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Existence of traveling wave solution in a diffusive
predator-prey model with Holling type-III
functional response

Chi-Ru Yang and Ting-Hui Yang

Abstract.

In this work, we show the existence of traveling wave solution of a
diffusive predator-prey model with Holling type III functional response.
The analysis is based on Wazewski’s principle in the four-dimensional
phase space of the nonlinear ordinary differential equation system given
by the diffusive predator-prey system under the moving coordinates.

§1. Introduction

We consider a special type of reaction-diffusion system based on
a predator-prey interaction model with Holling-type III functional re-
sponse [4]:

2
U w
Wy =  doWas —Dw+C———2‘1+Eu ,

(1) { g = dilge + Au(l — ) — _1:2122,

where all parameters in (1) are positive. The functions u{z, t) and w(z, )
are the species densities of the prey and predator, respectively. The
parameter E measures the satiation effect [4], [8].

The existence of traveling wave solutions of the diffusive predator-
prey system with various type of reaction term has been studied by many
researchers. Dunbar [1], [2] investigated the existence of traveling wave
solutions for a diffusive Lotka—Volterra model with or without limited
carrying capacity of the prey. The proof is based on Wazewski’s principle
which is an extension of shooting methods in higher dimension.
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After that, Dunbar[3] further consider the existence of traveling wave
solutions for a diffusive predator-prey model with Holling type II func-
tional response which includes the effects of predator satiation. The
diffusion coefficient of prey is set to be zero. Then the traveling wave
solutions connecting two equilibria was established in the similar man-
ner. Huang, Lu and Ruan [5] generalized the result of existence of the
traveling wave connecting two rest states for a nonzero diffusion coefhi-
cient. Li and Wu [7] prove the similar results for a predator-prey system
with Holling type-III functional response in zero diffusive rate of prey.

Our main goal is to generalize the Li and Wu'’s results to the nonzero
diffusive rate of prey. More precisely, we establish the existence of trav-
eling wave solution of a nonzero diffusive predator-prey system with
Holling type-III functional response. By changing the following vari-
ables,

u* = VEu, w* = Bw/(VED), & = \/D/daz, t = Dt,
d=dy/ds, o = A/(VEDK), v = VEK, 8 =C/(DE),

we can get a more simple systems (use the same notations for simplicity).

(2)

{ U = duge +ou(y —u) — 1“;—““’2,
2

Wy = wmz_w_kﬁlis)z
There are several reasonable restrictions on parameters. First, we re-
quire that v > 1, i.e. E > 1/K?, so that the satiation effect is great
enough. We also require that 8 > (1 ++?)/9? > 1, which ensures that
equation (2) has a positive equilibrium point corresponding to constant
coexistence of the two species.

The rest of this paper is organized as follows. In Section 2, we recall
the Wazewski’s principle and state the main result on the existence of
traveling wave solution. Section 3 is devoted to prove the main theorems.

§2. Main results

By simple calculations, system (2) has three spatially uniform equi-
libria given by Fy = (0,0), E; = (v,0), and E = (us,ws), where
us = 1/v/B—1 and ws = a(y — us)(1 + u?)/us. The aim of this
work is to show the existence of the traveling wave solution connecting
the equilibria Ey = (v,0) and F = (us,ws). A traveling wave solu-
tion is a solution of (2) of special form u(z,t) = u(x + ct) = u(s) and
w(z,t) = w(x + ct) = w(s) where ¢ is a positive constant wave speed
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and s is the so-called moving coordinate. The system (2) becomes

(3)

2
{ cu' = du’ + auly —2’u,) — Truz
! '
cw' = w—w+ s
Here “’ ” denotes the differentiation with respect to the moving co-
ordinate s. We require that the traveling wave solutions u and w are
nonnegative for natural ecological restriction and satisfy the asymptotic
boundary conditions

(4) u(—00) = v, w(—o00) = 0,u(0) = us, and w(oo) = w,.

