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The KZ system via polydifferentials

Eduard Looijenga

Abstract.

We show that the KZ system has a topological interpretation in the
sense that it may be understood as a variation of complex mixed Hodge
structure whose successive pure weight quotients are polarized. This
in a sense completes and elucidates work of Schechtman—Varchenko
done in the early 1990’s. A central ingredient is a new realization of
the irreducible highest weight representations of a Lie algebra of Kac-
Moody type, namely on an algebra of rational polydifferentials on a
countable product of Riemann spheres. We also obtain the kind of
properties that in the sl(2) case are due to Ramadas and are then
known to imply the unitarity of the WZW system in genus zero.

§ Introduction

We construct an identification of a given KZ-space with a space con-
structed out of cohomology with supports of a rank one local system.
The latter space is topologically defined, but depends on the choice of
n distinct points on the affine line. By letting these points move, we get
over the parameter space of such n-tuples a (Gaul—Manin) connection
on the trivial bundle with fiber the KZ-space and we show that this con-
nection gets identified with the KZ-connection. In a sense this completes
earlier work of Schechtman—Varchenko, who constructed a flat map from
the KZ-system to a Gaufi-Manin system for the ordinary cohomology
(with no supports). Their map factors through the map constructed

- here, but they were not able to say much about how nontrivial that map
might be in any given case (a priori it could be the zero map), whereas
ours is always an isomorphism. We should perhaps emphasize that the
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topological interpretation tells us a great deal about the monodromy of
the KZ-system that may be hard to obtain otherwise: the fundamental
group of the base is a colored braid group and we can see it act on the
cohomology of a rank one local system over a space that is naturally
attached to n distinct points on the complex line. This space is like a
partial Deligne-Mumford compactification of the moduli space of genus
zero curves that are endowed with 1 + n + m punctures for some m of
which the first 1 4+ n ones are fixed and the others freely move. We do
not work this out here, but we feel that a closer examination of this
representation is not only feasible, but also desirable.

Our approach differs from earlier work in an other respect by putting
at the center a bialgebra of rational polydifferentials on an iterated self-
product of a Riemann sphere (these are like ordinary differential forms,
except that this algebra, rather than obeying a Koszul rule, is plainly
commutative). We show that if the number of factors is countably in-
finite, then such an algebra receives all the irreducible highest weight
representations of all Lie algebras of Kac—Moody type, a fact that may
have an interest in its own right. This makes for a smooth passage from
the KZ system to the GauB—Manin system and yields precious additional
information. Thus the somewhat elusive KZ system is annexed by al-
gebraic geometry, which in the present setting means that the powerful
tools of mixed Hodge theory become available to ferret out any finer
structure. The strength of this approach manifests itself also in the al-
gebraic domain, witness the new vanishing property Theorem 2.14 and
the remarkable invariance property Theorem 2.15.

We expect this set-up to be particularly useful in estabhshlng whether
the WZW subsystem of the KZ-system has a flat unitary structure, as
is conjectured by physicists and for which the evidence so far is limited
to the case s{(2) (due to Ramadas [7], see also our version [6]). We char-
acterize the WZW gystem in terms of the a simple vanishing property
Corollary 4.2 that generalizes the one found by Ramadas. (Indeed, as
is shown in [6] this result together with the vanishing theorem and the
invariance property mentioned above suffice to obtain the unitarity for
the s[(2)-case.)

While this paper may help to resolve one mystery, it creates another
and that is the lack of a conceptual explanation for the appearance of
polydifferentials. This is not the first place where these do occur in this
context: they also do in a paper of Stoyanovski-Feigin [9] and in one
by Beilinson-Drinfeld [1] (both are mainly concerned with the WZW
system) and our feeling is that especially the first of these might be
linked to the present paper.
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Although this article owes much to earlier work done in this area, the
chosen approach almost demands it to be self-contained. For this reason
we have given a complete proof that the vector bundle map between the
vector bundles underlying the KZ system to the GauB—Manin system is
flat, despite the fact that the pattern of this proof is quite similar to
(and indeed, inspired by) the one of Schechtman—Varchenko [8].

Here is brief review of the separate sections. The first section is
preparatory in nature: we introduce here the basic algebra of polydiffer-
entials that is at the center of this paper and derive some of its properties.
This is used in Section 2 to show that this algebra contains the highest
weight representations of a Lie algebra defined by a generalized Cartan
matrix. We also make the transition of its weight spaces to spaces of
twisted logarithmic forms. In Section 3 we use the Casimir operator in
order to define a Gaufi-Manin connection and we show its compatibility
with the KZ connection: the main result in this direction, Theorem 3.6,
as well as the version that yields a genuine topological interpretation of
the KZ system, Theorem 3.7, in terms of cohomology with supports are
stated here. As the underlying computations are somewhat delicate, we
decided to write these out in full. We state their core as an operator
formula, but in order not to interrupt the flow of arguments, we rele-
gated the proof to an appendix. Our motivation was a desire to better
understand the WZW-systems in genus zero as subsystems of the KZ-
systems and Section 4 testifies to that. We characterize this system in
terms of our polydifferentials and Conjecture 4.3 links them to a square
integrability property. If true, then this should realize a WZW-system
as a flat subbundle of polarized variation of Hodge structure which is of
pure bidegree (m,0) for some m (so that this part is not really varying
after alll) and would give the flat unitary structure on this system that
physicists since long conjecture to exist.

Conventions. For any finite sequence I = (in,in-1,...,%1) taken
from an (index) set Z, we denote by |I| := N its length, by {I} :=
{in,--.,i1} C T the set of its terms and by I* := (i1,42,...,%n) the
opposite sequence. If (f;)icz is an indexed collection of elements of
an algebra with unit, then f; denotes the noncommutative monomial
fin -+ fi, (understood to be 1if I = @). Similarly, if (f;);ez is an indexed
collection of elements of a Lie algebra, then [f;] stands for the iterated
Lie bracket ad(f;,)ad(fe,_,) --ad(fi,)(fi,) (read f; when I = (i) and
zero when I = )). But if for a subset X C Z, (¢;)zex is a finite collection
elements of an abelian group (usually complex numbers or elements of a
vector space), then cx is sometimes used as an abbreviation for Zwe x Cz
by cx. If t; is a coordinate on a Riemann surface C; (i € Z), so that
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(t:)iez is a set of coordinates on the product J[, 7 C;, then any finite
subset X C Z defines a locus where all ¢, with z € X are equal to
each other; the resulting coordinate on that locus is the denoted by
tx (the remaining coordinates are (f;);cz-x). Strictly speaking these
conventions clash, but in practice confusion is unlikely.

The permutation group of a set X is denoted by &G(X).

§1. Some operators in an algebra of polydifferentials

‘We introduce an algebra of logarithmic polydifferentials which looks
like a shuffle algebra and identify in it certain operators of interest.

Polydifferentials

We consider polydifferentials on C7, where C is a nonsingular com-
plex curve and 7 is a finite set. A polydifferential of degree d looks like a
d-form on C%, but should not be confused with it as differentials coming
from different factors commute rather than anti-commute.

The definition is as follows. Let Q¢ stand for the Oc-module of
differentials and denote by ¢, the sheaf of graded O¢-algebras Oc & c.
For every X C Z, we have a natural, (X )-equivariant, identification of
Ocx-modules

OBX = ol ® or(X)

where Q%X denotes the exterior product ®zexmiQ% and or(X) stands
for the orientation module AIXIZX. We define the sheaf of polydifferen-
tials on C7 as the sheaf of graded Opz-algebras (Q'C)gz . So its degree
N part is @ycz xj=n Tx 2, where mx : CT — CX is the evident
projection. A total order on Z identifies the graded sheaf of polydiffer-
entials with the graded sheaf of holomorphic differential forms on CZ,
but there is no natural analogue of the exterior derivative defined on
Q)X If w € (Q5)2, we will write wX for its component in 7% QEX,
where mx : CT = CX is the evident projection. So w = Yoxer wX. We
also write wx € % (Q5)®X for the sum Yyvexw.

We say that a meromorphic polydifferential on C is logarithmic if
locally it can be written as a product (df1/f1) ... (dfn/fn) of logarithmic
differentials , with fi,..., fv € Opz.

Residue operators that involve a single factor (and a priori only
those) have a meaning for polydifferentials. Recall for any p € C is de-
fined a residue operator Res(;—p) as a linear form on the space meromor-
phic differentials on C at p;. This extends to polydifferentials: Res(;,—p)
maps the meromorphic polydifferentials on CT to meromorphic polydif-
ferentials on CZ~{#}, But a residue along any other type of hypersurface
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must be treated with care, as it requires an ordering of the index set.
For instance, if (4,7) is an ordered pair, then the residue along the di-
agonal (t; = t;) where the ¢th and jth component are equal is to be
understood as viewing t; as the residue variable and ¢; as a parameter,
in other words, we take the residue in the #;-direction and do this at the
point with t;-coordinate equal to ¢;. The result is a polydifferential on
the diagonal divisor (¢; = t;). In order to emphasize the asymmetric
roles of 4 and j, we shall denote this by Res(;, ;). This is clearly not
the same thing as Res(s; _¢,)-

A shuflle algebra of polydifferentials

We now take C to be the projective line (which we will denote by
P), we pick a point co € P and denote by A the affine line P — {co}.
Tt is helpful to fix an affine coordinate on A (which depending on the
context is denoted ¢ or z), although this is inessential (in practice it will
only enter through differentials of the form (¢(p1) — t(p2))~'dt, where
p1,p1 € A are distinct, which is indeed independent of t).

We consider relative polydifferentials on (P7)y, i.e., on the projec-
tion PT x A — A. The coordinate of the base A is denoted z and the
affine coordinate of the ith factor P in the product by ¢;.

We first consider the graded C-vector space B of the relative poly-
differentials (PZ)a generated by the expressions of the form

dt: dte - dts
Crezm Gr(2) = Ny :
(tin —tin_a) o (tiy — i)ty — 2)
where I = (in,in-1,-.-,%1) Tuns over the finite sequences in Z (the

degree of such a polydifferential is N). We stipulate that for I = @ we
get 1: (y = 1. Notice that (; = 0 unless the sequence I is without
repetition. In this paper Z shall be fixed (although we will later assume
7 to be countably infinite) and so we often write B° instead of B%.

We also put

dtiydtiy_, - dts,
(tiN - tiN—l) T (tiz - til)’

agreeing that when I = (i), wy) = w; = 1 and that wy = 0. So when
j € T —{I}, then {;(¢t;) = wy; and when I is nonempty and ends with
1, then wrl;y = (1. It is clear that if X C Z, then Bz is closed under
‘taking the X-component’.

For a section a of P4, the residue along a is a map from the mero-
morphic differentials on Pa to C(A). Given an z € Z, then this extends
this in an obvious manner as a map of degree —1 from to the meromor-
phic relative polydifferentials on (PT), to itself (strictly speaking it is

wy =
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the composite of a residue and the pull-back along the projection that
suppresses the xth factor). For certain values of a, this preserves B:

Lemma-definition 1.1. For x € Z, we put
E, = —Resy,~x), F,:=Resq ..

