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On (4,3) line degenerated torus curves and torus
decompositions

Masayuki Kawashima

Abstract.

Let C = {f = 0} be an affine plane curve. In this paper, we study
(4,3) line degenerations of torus curves. Line degenerations of torus
curves are divided into two types which are called visible or invisible
degenerations. We will show that there does not exist a (4,3) line
degenerated torus curve which has two types decompositions.

81. Introduction

Let P2 be a complex projective plane with homogeneous coordinates
[X,Y,Z] and let C2 = P2\ {Z = 0} be the affine space with affine
coordinates (z,y) = (X/Z,Y/Z). We study plane curves in P? and C2.
Let M(d) (resp. M?%(d)) be the set of projective (resp. affine) plane
curves of degree d.

For a given curve C € M(d) or M%(d), we are interested in the
topological invariant which is called the Alexander polynomial of C and
torus decompositions. To explain this, we recall several curves which
are called torus curves, quasi torus curves and line degeneration of torus
curves. Let p and ¢ be positive integers such that p > ¢ > 2.

Definition 1.1. We say that C = {f = 0} € M?*(d) torus curve
of type (p,q) if f is written as f = fP + f! where f; is a polynomial
in Clz,y] of degree j. Put T(p, ¢;d) as the set of (p,q) torus curves of
degree d. V

Definition 1.2. We say that C = {f = 0} € M%(d) quasi torus
curve of type (p, q) if there exist three polynomials f,, f, and f. such that
they do not have a common component and they satisfy the following
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relation:
fPf =2+ f] in Clz,y], degf;=j.

Put QT (p, g;d) as the set of (p,q) quasi torus curves of degree d.

For a given curve C € M?*(d), we say that C has a torus decom-
position (resp. quasi torus decomposition) if C is in T(p,q;d) (resp.
QT (p, ¢;d)) for some (p,q).

Example 1.1. There is an interesting phenomenon. Let @ = {f =
0} € M“(4) be a three cuspidal quartic. Then @ has two torus and one
quasi torus decompositions ([3]):

(1.1) f=F+1f f=g+g, MNf=h+h

where deg f; = i, degg; = ¢ and degh; = i. Furthermore its tangential
Alezander polynomial is (t>—t+1)2 ([5]). For other quartics, if there exist
a torus decomposition, then it is unique and its tangential Alexander
polynomial is t2 — ¢ + 1.

We will want to consider the relation between the number of torus
decompositions and the degree of its Alexander polynomial. To study
this, we consider whether there exist a plane curve which has several
torus decompositions.

To construct two torus decompositions in Example 1.1, we used line
degenerations of torus curves. Now we recall line degenerations of torus
curves which are defined by M. Oka in [5].

Let C = {F = FP + F = 0} € M(pq) be a projective (p,q) torus
curve. Suppose that F' has the following form:

(1.2) F(X,Y,2)=27°G(X,Y,Z)

where G(X,Y, Z) is a reduced homogeneous polynomial of degree pq— j.
We call a curve D = {G = 0} a line degenerated torus curve of type (p,q)
of order j and the line Lo, = {Z = 0} the limit line of the degeneration.
Put LT ;(p, ¢; d) as the set of line degenerated torus curves of type (p, q)
of order j and LT (p,q) is the union of LT ;(p, ¢; d) with respect to j.

To state our theorem, we divide the situation (1.2) into two cases
which are called visible degenerations and invisible degenerations. Put
the integer ry, := max{r € Z | Z" divides F} for k = p, q.

Visible case. Sﬁppose that r,-rq # 0 and qr, # prq. Then Fy and
Fy, are written as Fy(X,Y,Z) = F;_, (X,Y,Z)Z" and F,(X,Y,Z) =
Fy_, (X,Y,Z)Z™. Putting j := min{grp,pry}, we can factor F as
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F(X,Y,Z) = Z'G(X,Y,Z). Then G is written using F’_Tp and F_,
as
(1.3)
G(X,Y,7) = Fé_Tq (XY, Z)? + Fy_, (XY, Z)1Z9»~PTa if j = pry,
Fo_, (XY, Z)pZPra= ™ + F) (X,Y,2)7 if j = qrp.
We call such a factorization visible factorization and D is called a visible
degeneration of (p,q) torus curve. We denote the set of visible degener-
ations of order j by ET}/(p, q; pq — j) and the union UJLT}/ (p,q;09—7)

by LT" (p, q)-

Example 1.2. We give an example of a visible degeneration. We
take (p,Q) = (473), (7"4,7‘3) =1, F3(X,Y,Z) = (X2 +Y2 + Z2)Z and
Fy(X,Y,Z) = (X3+Y3+ Z3)Z. Then the order is 3 and F(X,Y,Z) =
Z3G(X,Y, Z) where

G(X,Y,Z)= (X2 + Y2+ ZH*Z + (X3 + Y3 4 Z°)3.
Thus we have D = {G = 0} € LT (4,3;9) and Sing D = {6Fs}.