Rewrite system (3) and (4) as a system of first order ODEs in R*,

’_ ;o 2
5) u=v V= %v—l—%u(u—fy)%—%,
w =z = cz +w — B,

and the boundary conditions

u(—00) =, v(—00) =0, w(—o0) =0, z(—o0) =0,
(6) { u(00) = us, v(00) =0, w(oo) = w,, 2z(co) =0.

Recall the Wazewski’s principle. Consider the differential equation:
y = f(y),’ =d/ds, y € R", where f : R™ — R" is a continuous function
and satisfies the Lipschitz condition. Let y(s, yo) be the unique solution
satisfying y(0, y0) = yo. For convenience, we denote y(s, yo) by yo- s and
let Y-S be the set of points y-s, wherey € Y and s € §. Given W C R”,
define W~ = {yo € W|Vs > 0,y0-[0,s) € W}, the immediate exit set of
W. Given L C W, let X9 = {yo € Z|Iso = so(yo) such that yo-so ¢ W}.
For yg € ¥, define T'(yo) = sup{s|yo - [0, s] C W}, the exit time of yp.

Lemma 1. ([2] Section 3.A.) Suppose that
(i) ifyo€ X and yo-[0,8] C (W), then yo - [0,s] C W;
(il) Y€, yo-s €W, yp-s¢ W, then there is an open set V;
about yo - s disjoint from W—;
(i) ¥ =3¢, X is a compact set and intersects a trajectory of y' =
fy) only once.
Then the mapping F(yo) = yo-T(yo) is a homeomorphism from % to its
image on W—.

Now we state the main results as follows.

Theorem 2. (i) Ifo<e< 1/4(57—2;}%—2—_—1), then there are
no nonnegative solutions of system (5) satisfying the boundary

conditions (6).
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(i) If 71”;1 <B<y*+1landc> 4(9%—2‘—1), then there are
nonnegative solutions of (5) satisfying the boundary conditions

(6), which correspond to traveling wave solutions of system (2).

§3. Proof of Theorem 2

First we note that (u(s),v(s)) is a solution of the system
(7) W =v, vV =cv/d+oulu-7)/d

if and only if (u(s),v(s),0,0) is a solution of (5). That is, the set N =
{(u,v,w,z)|lw = 0,z = 0} is a 2-dimensional invariant submanifold in
the 4-dimensional phase space of the system (5). Similarly, the set H =
{(u,v,w, z)|u = 0,v = 0} is a 2-dimensional invariant submanifold. It
is a routine work to calculate that the eigenvalues of linearized system
(5) at (v,0,0,0) are

—,/cz+4ad 7)/(2d), )\gz(c—\/ — 4B /2,
Az = ( c+\/ iﬂﬁ 1)/2, M= (c+ /2 +4ady)/(2d).

The eigenvalues of the linearization of (7) at (v,0) are the A\; and A4.
An eigenvector associated with A4 for (7) is (=1, —\4). Any nontrivial
trajectory of solutions of (7) which approach (vy,0) tangent to (—1, —\4)
as s & —oo. It is clearly that this trajectory is contained in the invariant
submanifold N. Then a solution corresponding to this trajectory cannot
approach (us, 0, ws,0) as § = 00, so it is not the desired traveling wave

solution of (5). If 0 < ¢ < 24/ @—H—Vz—l, we have two complex eigen-

values, Ay and Ag, with positive real part. Any solution of (5) which is
not contained in N and approaches (7,0,0,0) as s — —oo must spiral
in toward (v, 0,0,0). This spiraling of solutions cannot take place with
w > 0. This violates the requirement that traveling wave front solutions
be nonnegative. This prove the part 1 of the main theorem.