Then for a sequence I in T without repetition, we have E,({;) = 0 resp.

E!(¢r) = 0 unless I is of the form xJ resp. Jx, in which case we get (.
If x,y € T are distinct, then Res(y, ,) (1 1s zero unless I is of the

form I"zyl' or I"yxI’, in which case we get (pryp resp. —Cpmyrr.

The proof is straightforward. This helps us (among other things) to
give an intrinsic characterization of B*. Given a subset X C Z, denote
by Dx the reduced effective divisor on PX x P that is the sum of the
loci (t; = 00), (t; = z) and the diagonals (t; = t;) (4,7 € X distinct).

Corollary 1.2. The polydifferentials (5 are linearly independent
over Clz] and (hence) constitute a C-basis of B*. Moreover, we have
a decomposition BN = @XCI,|Xl:NB% and when X C I is finite, then
the natural map of Clz]-modules

Clz] ®¢ Bl)?‘ — HO(PX X A,Q'lfxle/A(long)) ® or(X)

is an isomorphism that maps BIX| onto the space of sections that vanish
at z = oo and restricts for any z € A to an isomorphism

B — HOPX, 0] (log Dx (2))) ® or(X).

Proof. The first assertion follows from the observation that for a
sequence I = (in,...,i1), the iterated residue Ej_---Ej takes on (s
the value 6y ;y when |J| < |I|.

It is clear that B} = @ XCzBL‘?' and it is easily checked that Bg is
a subspace of H'(PX x P, (QEX)P(DX — (z = >))). To see that this
inclusion is an equality, we observe that if an element w of the last space
is annihilated by all the iterated residue operators of the type above,
then w must be independent of z. As w is zero for z = oo, it follows that
w = 0. The last assertion is proved similarly. Q.E.D.

Here is another interesting consequence of Lemma 1.1. Given a
sequence I = (in,...,41) in T without repetition of length N > 2, then
put

Res; := Res(ti2 o) Res(tiN Sty ,)

We regard this operator as taking values in the polydifferentials on the
diagonal locus defined by ¢;, = t;, = .-+ = t;,. We recall that t;;;
denotes the restriction of any ¢;, to this locus.
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Lemma 1.3. Let I = (in,...,%1) be a sequence without repetition
in Z. Then the following identities hold for a € {z,00} in B:

[[[ e [EiNa EiNfl]? o ']7 EiQ]J Ei1] = Res(t{r}:w) Resy,
(- 1By Biy_)s -] Biol Bi ] = Resqe g =) Resr

IN? TTIN-—1
Proof. The last clause of Lemma 1.1 shows that if Res; (x # 0,
then some permutation o(I) of I must appear as an uninterrupted sub-
sequence of K: K = K"”JK', and have the following property: iy
is adjacent to iny_1 and removing ¢y makes iy_; adjacent to iy_o
and so on. In other words, there is a proper subsequence I’ < [
such that if I” is the residual subsequence (obtained by removing the
terms in I'), then o(I) = (I')*I"”; let us call this a back-forward per-
mutation of I and denote by back(c) the length of I’. If we also re-
quire that Res(;,,,—.)Res;(Cx) # 0, then K’ = () and its value is
then by Lemma 1.1 equal to (—1)P2(?)¢g.. If on the other hand
—Res(t(;,=c0) Resi(Ck) is nonzero, then K” = ) and its value is then
by Lemma 1.1 equal to (—1)P2()¢p/.
Expanding the iterated bracket of residue operators in a straightfor-
ward fashion yields

- Eiy, By ], L ELL Ei ] =
back(o
= E (1) ()Ec,f(iN)E‘IT(iN~1)“.E‘IT(“)’

where the sum is over all back-forward permutations o of I. Its value
on (g is nonzero only if K is of the form K”o(I) and is then equal to
Crr. If we replace Ej, by E;, and use the antisymmetry of the bracket:
then we find expansion above is also equal to

[[[ o [EiN7EiN41]’ B ']’Eiz]

7Eil]
=Y (D MOE () By - B

o(in) "

Its value on is (x is nonzero only if K is of the form o(I)K’ and is then
equal to (—1)Pak(@) ¢y, Q.E.D.

A subset X C Z induces via pull-back an injective map from ra-
tional polydifferentials on CX to rational polydifferentials on CZ. We
now allow Z to be infinite, but countable and define the space of poly-
differentials on C7 as the injective limit of the polydifferentials on C¥,



196 E. Looijenga

where X runs over the finite subsets of Z. We denote by B™ the space
of (possibly infinite) sums of these relative polydifferentials of degree m:

= ] B8R

XCZI,|X|=m

and put B = @fn":ol’;’m, but often omit the subscript Z as that has been
fixed.

If I and J are sequences such that their juxtaposition IJ is without
repetition, then we denote by I x J the collection of shuffles of I and J,
i.e., the set of sequences that are permutations of IJ and in which I and
J appear as subsequences. This shuffle product is associative: we have
that (I xJ)x K =1 (JxK) if IJK is without repetition.

Lemma 1.4 (Shuffle rules). The graded vector space B is closed
under product and is as a C-algebra isomorphic to a (completed) shuffile
algebra: if I and J are finite sequences in I, then (1C; = > xeres CK
(we get zero unless I.J is without repetition). Together with the coproduct

§:B— BB, 3(¢r) = Z Crr ®Crry

J=I"J’

this makes B a commutative bialgebra over C (with the projection on the
degree zero summand as counit).

More generally, if I and J are finite nonempty sequences in I, k &
{J} and J is written J<pJ>k, then winCs = P gere_, SKJIsy-

Proof. An induction argument shows that it is enough to verify
these statements insofar they do not regard the Hopf property when I is
a singleton. That case easily follows from repeated use from the simple
identity

1 1 w—v
v—u w—-u (v—u)(w—u)
The proof that § is a coproduct that is compatible with the shuffle
product is straightforward. Q.E.D.

So B can be identified with a shuffle algebra over C[t]/(¢?) on a set
of generators indexed by Z. This makes us wonder whether there is a
relation with iterated integrals. From Corollary 1.2 and Lemma 1.4 we
deduce:

Corollary 1.5. If T is a countably infinite set, then BS@) s q
polynomial algebra with primitive generator ¢ := Y, ;¢ and we have

¢y di,
NI T Z Htm—z'

{XCZI,X|=N}zeX
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Two-parameter identities

The following two lemmas assert identities in an algebra of meromor-
phic polydifferentials on P depending on two complex variables. They
will be needed later (beginning with the construction of the Gauf3~Manin
connection in Lemma 3.9), but it is convenient to state and prove them
now.

Recall that for a sequence I, I* denotes the opposite sequence.

Lemma 1.6. Let I be a nonempty sequence in I. If b(I) denotes
its first element, then
z—w

G(z)= > (D¢ (2) - Gy (w),

by —w =L L

or equivalently, the operator S ,(—D)VI¢;(w)E; (with the sum taken

over all finite sequences J in I) sends (s to tbfj_)fw (r-

More generally, if i appears in I so that we can write I = I"iI’,
then

GG =G - Y (DI (e)  wraza(w),

I'=I>1I1

and if j € L, j # i, then
Z o té QLI(Z) = CI(Z) - Z (_1)|IZ|C11(Z) . w[”iwI’z*ij'

I'=I,I;

Proof. The third identity is not really different from the second
(take t; = w) and the second follows from the first applied to I’ (and
multiply it with wy;). So we concentrate on the first identity and prove
it with induction on |I|. For I = () there is nothing to show and for
I = (i), the lemma states that

z
t;

— () = Gi(=) — Gilw),

which is a simple consequence of the identity ;:";“U =1- ttfg. Now

assume I has length > 1 and write I = ¢I’ and I' = jJ'. So Cr(z) =
GiiGia(z) = tid_titj Cr(z). Since

z—w _z—w( 1 1 )
(ti —w)t;i —t;) tj—w\t;—t; ti—w/’

we have
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Z—w zZ—w

t; — wCI(Z) = mdtigx (z)
oW dt’i dti
- tj —w (ti — tj - t; _w)CI/(Z)

—1(2) = () - Glw),

;-
which after invoking the induction hypothesis becomes

Cr(z) — Z (—1)‘J2|§J1(Z)'wJ;jCij(w)

J'=JaJ1

—(@@— > DI (2) - Gy (w)) G w)

J'=JaJy

Dt D (DG () = wagsis(w) + gy (w)Gu(w)

J'=TaJy
—(r(2) - Gi(w).
According to the shuffle rules 1.4, we have —w sy ;Cij (w) 4z (w) s (w) =
Crzji(w) = ((j1y)s(w), so that we get

G(z) = Y (=D, (2)¢a)i(w) = Cr(2) - Giw),
J'=JaJy
which indeed equals {7(2) — ZI,=1211(—1)”2|C11(2)C1;¢(w). Q.E.D.

Remark 1.7. Notice that the expression wrsi(ri(w) in the right
hand side of the preceding lemma is, according to Lemma 1.4, equal to
the sum -, Cri(w), where L runs over the shuffles of I3 and I".

The following lemma generalizes the preceding one.

Lemma 1.8. If I :=1"il' and J := J"jJ' are sequences as above,
then

1) ) = 1) Gow)
- Z (—1)!2I¢, (2) - wigawrrigCr(w)
I'=IxI;

= Y (D)VHwggienici(2) - G (w).

J'=J2Jy

In particular, it is a linear combination of terms of the form (x(z) -

CL(U))



Polydifferentials and the KZ system 199

Proof. The second identity of Lemma 1.6 gives after multiplication
by ((w)

2l C1(2)-Crw) = (1 (2)-Co(w)— > (DG () wigiwreiCo(w).

t; —t;
¢ 7 I'=IyI;

Likewise we find

e ti. Cr(2)-Cr(w) = Cr(2)Crlw) = D (=) lwsgzupmdr(z)-Cr (w).

t; —t
J * J'=J2Jy

The lemma then follows by adding these two identities and using that
z—=1l; w—t z—w

= 1.
t; —t; t; —t ti-—tj_‘_

Q.ED.

The $-operators

In the space of rational relative polydifferentials on (P7) s, we regard
dt; (i € I) not just as an element, but also as the multiplication operator
in this space. Its adjoint acts in the ith tensor factor only and sends dt;
to 1 and 1 to zero, hence is the contraction operator 5,54, -

Let now be given complex numbers (p;)icz and (¢ ;)i jez,izj. We
define for i € Z an operator ®; in the space of relative meromorphic
polydifferentials by

. pidti dtidtj
(I)i = —Zcri’jti——'t—jba/@tj.

J#e

So for a finite subset X C Z, we have

;(dtx) :( P _ Z Cmt )dtith,

ti— 2 ; —
¢ :cEXtZ z

where it is understood that the right hand side is zero when ¢ € X.