Invisible case. Either r, = 0 or r4 = 0 but F' can be written as
(1.2). Then D is called an invisible degeneration of (p,q) torus curve.
In this case, write Fg + F? = Y% Ci(X,Y)Z*. Then Cs(X,Y) =0
for i is less than j — 1 and therefore Z7 divides F. We denote the set
of invisible degenerations of order j by E’TJI- (p, ¢;pq — j) and the union

U; LTS (p, a3 pa — ) by LT (p, q).

Example 1.3. We give an example of an invisible degeneration.
We take (p,q) = (4,3), F3(X,Y,Z) = 3YZ? + L2 and Fy(X,Y,Z) =
24 +4Y Z2L+ L* where L = z+y. Then the order is 3 and F(X,Y, Z) =
F(X,Y, 2)* — Fy(X,Y,2)3 = Z3G(X, Y, Z) where
G(X,Y,Z) = ~Z% —12YLZ5 + 01 (X, V) Z* + 0a( X, Y) 2% + 93(X,Y),

©1(X,Y) = 81y* — 3L* — 48y%L?,

pa(X,Y) = 4yL?(11y* — 6L7),

03(X,Y) = 3L%(2¢y% — L?).
Thus we have D = {G = 0} € £T%(4,3;8) and Sing D = {4F, By}
where By is defined as u* + v5 = 0.

Using these terminologies, two torus decompositions of 3-cuspidal
quartic in Example 1.1 are written as

f+ 13 € LT3 (3,24), g5+ 93 € LT5(3,2;4).
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This shows that @ is in the both space LTy (3,2;4) N LT 5(3,2;4).

In this paper, we consider whether such a phenomenon occur for the
case (p,q) = (4,3). By the definitions and simple calculations, LT (4, 3)
and £77(4,3) have following decompositions:

LTV (4,3) = LTY(4,3;9) ULTY (4,3;8) ULTy (4,3;6) ULTY (4,3;4).

6
LT(4,3) = | LTI (4,312 - j).

=1
Hence we consider only the cases order 3, 4 and 6.

Theorem 1. Suppose that D € £7(4,3) does not consist of lines.
(1) There exist C' € LTY (4,3;9) and D € £T%(4,3;9) such that

SingC’ = SlngD = {6B4’3, Bﬁyg}.

(2) However it is not possible to find such C, D with C = D that
is to say

LTV (4,3)N LT (4,3) = 0.

To express singularities, we use the same notations as in [7], [2].
In particular, we use important class of singularities which is called
Brieskorn—Pham singularities By, ,, which is defied by u™+t™ = 0 where
n,m > 2. We also use the notations:

BymoBrs : (ut+tT)(u"+1¢%) =0, m/n <s/r

and *°° which express singularities on the limit line L.

§2. Preliminaries

2.1. Line degenerations

Let U be an open neighborhood of 0 in C and let {Cs |s € U} be an
analytic family of irreducible curves of degree d which degenerates into
Co:=D+jLy (1 <j < d) where D is an irreducible curve of degree
d—j and Ly is a line. We assume that there is a point B € Lo\ LeoND
such that B € C, and the multiplicity of C, at P is j for any non-zero
s € U. We call such a degeneration a line degeneration of order j and we
call Lo the limit line of the degeneration and B is called the base point
of the degeneration. In [5], M. Oka showed that there exists a canonical
surjection:

¢ : 71 (C*\ D) = 71 (C2\ C,), s :sufficiently small,
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where C? = P2\ L, and as a corollary he showed the divisibility among
the Alexander polynomials of a line degeneration family:

Ac,(t) | Ap,(t).

He also showed that a visible type of torus curve of type (p,q) can be
expressed as a line degeneration of irreducible torus curves of degree pq.
Hence the Alexander polynomial of visible degenerations are not trivial.

2.2. Local singularities of visible degenerations

Let D be a visible degeneration of type (p,q) which is defined as
(1.3). We put two polynomials Fy, := Fy_, and F, :== F,_, and two

plane curves C, := {F, = 0} and C} := {F}, = 0}. Using these notations,
equations (1.3) is written as

ap—bg  if i _
1) Gy = { NI AR
F.(X,Y,Z)Z% % 4+ F,(X,Y,Z)! if j = qr,.

A singular point P € DNC? is called innerif P € C,NCy. Otherwise
P € D is called outer.

It is known that the topological type of the non-degenerate germ
(C, P) is determined by its Newton principal part and does not depend
on the terms with higher degree ([4], [1]). Moreover inner singularities
depend on the intersection multiplicity of C, and C} at P and topological
types C, and Cy at P.

In this section, we consider possibilities of local singularities of D.
If P € D is an inner singularity, we denote the intersection multiplicity
of C, and Cy, at P by ¢. If P € C;N Ly, then we denote the intersection
multiplicity of C; and L, by ¢; for i = a,b. By the same argument with
Lemma 1 in [1] and Lemma 3 in [2], we have following.

Lemma 2.1. Let D = {G = 0} be a (p,q) visible degenerations
which is defined as

D: G=F’+FZ"=0, k:=ap—bg>0.

