pHq+r=2
N
(5.7) y=—iwy+ E bpqra”y?z"
ptq+r=2
N
Z=—-Xz+ g CpgraPylz",
pHq+r=2

where by, = Gpqr and the ¢,y are such that Zzﬁ gtr=2 Cpgra?TIw” is
real for all z € C, for all w € R. Let 3 denote the corresponding vector
field on C3. Existence of a first integral ®(u,v,w) = u? +v?+--- for a
system in family (5.2) is equivalent to existence of a first integral

(5.8) U(z,y,2)=ay + Y vpealyts’
Jk+e=3
for the corresponding system in family (5.7).
We first characterize existence of a formal first integral in terms of

normal forms of systems in family (5.7). A direct computation shows
that every normal form of a system in family (5.7) has the form

i1 = ir + X (z191)
(5.9) U1 = —iy1 + 1Y (z191)

2=z + le(l‘lyl).
We do not assume here that (5.7) arises as the complexification of a real
system, hence the coefficients in (5.7) and (5.9) are unrestricted.

The following theorem shows that existence of a first integral (5.8)
is related to the fulfillment of the Pliss-Bryuno condition.

Theorem 5.1.2. A system of the form (5.7) admits a formal first
integral of the form (5.8) if and only if the functions X andY in some
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normal form (5.9) satisfy X +Y =0 (that is, the system of the first two
equations in (5.9) satisfies the Pliss-Bryuno condition).

Proof. Suppose system (5.7) has a formal first integral of the form
U(z,y) = zy + ---. Writing x = (z,y,2) and x; = (1,41, 21), if
x = H(x1) is the distinguished normalizing transformation that con-
verts (5.7) into a normal form (5.9) then F' = ¥ o H is a formal first
integral for the normal form, and from the proof of Lemma 2.3.7 we see
that F(x1,y1,21) = f(x1y1), so

oF
T - (z1,91,21) = mayr f (z191)
Z1

and oF
yla—($1,y17z1) =z f (z1y1).
Y1

Thus, letting ( = x1y1, we obtain
0= CHOX)+Y(Q).

But because F' is a formal first integral it is not a constant, so we con-
clude X(¢) +Y(¢) =0.

Conversely, if X +Y =0 then \Tl(xl, Y1,21) = 1Yy is a first integral
of (5.9). Since the coordinate transformation x = x; + h(x;) has an
inverse of the form x; = x + ﬁ(x), system (5.7) therefore admits a
formal first integral of the form ¥(x,y,z) = axy+---. Q.E.D.

The following statement follows almost immediately from this the-
orem.

Theorem 5.1.3. Fiz a system (5.2) in which the functions P, @,
and R are real analytic on a neighborhood of the origin. Let X denote the
corresponding vector field (5.3). The following statements are equivalent.
1. The origin is a center for X|W¢, W€ the local center manifold at

the origin.

2. System (5.2) admits a formal first integral.
3. System (5.2) admits a local analytic first integral.

Proof. The equivalence of the first and third statements is Theorem
5.1.1. The third statement implies the second. If the second statement
holds, then by Theorem 5.1.2 the functions X and Y in any normal
form (5.9) of the complexification (5.7) of (5.2) satisfy X +Y = 0. In
such a case ¥(x1,y1,21) = z1y1 is an analytic first integral of (5.9). In a
manner similar to the proof of Lemma 2.3.9 (or see §5 of [9] for a detailed
proof) one can show that for family (5.2) the condition X +Y = 0
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implies that the distinguished normalizing transformation x = x;+h(x;)
that transforms (5.7) into (5.9) is real analytic. Since the normalizing
transformation has an analytic local inverse, the analytic integral ¥
yields an analytic integral ®(u,v,w) =u? +v?+--- of (5.2). Q.E.D.

Recalling that 3 denotes the vector field associated to (5.7), we now
investigate the existence of a first integral ¥ for a system in family (5.7)
by computing the coefficients of 3¥ and equating them to zero. When
U has the form (5.8) the coefficient gi, gk, of T¥1y*22%3 in 3V is
(5.10)