Lemma 1.9. This operator preserves B (hence also the completion
B), for
q)cc(CI) = Z (px - cm,I’)CI”a:I"
I=1"y
(Observe that the right hand side vanishes if x € I and that the term
indezed by (I",I') = (I,0) reduces to pyCrz.) Furthermore, for any
o€l
[@mawlo] - Z —Cq, "Wz I'0-
I=I"[
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Proof. We have ®,((1) = paCalr —Zie{l} Cz,iWs,iC1, and the latter
is by Lemma 1.4 equal to

SO Crar— YD wilrrar =Y, (pr — o1 )Crvar

I=I/II/ I I//I/ Ze{[’ I=I//I/
The second identity follows from this. Q.E.D.
Products and powers
Notice that dt
—c; - dt;
D, dtx] = —T T dtx.
[ (2] X] Z tz — tm X
T€EX
We also observe that for a sequence I = (in,...,%1) in Z
(dtx) =, P 1---<I>¢1(dtx)
p; Ci,x Ci,j
- I dt( Sy —z—)dtx
=J1"i]’ t —z ze tz_tz jer tl"‘t]
= H e I B 2
ti — , Tt —t;
I=I"3iI' zeX je{r’}

Lemma 1.10. In C[a,b] we have

3 H(b—l—az "““)_t — ) = Nlb(b+ 1a)- - (b+ 3(N - 1)a).

ceG N k=1 i<k bo (k)

Proof. The lemma is evidently true for N = 1. We continue with
induction on N. Let us write ¢y for Nb(b+a)--- (b+ (N —1)a). Then
the left hand side is equal to

Z 2 H<b+az U(k)—ta)):

k=1 0c6y k=1 1% to(k)

o(N)=k
N N-1
ty — 2 o) — 2
= b+a b+a =
Sengis) T Teeni)
=§_j(b+aztk‘z)czv 1= (Vota Y (B2 B, =
=1 1%k th—t/ on etttk )

= (Nb+ GZ 1)CN._1 = NCN_l(b+ %(N - l)a) = CN.
i<k
Q.E.D.
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Of special interest is the case when b is a positive integer m and
a = —2. Then we find that the right hand side of Lemma 1.10 is zero
for N > m and equals (Tnj%’—?v'—), otherwise. The lemma above and the
discussion preceding it show:

Corollary 1.11. Let J C T be such that for all 1,5 € J we have
¢i,j =2 and p; = m for a fized nonnegative integer m. If @ := 3 .. . &y,
then

—¢N(1):m(m—1)~~-(m+1—N) g Il dt
N! tk—z’
{KCJ:|K|=N}kc{K}

where K runs over all the N-element subsets of T'. In particular, this
expression vanishes for N = m + 1.

Commutators
A straightforward check shows:

Lemma 1.12. Ifz # y, then @4, @] = —Cp 4wz y Py + €y 2wy P
We use this to prove:

Lemma 1.13. Let I be a nonempty sequence in L without repetition
and let o € T not occur in I. Assume that for some complex numbers
a,c, ¢ we have ¢;; = a for all i # j in {I} and ¢; o = ¢, ¢o; = ¢ for all
t € {I}. If¢(I) denotes the last element of I, then we have the operator
identity

[®r0] = H ( Etk+ Z tlftk>

Cdt]q)O +¢ Zie{I} dtI,‘ éi
o(I#£ke{I} to le{l>k}

to — tor

where I; is obtained from I by omitling 7.

Proof. Lemma 1.12 gives the asserted identity for I = (x): we have

1
[®,,®,] = — (cdty®o + dto ;).

o x

This verifies the lemma when [ is a singleton. We proceed with induction
on the length of I. So if we write I = xJ, then

[(DIO] = {(I)m [(I)JOH =
C[q)x, dtJ@o] + éZjEJ[Qw’ dt]joi)h]

C a
I G+ X ) -
oD)£ked to =tk 1€{Ion} b=t to =t
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So the induction step amounts to showing that the numerator of the last
factor, c[®,,dt;P,] + ézjeJ[éx, dtj;0®n], is equal to

c a ) ]
(to L + ZGZJ P tﬁ) (cdtsz)o + Ciez{;} dtr,o®; + cdtJ(,(I)z)_

To this end we expand the brackets in the left hand side using the already
verified case N = 1:

[(I):m dth)o] - [(I)a:; dtJ]q)o + dt][q)x» (Po] =

dt
=y a dt”t di @, + Jt (cdty®o + Edt,Dy)
1e{J} I — lz otz

C a dtJo
- + )dtﬂI) te P
(z&a—tgc l;} t — ty O T, =ty ¢

and for i € J,
[®:cv dtJio@i] - [(I):Ea dtJio}q)i + dtJia[(I):m (I)z] =

_ Z adta:Jio ®; +c dt:ch;o &, +a dtJiz) (dtmq)z + dtz®$) =

1e{J:} 1 —tg to —ty ]
dt
:(t ft + 7 ﬁlt )dt[ioq)iﬁ-at‘_‘h; d,.
o T 1e{J} l T % T
If we substitute these identities in the linear combination c[®,, dt;®,] +
ézjeJ[éx, dty;o®p] we get the desired expression. Q.E.D.
For any J C I, we put 77 := ) ¢ 7 dtz, so that
3
= D, dix (read Lif N=0).

XCJ,|X|=N
Corollary 1.14. Let 7 CZ,0€ T — J, ¢,¢ € C be such that for
dlx,ye J, coo=0¢ Coxg=Candcpy=2. If®:= erj O, then

N—-1

N T
(@) = (~e = 1)+ (~e— (N = 1)) (328, + édto(wj_—l)!@).

(ad @)V
N!

In particular, the left hand side is zero for N = —c+ 1.

Proof. First observe that (ad ®)V(®,) = Y_,[®1,], where I runs
over the sequences in J of length N without repetition. Now apply
Lemma’s 1.10 and 1.13 to each & py-orbit of this index set. Q.E.D.
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Lemma 1.1 yields:

Lemma 1.15. Given z,y € I, then [Eg, ®,](¢;) = 0 unless & =
y ¢ I, in which case it multiplies {; by the scalar py — ¢z 1.

Proof. First we notice that ®,FE;({r) vanishes unless I is of the
form xJ and x ¢ J: we then get > ,_ ;. 5, (py — ¢y,57)Corzar-

On the other hand E,®,((;) vanishes unless y ¢ I and either I
has the form xJ or z = y. In the first case, we get > ;_ ., ;(py —
cy, 1 )Crryy = @y E,(r and so (g is killed by [E;, ®,]. In the second case,
we get (py — ce,1)¢r and we note that then also ®,E,({r) =0. Q.E.D.

§2. Highest weight representations in spaces of polydifferen-
tials

In this section we show among other things that the highest weight
representation of Lie algebras of Kac—-Moody type are naturally realized
in an algebra of logarithmic polydifferentials.

Kac—Moody Lie algebras

Let (ck,1)k =1 be a generalized Cartan matrix, i.e., ¢k = 2, and for
k # 1, ci,1 is a nonpositive integer which is zero if and only if ¢; j is zero.
Attached to this matrix is the Lie algebra defined by the following pre-
sentation: it has generators é1,...,6,, f1,..., fr subject to the relations
[k, fi] = 0 for k # 1 and if we put & := [éx, fx], then

(G, €] = cr 1€, [é, fi] = —Ck,lfl, [G,dg) = 0.

We define the Lie algebra g as a quotient of this Lie algebra by also
imposing the Serre relations by setting for k # I, ad(éx)'~°*'&; and
ad( fk)lfc’“’l fi equal to zero. We denote the linear span of the &’s by
h. (We obtain the (Kac—Moody) Lie algebra as defined in [4] as the
quotient of g by the maximal ideal of that has zero intersection with
h, but as is shown in op. cit., we have equality in case the generalized
Cartan matrix is symmetrizable, a condition that is always fulfilled in
the cases of interest.) We denote by g the intermediate Lie algebra
defined by imposing the latter half of these relations only: so we let
ad(fk)l_ck’lfl = 0. The images of éx, fx and ¢ in § are denoted by the
same symbol (so that is a slight abuse of notation), but in g the first
two lose their tilde’s. The linear span of the &y’s, which we shall denote
by b, will be regarded as a subalgebra of both g and g. It is a Cartan
subalgebra of either. Notice that the simple root o € h*, characterized
by [h,ei] = ay(h)e;, takes on &y the value ci;. We denote by g+ C g
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the subalgebra generated by the é;’s and by g— C g the subalgebra
generated by the fk’s.

Let V be a representation of § on which b acts semisimply (and hence
is graded by weights). The primitive part VPrim ¥ ig by definition
the set of vectors killed by g+ (the biggest subspace on which g4 acts
trivially), whereas the coprimitive part of V is the quotient ‘N/(:oprim =
V/§_V of V (the smallest on which the §_ acts trivially). Notice that
both inherit a semisimple h-action. The following lemma collects a few
simple, but useful facts about the representation V.

Lemma 2.1. The g-submodule of V generated by its primitive part
VPUm s in fact o g-submodule. If g is finite dimensional and v € pprim
is a primitive vector that is killed by a large power of fi (k=1,...,7),
then this submodule is a finite dimensional representation of g, which is
irreducible in case v is a weight vector of § (this weight is then necessarily
dominant).

Proof. By the PBW-theorem, the g-submodule of VPEm ig also the
§_-submodule generated by VP"™_ In §, the Serre element ad (&)~ %1¢;
(k # 1) commutes with every fi (see [4], §3.3). Since it kills VPr™ it
must be zero on the §_-submodule generated by VP*m_ This proves the
first assertion.

The second assertion follows from Lemma 3.4 of [4]. The last asser-
tion is then clear. Q.E.D.

In what follows X € h* is a dominant weight: for k = 1,..., 7, A(dg)
is a nonnegative real number.

Representations in B
In what follows we suppose our index set Z endowed with a surjection
m I — {1,...,r} such that each fiber 7, := 7~ !(k) is countably
infinite. We shall often write i for (i) and do likewise for the m-image
of a sequence in Z. We will write &, for &(Z;) x --- x &(Z,).
If S is any sequence in {1,...,r}, then we put

S :=> ¢
=8

where the sum is over all sequences in Z that map under 7 to S (for
S =0, read 1). The right hand side is an element of B that is invariant
under the group &,. In fact, these elements give a basis of 5S-.
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We take ¢; ; = c;; and p; 1= A(&;). For this choice of coefficients,
we put fr = EiEIk ®;. We then have

FrC(S) = Z (@) — ck,5)C(S"kS").