Let P be a singular point of D. Assume that both curves C, and Cy are
smooth at P if P is on C; for j = a,b. Then a singularity of D at P is
as the following:
(1) If P is an inner singularity, then (D, P) ~ B, 4.
(2) IfPeCyNLo\Ch, then (D,P)~ B, i, ifp <k and B, , &
if p>k.
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(3) IfPeCynNCyNLs andp < q+k, then

prpLa (k - p)l’a + qly = 07
(D7 P) ~ Bbq+ba,€,p (k - p)La + qiy > 07
Bi,p—wak © Bugp—k (k= p)ta +qu <O0.

Proof. We prove only for the case (3). If (k — p)ta + g = O,
then the assertion is clear. We assume (k — p)tq + gtp > 0. The Newton
boundary of G{(z, z) is given as the left side of Fig. 1. Then we can take a
suitable local coordinates (u, v) so that G is defined as vP +c¢ (v—u*)?(v—
u**)® = 0 where ¢ is a non-zero constant. Then the Newton boundary
of G(u,v) has non-degenerate one face and hence (D, P) ~ Bigy, k, p- If
(k—p)ie+ipq < 0, then we have two non-degenerate faces in the Newton
boundary (see the right side of Fig. 1). Hence we have the assertion.

q+k

".‘(k—P)La-i'qu >0 L (k=plataqwn <0

gty Dla
Fig. 1
Q.E.D.

2.3. Invisible degenerations

In this section, we consider invisible degenerations of order 1,2
and 3 under assumptions p and ¢ are relatively prime such that 2¢ >
p. Let C,4 be a (p,q) torus curve which is defined as F(X,Y,Z) =
F (XY, Z2)r - F,(X,Y, Z)9 where

q '4
Fo(X,Y,2) =) (X, V)Z', Fp(X,Y,Z) = ki(X
i=0 7=0

Here j,(X,Y) and k;(X,Y") are homogeneous polynomials in C[X, Y] of
degree ¢ — i and p — j respectively. Let K(Z) = Y.." ;a;Z* be an one
variable polynomial. Using binomial theorem, we have

Coeff (K™,1) = a?, Coeff (K", Z) = nal 'ay,

Coeff (K™, Z*) = nal 2 (n;

1, >
ai + apas
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where Coeff (K™, ) is the coefficient of * in the polynomial K™. We
regard F' as a Z-variable polynomial and then we have

Coeff (F,1) = j2 — kI, Coeft (F,Z) = pj8~ " j1 — qkd k1,

o -1, . - -1
Coeft (1, 22) = pi* (P78 + iz ) = kg™ (15742 + hoka) .

First we consider the case that the order is 1, that is Z divide F} —
FJ, then we have jb = ki. As we assumed that p and ¢ are relatively
prime, there exist a linear form ¢ € C[X,Y] such that jo = #9 and
ko =4¢P. Put R := {{ =0} N L. If coefficients of j; and k; are generic
for 4, j > 1, then, by simple calculations, C}, and C; are smooth at R,
the intersection multiplicity of C}, and Cj is ¢ and the singularity of D
at R is given by

(D, R) ~ Bp(q71)7q—1-

Next we consider the case that the order is 2, that is Z? | FP — F{,
then we have P4~ (gk; — pjifP~9) = 0. As £ # 0, ky is written as
k1 = P J1#P~4. If coefficients of j; and k; are generic for 4, j > 1, then
Cy is smooth at R and Cy has B, 2 singularity at R. Their intersection
multiplicities at R is p and we have

(D, R) ~ By(p-2),p-2-

Finally assume that Z2 divides FP — F{. Then Coeff (F?, Z 2) must
be equal to Coeff (F, Z?) where

Coef (FP, Z?) = pl(X,Y)?®=2 (p ; ! (X, V)2 4+ (X, Y)9(X, Y))

2
-1
Coeff (F2, 2%) = g(X, Y)?®~2) (m—z—)jl (X,Y)2+
2q
U(X,Y)2Phy(X, Y)) .
We solve the equation Coeff (FP, Z?) = Coeff (F¢, Z*). Then we have

g(—p?;i)jl (X,Y)? +pl(X,Y)5a(X,Y) — gb(X,Y)* Phy(X,Y) = 0.

This implies j; must be divided by ¢° where s = q — [g] and we put
§1(X,Y) = £25,(X,Y). Hence we have

hyo(X,Y) = %E(x, VYFROGY P+ B Y P (X Y)
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where € is 0 if p is even and 1 if p is odd. If p is even, then € is 0 and
(Cq, R) ~ Bq—1,10B1,1 and (Cp, R) ~ Bp 2. The intersection multiplicity
isp+2 and

(D,R)~ B

p(a—3).q9

§3. Proof of Theorem 1

To prove Theorem 1, we take following steps:

e Classify possibilities of singularities of invisible degenerations
of order 3, 4 and 6.

e Classify possibilities of singularities of visible degenerations of
order 3, 4 and 6.

e Compare with singularities which are classified by the above 2
steps. '

e If there is a pair such that they have the same configurations
of singularities, then we consider that whether these curves are
the same or not.