We only need to consider the case that ¢ > 2“—71—;7—2—— in the
following discussions. It is easy to see that Ay < 0 < Ay < A3 < Aq. The

eigenvectors eq, eq, €3, €4 associated with A1, A2, A3, A4, respectively, are

e = (1, )\1,0,0), €y = (1)A2)p(A2)’ )\ZP()\Z))7
= (1, A3,,p(A3), A3p(A3)), es = (1,)4,0,0),

where p(A) = 177 [(d — 1)A? — ary — A=),
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Define W =R*\ (PUQU RUS), where

P = {(u,v,w, z)|u < us,w > ws, 2z > 0},
Q = {(u,v,w, 2}|u > us,w < wy, z < 0},

uw
R= s Wy ’ - _'—<O’ 07
{(u,v,w, 2)|u < us, (v — v) + T2 v < 0}

uw
S = 5 — — >0, 0}.
{(u,v,w, 2)|u > us, a(u —y) + T > 0,v >0}

By the definition, it is easy to see that
OW = (9P \ R)U(0Q\ S)U (8S\ Q) U (BR\ P),

PNR+#D,and QNS # 0. We need the following technical result. It
can be directly verified, so we omit it.

Lemma 3. If 1 < < 3v/3, then the function f(u) = a(y — u)(1 +
u?)/u is strictly monotone decreasing on the interval (0,7).

Lemma 4. If1 <y < 3V/3, then
W= =W\ ({(us,0,ws,0)} U Jy U J2),

where
gy ={( )iu < 0,a(u—7) + — s < 0,0 =0}
1 ={(u,v,w,2) 1 u <0, N+ ireSov=
i ww
: :0 —_ ——— =
U{{w,v,w,2) : u=0,a(u 7)+1+u2<0,’u 0}
. uw
cu<0alu—7)+ 2 =
U{{u,v,w, 2) : u < 0,a(u —7) + T 0,v <0,
av uz
— — >0

Jo ={(u, v, w, 2)|u = us, w > ws, 2z = 0,v < 0}

U{(u, v, w, 2)|u < —ug,w > ws, z = 0,v > 0}.

Here the notation U means disjoint union.

By the standard Stable Manifold Theorems, we can find the strongest
unstable manifold € tangent to ey at (v,0,0,0), and a parametric rep-
resentation for the 1-dimensional strongest unstable manifold ©; in a
small neighborhood of (v, 0,0,0) is fi(m) = (v,0,0,0) +mes + O(|m|?).
There is also a 2-dimensional strongly unstable manifold {25 tangent to
the linear subspace of span of e4 and ez at (v,0,0,0), and a paramet-
ric representation for the 2-dimensional strongly unstable manifold €25
in a small neighborhood of (v,0,0,0) is fa(m,n) = (7,0,0,0) + me4 +
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neg + O(Jm|? + |n|?). Finally, there is a 3-dimensional unstable man-
ifold 3 tangent to the linear subspace of span of e4, e3 and ey at
(7,0,0,0), and a parametric representation for the 3-dimensional unsta-
ble manifold Q3 in a small neighborhood of (v,0,0,0) is fs(m,n,?) =
(7,0,0,0) + mey + nes + Lex + O(|lm|? + |n|? + |£]?).

The part 2 of the main theorem will be established by a series of
lemmas as follows. We construct a simply connected subset ¥ of Q3 by a
series of lemmas (Lemma 4 to Lemma 11). Hence any trajectory starting
from 3 will approach to (v, 0,0,0) as s = —oo. By applying Wazewski’s
principle (Lemma 1), we prove that there must be a trajectory through 2
which does not leave W in Lemmas 12. Then from Lemmal3 to Lemma
15 a bounded subset 2 of W contained this trajectory is defined. Finally,
a Lyapunov function is constructed on 2 and we use LaSalle’s Invariance
Principle to show that the trajectory approaches (us, 0, ws,0) in Lemma
16. For conveniently, throughout the remainder of this paper we use
the notation u(s,yg) for the first coordinate function of y(s,yo), and
similarly for the other three coordinate functions, v, w, and z.

For the solution proceeding from €, we have the following two
results.

Lemma 5. Consider a solution y(s,yo) with initial condition yo =
(uwo,v9,w0,20) € Q1 and ug < y. Then there is a finite so such that
u(80,¥0) < us, v(s0,¥0) < 0. That is, the solution enters the region R.