S=8""g/

Lemma 1.15 suggests to put

! 4 _ 1
Bc(S) m {4(5) if § = k',
0 otherwise
(which makes &, independent of ). It is then clear that é, and f;
commute when k # [ and that [é, fi] multiplies ¢(S) by the scalar
A(Gy) — cx,s. Lemma 1.1 suggest that we have an interpretation & as
a sum of residues along divisors at infinity. There is a problem however
since ) ;.7 F; does not make sense as a map defined on B. Indeed,
whereas f, makes sense on B, there is no obvious way to define €, on
that space. Yet Lemma 1.15 implies we may define it on BSe as follows:

Lemma 2.2. Let ¢ € BSe. Then for every i € Ty, we have

(Ex(())z—1iy = Ei(Q)-

In particular, é,(C) = 0 if and only if ¢ is reqular along every hyperplane
at infinity (t; = 0o) with i € I,

If we combine this with 1.3 and the antisymmetry of the Lie bracket,
we obtain a way to express any Lie monomial in the é;’s as an iterated
residue:

Corollary 2.3. Suppose we are in the situation of Lemma 2.2.
Then for any sequence I = (in,...,41) of length N > 2 in T without
repetition we have for ¢ € BS-

(- (s By s Gy ) 5 €, 0) (O g1y = — Res(ey,,—o0) Resr(€).

Proposition 2.4. The operators éx, fu, k=1,...,r, define a rep-
resentation of g on BS* which satisfies for k # 1 and N > 1 the identity

N N1
(adfk) @dfe)” 7 ck,l—l)-~'(—Ck,l_(N_l))(ckllel+Cl’“(N )fk)

s0 that indeed the Serre relations ad(fy)* =t f; = 0 (k # 1) are satisfied.
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Proof. Put & := [éx, fk} We have seen that this operator is
semisimple with integral eigenvalues (¢(S) is an eigenvector with eigen-
value A(dy) —Zijil Chs;)- S0 C(8) € B®+ is an eigenvector of h of weight
A= Zz]\il As; -

The operator fl changes the weight by —«;. Likewise, & changes the
weight by «; and hence all the non-Serre relations are satisfied. Corollary
1.14 shows that the displayed relations also hold. Q.E.D.

When we regard BS+ as a §-module we shall denote it by V(\)
and write 1 for its generator 1. The h-grading will be indicated by
a subscript, so that in the above proof, ((S) € V(A),_x In

N .
i=1%¥s;
particular, V(A) is a highest weight module of g with highest weight A.
Notice that with ¢y as above, we can now write

fC(S) =Y al(C(9))¢(8"kS").

S§=S'"S’

Denote by V() the §_-submodule of V()\) generated by 1. It follows
from the preceding proposition that V() is then also invariant under
g+, hence is a g-module.

Remark 2.5. Lemma 2.2 characterizes the primitive part V (\)PHm
of f/(/\) as the subspace of polydifferentials that are reqular at the hy-
perplanes t; = co. This is independent of A (and we may even define
BPrim g5 the space of such polydifferentials, although we did not define
an action of § on B).

Clearly the generator 1y € V() is primitive.

Theorem 2.6. The Lie algebra g leaves invariant the g_ -submodule
of V(\) generated by the primitive subspace V(A\)P™™ and acts on that
space through g. In particular, the subrepresentation V(\) generated by
1) s a highest weight representation of g. If A is an integral weight,
then this representation is integrable in the sense that each of the ey and
fr acts on it in a locally nilpotent fashion. In case the given Cartan
matriz is that of a finite dimensional Lie algebra, then V(X) is finite
dimensional and irreducible.

Proof. This is a direct application of Lemma 2.1, where for the last
half we invoke Corollary 1.11. Q.E.D.

Notice that we do not claim that V() is a representation of g.
Indeed, it is not true in general that ad(éx)!~¢*!€, vanishes on that
space.
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Example 2.7. Assume that r = 1. Then g = g = sl(2) and by
Corollary 1.5, BS is the polynomial algebra on the generator ¢ defined
by ((z) = Y,z (ti — 2)"tdt;. One verifies that the operator e is simply
derivation: e(C™N) = N¢N7L. Let us identify the weight X that turns
BS = C[(] into the s(2) representation V(X) with its value on the unique
simple coroot. Then another straightforward computation shows that f
then sends ¢N to (A — 2N)¢N+L,

The polar divisor of any ( € BS+ is in general much smaller than
that of an arbitrary member of . For instance, if 1,7 € T are distinct,
but such that 7 = 7, then ¢ has no poles along the diagonal hyperplane
t; = t;. To see this observe that ¢ = (t; —t;)¢ has no pole along t; = t;
and that since ¢ is &.-invariant, interchanging ¢; and ¢; turns 5 into —é .
So ( is divisible by (¢; — t;) and hence ¢ has no pole along ¢; = t;.

We can do even better on V(\):

Lemma 2.8. Let I be a finite sequence in L. If Resy is nonzero on
V(A), then for every initial part J of I, ayy s a root.

Proof. Let I = (in,...,i1) and let ¢ € V(\) be homogeneous, of
degree m, say. If N > m, then Res;(¢) = 0 and so there is nothing to
prove. We proceed with downward induction on N.

If for some i € Z, Resy; ¢ # 0, then we may apply our induction
hypothesis and conclude that for every initial part J of I, ayyy is a
root. It remains to deal with the case when Resy; ¢ vanishes for all i.
Since Resy; ¢ = Res(t,, +,) Resy ¢, this means that the poles of Res;(()
that involve the coordinate ¢(5} can only occur for {{7; = z and t{;; = 00
and so — Res(t;,=c0) Res; ¢ = Res(t{l}zz) Resy ¢ by the residue theorem.
Recall that Res,,=cc) Resr ¢ = (—er¢)z—¢ry and so if this is nonzero,
then for every initial part J of I, ey # 0 and hence ayy is a root.
Otherwise, Resy ¢ is regular for a generic value of the coordinates i,
j € Z. But a Riemann sphere has no nonzero holomorphic differential
and since Res; ¢ involves dt(ry, this must imply that Res; ( is identically
Z€ro. Q.E.D.

We recall that if g is simple and finite dimensional, then there is
a unique highest root & relative to the root basis (ai,...,a,). It is
the unique long root that also dominant and also characterized by the
property that forno k=1,...,r, @ + o is a root.

Corollary 2.9. Suppose that g is simple and finite dimensional. If
I is a finite sequence in I such that aypy is the highest root, then for
every ( € V(X), the poles of Resy(C) that involve the coordinate tyry
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can only occur for t;ry = z and t{;y = oo and we have (ea)z—{1} =
Res 7y =) Resy(Q).

The automorphism group Aut(P) of P acts on PZ. In fact, it acts
on the projection PZ x P — P. This action preserves the divisors of
the form (¢; = t;), and (¢; = z), but not the divisors (t; = 00). The
stabilizer of co in Aut(P) does have that property however and indeed,
it leaves every (; invariant and hence acts as the identity on B. We
should not expect this action to happen for all of Aut(P). Indeed, if
o= (zs) € SL(2,C), then a straightforward computation shows that

N _cz+d
7Glz) = clor) +avr )

According to Lemma 1.6 the left hand side equals (at least for ¢ # 0)

Y O (=d /o) (2).

I=1"1

So on B®« we find

o¢(S) = Y (-1 (—d/e).¢(S) =

5=8"5"

=3 ()T (~d/c).er(((S)),
T

where the sum is over all finite sequences T in {1,...,7} (but we get
only a nonzero contribution from 7' if it appears as the initial part of
S). To sum up, on B®* we have that

o* = 3 (-V)TI(T)(~d/e).ér.

T

On the primitive part of V(A)Prim this reduces to the term corresponding
to T = 0, which is just ((S). So we find:

Corollary 2.10. The primitive part of BSe is left pointwise fized
under the action of the automorphism group of P.
In the next section we shall also need to know the infinitesimal

(right) action of ({9) € sl(2,C). on BS+. A similar argument shows
that

(5) -xcomamen

where w(T) = ;_,wr.
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Tensor products

We generalize the above to the case of a tensor product of highest
weight representations. We fix an n-tuple of dominant weights, A =
(A1,...,An) and instead of working with the base A, we use the base

A™: rather than a single variable z we have n variables z = (21, ..., 2,).
For an n-tuple I = (I',...,I™) of sequences in 7 we consider the relative
polydifferential

G:z=1_(z1,...,2n) = CQ(2) = (nn(z1) - Cr2(22) - -+ - Crn(2n).

It clear that this polydifferential vanishes unless the sequence I'---I™
obtained by juxtaposition is without repetition. We denote by B,, be the
graded vector space spanned by these polydifferentials, by Bff the com-
pletion of B2 of (form) degree d which allows for infinite sums of these
polydifferentials and put B, = @dl’;’g. It may be worthwhile to observe
that (7 is invariant under the stabilizer of co in the automorphism group
P, in other words, under the automorphism group of A.

Given an n-tuple S = (S%,...,S™) of sequences in {1,...,7}, we
observe that

((S)(z) =Y Ca(z) = ¢(S1)(=1) -+ {(Sn) (2n),
I-s

where the sum is over all n-tuples of sequences I = (I',...,I") in T
whose juxtaposition is without repetition and map under 7« to S. These
elements form a C-basis of BS* and so the above factorization defines
an isomorphism

BS+ =~ BS @c - @c B

Remark 2.11. Assume thatr =1, so that g = s((2). It then follows

from Corollary 1.5 that BS s a polynomial algebra on the n generators
Siez(ti — z,)"1dts. This yields the free C-basis

S L D SN 1B

{(X°)9|X-|:k5.} v=1lzeX,

where the sum is over n-tuples of disjoint subsets (X1,...,Xn) of T with
(X, = k..

The action of fk operating on the vth factor with dominant weight
A®) is denoted f,g”). The sum Y, fk”z acts as fi in the tensor repre-
sentation and hence is simply denoted fi;. Notice however that we can
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define fj, without reference to the tensor decomposition above as

i Y =
foe D (X7 - 2 ).

JETj#i "

For the tensor action of &, (as >, _; é,(:)) the situation is even better,

for Lemma 2.2 remains valid in this multivariable setting:

Lemma 2.12. Ifi € 7 and ¢ € l%S', then

éx(Q)z—1iy = Ei(Q).

Proof. Tt is enough to verify this in case { = ((S), where S =
(S1,...,8") is an n-tuple of sequences in {1,...,7}. fI=(I',...,I")
is an n-tuple of sequences in Z whose concatenation is without repetition
and which maps under 7 to S, then the value of E; on (j is zero unless i is
the first term of some I*: IV = iI’”, in which case we get ((j1,... v, ).
So if we take the sum over such I we find the (Z — {i})-component of

& (C(S)). Q.E.D.

This completely describes 3,?‘ as a tensor product of representations

of §. We will denote it by V(A) and write 1 for its generator 1. We
obtain the following generalization of Theorem 2.6.

Theorem 2.13. We have a natural identification
VA) = V() & ®c V().