(=Ak3+(k1 — k2)0) Uk, koks

+ Ay ko —1,ks + Oky =1,k ks

min{ks,N} | ki+kotr—1

+ § E J @y —j+1,ks—k,r Vj,k kg —r
r=0 J+k=34+r—ks
F>1,k>0

min{ks,N} | ki+kotr—1

+ E E kbry —j ko—kt 1, Vjik kg —r
r=0

Jt+k=3+r—ks
Jj20,k>1

min{ks,N} | ki4kotr—2

+ Z Z (ks —r+ 1) Ck1—j,ka—Fk,r Vj,k,ks—r+1
r=0

Jj+k=24r—ks
j>0,k>0

The maximum of the sum of the subscripts on v,g, in the sums is
k1 + ko + k3 — 1. Thus except when (ki1, ko, k3) = (K, K,0) for K € N,
the equation g, k,k, = 0 can be solved uniquely for vy, gk, in terms of
the known quantities vagy with oo+ 8 +v < ki + ko + k3. A formal
first integral ¥ thus exists if ggro = 0 for all £ € N. An obstruction to
the existence of the formal series ¥ occurs when the coefficient gk i is
non-zero. This coefficient is the Kth focus quantity,

2K—1

IKKO0 = Z [Jax—j1,K k0 + Kkbr_j K k+1,0]Vjko0

k=2
j=0,k>0

2K -2

+ E CK—3§,K—k,0Vj k1,

Jt+k=2
Jj=0,k20

(5.11)
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where we have incorporated the summands in the second line in (5.10)
into the sums by making the natural assignments v119 = 1 and vog, =0
for a + 8+~ =2but («,5,7) # (1,1,0).

Remark. The focus quantity gx ko is obviously a polynomial in the
coefficients aagy, bagy, Capy of (5.7), but contains X in the denominator
of its coefficients. A similar sequence of such quantities could be found
based on Theorem 5.1.2 by zeroing coefficients of X + Y.

The focus quantities g119 and goo¢ are uniquely determined, but the
remaining ones depend on the choices made for vk kg, K € N, K > 2.
Once such an assignment is made ¥ is determined and satisfies

2 3
(5.12) 3V (x,y,2) = gr10 @Y + g220 (vY)~ + gazo (xy)” + -+ .

The vanishing of all the focus quantities is sufficient for existence of the
formal first integral. Using reasoning similar to that used in the proof
of Theorem 2.4.4 one can show that it is also necessary by proving that
if for one choice of the vk ko at least one focus quantity is non-zero then
the same is true for every other choice of the vigo. Thus the set of
all systems in family (5.7) (with a fixed choice of \) admitting a first
integral of the form (5.12) is the variety Vi of the ideal (g110, 9220, - - -)-

5.2. Periodic Solutions of the Moon-Rand System

We now apply the theory presented in the previous subsection to
study a particular family of three-dimensional systems. In [62] (see also
Exercise 5 of §5.5 of [46]) Moon and Rand introduced the following
system of differential equations, which we call the Moon-Rand system,
in the context of modelling the control of flexible structures:

U= v
(5.13) V= —U— uw

w=—dw+ f(u,v)
where
(5.14) f(u,v) = capu® + cruv + cov?
o c11u

_
flu,v) = Tt

We will limit our consideration to the case of polynomial Moon-Rand
systems so in the following when speaking about system (5.13) we mean
the system with f defined by (5.14). (A full treatment of both cases can
be found in [60].) In (5.13) A, c20, c11, and cp2 are real numbers, A > 0.
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Moon and Rand showed that the origin is asymptotically stable for the
flow restricted to the center manifold if

2¢c90 — 2¢02 — Aepp < 0.

This condition was found by approximating the local center manifold W€
of (5.13), transforming the system restricted to W to a normal form by
means of an unspecified near-identity transformation, and going over to
polar coordinates.

We will give a complete stability analysis of the flow restricted to a
neighborhood of the origin in any center manifold. We allow negative
values of A, requiring only that A be nonzero so that the singularity at
the origin be isolated. For the flow on any center manifold the origin
is either a center or a fine focus of order up to three (up to four in the
rational case). We derive discriminant quantities which specify the order
and stability of foci.

We begin with a computation of the lowest order terms of any center
manifold. The first three were already found in [62]. The higher order
coefficients will be needed only after simplifying conditions apply, so
only the simpler versions are listed.

Lemma 5.2.1. Let a center manifold at the origin of the Moon-
Rand system (5.13) be expressed as

w = h(u,v) = p20u2 + priuv +p0202 + e

Then pji, = 0 if j + k is odd. In general

P20 = (2c02 + 2¢20 + Aerr + Aeao)

1
A2 +4)

(5.15) 2c02 — 2¢20 + Ac1n)

_ 1
pll_m(

1
=—-(2 2c90 — A M)
Do2 N2 + 4)( Co2 + 2¢20 c11 + A coz)

When Cp2 = C20 — ()\/2)011
(5.16)

P13 = ()\011 — 2620)()\()\2 =+ 10)011 — 2()\2 + 16)020)

2A(A2 +4)(A\2 4 16)
1

A2+ 4)(\2 + 16) (Ac11 — 2¢20)(BAerr — (A% + 16)ca0).