3.1. Singularities of invisible degenerations of order 3, 4
and 6

Let D = {G = 0} be a (4, 3) invisible degenerations of order j. The
defining polynomial G satisfies the relation Z/G = F; — F3. In this
section, we study singularities of D. By the argument in §2.3, there is a
linear form ¢ such that Cy and Cj5 intersect with Lo, at {£ = 0} N Leo.
We denote the intersection point by R and the intersection multiplicity
I(Cg, 04; R) by L.

3.1.1. Orderis 3 Suppose that D = {G =0} isin ET§(4, 3;9). First
we consider possibilities of singularity of D on L. By the argument in
§2.3, F3 and Fy are written as

F(X,Y,2) =0X,Y)} + (X, V)01 (X,Y)Z + £2(X,Y) 2% + b 23
Fy(X,Y,2) =X, Y)* + ge(x, Y (X,Y)Z
+ (-g-zl(x, Y)? + %z(x, Y)lo(X, Y)) z?
+03(X,Y)Z3 +aZ*

where ¢1, {2 and {3 are suitable linear forms. We showed in §2.3 the
following:

(] CgﬂLoo =C4OLOO = {R}

° (03, R) ~ A1 and (C4,R) ~ A3.
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o If coefficients of F3 and Fj are generic, then ¢ = 6 and (D, R) ~
Bs,s.
Now we consider degenerations of the singularity of D at R.
Assume that the Newton boundary of D at R is degenerate. Then
doing similar arguments in §2.3, we can show that (Cs, R) ~ Az, (C4, R)
~ B30 Bj; and

(D,R) ~ Bg’l o B6,4, L= 8.

Moreover we assume that its second face which corresponds to Bg 4
is degenerate, then C3 consists of three lines and (Cy, R) ~ By s and

(D,R) NBS,G? t=9.

Finally assume that the face of its Newton boundary is degenerate. Then
(4 also consists of four lines and D consists of nine lines. Hence we have

(D, R) ~ Bgyg, L =12.

Lemma 3.1. Under the above notations, configurations of singu-
larities of D is one of the following.

(1) Ifiv=6, then we have
{Bin,3,(6 —n)By3, Bgs} (n=1,2,3,4), {Bs4,4Bs3,Bgs}-
(2) If =8, then we have
{Bun,3,(4 —n)Bys,(B210Bs4)C} (n=1,2,3).
(3) Ifiv=9, then we have
{Bun3, (3 —n)Bug, B} (n=1,2,3), {Bs4,2Bag, B).

(4) If v =12, then we have { Bg%}.

Proof. First we note that if P is an inner singularity of D, then
either C3 or Cy is smooth at P. Indeed, if both curves are singular at
P and we may assume that P = O, then, by the form of the defining
polynomials, we have a = b = £ = £3 = 0 and hence ¢3 divides G. Thus
G is a non-reducible curve. As we consider only reducible curves, this is
a contradiction. Therefore we consider only the cases either C5 or Cy is
smooth in the affine space C? = P? \ L.

We assume that both curves C3 and C4 are smooth at P with the
intersection multiplicity 1. Then D has B, 3 singularity at P. If v = k,
then C3 generically intersects with Cj at distinct 12 — k points in C?
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since C3N CyN Lo, = {R}. Hence generic configurations of singularities
are as follows:

{6B4’3’ BGO,OS} if 1 = 6,
Sing D = {4By3, (B2,1 0 Bs4)™} 1 L ,

{3B473’ Bg,oﬁ} if o = 97

{Bg%} if o= 12.

Existence of other configurations of singularities is shown by simple
computations. Suppose ¢ = 6. Singularity B4, 3 appear as an inner
singularity with intersection multiplicity n and both curves are smooth
at the intersection point. If n > 5, then we can show that ¢ divide
F, and F3. Then G is non-reduced and hence the cases n > 5 do not
occur. Singularity Bg 4 also appear as an inner singularity under the
assumptions Cj is smooth, Cy has A; or Ag singularity at the intersection
point with the intersection multiplicity is 2. We can also show that the
case its intersection multiplicity is greater than 2 do not occur. Doing
the same arguments for other cases, we have the assertions. Q.E.D.

3.1.2. Order is 4 Suppose that D = {G = 0} is in £T}(4,3;8). By
the same argument in §2.4, F3 and Fj are written as

F(X,Y,2) = 0(X,Y)? + %K(X, Y)?Z 4+ 0(X,Y)Z2+b23

FiXY,2) = (XY 4+ 20X VP2 4 () + 50(XY) ) €2

4 1 2 s

where /¢, is a linear form. Under this situation, they satisfy the following:

o UsNLy, =CyiN Ly :{R}

[ ] (03, R) ~ A2 and (C4,R) ~ B372 o Bl,l-

o If coefficients of F3 and F} are generic, then : = 8 and (D, R) ~
Bg 4.