The primitive subspace V(A)P™ C V(X) is the subspace consisting of
forms that are regular at every hyperplane at infinity (t; = 00), i € Z,
and the g_ -submodule of f/()\) it generates is acted on by the Lie algebra
g via g (so it is in fact a §—-module). In particular,

VIA) =V(\) & & V(A)

is the smallest subspace of Bf' that contains 15 and is invariant under
the operators f,g”) and e,(:) ; it is the tensor product of n highest weight

representations of g. It is integrable if all the A\ ’s are integral.

We next state two important properties of the elements of V(A) and
V(A)PH, First, Lemma 2.8 almost immediately generalizes to:

Theorem 2.14. If I = (in,...,41) 8 a sequence in T such that
Resy is nonzero on V(A), then for every initial part J of I, agn 15 a
T00t.
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In case the last element o 1y is the highest oot &, then for every ¢ €
V(A), the poles of Resy(C) that involve the coordinate tiry can only occur
where t;y takes a value in {00, 21, . .. 2, }, where we may omit oo in case
¢ e V(AP We also have (eal)z—{1} = Ypy Res (i ;,=z,) Resr(¢).

We also have the obvious extension of Corollary 2.10.

Theorem 2.15. The primitive part of 37(;5’ is left pointwise fixed
under the action of the automorphism group of P.

Proof. We only need to verify this infinitesimally: that any prim-
itive element of BS« is killed by the Lie algebra of Aut(P). This is
clearly so for all the standard generators of this Lie algebra except
((1)8) € 5l(2,C). Tts action is however on a given tensor factor given by
the expression Y (—1)T1w(T).ér. Hence the same is true on the full
tensor product. The last expression clearly vanishes on BS-. Q.E.D.

Note: From now on we assume the weights A1, ..., A, to be integral.

For the KZ-equation we shall have to consider the subspace V()¢
of g-invariants in V' (A). This is just V(A)E™, the primitive part of V' (A)
of weight zero. (Note that V(X)g # 0 implies that ) A, is a sum of
positive roots.)

We invoke the representation theory of s[(2) to deduce:

Proposition 2.16. The intersection of 3., fuV(X) with V(X)q is
the subspace (3" fxV(X))o. In particular, V(X)¢ embeds in V(X)o coprim-

Proof. The grading of V(A) by the weights of § shows that we
have Y, fitVIA) N V(Ao = ) fiV(X)a,- So it suffices to show that
FeVNa, NV(A) = fitV(A)g, for every k. This makes it an issue about
s[(2). With induction it is easily shown that for every v € V(A)q, with
fev € V() we have

v = };!E?_i:)i_)! Per(v) (mod V(N)).

Since é} (v) = 0 for p large, the claim follows. Q.E.D.

The passage to differential forms

In what follows we assume n > 2. We take as our base variety
U, the set of (z1,...,2,) € A™ with z1,..., 2, pairwise distinct and
summing up to 0 € A; in other words U, is the standard arrangement
complement of type A, _1. It is better however to refrain from choosing
an origin for A and to think of U, in modular terms: if we endow
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A with the constant differential dz, then we easily see that U, may be
identified with the moduli space of smooth genus zero curves C' endowed
with an embedding of {oo; 1,...,n} in C and with a differential dz on the
complement of the image of co that is invariant under the automorphism
group of that complement. The latter is also equivalent to the choice of
a nonzero tangent vector of C at the image of 0o, so this makes U, a
(trivial) C*-bundle over Mg 14y,

We now assume that V(A)g # 0, so that >~ A, is a sum of sim-
ple roots: > A, = Y.,_, mray with mi € Zso. We put m :=
(ma,...,my) and m := Y, my, so that V(X)o lies in the homogeneous
summand of multi-degree m. Let M C Z be a finite subset so that
My, := M N Zj has cardinality mg. Our use of the symbol M implies
that this decomposition is understood. We denote by orys := A™ZM
the sign representation of &(M) and we put &(M,) =&, NS(M) =
S(My) x --- x &(M,).

We denote by B, ar the corresponding graded algebra of relative
polydifferentials on P% = (PMi x ... x PMr x U,,)/U,. We regard this
as a subalgebra of B,, via pull-back. It is multigraded by r-tuples of
nonnegative integers and has m as highest multi-degree. Consider the

homogeneous elements of Bﬁg\i‘l/[') defined by

&= Y (i%ﬁi—g— > tck—i)dtl

€My v=1 jeM—{i}

Lemma 2.17. The map which assigns to an element of V(\) the
sum of its X -components, where X runs over the subsets of M, maps

onto BS, gy’) and so identifies the latter with Var(X). It is an isomor-

phism in nonnegative weights: V()\)ZO =~ Vir(N). The transferred ac-
tion of €, to Vas(M\) is the obvious one (and given by residues as in
Lemma 2.12) and the same is true for fk on the summands of multi-
degree strictly lower than m.

Moreover, if ai,...,ar are nonzero compler numbers and my > 1
for all k, then the M -component of ‘N/(A)o,coprim, V()\)é‘:{;oprim, gets iden-
tified with that of Var(N)/((Xg arés)Var(N)). So this embeds V(A)9 in
V(A)é\,lcoprim‘

Proof. All but the last of these assertions follow from the fact that
every o € BS’ s of degree d is uniquely written as ) X€T,|X|=d T} O0X,
where ax is a rational polydifferential on P%,. To prove the last one,
let us first observe that if { = H]-EM dt;, then for k = 1,...,r, then
every element of B, »s of degree m — 1 is a linear combination of the
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forms v5,5:,¢ with i € M with rational functions as coefficients. Now if
ke{l,...,r} and i € My, then

O w&)iojan ¢ = “k(z jL(_aZL) - > t Cz37&-)<
k=l ) v

=1 jeM—fiy ¢

is also the M-component of f (ta/at;¢)- The last statement now follows
easily. Q.E.D.

The moduli space of injections of the disjoint union of {1,...,n}UM
in A given up to translations is also the moduli space of triples

(CyzUt:{o0,1,...,n} UM < C,dz),

where C' is a complete smooth curve of genus zero, z Lt is an embedding
and dz is a nonzero differential on C invariant under Aut(C, z(c0)). We
denote it by U, a. Ignoring the embedding of M defines an evident
morphism U, » — U,. We make this morphism proper by means of a
relative Deligne-Mumford-Knudsen compactification U;: u — Un. Here

U;: u is & C€*-bundle over a moduli space of stable pointed genus zero
curves: it parameterizes triples (C,z L t,dz) as before, where we now
allow the pair (C, zUt) to be a stable pointed curve, but insist that if we
ignore the embedding of M and contract the irreducible components of C
as to make it stable, the result is an (1+n)-pointed curve that is smooth.
In particular, we get a retraction of C' onto a distinguished component
C, such that its composite with z is injective. This component C,
must then contain all but at most one of the images of z and it is on
this component that we assume dz is defined. This exhibits the desired
morphism p* : UT,, — U,. It is proper, indeed. In fact, if we extend
the definition of the reduced effective divisors D x in an obvious manner
as (relative) divisors on P}/ , or rather P},

Diyi=Y > (ti=2a)+ Y (=t

ieM v=1 {i#jycM

Dn,M ::Di,M + Z(tz = OO),
€M

(the superscript in Dj; s Stands for finite), then U:’ u 1s obtained from
PM x U, by a blowing up process that is minimal for the property of
turning Dy, 3/ into a normal crossing divisor Ay, p = U, :’ m —Un,m. The
generic point of an irreducible component of this divisor parameterizes
one point unions of two smooth rational curves with the disjoint union
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of {o0,1,...,n} and M embedded in its smooth part such that besides
obeying the usual stability condition (every connected component of the
smooth part contains at least two- of these points) we have that one of
the two connected components meets {oo, 1,...,n} either in a singleton
or not at all. We denote this irreducible component of the boundary
divisor accordingly as A, (X), A, (X) or A(X), where v = 1,...,n
and X C M is nonempty and has at least two distinct elements in the
last case. In terms of the configuration space of maps X — P this
corresponds to a confluence of the members X (where in the first case
resp. second case the confluence is towards co resp. z,). We denote by
Aj;M the ‘finite’ part of A, a7, that is, the sum of the divisors A, (X)
and A(X). This is indeed the full preimage of D,]; s under the blowup.
It follows from Corollary 1.2 that we have a natural identification C[U,,]®
Bom = Bxem HO(P*;J(R,Q%J (log Dy, x)) ® or(X). This gives rise to

an isomorphism of Oy, -modules:
Ou, ® Byl = (03 Q- s0, 108 By, 1)) ® or(M).
n, M n

If we combine this with Corollary 1.2 and the Lemmas 2.12 and 2.17,
we find:

Proposition 2.18. We have a natural identification of V(X)o with
the subspace of HO(UH’M,Q?}n’M/Un (log Apn)) ®@s(m,) or(M) of rela-
tive logarithmic m-forms that vanish along the hyperplanes z, = oo,
v = 1,...,n. This restricts to an isomorphism of V(X)E™™ with the
corresponding subspace of H°(Uy, u, Q% . (log A{Ln)) Qe (M) 0r(M)
and yields trivializations of bundles over Uy,:

Ov,, ®c V(A)o = (pf o+, v, 108 Arrn)) ®s () or(M),
O, ®c VINE™™ = iy, ., (log Af,)) @squ,) or(M).

In particular, Oy, ®c V(A)® embeds in the last module.

§3. Identification of the KZ connection

We continue with the situation of the previous section. So we have
the n-tuple of integral dominant weights A = (A1,...,A,) and regard
VA) = V(A1) ® --- ® V(A\,) as a representation of g. We let m =
(mq,...,m,) and the finite subset M C I be as in Section 2.
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The KZ-connection

The Knizhnik—Zamolodchikov connection requires the choice of a
Casimir element, that is, a symmetric tensor C' € g ® g that is invariant
under g (acting adjointly on each factor).

We denote by ¢© the quadratic form on g* attached to C: q“(a) =
1C(a,a) (note the factor 1). We do not need to assume that C is
nondegenerate, but we do suppose that ¢©(ay) # 0 for every simple root
ag. This implies that the generalized Cartan matrix is symmetrizable
and that C is nondegenerate on (g/h)* C g*.

We use this tensor C' to obtain a slightly different presentation of

g: if oy is the positive root attached to ey (so [&, fr] = —ar(d)fr),
then we replace fi by fix := ¢“(ow)fe = 2C(ak, o) fe. We retain
er and so hi = [ek,fk] = %C(ak,ak)dk has now the property that

)\(ﬁk) = C(\, ag) for every A € h*. Then g is presented in terms of the
symmetric matrix (C(ou, o))k i

(hx,er] = C(ak,al)el, [k, fil = —Claw,a)fi,  [he, ] = 0.