P31 =
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When Cop = ()\/4)011 and Cp2 = C20 — ()\/2)011 = —(/\/4)011

A2+ 5302 4216)

Pl = 502 £ 16)2(\ + 40A2 + 144) 1
3A(3\2 4 8)
5.17 = 3
(5.17) P33 = TN 16)(AT + 4002 + 144) 1
AT+ 13X +72) 3
P15 =

2(X2 + 16)2(\* + 40\% + 144)

Proof. 'The coeflicients p;;, are found by equating coefficients in the
expression that determines the center manifold,

hutt 4+ ho® = —Ah + cogu® + c11uv + coav?.

When this expression is written out with homogeneous terms in & col-
lected the assertion that p;, = 0 if j 4+ k is odd follows by induction.
The first three coefficients listed in the present lemma can be found
manually, but the computer algebra system MATHEMATICA was used for
the remaining ones. A MATHEMATICA code for this computation can be
found in the appendix of [60]. Q.E.D.

Theorem 5.2.2. Let X denote the vector field determined on R?
by the Moon-Rand system (5.13). Define the discriminant quantities

W1 = 2¢20 — 2¢02 — Ac1n
W2 = —)\(2020 — )\011)(4C20 — )\611)

2
W3 = —/\602611

For any center manifold W¢ of (5.13) at the origin of R3, with regard

to X|We:

a. if W1 # 0 then the origin is a first order fine focus whose stability
is determined by sgn W1 (i.e., is asymptotically stable iff W1 < 0);

b. if Wy =0 but Wy # 0 then the origin is a second order fine focus
whose stability is determined by sgn Wa;

c. if Wi =Wy =0 but W3 # 0 then the origin is a third order fine
focus whose stability is determined by sgn Ws;

d. if W1 =Wy =W;5 =0 then the origin is a center;

e. the origin is a center iff cogo = 2co0 — Ac1p = 0.

Proof. We prove part (e) first. The first four nonzero focus quan-
tities were computed by means of the method described above, first
complexifying (5.13) and then computing as described earlier. The first
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two nonzero focus quantities, for example, are

2c20 — 2cp2 — c11 A
44+ N2
(c20 + co2) [c11A(12 + A2) — 2c02(—4 + M%) — 2¢20(12 + A?)]
AN(4 + A2)? '

9220 =

g330 =

All were computed using MATHEMATICA. The code is given in the ap-
pendix of [60].

Let gk:ko be the numerator of Jkko and Bk = <§220,§330, N >§kk0>'
Using Theorem 1.4.3 we find that /By & v/Bs but /Bs = /Bs. Since
as indicated in Subsections 1.1 and 1.3 it is the radical v/T of an ideal
I that in fact determines the corresponding variety V(I), this compu-
tation suggests that Vo = V(B5). Using the routine minAssGTZ ([28])
of the computer algebra system SINGULAR to decompose the radical of
Bs into a unique intersection of prime ideals, we obtain the irreducible
decomposition of the variety V(Bs) as the union of three components
V(J;), where the ideals J; are:

J1 = (co2, —Ac11 + 2¢20 — 2¢02)
Jo = <C§1 =+ 16082,4)@02 — 11, Ac11 + 4coo, )\2 + 1, —Ac11 + 2¢90 — 2002>
J3 = <)\2 + 4, —)\011 + 2620 — 2602>.

Since system (5.13) is real the components V(Jz) and V(J3) are irrele-
vant; we get the necessary conditions

Cpo2 = 2620 - )\611 =0

for the origin to be a center for X'|W¢°.
When these conditions hold it is not too difficult to find the algebraic
surface
F(u,v,w) := cou® — Aw =0

as an invariant surface (with cofactor —\) for the flow associated to
system (5.13). Since it is tangent to the plane w = 0 at the origin it is
in fact a center manifold for this system. Using this explicit expression
for a center manifold W€ we find that the dynamics on W€ are given by

U= v

This system is Hamiltonian with the Hamiltonian function

1
H(u,v) = §(u2 +v?) + %u‘*
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so it admits a center at the origin. Thus the condition in part (e) is also
sufficient, and part (e) is established.
Now we turn to parts (a) through (d), in order. The system X |W¢
is
U=

(5.18) 0 = —u — uh(u,v)

for h(u,v) = Y pjru/vk whose first few coefficients are given in Lemma
5.2.1. We find the first few Lyapunov quantities as described in Sub-
section 2.1. In polar coordinates u = rcosf, v = rsinf system (5.18)
is

7= —rcos@sind h(rcosd,rsinf) = —> a;r’

(5.19) . , ,
0 =—1—cos"Oh(rcosf,rsinf) =—1—-> 31/,

where
a;(0) = cosfsind (Zk+e:j—1pkf cos® @ sin” 0) , j>3
B;(0) = cos® 0 (ZkH:ij cosk @ sin” 9) . j>2.