Lemma 6. (i) A solution y(s,yo) on Q1 which approaches
(7,0,0,0) as s = —oo in the region u > v ,v > 0 will remain
inside for all s.

(il)  Any trajectory with initial point yo = (ug, vo, Wo, 20) Such that
0 <us <7, wo >0, and 2o > (¢/2)wo will have w(s) > 0
and z(s) > (c/2)w(s) for all s > 0 such that 0 < u(s) < 7.
In particular, this is true for trajectories on o approaching
(7,0,0,0) tangent to the vector es in the region u < .

Consider a small circle on Q5 parametrically given by
(8) 9(0) = (’y, 0,0, 0) + ecos(f +)es + esin(f + ¥)ey.

The phase 9 is fixed so that g(0) is on ; in the region u < <, and
the parameter § € [0,27]. Choose g so that as # increases from 0,
y+-e cos(6+1)+esin(6+11)+O(e) decreases and p(As)e sin(0+11)+O(e)
increases from 0. Let A be the connected component of the set {6 €
[0, 27) : there exists so such that u(sg, g(8)) = us, v(s,9(6)) < 0,5 < s0}.
By Lemma 5 and 6, A is nonempty and bounded. Let ; = sup A
and y; = g(61). Since ¢(0) is on £ with v < v, Lemma 6 shows
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that if u(so,g(0)) = us then v(sg,g(0)) = (d/ds)u(sg,g(0)) < 0. By
Implicit Function Theorem, u(s, g(0)) = us for s = so(0) for # in a small
neighborhood of # = 0. Therefore 6; # 0. Observe the sign of w + f(u)
when u-coordinate touches us, then we have the following two case.

Lemma 7. Suppose yo = g(6) for some 6 € (0,61). Then y(s;¥yo)
will leave W through the boundary of P or R.

Lemma 8. There exists an sq such that
'LL(SO, Y1) = Us, ’lU(SO, yl) > Ws, and ’U(Sg,yl) =0.

Proof. We have u(0,y1) € (us,7), v(0,y1) < 0 and w(0,y1) > 0.
The lemma can be proved in the following four steps.
1. Suppose u(s;y1) > us and v(s;y1) < 0 for all s > 0. Then we have
u(00;y1) > us and v(co;y1) = 0. By Lemma 6, we have w(oo;y1) = 0o
and v/(00;y1) = co. It contradicts v(oo;y;) = 0. Hence u(so;y1) <
us or v(Sp;y1) = 0 for some so > 0.
2. Suppose u(so;y1) = us and v(s;y1) < 0 for s € (0, s0]. By the Im-
plicit Function Theorem and the continuous dependence of the solution
on 6, there are 6 > 6, satisfying

v(s0;9(0)) < 0 on (0,50(8)] and u(se(8);9(8)) = us.

This fact contradicts the definition of #;. Thus v(sp;y1) = 0,v(s;y1) <
0 for s € (0,50), and u(so;y1) > us.

3. Since v(so;y1) = 0and v(s;y1) < Oons € (0, s0), we have v'(so; y1) >
0 and w(so;¥1) + f(u(so;¥1)) = 0. Suppose w(sp;y1) + f(u(so;y1) = 0,
then dv'(so;y1) > 0 by Lemma 6. This implies that v(s;y1) > 0 for
s & 89, which contradicts the definition of sg. Therefore w(sp;y1) +
f(u(s0;¥1)) > 0 and v'(so;y1) > 0.

4. Suppose u(Sp;y1) > u«. Since v(sg;y1) = 0 and v'(sg;y1) > 0, by
the Implicit Function Theorem and the continuous dependence of the
solution on 6, there exists a function so(#) for 6 =~ #; such that

v(s0(0);9(6)) = 0, v’(39(9);9(9)) > 0;v(s;9(0)) <0 on s € (0,50(0));

and u(so(0), 9(9)) > us for 6 ~ 6;. Thus 6 ¢ A for = 6, a contradic-
tion. Hence u(sg;y1) = us. It follows from w(so;y1) + f(u(so;y1)) > 0
that w(so;y1) > ws. The proof is complete. Q.E.D.