We still need to impose the Serre relations (which involve the possibly
nonsymmetric Cartan matrix), but these are just the ones that make
C nondegenerate on the subspace (g/h)* C g*. In this setup A(dx)
becomes C(A, ag), ck, becomes C(oy, ey), and Py is replaced by

(A, ag)
j{:(ﬁ (j{: i, —-Zk EZ:CKak,

1E€Ty

8/6tj)

For 1 <v < p<mn,let C,, be the endomorphism of V()\) obtained by
letting C act trough the tensor factors indexed by v and p. This operator
commutes with with the diagonal action of g and hence preserves the
g-isotypical summands. Then the corresponding K7 connection V¢,
on Oy, ®c V(A) is defined by the End(V (X))-valued differential

_,Z)
AS, = C,u——i.

-z
1<v<pn B

This is a connection with logarithmic singularities at infinity. It is easily
shown to be flat so that we get a local system KZC(X) C Oy, Q¢ V(A).

Remark 3.1 (Comparison with the SV-map). This is essentially
the situation considered by Schechtman—Varchenko in [8] from the out-
set. Our space VM()\) is basically the one they construct for the case
of a symmetmzable Cartan matriz. They identify the action of the op-
erators fl, . fT, but there are no operators éi,...,&é, acting. So the
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coprimitive quotients can (and do) appear there, but primitive subspaces
cannot.

A local system of rank one

Central in the subsequent discussion will be the following differential
associated to C' (a formal expression, for this is an infinite sum):

=33 o n) e

v=1 i€l
Jdtti =) = )
1 _ hed SCRNNR VA
-1 > Clagoy) W > Cluw M) .
4,JE€ETiF#] i 1<v<pu<n I

The corresponding relative form §§ = (nf)rel is obtained by ignoring
the dz,-terms. Consider the finite subsums ng’ a and §§ s that involve
the factors indexed by M. So

n _ C - o
giM = (77>C\:M)re1 = Z (Z %‘:\L) - Z %;Q)dti
ieM wv=1 " v jeM—{i} J

n ~

S 3 (S 5 S e

€M, v=1 jeM—{i}

Since each ¢©(ay) is nonzero, this is an element of V(A)™ of the type
that appears in Proposition 2.18.

We can write ng 88 dlog F' f > Where Ff u 1s a multivalued func-
tion (univalued if the exponents are integral) given by the product

H (t — 2, C(ozz,)\ ) H t —t (o7,23)/2 H(Zu . ZH)_C()\”’)“‘).

1%EV]\éIn 1,5€EM,i#] v<ph
We consider the first order differential operator d© := d — 77§, M- S0
d® is the ordinary exterior derivative for the multivalued polydifferen-
tials after they get formally multiplied by the inverse of F: ,‘C Ml d¢ =
F>€M d (FSM)'l. In particular, a d%-closed form is locally Ff:M times
a d-closed form. This amounts to turning the trivial line bundle over
U,,m into a local system ]Li a: it is the local system for which F' )?: M
defines a flat (multivalued) section, in other words, ]Lf’ s 1s the structure
sheaf of Oy, ,, endowed with the connection for which d“ is covariant
derivation.

Let p € h* be, as usual in Lie theory, defined by the property that
p(éx) =1for k=1,...,r so that C(p,ar) = ¢“(ay) for every k.



Polydifferentials and the KZ system 217

Lemma 3.2. The differential niM has a logarithmic pole along
each irreducible component of Ap p and we have

—Resax) s = 4 (p — ax) — ¢%(p),
—Resa_(x) N = (p+ax) — ¢“(p),
—Resa,(x)sm =4 ((p+ M) —ax) = q“(p+ \),

where ax =) . x Oz

Proof. Since A(X) amounts to the confluence of the members of X,
its generic point may be described in terms of PM x U,, as the blow up of
the diagonal obtained by setting all ¢,, € X, equal to each other (fol-
lowed by dividing out the action of the translation group of A). The irre-
ducible components of D, s that pass through this diagonal are defined
by t; = t,, where {z,y} runs over the two-element subsets of X. The
defining formula for 7])(57 ar shows that Resq,—¢,) 17)(57 v = —3C(az, ag).
We thus find that

- ReSA(X) T]iM = %Z C(ai,ag)

TFY
= %C’(Z oz, Z og) — % Z Claz, az)
zeX yeX reX
= 3C(ax,ax) = Y, Clp,ax) = ¢“(ax — p) —¢°(p).

zeX

In the case A, (X), we also need to include the irreducible compo-
nents of D, 5s defined by t, = oo, x € X. A straightforward computa-
tion shows that — Res(;, —o0) nf)M = C(az,az) and so we get as addi-
tional term Y,y Clas, az) = 2C(p, ax). This yields $C(ax,ax) +
>eex Clp,ax) = q%(ax + p) — ¢9(p), as asserted. Finally, for A, (X),
with v = 1,...,n, we need to subtract the residues for the divisors
ty = z,, that is 3+ C(az, \y) = C(ax,),) and this gives the last
value. Q.E.D.

The associated Aomoto complex is the relative De Rham complex of
Oy, -modules (pf Qe | U (log A, a1),d%). Note that since logarithmic
n,M n
forms are d-closed, the relative differential d is simply given by the
wedge product with —§§, u- Proposition 2.18 then tells us that:

Lemma 3.3. We have a natural isomorphism of Oy, -modules

OUn R V(}‘)O,coprim =H™ (pj ;]:M/Un (1Og An,M)7 dc) ®6(M.) OY(M).
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In particular, Oy, &c V(X)? embeds in the latter.

The irreducible components of A, »s along which the local system
L ,; has trivial monodromy are those on which the residue 17}(57 A is an
intéger. These play a special role in of a theorem of Esnault, Schechtman
and Viehweg [3], or rather our refinement ([5], [6]) which leads to a
topological interpretation of the Aomoto cohomology. For this purpose
and for later uses, we pause for a moment to discuss the various natural
extensions of a rank on local system across a normal crossing divisor.

Extensions across a normal crossing divisor

Let X be a complex manifold of dimension n, D a simple normal
crossing divisor on X and L a rank one local system on X — D. If D is
irreducible (hence smooth), then there are two basic ways of extending
L to X in the derived category: extension by zero R*jil. (where j :
X — D C X denotes the inclusion) and and the full direct image R*j.L.
These are connected by a morphism R*j;L{(= jL) — R*j.lL, which on
global cohomology this gives the map H*(X,D;L) — H*(X — D;L).
(Since L is not defined on D, a word of explanation is in order: if T
is an open regular neighborhood of D in X relative to the Hausdorff
topology so that its boundary 0T lies in X — D, then H*(X,D;L) is
understood as H™(X — T,0T;L), or equivalently, as cohomology with
supports: HE(X — D;L), where @ is the collection of closed subsets of
X — D that remain closed in X — D.) If the monodromy of I around
D is not the identity, then the two extensions coincide. Shifted Verdier
duality converts this morphism of extensions into R*j,LY « jiLV.

Suppose D has two irreducible components D’ and D" and we ex-
tended L across the generic point of each of them so that we have an
extension over X — D’ N D”. Then there is a natural extension over all
of X which is locally along a transversal slice of D’ N D" like an exterior
product of two extensions as above over the complex unit disk. We can
obtain it in stages, for instance, by first doing the D’-extension over
X — D' and then the D" extension over X; the opposite order yields the
same result. More generally, if D has several irreducible components,
then an extension of L. over X in the derived category is specified once we
have done so at the generic points of D and its formation is compatible
with shifted Verdier duality.

So if we single out a collection of irreducible components of D along
which L has trivial monodromy and denote its union D¥, then we have
specified an extension of I over X: at the generic points of D we take
the full direct image, and at the other generic points of D we extend
by zero. We denote that extension C*(LL; D¥). The cohomology of this
extension is H*(X — D¥ D — D% LL). Note however, that adding to D!
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irreducible components of D at which L has nontrivial monodromy does
no alter C*(LL; D¥) as an object in the derived category of constructible
sheaves on X and hence will not affect the cohomology. The shifted
Verdier dual of C*(IL; D¥) is C*(LV; D?), where D" is the union of the
irreducible components of D at which L has trivial monodromy not
in D° (but we could equally well take the union of all the irreducible
components of D not in D¥). So if X is of finite type, then we have a
perfect pairing

H*(X,C*(L; D%)) @ H>"*(X,C*(LV; D")) — C.

An important example is when . € Ox_p is defined by a closed
differential 7. Given an irreducible component of D, then L has trivial
monodromy at it if and only if 7 has there an integral residue. We
observed in [5] and [6] that the twisted logarithmic De Rham complex
(Q% (log D), d — 1) represents C'(]Lg’M,DZO), where D20 is the union
of the irreducible components of D where 1 has residue a nonnegative
integer.

A Gauf3i—Manin connection

The next proposition appears in [5] and [6], albeit that it is stated
there in an absolute setting.

Proposition 3.4. Denote by AESM the union of the irreducible com-
ponents of A,y where niM has residue o nonnative integer. Then we
have a natural identification of Oy, -modules

H" @I g, (log Auar), d) = Oy, ® R™pFCH (LS 4, AT)-

Proof. Asnoted above, the complex (Q(']+ U (log Ay a1), d°) rep-
n, M/ Yn

resents C*(LY ,,, A% ). The first lemma of Section 2 of [3] asserts that
A,M n,M

the direct image qujﬂzﬁ U (log Ay, p1) is zero unless ¢ = 0. The
n, M n

proposition now follows by faking the mth direct image on U,,. Q.E.D.

Note that the stalk at z € U,, of the sheaf that appears in the right
hand side of the preceding proposition is equal to the cohomology space
Hm(U;:M(Z) — AES\/[,A,%M — AESM;LiM). The pair (U;M,AH,M) is
topologically locally trivial over U, and so R™p}C* (]Lg Mo ATZLSW) is a
local system. We conclude that the flat connection d on Oy, ,, induces
one on Oy, ® R™pfC* (LY 4, AE,OM) and (via Proposition 3.4) one on

the Oy, -module H™(pif Q. . (log Ay, 1), dC). We will refer to this
n,M kgd

connection as the Gaufi—M anin connection and denote it by Vaur.
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Corollary 3.5. We have a natural identification
Ov,, ®c V(A)o coprim = Ov,, @ Rmij’(LiM, Afgw) ®e(Mm,) or(M)

as Oy, -modules. (So this makes Oy, @ V(A)?® a trivial subbundle of the
right hand side.)

The KZ-connection is a Gauf3l—Manin connection

Here is. the main result:

Theorem 3.6. The embedding of Oy, ® V(X)® endowed with the
KZ-connection V., in ’Hm(pi‘Q'U:)M/Un (log Ap ar),d®) endowed with
the GM-connection V apr is flat and hence induces an embedding of local

systems KZ (X) — R™pFCe (LS 1, Afgw) Qe (M) or(M).

Before we begin the proof, we show how a bootstrap procedure turns
this theorem into a more precise result.

Theorem 3.7. Let Ai’(}w denote the union of irreducible compo-
nents of Ap ar along which the residue of n)c\: M U8 a positive integer.