Since pge = 0 when k + ¢ is odd, ag, = f2,41 = 0. Then

dr .
(5.20) 5= > R;(0)r7
where
Ry =0 Ry =0 R3 = a3
Ry=0 Rs = a5 — azf Rg=0

Ry = a7 — asfs — azfy + azfs Rg =0
Ry = ag — arfa + as 5 — asfs — asBs + 203 B281 — a3 s

It is important to note that since 0 < 0 near 0 (arising from the non-
canonical location of the minus sign in the linear part of (5.13) that
gives rise to the complex eigenvalues; compare with (2.11)), in pass-
ing from (5.19) to (5.20) the direction of time is essentially reversed:
as 0 increases from 0 to 27 time ¢ decreases. Therefore the usual po-
lar coordinate procedure for computing the Lyapunov quantities gives
the negatives of the correct values. The negative of the first Lyapunov
quantity, —ny, is wy(27) — 1 and for j > 2 the negative of the jth Lya-
punov quantity, —n;, is w;(27), where the w; are the solutions of the
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differential equations that arise from
(5.21) > wi(0)r) =Y R;i(0) (wi(0)ro + wa(0) 1§ + -+ )
with initial values
w1(0) =1, w;(0)=0 for j>1.

In particular,

w'l == R1w1 == O7 wl(O) =1
yields wy () = 1, so that 7, =0, and

wh = Row? =0, wy(0) =0
yields ws(6) = 0, so that 7o = 0. Then

w§:R3:a37 'lUg(O):O
yields

ws(0) = %pm + %qu — ipg() cost 0 + ipog sin?@ — %pu sin 46
so that
N3 ~ —p11 ~ 2¢20 — 2¢o2 — Acin

where a ~ b means that a is a positive constant times b. This establishes
point (a).

From (5.21) wj = 0 so wy = 0, hence ny = 0. It is apparent that
wyg = 0 in turn implies that wi = 0 so wg = 0, hence ng = 0 (and
wy = we = 0 imply that w§ = 0 so wsg = 0, hence ng = 0).

From (5.21)

wh = 3R3w1(w5 +wiws) + 4R4w:1”w2 + R5w§ = 3R3ws + Rs.

At this point hand computations are infeasible and intermediate results
too long to copy here. Proceeding on the assumption that 13 = 0, so that
p11 = 0, which we implement by the substitution coa = c20 — (A/2)c11,
we use MATHEMATICA to compute ws and obtain 75 ~ ps1 + p13, which
by (5.16) gives

~ (2c20 = Acar)(4eo — Acrn)
775 - 2 9
2\(4 + \2)

which has the sign of Ws. Since 74 = 0 (or appealing to the fact that
the first non-zero Lyapunov quantity has odd index) this establishes part

(b).
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If 5 = 0 because 2cog — Acy1 = 0 then n3 = 0 implies that cgo = 0
as well, and by part (e) of the theorem the origin is a center. The factor
c2, in W3 makes W3 = 0 in this case. We proceed on the assumption
that M5 = 0 but 2020 — )\611 7é 0. Thus 4620 — )\011 =0 and (fI‘OD’l n3 = 0)
co2 = c20 — (A\/2)c11 # 0. From (5.21) and what we already know we
have

u/7 = 3R3(w§ + w5) + 4R4w4 + SRsw3 + Ry,

which with the initial condition gives

n7 = wr(2m) ~ —5p15 — 5ps1 — 3pas + Poapa1 + 5paops1 ~ —Ach.

Since cog # 0, 17 is zero iff W3 = —Ac3ycq1 is zero, and has the same sign
as W3 when they are nonzero. Since ng = 0 this establishes (¢). (In fact,
in the case at hand n; # 0, for since we have assumed W; = Wy = 0,
c11 = 0 would ultimately imply that cp2 = 0. What is shown in the last
display is not 17, but 77 under certain restrictive conditions.) Recalling
the comment above that if 75 vanishes because 2c¢o9 — Acy; = 0 then
W3 = 0 is forced, point (d) holds as well. Q.E.D.

Since the first non-zero Lyapunov quantity is known under every
circumstance, bifurcation of limit cycles from the origin can also be dis-
cussed. Uncertainty as to the analyticity of the center manifold prevents
us from being able to assert sharpness of the bounds, hence the cyclicity
of the singularity in the center manifold, in the case of bifurcations from
a center. On the other hand, there always exists a local center manifold
of arbitrarily high smoothness ([80]) and, as mentioned earlier, the flows
on any two C**1 center manifolds are C* conjugate on a neighborhood
of the origin ([14]) so that all contain the same number of small cycles.
Thus the statements in the following theorem do not depend on the cen-
ter manifold selected, if there is more than one. We also remark that,
even though center manifolds may not be analytic, if there are infinitely
many cycles in a neighborhood of the origin on a center manifold, then
the origin is a center on the manifold ([5]).