By the same argument of the case order 3, we have two configurations
global singularities of D:

{4B43,Bgy}, {Bgs)-
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3.1.3. Order is 6 Suppose that D = {G = 0} is in £LT%(4,3;6). By
the same argument in §2.3, I3 and Fy are written as

1 1
Fy(X,Y,Z) =4(X,Y)3 + FUX, Y)2Z + TRGS Y)Z? +b 273

(XY, Z) =X, Y)* + §£(X, Y)3Z + %K(X, Y222

4 1 3 4

+ (§b+ 8_1) X Y)VZ°+aZ
where a = —-38% + %b. Thus C3 consists of three lines and Cy consists of
four lines. They intersect at R with intersection multiplicity 12. Hence
D has one singularity at R and (D, R) ~ Bg¢.

3.2. Singularities of visible degenerations of order 3, 4 and
6
Let D = {G = 0} be a (4,3) visible degeneration of order j for
j = 3,4,6. Then the defining polynomial G has one of the following
form:

(1) If the order is 3:
DODG=F}+G5Z, (@G=F+GizZ°
(2) If the order is 4:
®G=FZ?+Gy, @G=F}Z°+Gj.
(3) If the order is 6:
® G=F+aiz%

We will classify local singularities for above 5 cases. To classify, we refer
to the method of Pho and Oka in [7], [6]. We omit the proof of Lemma
4,...,9 as our proof are mainly computational and they are done by
a computer program “Maple”. Let P be a singularity of D and put

3.2.1. Local singularities of the case (). We divide our considera-
tions as follows:

(i) Cs is smooth at P.
(ii) C3 has A; singularity at P.
(ili) C3 has A, singularity at P.
(iv) C5 consists of a smooth conic and a line such that the line is
tangent to the conic at P. That is C3 has As singularity at P.
(v) Cj5 has multiplicity 3 at P.
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Moreover each case has 3 subcases:

(1) Cs is smooth at P.

(2) Cs consists of distinct two lines and they intersect at P. That
is Cy has A; singularity at P.

(3) C5 is a line with multiplicity 2.

First assume that P is in affine space C2. Put 1@ := I(Dy, Cs; P).

Lemma 3.2. Under the above notations, we have the following.

(i) If Cs is smooth at P, then (D, P) ~ By,a 3 for 1*=1,...,6.
(ii)  Assume that Cs has Ay singularity at P.
(ii-1)  If Dy is smooth at P, then

(D.P) ~ {BM,4 1 =2,3,4
B3’1 o B4La_7’3 1* = 5, 6.
(ii-2)  If Dy has A; singularity at P, then (D,P) ~ Bya_11,3
oB3 5 for 1* =4,5.
(ii-3)  If Ds is a line with multiplicity 2, then (D, P) ~ Bya_113
oB3 5 for 1* =4,6.
(iii)  Assume that C3 has Ag singularity ot P.
(ii-1)  If Dy is smooth at P, then Bz, 4 for 1* =2,3.
(iii-2)  If Dy has A; singularity at P, then
(D,P) -~ {BS,G 12 =4
(B3,)Bs2 1% =5.
(iii-3)  If Dy is a line with multiplicity 2, then
] IfLa :4, then (D,P) NBg’G.
o If1* =6, then (D, P) ~ (B3 ,)Pss.
(iv) Assume that C3 has Az singularity at P.
(iv-1) If Dy is smooth at P, then (D,P) ~ Bga 4 for * =

2,...,6.

(iv-2) If Dy has Ay singularity at P, then (D,P) ~ Bgg for
¢ =4.

(iv-3)  If Dy is a line with multiplicity 2, then (D, P) ~ Bsg for
14 =4,

(v) Assume that Cs has multiplicity 3 at P.
(v-1) If Dy is smooth at P, then (D,P) ~ Bsu 4 for * =
3,....6.
(v-2)  If Dy has Ay singularity at P, then (D,P) ~ Bs 40 By
for * =6.
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(v-3)  If Dy is a line with multiplicity 2, then (D, P) ~ Bgg for
t* = 6.

Next we assume that P is in C5 N L, \ D;. By the form of the
defining polynomial of D, D is smooth at P and intersects L, with
intersection multiplicity 3c3 where v3 = I(C3, Loo; P). Hence P is a flex
point of D.

Next we assume that P is in Do NC3 N Ly,. We may assume that P
is [0:1:0]. We consider combinations of the intersection multiplicities
(t2,t3,¢) where 1o = I(Dg, Loo; P) and ¢ = I(D3,Cs; P). For example,
we consider the case that Cs has Ay singularity at P, D is smooth at P
and (i2,t3,t) = (1,2,2). Let (, 2) be local coordinates at P which are
obtained as (z, z) = (X/Y, Z/Y) and let g2(z, z) and f3(z, z) be defining
polynomials of Dy and Cs:

go(, 2) = 10T + a1z + agx? + a1172 + agez?,

f3(z,2) = (z — az)(z — bx) + bgox® + by 2’2 + brazz? + bozz®
where a # b as (Cs, P) ~ A;. In this coordinate, the limit line L, is
defined as {z = 0}. The condition (i2,t3,¢) = (1,2,2) is equivalent to
ayp # 0, ab # 0 and (aj0+aao1)(a10+bap1) # 0. Under these conditions,

the Newton boundary of g(z, z) consists of two faces A; and Ay. Each
face function is defined as

ga, (z,2) = (apx + a01z)4z, g, (xz,2) = (a[foz + (ab)3x2)x4.