Then KZC(/\) can be canonically identified with the isotypical part for
the sign character of G(M,) of the image of

Rmij‘(]Lf)M, Ais\/.r) - Rmij‘(]LiM, A%Sw)-

For clarity we note that the above map is at z € U,, the natural map
of cohomology spaces with support

Hg%o(Un m(2); LQ,M) = Hgbo(Un v (2); Lg,M)?

where ®>0 resp. ®20 is the family of closed subsets of U, a(z) which

: T >0 -+ >0
remain closed in U, (z) — A7 resp. U, y(2) — A7 4

Proof. Theorem 3.6 yields an embedding
KZ(X) < R™pfC* (LS 11, AZY) ®e(a,) or(M).

Next we note that the local system dual to KZ () is KZ~(\), where
the prime ’ is the canonical involution of §*, given as —w,, where w,
is the Weyl group element that maps the fundamental chamber to its
opposite. This involution preserves the simple roots and (hence) the
dominant weights. With this notation, the involution applied to the
identity A\ + -+ + A, = Moy + - + mpa, yields Xj + -+ X, =
micf, + --- + . and so the data that served us for KZ%(X) are for
KZ”C(X) given by —C and the composite 7’ of 7 : M — {1,...,r}
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with the involution (also denoted by ') of {1,...,r} that is given by
o, = ogr. We have thus defined 77;776;,. The definition then shows that
n;,?;r, = —ng SO that L;,(”;, may be identified with the dual of Li M-
Let us apply Corollary 3.5 to the triple (—C, X, n'): we get a natural
embedding of local systems

KZE(N)Y < R™p)C* (LS ar, A% ) ®ea,) or(M).
By dualizing we obtain a surjection
R™plC (LS 0y A7) ®e(aa) 0r(M) — KZE(X)

of local systems. It remains to observe that the composite of the two
relevant displays is the natural map. Q.E.D.

We thus get a genuine topological characterization of the KZ-system.
For example, if nf’ u has no nonzero integral residues, then we find

that KZC(A)Z can be identified with isotypical subspace of the sign
character of the image of Hg”(Un,M(z),]LfyM) — Hm(Un’M(z),]LiM).
If in addition C is defined over R, then ]Lg, u has flat unitary metric
(that gives F: /\C a morm one) and there results hermitian (intersection)
form on this image, which is known to be nondegenerate. This puts on
KZ%(\) a (flat) nondegenerate hermitian form.

Remark 3.8. Theorem 3.6 tells us what the monodromy of the K7
system is like. If we fix a base point z € U,, then w1 (Up,2z) is the
colored braid group with n strands. It acts on domain and range of the
linear map HF%o(Un,m(2); ]Lg’M) — HZ o (Un,m(2); ]LiM) n a manner
that makes the map equivariant. It should be worthwhile to investigate
such representations in their own right and perhaps make contact with
the Kohno—Drinfeld approach via the representation theory of quantum
groups. We further note that since the KZ system embeds in a variation
of complex mized Hodge structure, it acquires a (flat) weight filtration.
It should be interesting to determine that filtration in terms of the KZ
data.

When the Casimir element is defined over Q
In case C is defined over Q in the sense that ¢¢ takes rational values
on the roots, then RmC'(]Lg’ ) i a eigen subsystem of a finite cyclic
group acting on an ordinary variation of mixed Hodge structure. To
be precise, let s be the smallest common denominator of these residues.
Then the monodromy of Li a 18 the group ps of sth roots of unity. It

determines an unramified ps-cover Un M — Un ar, so that the pull-back
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of LY s becomes trivial. This means that we may now Fy ,, regard as a
univalued (invertible) holomorphic function on (7,, M- Its normalization
over U; M UJr M Un Mo 18 @ pg-cover of U s that may have singu-
larities, but these are quotient singularities and hence for our purposes
of an innocent nature. The function F f I8 meromorphic on it and
the order of FE s along an irreducible component of An M is given by s
times the residue of §§ o along its image in A, s (indeed an integer).

If pt - U+M — U,, denotes the projection, then let An o Afﬁw, .
have the obvious meaning. Then for z € U,,

A 2 AZ0 A A0
(Rgzop*CU;M)z = Hm(U:Lr,M - A,;,M, AV Y A57M§ (C)
and Rgzoz}*(CUJrM comes with the structure of a variation of polarized

mixed Hodge structure. There is now a finite group (‘%(M.) acting on
U;[ a which is an extension of G(M,) by the covering group p,. It has
a character x that is tautological on us and lifts the sign character.
On the level of stalks this yields the identification of KZC (X), with the

X-isotypical space of the image of R<I>>0p*CUlf, i Rgzoﬁ*(cUTt .y

Proof of Theorem 3.6
We begin the proof by recalling covariant derivation relative to the
GauB—~Manin connection. Covariant derivation with respect to z, is
exhibited on the form level by Lie derivation of a lift of this vector field
to Up - In order to ensure that logarithmicity is preserved we take a
lift that depends on the argument:

Lemma 3.9. Let (1(z) = (51(z1).Cr2(22). -+ (n(2zn) be a basis
element of By y and let d, == 0, + ZZE{IV} 82 (a vector field on
PM x U, that lifts the vector field 8, to Un) Then the Lie deriva-
tive EC = dCLa +5, d® maps (x to —5)\ w (Ov).w and the latter lies in
ClU,] ®C Broa- This map is &,-equivariant and defines a connection
on B,y with logarithmic pole whose form AGM lies in

d(z, —
S Wov = 20) o Bnd e (Boar).
Zv— 2,
vp

We shall refer to this as the Gaufi—-Manin connection.

Proof.  We first notice that (i is invariant under the flow generated
by 8, (which adds to the coordinates (z,, (t:)ic{s~}) the same complex
number), in other words, L (¢1) = 0. Hence
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LS (¢r) = d%u5, Gt g, d o= (deg, =115 ats, G + s, (A =15 00 Cr)
= L; (C1) — 1% s, — g, (M5 0G0 = =% 2 (00)1-

For i,j € {I"}, the differentials d¢; — dt; and dt; — dz, clearly vanish on
0, and so

—nf,M(éu) _ Z C(%, u) Z Z az’)‘u)

g Iv te ie{Iv} u#v ti — P
O(aiv O‘ﬂ?) C(/\m )‘M)
+ 2 > oY
. 1 T v m
i€{Iv} ze{Ir},ptv v

Lemma’s 1.6 and 1.8 show that multiplication of {(y by a factor (¢; —
2,)7Y, (te — z) "t or (b —ty)7t (i € {I}, © € {I'}, p # v) lands in
L_B,. QE.D.

=2y

As is well-known (and easy to prove), C has the form

C=Co+) Ca,

with Cp € h® b and Cy, € g, ® g, where the sum is over all the roots.

Here Cy can be any symmetric tensor invariant under the Weyl group;

it then determines C. Since C' is symmetric, C_,, is the transpose of Cy.
We put

Cp =Y Ca€[[9a®9-a and C.:=> Ca€[]8a®0 a

a>0 a>0 a<0 a<0

so that C = C; 4+ Cy+ C_. Tt is easy to check that Cj acts semisimply
in the tensor product of highest weight representations. In fact, for
X, X" € b*, Co acts on V(X), ® V(X), as multiplication by Co(x, x’).
For the proof of Theorem 3.6, we also need a better understanding of
C. The following lemma, is essentially Lemma 7.6.3 of Schechtman and
Varchenko [8], and so we omit its proof.

Lemma 3.10. Let Cy : V(\) — V(\) ® g be the linear map given
by
Ci(fsly) = Z Clagry, A = as, iy ) fs—11x ® [f],
0AT<S

where £(T) denotes the last term of T and the sum is taken over all
nonempty subsequences of T of S and S (1) is the largest common tail of
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S and S—T (which of course may be empty). If V is any representation
of g, then the action of Cy on V(A) ® V satisfies

Cy(fsla®@v) = Ci(fs)(1r ®v).

Proof of Theorem 3.6. In view of the shape of the connections, it
suffices to verify this in case n = 2. We begin working out the compu-
tation in the proof of Lemma 3.9 in case n = 2, v = 1 (so that p = 1).
We write (z,w) for (21, 22), (A, u) for (A1, A2), (I,J) for (I*,I?) and ¢
for (1(2) ® Cs(w).

We have for 9 = % + 2 ieiny %:

- CCK’-, ) az, j )
S TOERY (j/\)—z 1“+Z Cz(iz)

ey BTF uEm b ey U
je{J}
and so
= w—z
(z =Wl (9)¢ = = D Clog, \)y—C1(2) @ Cs(w)
je{J} I
—w
= 2 Clon )y —r(z) © G(w)

ie{I}

Y o)y jc<>®<J<> CON p)C.

ie{I},je{J}

We develop these terms with the help of Lemmas 1.6 and 1.8 and get

Z C o5, J (4— Z (_1)12wh(z)®OJI5iwI”itid.titjCJ(w~)

= I"=I1,
= Y g S CLIAT)
Ji=JzJ1
S Clenm(c- Y <—1>'f2'<h<z>®w1;icf//i(w><J<w>)
I=1"41" I'=IyIy
> Claz,N) (C— > (—1)UZ'WJ;J'WJ“J'(Z)CI(Z)®CJ1(UJ)>+
J=J"jJ’ J'=J2J1

+ C(\, ),

which after collecting terms becomes
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C(A— Z oG, — Z o;5)¢

e{l} Jie{J}
Claz,05) Claz,p)
[ I L0 s © I (2l )
+ Z 1) CI )®WI21,WI z( Z t; — tj t—w )dtzCJ(w)
I=I'iL 1, je{Jy

T D 2D a1 ) )

J=J"jJ2J1 iEN
Since
Clog, o3 -
( T (a5, 03) C(O‘l’“))dtig(w) = —1C(ag, 07)®;(Cs (w)),
. ti — t]‘ ti —w
ie{J} :

we may also write the previous expression as I'o(¢) + ['+((r(2))¢s(w) +
I (Cs(w))Cr(z) with T'o(¢) = Co(A =22 aq, =3y @5)¢ and where
' (¢;(2)) is the operator from B to B® B.1, defined by

T (G2) = Y, (D" C(a5,09)¢, (2) ® winwr;

I=I"iI214

and I'_ is its transpose. It follows from Corollary 5.2 of the appendix
that T'y defines a linear map I' : V(A) — V(A) ®c g that coincides
with the map C’+ that appears in Lemma 3.10. Since I'_ resp. C_ is
the transpose of I‘+ resp. C4, we conclude that identity we were after
indeed holds: AS,; = C12®d(z —w)/(z —w) = A% ,. Q.E.D.