Theorem 5.2.3. For family (5.13) restrict attention to the flow on

a center manifold at the origin.

a. A first order fine focus at the origin has cyclicity zero: no limit
cycles bifurcate from it under small perturbation within (5.13).

b. Fork =2 and k = 3, a fine focus of order k at the origin has
cyclicity k — 1: up to k — 1 limit cycles can be made to bifurcate
under small perturbation within the family (5.13).

c. In the case cog = c11 = cgo = 0 the center on the center manifold
w = 0 can be made to bifurcate two limit cycles. Otherwise the
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center on the center manifold can be made to bifurcate one limit
cycle.

Proof. A first order fine focus at the origin has cyclicity zero be-
cause 7)1 is always zero.

To abbreviate the notation write & = (X, ca0, ¢11,¢02) € R* for the
parameters. To obtain an upper bound on the number of limit cycles
that can bifurcate from a fine focus of order two or three let us suppose
to be specific that for some £* the origin is a fine focus of order three
and consider the system restricted to a center manifold that is C" for
r > 8. Fix a neighborhood N of £ on which 7 = 17(£§) # 0 and an
interval I = [0, €) so that the difference map 2 = 2(r,¢) is defined on
I x N. Then since as seen in the proof of Theorem 5.2.2 1, and 7 are
identically zero

D(r,€) = n3(E)r® + ns(E)r® + 07 (r™ + R(r, &),

where R is at least C7 and RY(0,6) =0for 0 < j < 7.
Divide 2 by 73 (defined at zero by the limit) and differentiate with
respect to r to obtain the function

D1 (r,€) = 205(E)r + 407 ()r® + Ra(r, ),

where R; is at least C% and jo)(O,f) =0 for 0 < j < 3. Either Z and
21 both have infinitely many zeros on (0, €) or & has at most one more
zero on (0,¢€) than Z does.

Divide 2; by r (defined at zero by the limit) and differentiate with
respect to 7 to obtain the function

Pa(r,€) = 817 (E)r + Ra(r, €)

where Ry is at least C! and jo)(o,g) =0 for 0 < j < 1. Either 2; and
95 both have infinitely many zeros on (0, ¢) or Z; has at most one more
zero on (0, €) than P, does.

Divide Z, by r (defined at zero by the limit) to obtain the function

D5(1,€) = 8n7(§) + Ra(r, )

where Rj is continuous and R3(0,£) = 0. For £ in a neighborhood
N C N of & and an € € (0,¢€), Z3(r,§) has no zeros in (0,€'). Thus
P(r,€) has at most two zeros in (0,¢’) for all £ € N'.

In the same way a second order fine focus can be made to bifurcate
at most one limit cycle.
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The bounds are sharp because, as shown in the proof of Theorem
5.2.2, the Lyapunov number 73, 15, and 77 can be adjusted indepen-
dently. To see what we mean, suppose the origin is a third order fine
focus, so that n; = 0 for 1 < j < 6 but 7y # 0. We must have
4620 - )\611 = 0 but 2620 - )\Cll 7é 0 else by ns = 0, Co2 — 0 is
forced and the singularity is a center. Moving c¢;; by an arbitrarily
small amount in the correct direction, leaving cog unchanged, but main-
taining cpa = o9 — Ac11/2 makes the sign of 75 change to the opposite
sign of that of 77 but maintains 73 = 0. A zero of the difference map on a
section of the flow near the origin is produced, corresponding to a limit
cycle. Then ¢y or cge can be moved by an arbitrarily small amount
to create a second limit cycle. A single limit cycle can be produced
similarly from a second order fine focus.

If the origin is a center, then unless cyg = ¢11 = cp2 = 0 there is
no third order fine focus near it and the same technique produces one
limit cycle. When ¢og = ¢11 = cg2 = 0 one can first make an arbitrarily
small perturbation to a third order fine focus, and from there produce
two limit cycles. Q.E.D.

§6. Epilogue: Planar Quadratic Systems

The discussion in previous sections illustrate the fact that in prob-
lems of the type that we have been considering computations quickly
become intractable, even when we apply such techniques as performing
special coordinate transformations to reduce the number of parameters
and computing using modular arithmetic followed by rational recon-
struction. All too frequently, unless the system at hand is a restricted
one that arises in an application, such as the Moon-Rand family treated
in Subsection 5.2, resort must be made to restricting the study to spe-
cial cases. Even so the results obtained can be excessively complicated,
with a number of individual cases, each of which can involve many large
polynomials.