As the first face is degenerate, we take new local coordinates (z,21) =
(z, @102 4+ ag12). Then the Newton principal part of g(x, z1) is given as

3 3
4 5 3 4, (a10 +aag1)’(aio +bag1)” ¢
ag12; — Qg1 G10T2] + x.

agy
Hence we have a non-degenerate singularity of type Bs 4 0 By 1.

Thus to obtain singularities, we consider local geometries of Dy
and C3 at P and all combinations of intersection multiplicities (2, ¢3,¢).
There are 36 combinations but all combinations do not exist. For exam-
ple, if both curves are smooth at P and ¢3, ¢ > 1, then the case (1,¢3,¢)
does not exist. Assumption t3 > 1 means that L., is the tangent line
of C3 at P and assumption ¢ > 1 means that Cj3 is tangent to Cy at P.
This is a contradiction to 1o = 1.

Lemma 3.3. Under the above notations, we have the following.

(1) Suppose that D is smooth at P and intersects transversely.
That 1s 15 = 1.
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(a) Assume that C3 is smooth at P.

o If (t3,¢) = (1,¢), then (D,P) ~ Ba13 for 1 =
2,...,6.

o If(is,0) =(2,1), then (D, P) ~ Bg 3.

o If(is,t) =(3,1), then (D,P) ~ Bs 10 DBy3.

(b) Assume that C3 has Ay singularity at P. Then 13 =2 or
3.

o [For.= 2, 3, (D, P) ~ ng_174 ] Bl,l'
e For.=4,56,(D,P)~ By _g30DBa;.

(¢) Assume that C3 has Ay singularity at P.

o If(s,1)=1(2,1), thent=2,3 and (D,P) ~ B3,_1 4
OB1’1.

o If (ts,1) = (1,1), then v = 2 and (D,P) ~ Bs4 0
Bl,l-

(d) IfCs has As singularity at P, then (D, P) ~ B3,_140B11
for v = 2,4,5,6 and 13 = 2. The case 13 = 3 does not
occur.

(e) If Cs is three lines, then 13 = 3 and (D,P) ~ B3,_1.4 0
Bi.1.

Suppose that Dy is smooth at P and tangent to Lo,. In this

case, lp = 2.

(a) Assume that C3 is smooth at P.

o Ifiz=1, thent=1 and (D,P) ~ Bs 3.
o Ifiz=2,then (D,P)~ By193 fort=2,...,6.
o Ifi3=3, thent=1 and (D,P) ~ Br3.
(b) Assume that C5 has Ay singularity at P.
o Ifiz=2,then.=2 and (D,P)~ Bgs.
o Ifu3 = 3, then (D,P) ~ By,_530 Bsg for . =
3,...,6.
(c) Assume that Cs has As singularity at P, then
o Ifiz=2,thent=2 and (D,P)~ Bgs.
o Ifiz=3, thent=3 and (D,P) ~ By 5.

(d) If C3 has As singularity ot R, then 13 = ¢+ = 2 and
(Da P) ~ BG,S'

(e) If Cs consists of three lines, then (D, P) ~ Bgs.

Suppose that Do is distinct two lines at P. In this case, Ly is

also 2.

(a) Assume that C3 is smooth al P.

o If (t3,0) = (1,1), then (D,P) ~ Ba1,3 for v =
2.....4.

o Ifi3=2, thent=2 and (D,P) ~ Bigzs.

o Ifiz=2, then. =2, then (D,P) ~ Bi13.
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(b)  Assume that Cs has Ay singularity at P.
o Ifiz=2,then1=4,5,6 and

(B )2 (t=4)
(D, P) ~ ¢ (B} g)Pretbes (1=5)
(B3 5)*Pre (L = 6).

o Ifi3 =3, then (D,P) ~ BrzoBsy4,_10 forv=4,5.
() Assume that Cs5 has Ag singularity at P.
o Ifiz =2, thent =4 orb and (D,P) ~ Byg or
(B3 3)B+s respectively.
o Ifi3=3, then . =4 and (B3 ,)Ps1.
(d) If Cs has As singularity at R, then (D,P) ~ Bgg for
13 =2 and v = 4.
(e) If Cs consists of three lines, then (D, P) ~ Bgg.
(4)  Suppose that Dy consists of a line with multiplicity 2 (12 = 2).
(a) Assume that Cs3 is smooth at P.
o Ifiz=1, then (D,R) ~ By,y1,3 for1=2,4,6.
o Ifi3=2,3, thent=2 and (D,R) ~ Biog (13 =2)
or Bi1,3 (13 = 3) respectively.
(b) Assume that Cs has Ay singularity at P.
L] IfL3=2, then t =4 or 6 and (D,P) NBsngBg,’G
or Bi43 0 B3 g respectively.
o Ifi3=3, thent =4 or6 and (D,P)~ B730Bsg
or Br 3 0 B3 14 respectively.
(¢c) Assume that Cs has Ay singularity at P.
o Ifiz =2, thent =4 or6 and (D,P) ~ Bgg or
(B3 3)P53 respectively.
o Ifi3=3, then =4 and (D, P) ~ (Bj,)Ps*.
(d) IfCs is a line and conic and has As singularity at R, then
(D,P) ~ Bgg for i3 =2 and . = 4.
(e) If Cs consists of distinct three lines, then ¢ = 6 and
(Dv P) ~ B9,9'