Lemma 9. There is a value 02 such that the v coordinate of g(6z)
is zero and, moreover, 0 > 6. Here, we denote y3 = g(62).

Proof. Since g(0) € Q; in the region u < v, the v coordinate of
9(0) is negative. There is a 0*, 0 < 6* < 27, such that g(6*) is on
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with u > . The v coordinate of g(6*) is positive. Then there is a 63 > 0
such that the v coordinate of g(f3) is zero. The proof of Lemma 7, part
2, says that for s > 0 the trajectory through g(#;) can never have a v
coordinate equal to 0 if u > . Therefore 3 > 6;. This completes the
proof. Q.E.D.

On 3, we consider a small sphere centered at (v,0,0,0) with radius ¢,
which is parameterized by

S(0, ) = f3(ecos(f + ) sin g, esin(f + ¥) sin @, £ cos @),

where 6 € [0,2n], ¢ € [0, 7] and the constant phase 9 is the one in (8).
By the Implicit Function Theorem, we have the following two results.

Lemma 10. The sphere S intersects the hyperplane defined byv =0
in a smooth closed curve.

Lemma 11. The sphere S intersects the hyperplane defined by z =0
in a smooth closed curve.

We denote the intersection of {v = 0} and {z = 0} on the sphere S
by y3. Let ST be the hemisphere of S with the range of ¢ such that
cosp > 0.

Notation 12. (1). Letyg:= g(0) be to the intersection of the
sphere with Q1 in the region 0 < u < 7.

(2). Denote by yoyi, © = 1,2 the portion of the circle with 6 €

(3). Denote by yay3 the portion of the intersection of the hemi-
sphere ST with {v = 0} lying between (not including) ys and
Ys-

(4). Denote by y3yo the portion of the intersection of hemisphere
ST with {z = 0} lying between (not including) y3 and yo.

(5). Let B be a small ball around yq in the space spanned by eq,
ey and es. Let y4 and ys be the interaction points of B with
yayo and yays respectively. Denote by yiys the portion of
interaction of the hemisphere with B (not including y4, ys5).

Now we construct ¥ as the closed topological quadrangle in the
hemisphere, whose sides consist of the closure of the arcs y;y;11, i =
1,2,3,4 and ysy;. To check ¥ connected but F(X) not connected is
tedious, we omit here. By the Wazewski’s Theorem, we get an invariant
orbit.

Lemma 13. There exists y* € ¥ such that the solution y(s,y*) =
y(s) = (u(s),v(s),w(s), 2(s)) remains the region W.
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Further, we have the upper and lower bound of @ and .

Lemma 14. The coordinate functions 4(s) and w(s) are positive
for all time.

Lemma 15. The coordinate functions u{s) and w(s) are bounded
above by v, L, respectively, where L is a positive constant.

It is easy to check that ¥(s) is a bounded orbit.
Lemma 16. Let

Q={(v,v,w,2)|[0<u<y, 0<w<L,
—wfe< z < quw, — Kju <v < Kau}

where ¢ > max{=¢tye+t VQCQH,)Q,)Q}, K1 > max{L, vetdilocy gnd K >

(—c+ V2 +4dL)/2. Then the solution y(s,y*) = y(s) remains in Q
for all s.

Lemma 17. This trajectory y(s,y.) approaches (us,0,ws,0) as s
approaches co.

Proof. We construct a Lyapunov function as follows,

2 2

v
V=cu—dv+cu—i—|—dus
U U

2

9 9 % w
—wy) — o= — clog 2.
+ ui[e(w — ws) — 2] + viw [w c ngs]
By the LaSalle’s Invariant Principle [6], the w-limit set of y(s,y.) is
contained in the largest invariant subset of {y € Q : dV/ds = 0}, which
is the singleton (us,0,ws,0). It follows that y(co,y.) = (us,0,ws,0).
QED.
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