The one “naturally occurring” general family of system of ordinary
differential equations on the plane for which the center problem and the
problem of the cyclicity of a singularity of focus or center type have
a fully satisfactory answer is the family of quadratic systems, systems
u = f(u) of the form

iL:P<u,’U), @ZQ(U,U),

where P and ) are polynomial functions (usually restricted to being
coprime) for which max{deg P,deg @} = 2. In this section we draw
together many of the ideas that we have discussed to give a complete
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solution of the center problem and to derive a sharp upper bound on
the cyclicity of a singularity of focus or center type. Our goal in this
final section is both to highlight a major accomplishment of the theory
and to bring together in one section a number of ideas that have been
developed separately in earlier sections, in the process giving a concrete
demonstration of how all the pieces are implemented and how they fit
together into one cohesive whole.

An isolated singularity of a quadratic system, which by a translation
of the coordinate system we may assume to be located at the origin, is
of focus or center type only if it is simple or nondegenerate, meaning
that the Jacobian determinant det df(0) # 0 (e.g., Lemma 6.3.2 of [70]).
Thus by a linear change of coordinates and a time rescaling the system
can be placed in the form

(6 1) u=Au—v+ A20u2 + Ajquv + A02U2
' ’U = u+)\v+B20u2 +B11UU+BOQU2.

We regard (6.1) as a family of systems parametrized by the coefficients
Ajk, Bjk.
The complexification of (6.1) is

&= (A i)z — agpr® — anxy — apy’

(6.2) . . ) )
U= (A—1)y+ byz” + by1zy + bo2y” ,

where we have rescaled by —i and where the a;;, and b;, are complex
numbers that satisfy by; = a;p.

6.1. The Center Problem

To solve the center problem for (6.1) we first solve it for family (6.2),
with A = 0 of course, and then use the linear isomorphism between the
parameters

(A, B) := (A2, A11, A2, Bao, Bi1, Bo2)

and the parameters

(a,b) := (a20,a11, a2, b20, b11, bo2)

to obtain necessary and sufficient conditions for a center at the origin
for family (6.1). In fact we solve the center problem for the general
family (6.2) without the conditions by; = a, that are satisfied by any
member of the family that is the complexification of a real system of the
form (6.1). The characterization of centers for members of (6.1) is then
obtained by first applying the conditions by; = a;; and then the linear
isomorphism just mentioned.
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The first step in the process is to compute the first few focus quan-
tities gk, k € N for (6.2) (Definition 2.4.2 and (2.48) with p = ¢ = 1),
and at each stage use the Radical Membership Test (Theorem 1.4.3) to
check whether or not gix is in the ideal generated by the previous fo-
cus quantities. The computation of the focus quantities and the test are
both completely algorithmic. (A MATHEMATICA code for computing the
focus quantities for two-dimensional systems appears in the appendix of
[70].) The first three focus quantities are, after a reduction of the second
modulo the first and a reduction of the third modulo the first two,

g11 = —i(azoa11 — bo2b11)
. 2 2 2 3 3
go2 = —i(ag0a02b7; — boabaoat; — 3(ao2by; — baoaiy)
2 2 2
— 2(a11bgabao — br1azgao2))
=i3(- bly + 2a02bo2bi; + aiibirb
g33 = ig(—a11a02by; + 2a02b02b1; + ay1bi1bao
3 2 12 2 13
— 2a11b02b11b20 -2 aso 0,02 bll b20 + a02 bll bgo

3 2 2 2
— Q11 G2 b20 + 2 a1 ap2 b02 b20)'

We find that goo & \/(g11) and g33 &€ \/(g11,g22) but that, for as large

a k > 4 as we care to check, gpr € v/(g11,---,933). Since for any ideal
I, V(I) = V(\/I), this suggests that

V({grr : k € N)) = V(g11, 922, 933),

that is, that
V(B) = V(Bs),

meaning that the center variety is the variety of the ideal B3. We know
that the inclusion

V((grr : k € N)) C V(g11, 922, 933)

holds. To establish the reverse inclusion we must show that for any
(a*,b*) € V(g11, g22, g33), the corresponding system (6.2) has a center
at the origin, that is, that it admits a local first integral of the form
U(z,y) = xy + ---. This task is greatly simplified, one would even
say made feasible, by decomposing the variety V(gi1, a2, g33) into its
irreducible components. To do so we use one of the SINGULAR routines
primdecGTZ or primdecSY in the primdec library to decompose the ideal
(911, g22, g33) into an intersection of primary (or perhaps prime) ideals.
Doing so we obtain
B3=J10J20J30J4,
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where
<a11, bn)
(6.3) = (2a11 + bo2, azo + 2b11, a11b11 — ag2bap),
. = (2a20 — b1, 2bo2 — a11),
J4 = (f1, f2, f3, fa, f5) ,
where