3.2.2. Local singularities of the case @ First assume that P is in
affine space C2. By the same argument in the case (I), we have the
following local singularities.

C3 is smooth | A; Ag Az | 3 lines
=1 B4,3 — — — —
L=2 Bgs B¢i| Bsa | Bea| —

t=3 Bias Bys | Boa| — | Boa

b 5
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Next we consider the case P € Lo,. We divided this situation into 2
cases:

PECgﬂLoo\Dl or C3N DN Ly

For the later case, ¢; is always 1 and we consider geometry of Cs at P
and all combinations of intersection multiplicities (¢1,¢3,¢) = (1,¢3,¢).

Lemma 3.4. Under the above notations, we have the following sin-
gularities.
(1)  Suppose that P € C5N Lo \ Ds.
(a) If C3 is smooth at P, then (D, P) ~ Bs, 3 for 13 =1,2,3.
(b)  Assume that Cs has Ay singularity at P.
(i) Ifu3 =2, then (D,P) ~ Bgs.
(11) If L3 = 3, then (D, P) ~ B7,3 o Bg’g.
(c) Assume that Cs has Ay singularity at P.
(l) If lg = 2, then (D, P) ~ BG,S-
(11) If L3 = 3, then (D, P) ~ Bg75.
(d) If Cs has As singularity at P, then (D, P) ~ Bgs.
(e) If C3 consists of three lines, then (D, P) ~ Byg.
(2) Suppose that P € C5N D1 N L.
(a) Assume that Cs is smooth at P.
(1) IfL = 1, then (D, P) ~ B3,5L3+4.
(11) If L3 = ]., then (D,P) ~ B3’4L+5.
(b)  Assume that Cs has Ay singularity at P.
(i) Ifv=13=2, then (D,P) ~ (B3 ,)*Pss.
(i) Ift=2 and i =3, then (D,P) ~ Bi120 Bsg.
(iii) Ifv =3 and 1o =2, then (D, P) ~ Bg 3o Bs 19.
(c) Assume that Cs has Ag singularity ot P.
(1) Ifl, =1l3 = 2, then (D, P) ~ BQ,G.
(i) Ifit=2 and toc = 3, then (D, P) ~ (B3 ,)P%*.
(ili) Ife=3 and i = 2, then (D, P) ~ (Bj,)543.
(d) If Cs has As singularity at P, then (D, P) ~ Bgg.
(e) If C3 consists of three lines, then (D, P) ~ Bgg.

3.2.3. Local singularities of the case ) For the case that C; and Dy
are smooth is already classified by Lemma 1 and 2. Hence we assume
that C5 or Dy consists of two lines at P.

Lemma 3.5. Under the above assumptions, we have the following.
(1) Suppose that P € CaN Dy \ L.
(a) Assume that Dy is smooth at P and Cy consists of two
lines €1 and €5 such that P € {1 N {s.
(i) If#y # £y, then (D, P) ~ Bz, for1=2,3.
(ii) If 1 = L2, then (D, P) ~ Ba, for 1 =2,4.
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(b) Assume that Cy is smooth at P and D consists of two
lines Ly and Lo such that P € Ly N Lo.
(i) If Ly # Lo, then (D, P) ~ By for v = 2,3.
(i) If Ly = Lo, then (D, P) ~ By, for 1 =24.
(c) If Cy, Dy consist of two lines, then (D, P) ~ (Bj )*Ps:2.
(2) Suppose that P € Dy N Lo \ Co and Dy consists of two lines
Ly and Ly such that P € Ly N Ly. Then (D, P) ~ Bg.
(3) Suppose that P € CoN Dy N L.
(a) Assume that Dq is smooth at P and Co consists of two
lines €1 and ¢y such that P € £1 N {y.
(1) If El 7é fz, then (D, P) ad BgL+274 fO’f‘ L= 2, 3.
(11) If £1 = 82, then (D, P) i BgL+2’4 fOT’ L= 2, 4.
(b) Assume that Cy is smooth at P and Dy consists of two
lines Ly and Lo such that P € Ly N Lo.
(i) If Ly # Lo, then (D,P) ~ Bggo (B} ;)B4-13 for

L=2,3.
(i) If Ly = Lo, then (D,P) ~ Bgqo (B ,)Bu-1s for
L=2,4.