84. The WZW-system

Our discussion of the case when C is defined over Q covers one
of particular interest, namely the one for which is defined the WZW-
subsystem of a given level, where it is assumed that g is simple and
finite dimensional. We recall its definition. Let & € h* be the highest
root relative to the root basis (a1, ..., a,) and let @V be the associated
coroot. We fix a generator e of the (one dimensional) root space gs and
define an Oy, -linear endomorphism & of Oy, ® V() by

:Zl®'..®l®(z”e)®1®'“®l’

where z,e is acting on V(A,). So if for all v, z, # 0 (a property we
can arrange for by doing a translation in A), and we let g act on V(\,)
by modifying the given action in terms of the scalar z,: e(z, ) := z,ex
resp. f(z, )k = 2, ! fi, then £(z) acts on V() as e.



226 E. Looijenga

Lemma 4.1. Let I be a sequence in L representing the highest root.
Then for a suitable choice of e, we have that for every ¢ € Oy, ® V(A),
(E(€))z—11y = Resy,=co t1 Resy.

Proof. Let ¢ € V() be of the form {(z) = (i(#1) - (nl(2n) with

G € V(A\). Then e(((2,))z—(1y = Res(,—z,) Resy {,(2,) by Corollary
2.9 and so z,e(C,(2))z— 11y = Res(y,—z,) tr Resy (,(2,). It follows that
E(C(2))z-qry = 2ov—1 Res,—2,) tr Res; ((2) = — Res(¢, —o0) t1 Resr ((2).
Q.E.D.

Let ¢ be a fixed positive integer. We say that a representation V of
g is of level < £ if e!** is the zero endomorphism in V. For V = V(}),
with A dominant integral, this means that A(&") < ¢. In what follows
we assume that our Vi(A1),...,V(A,) are all of level < ¢. According to
Corollary 2.9 this amounts to the condition that for any (1 + ¢)-tuple of
sequences (I, ..., I;) in T representing the highest root, we have

Res(; =z,) " Res(;,=.,) Res, Resy, -~ Res, ( =0, (v =1,...,n).

The Verlinde space of level £ is defined in a setting which involves
a punctured compact Riemann surface as its ‘continuous input’ so that
over the moduli space of such punctured Riemann surfaces these spaces
make up a vector bundle, the so-called WZW-bundle of level £. (When
this bundle is pulled back to a certain C*-bundle over that moduli space,
it acquires a natural flat connection.) In case of the Riemann sphere, the
sheaf of sections of this bundle (or of its dual, depending on convention)
may be obtained as a subbundle W;(A) of Oy, @ V(A)8:

We(A) = ker(EMH0y, @ VI(A)9).

So its fiber over z yields the vectors in V(A)? that generate a repre-
sentation of level < £ relative to the modified g-representations on the
factors.

We recall that the length of the highest root & is one less than the
Cozeter number h of g.

Corollary 4.2. An element of ¢ € Oy, @ V(A)? lies in We(A) if
and only if for any (1 + £)-tuple of sequences (Io, ..., L) in T with each
member of length h — 1, Resy, Resy, - - - Resy, ¢ vanishes on the diagonal
locus defined by Up{Ix} C T.

Proof. 1f I is a finite sequence in Z such that Res; is nonzero on
V(Av), then I has length < h — 1 and in case of equality, I represents
the highest root &. Lemma 4.1 tells us that ¢ € Oy, ® V(A)? lies in
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We(A) if and only if for any (1 + £)-tuple of sequences (I1,...,I14,) in
T representing the highest root, then

Res(t{ro}:w)‘ . 'ReS(t{,g}zoo) (t{[o}t{Il} e t{Ie}ReSIOReSh -+ Resy, () =0.

So if we put w := Resy, Resy, - - - Resy, ¢ (a polydifferential on the diag-
onal with coordinates t(z,},.--,t(r,},{tj}jem—{r}), then it remains to
see that the property is equivalent to the vanishing of w at t{;,3 = =
t{1,}- Since ¢ is Aut(P)-invariant, so is w, and hence it suffices to prove
that the latter vanishes on ¢(5y = =1,y =

Recall that by Theorem 2.14 the polar loci of w involving the coor-
dinates t{z.}, .., t7,}, are of the type (t;;,3 = 2,) only. Now let us put

for k=0,...,¢, ug := t{*Ilk}. So w is regular in the generic point defined
by u; = - -+ = u34¢ = 0. The vanishing condition amounts to:
w
R —0) - - Ru —oy—— =0.
€8 (ug=0) es@efﬂ) UQUT - - Up
This is equivalent to: w vanishes on the locus ug = --- = uy = 0.
Q.E.D.

In case g = sl(2), we have r = 1 and the highest root is the unique
simple root (so that h — 1 = 1). Corollary 4.2 then says that ¢ €
Oy, ® V(X)? lies in Wy(A) if and only if ¢ vanishes on any diagonal
defined by an (1 + £)-element subset of Z. This is due to Ramadas [7],
who proved this in an entirely different manner. The proof given here is
closer in spirit to ours in [6].

Beilinson and Feigin have shown that Wp(A) is locally free and flat
for the KZ connection V%Z, where Cy is characterized by the fact that
q“t(a) = (h+£)7 ', where h := 1+ p(&Y) is known as the dual Coz-
eter number of g (strictly speaking, they prove the dual statement).
In particular, C, is defined over Q. A long standing conjecture in the
physicists’s community is the existence of a flat unitary metric on this
bundle.

Conjecture 4.3. The subbundle We(\) maps to the square inte-
grable forms, or what amounts to the same, lands in sign isotypical part
of the direct image of the relatively dualizing sheaf, i.e., in ﬁ;“wfﬁM /U").
In particular, it is of pure bidegree (m,0) and the WZW system has a
flat unitary structure.

For g = sl(2) this has been proved by Ramadas [7], who derives it
from the above vanishing property on codimension ¢ diagonals (see also

[6])-
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§5. Appendix: an operator formula

We take up the situation of Section 1, but will assume that ¢; ; = c; ;.
Recall that if I is a sequence, then I* denotes that sequence in reverse
order.

Lemma 5.1. Assume that ¢; ; = ¢;; and let T' : B — B ®c End(B)
be the linear map defined by

Ty = Y, (D¢ @wrwi®;
I=LiKJ

(soT(1) =0 and T'(¢;) = 1 ® ®;). Then for any finite sequence I in L
and x € T, we have

[(®2(¢1) = (P2 ® 14+ 1®ad 22)I'(C1) + (P — Ca,1)Cr ® o

Corollary 5.2. In this situation we have

T(@r(1) = > (Pek) = o) Lonry) 21—k (1) ® [P,
PAK<I

where the sum is over all nonempty subsequences of I, where £(K) de-
notes the last term of K and I gk is the largest common tail of I and
I-K.

Proof. We have that ®;(1) is a linear combination of the (y(s),
where o runs over the permutations of I. So in the preceding lemma
we may replace {; by ®;(1). Then the claimed identity follows with
induction. Q.E.D.

Proof of Lemma 5.1. The proof is a mixture of algebra and book-
keeping and not entirely straightforward.
We derived in Lemma 1.9 the identity

(I)z(é.[) = Z (pz - Cm,I’)C[”:EI“
=1'r

So each term that appears in I'(®,{;) corresponds to a way of writing
I"zI’" as LiKJ. We can also express this differently by writing I as
LiK J, and then insert x in resp. J, K, L, or write I = LK J and take
LxzKJ (this is when ¢ = x). We thus get

F((I)z(CI)) =

I Z (1) (g = o, )Csrar ® wrawic=Ps +
I=LiKJ,J=J"J'
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(1) Z — (=) py — co 50 0)Co ® WL Ky a(ary-iPi +
I=LiKJ,K=K"K'
(111)
Z (—1)|K|(pz — Cp,1/iKT)C) @ Wripr Wk Pi +
I=LiKJ,L=L"L'

(Iv) Z ()" (pe — co,x5)Cs @ WLoWi2Po-
I=LKJ

Denoting the subsums appearing above by their roman tags, then we
observe that (I) = (®, ® 1)I'({;). We rework (IV) by writing it first as

(IV) = Z CJ ® ( Z (Ml)lKl(pm — Cg,J — Cz,K)szwK*w) <I)w

I=MJ M=LK

and then continue with the inner sum. The expression wr Wi+, can
be written as shuffle product ) g ., x« Wsz. In case S is empty, this
reduces to just w,, but otherwise such a shuffle appears twice: if S ends
with ¢ and M is written M"iM’, then either K = M’ or K = iM'.
These terms appear with coefficients (—1)'M ll(pm — Cy,J — Cg, M) TESD.
(—1)IM 1+ (p, — Cx,J — Co,M’ — Cg;) and so add up to give (—1)|M/|cm.
We conclude that (after substituting L for M" and K for M'):

(IV) = (pﬂf - CE,I)CI ® wy Py + Z (_1)1K|Cx,iCJ ® WrigWk*iz Pz
I=LiKJ
Next we compute
1®ad(@))I(C) = Y (DI @ (@, wriwk-i®i].
I=LiKJ

We work out the expression [®,,wr;wk+;®;] on the right of the
tensor symbol; it is the sum

(D, wrilwi=iP; + wri[Pr, Wi+ | Ps + wriwk=i[Pe, Py

and for these terms we have according to Lemma 1.9,

[P, wisi|wi=P; = E —Cq, ' WL L WK =i Pss
L=L'"L’

Wi g, wieei ] s = E —Cy K WLiW (K2 (K )i Pi-
K:K//K/

According to Lemma, 1.12, [®;, ;] = —cz,iW(z,i)Pi + i 2W(s,z) Pz and
hence we find
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WLiwk*i[Pa, Bg] = —Co sWLiWK=iW (i) Pi + Ci 2WLiWEK*iW(i,0) P =
— Ca iWLiWK*iW(z,5) Pi + CiaWLizsWk iz P
It follows that

(1 ® ad(®:))I'(Cr) =

V) Z _(—1)}K‘C$,L’4J ® wrreriwk+P; +
I=LiKJL=L"L'

(VD) Z —(=D)Eley g Cr ® wriw(ac z(rry-iPi +
I=LiKJ,K=K"K’

(VH) Z —(—1)|K|Cz7i<‘] & WLiWK*iW(z,z’)(I)i +
I=LiKJ

(VIIL) Z (—1)/%le; 2Cs ® WLioWE o P
I=LiKJ

Adhering to our convention of identifying subsums by the corresponding
roman tags, we see that

(ID—(VI)= Z —(“1)|K|(px—cx,KJ)CJ®wLi z w(Kf)*z(K”)*i@i
I=LiKJ K=K"K'

= Z —(=D)™¥(py — ok 5)Cr ® WLiW(z,) Wi+ Pi
I=LiKJ

and similarly

ID)—(V)=(VID= > (-D)"Upr—ce k1)C® Y wrreriwk-i®;

I=LiKJ L=L"L’
= Z (—1)IK[(Pm — €z, K7)CT ® WLiW(z,iyWi*i P,
I=LiKJ

so that (IT) + (III) — (V) — (VI) — (VII) = 0.
Since ¢z ; = ¢; 5, we see that (IV) — (VIII) = (pg — ¢4,1){1 ® ®. The
Lemma follows. Q.E.D.
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