3 3
fi= a11b20 - aozbn s
fa = az0a11 — bo2b11,
_ 3 3
(6.4) fz= a50a02 — baobps
2 2
fa = ag0a02b7; — ai;b20bo2 ,

2 2
f5= azoaozbu - a11b20b02~

and from the output learn as well that each ideal .J; is prime. Therefore
Bs is a radical ideal and the irreducible decomposition of the center
variety of family (6.2) is

(6.5) V(B) = V(J1) UV (Js) UV (J5) UV (Jy).

Now we attempt to prove that for each k, for every (a*,b*) € V(Ji),
the system in family (6.2) with parameters (a*,b*) has a center at the
origin, that is, has a local first integral of the form ¥(z,y) = xy + - - -

For every element of V(J3) the corresponding system (6.2) is
hamiltonian, hence has a center.

Making the obvious modifications in Subsection 3.3 for the two-
dimensional situation, the ideal J4 is the Sibirsky ideal Is of Theorem
3.3.2, hence by Corollary 3.3.3 for every element of V(Jy) the corre-
sponding system (6.2) has a center.

For the remaining two components of V(Bs) we look for algebraic
partial integrals in order to construct either a Darboux first integral or
a Darboux integrating factor.

Suppose (a*,b*) € V(J1). By astraightforward computation search-
ing for an invariant line and its cofactor, we find that when bgy # 0 (an
artifact of the method of proof) a line f(z,y) = 1 + rz + sy not passing
through the origin is invariant if r is a root of the cubic equation

7‘3 + 2&207“2 =+ (a%o =+ bQQbOQ)T + (a20b20b02 — aogbgo) =0

and s = (r? + agor)/bag. If C(a,b) is the constant term of the cubic
and D(a,b) is the discriminant of the cubic (which is a homogeneous
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polynomial of degree four in asg, agz, bag, and byz) then for (a,b) & V(D)
the cubic has three distinct roots ry, r9, r3 ([82]), and for (a,b) € V(C)
none of them is zero. This gives three invariant lines fj,, whose cofactors
are

K =rpx — spy.
The condition in Theorem 3.2.5 is the pair of linear equations
riag + roag +r3az =0
S1001 + SgoQip + S3(v3 = 0

in the three unknowns aj, as, and as, and has infinitely many non-
trivial solutions. By Theorem 3.2.5 there exists a Darboux first integral
H(z,y) = fi 7. With some extra work ([70, §3.7]) one can show
that r1aq + reas + r3ag is zero only if a; = g = a3 = 0 so that

U(z,y) = (riaq + reas +r3a3) " (1 — H(z,y))

is a first integral of the required form ¥(z,y) = zy+---.

Any system that corresponds to an element of V(.J;) \ V(C D by)
is therefore integrable because of the presence of three invariant lines in
its phase portrait. Irreducibility of V(.J1) and the fact that

V(J1) N V(C D by)

is a proper subset of V(J1) imply (Exercise 1.45 in [70]) that

V(J1) \ V(C Dby) = V(Jy),

so that by Lemma 2.5.1 for every element of V(J;) the corresponding
system in (6.2) is integrable.

Suppose (a*,b*) € V(J3). Here a straightforward computation with
any popular computer algebra system leads to the algebraic partial in-
tegrals

f1 =(2b11b39) 211 b3 + 6 b3, b3gx + 6.1 biy b3y y
+ 3 b1y b3 (b3, — aqy bog) 22
+3ba0(2a11 bY; bao — by — af; b3o) 'y
+ 3a11 b1y bao(ar1 bag — b7y) ¥
+ a11 b3g(a11 bao — b7y) @ + 3ai1 bi1 b3 (bY; — a11bao) 2y

+3an bfl b20(a11 bap — b%) a:y2 + ai bfl(b% — a1 520) y‘ﬂ
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and

2
a1 b1 2

fo=14+2bx+2a11y—anbypr®+2a11byzy — b
20

with respective cofactors

Ki(z,y) =3 (bnnx —any)

and
K2 =2 (bul‘—auy).