(¢) If Cy and Dy consist of two lines, then (D, P) ~ Bgg.

3.2.4. Local singularities of the case @ For the case that D, are
smooth is already classified by Lemma 1 and 2. Hence we assume that
D5 consists of two lines.

Lemma 3.6. Under the above assumptions, we have the following.
(1) IfPEClﬂDQ\LOO, then (D,P)NBg,;g.
(2) IfPGDQﬁLoo\Cl, then (D,P)NBg’g,.
(3) If Pe DN Cy1 N Ly, then (D,P)NBg’g.

3.2.5. Local singularities of the case () For the case that Cy are
smooth is already classified by Lemma 1 and 2. Hence we assume that
C> consists of two lines.

Lemma 3.7. Under the above assumptions,

(1) IfPECQﬂDl\LOO, then (D,P)NBGA.
(2) IfPECQﬂLoo\Dl, then (D,P)NBG,Q.
(3) IfPeCynNDiN L, then (D,P) ~ Bgg.

3.3. Compare with classified singularities
By the argument in §3.1, the singularity of (4, 3) invisible degener-
ations on L is one of the following:
(1) Order is 3: B6’3, Bg,l o BG,47 Bg}a, Bg’g.
(2) Order is 4: BG,47 Bg,g.
(3) Order is 6: B6,6-
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For j = 3,4 and 6, we consider that whether there is a pair (C,D) €
ET}/(LL, 3;d) x £T§(4,3;d) such that Sing C = Sing D for some d. As
we assumed that D does not consist of lines in Theorem 1, we exclude
singularities By g, Bg g and Bg .

By local classifications of visible degenerations of order 3, there is a
visible degeneration C' € LT (4,3;9) such that Sing C' contains either
Bg 3 or Bg g singularity.

Let C = {F§ + G4Z = 0} be a (4,3) visible degeneration of order 3
which has Bs 3 singularity at P. Then the corresponding curves C3 =
{F3 =0} and Dy = {G2 = 0} satisfy the following conditions:

e Pisin L.
e D5 is smooth at P and intersects transversely with L.
e (3 is smooth at P and tangent to L.

Under these conditions, the intersection multiplicity I(Dg, C3; P) is 1.
Hence Sing C' is {5B4 3, Bg%} generically. On the other hand, there is a
(4, 3) invisible degeneration D such that its configurations of singulari-
ties is {6By,3, Bg3} by the argument in §3.1. Comparing with above 2
singularities, one By 3 singularity is shortage. To cover this shortage, we
consider outer singularities of C.

Lemma 3.8. Under the above notations, we assume that C' has Be 3
singularity at P. Then outer singularities of C' of multiplicity 3 is one
of the following:

B33, Bs3, Bsi10Bsa, Bsgs.

We omit the proof as it is parallel to that of the proof of Proposition 1
in [6].

Using Lemma 3.8, we have a pair (C, D) € LT (4,3;9)xLT%(4,3;9)
such that Sing C = Sing D = {6 By 3, B§3 }-

Let C = {F§ + G4Z = 0} be a (4, 3) visible degeneration of order 3
which has Bg g singularity at P. Then the corresponding curves Cs and
Dy satisfy the following conditions:

e P is an inner singularity.

e Dy consists of two lines such that they intersect at P.

e (3 has A, singularity at P.

o The intersection multiplicity I(Cs, Ds; P) is 4.
By the above conditions, SingC is {2B43, B§%} generically. On the
other hand, there is a (4, 3) invisible degenerations D such that its con-
figurations of singularities is {3B4 3, B§f’6} by the argument in §3.1. In
this case, C' cannot have outer singularities of order 3 by simple calcu-
lations. Therefore there is not a pair which have Bg ¢ singularity.
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For order 4 and 6, there is not such a pair by local classifications.

3.4. Proof of Theorem

Let C € £LTY(4,3;9) and D € LTL(4,3;9) be line degenerations
such that Sing C' = Sing D = {6By 3, B§3}. Now we will show that such
curves C and D never coincide. Let F = F§ + F4Z and G = G4 — G2
be the defining polynomials of C' and D respectively.

Suppose that C' = D and we put the singular locus X(C) = (D) =
{Pi,...,Ps5,Q, R} such that

(G, Pl) ~ (C, Q) ~ B4,37 (Ca R) ~ B6a3

where P; are inner singularities of C, @ is an outer singular point of C
and R € Lo,. By previous arguments, Cy = {F> = 0} and D3 = {G3 =
0} satisfy as the following:

(1) Cs intersects transversely with Lo.

(2) D3 has A; singularity at R and I(Ds, Lso; R) = 3.
(3) Cs and Dj pass through Py, ..., Ps and R.

(4) Q € D3\ Cs.

By these conditions, we have I(Cy,D3) > 5-1+2 = 7. This is a
contraction to Bézout Theorem if D3 is irreducible. Hence Ds is a
union Co and L where L is the line pass through R and (. Such a
decomposition of Dj is impossible since I(D3, Loo; R) = 3. Q.E.D.
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