By inspection 2 K1 — 3 K5 = 0, hence by Theorem 3.2.5 a Darboux first
integral is H(z,y) = f2f5 3 which exists for the system that corresponds
to any element of V(J3) \ V(b11 bag). For h = 2a11b%,bag + b, + a3b3,

H(z,y) =1 — 3(b11 bao) " hay + - -

so that
U = bogb11 (3h) *(1 — H) =2y + -

is a first integral of the required form for systems corresponding to el-
ements of V(J2) \ V(baobi1 h). The exact same reasoning as in the
conclusion of the previous case shows that for every element of V(.Jz)
the corresponding system in (6.2) is integrable.

We have thus proved the following theorem, which is the solution of
the center problem for quadratic systems.

Theorem 6.1.1. An element of the family (6.2) with A = 0 has a
center at the origin if and only if the coefficients (a,b) lie in at least one
of the irreducible varieties V(J1), V(J2), V(J3), and V(Jy), where the
ideals Jy, Ja, J3, and Jy are given by (6.3) and (6.4).

It is important to note that not only have we found the center con-
ditions, but the proof shows the mechanism by which the center arises
in each of the four sets of conditions. The variety V(Jy) is the Zariski
closure of the set of systems that have three invariant lines in their phase
portraits, V(Jz) is the Zariski closure of the set of systems that have an
invariant conic and an invariant cubic in their phase portraits, V(Jy) is
the Zariski closure of the set of systems that are time-reversible, and the
variety V(Jp) corresponds to systems that are hamiltonian. The Zariski
closure operation is essential. In fact there are systems in V(Jp) that
do not have three invariant lines in their phase portraits, and similarly
in the case of V(J3) and V(Jy).

Using the linear isomorphism that connects the coefficients (a, b) of
the complexification (6.2) (which, we recall, as the complexification of a
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real system satisfy by; = a;,) with the coefficients (A, B) of the original
real system (6.1) yields the center conditions for (6.1), of course with
A = 0. It was observed by Kapteyn that there exists a rotation that
places (6.1) in the form (using notation that is traditional)

U= —v — bu? — Cuv — dv?
0= u+au®+ Auww — av?.
Setting « = A — 2b and B = C + 2a, in these coordinates a necessary
and sufficient condition that there be a center at the origin is that at
least one of the following three conditions holds:
(1) b+d=0
(2) aa=p=0
(3) a+50b+d)=a®>+bd+2d*>=p=0.

6.2. The Cyclicity Problem

As mentioned at the beginning of this section a focus or a center of
any quadratic system must be simple, hence the system has the form
(6.1). If A # 0 then the singularity is hyperbolic, hence the system is
locally structurally stable and no bifurcation can occur: the cyclicity
is zero. Alternatively, we can compute the first Lyapunov quantity as
n = e>™ — 1 which, if the original value of \ was nonzero, is nonzero
originally and remains nonzero under sufficiently small perturbation of
the coefficients in (6.1). The following theorem covers the remaining
cases. The work done in the previous subsection in solving the center
problem makes the result almost immediate.

Theorem 6.2.1. The cyclicity of a focus or center of a quadratic
system is at most three.

Proof. As was just pointed out the system must be capable of being
written in the form (6.1), and the only case of interest is A = 0.

Because each of the first three focus quantities listed in the previous
subsection has been reduced modulo the previous ones, the three of
them must form the minimal basis of Bs. We also saw in the previous
subsection that V(B) = V(B3) and that the ideal Bs, as the intersection
of the four prime ideals J, is a radical ideal. The result then follows
from Theorem 4.3.1. Q.E.D.

Heretofore we have not addressed the issue of the sharpness of the
upper bounds on the cyclicity obtained by the methods that we have
described. In general this question must be addressed on a case by case
basis. In the situation of a fine focus of order k, so that (2.9) holds, the
usual procedure is to attempt to adjust the coefficients of the system
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in question so as to successively make the Lyapunov quantities of odd
index nonzero one by one, starting with 7,51, continuing with 72y _3,
12k—5, and so on, and with alternating signs, thus successively changing
the stability of the origin and creating limit cycles by an exchange of
stability. The procedure is illustrated in the next to last paragraph of the
proof of Theorem 5.2.3. In the case of a center one can first perturb to
a nearby system with a fine focus and apply the same procedure, as was
illustrated in the last paragraph of the proof of Theorem 5.2.3. In this
manner it can be shown, for example, that the bound in Theorem 6.2.1
is sharp: there exist both centers and (third order) fine foci in quadratic
systems from which three small cycles can be made to bifurcate under
arbitrarily small perturbation of the coefficients. A proof can be found
in many places; one expressed in the complex form of the real system
(6.1) with A = 0 is given in Section 6.3 of [70] (proof of Theorem 6.3.3).

Another method that in some cases allows one to obtain the precise
number of limit cycles bifurcating from generic points of the components
of the center variety is given by Theorem 2.1 of [21].
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