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Cech—Dolbeault cohomology and the -Thom class

Tatsuo Suwa

The Cech—de Rham cohomology theory for C* manifolds was ini-
tiated by A. Weil [17] and is fully explained in [5]. Combined with
the Chern—WEeil theory of characteristic classes, this cohomology theory,
especially its relative version, is particularly suited to describe the lo-
calization theory of characteristic classes related to Chern polynomials.
The techniques are effective even on some singular varieties (e.g., [11],
[12], [14], [16]). We may express the Poincaré, Alexander and Thom
homomorphisms in terms of this cohomology as well, see [6] for a com-
binatorial definition of these homomorphisms. Note also that the Thom
class of a vector bundle can be naturally defined in this cohomology and,
in the case of complex vector bundles, it coincides with the localization
of the top Chern class of the pull-back bundle with respect to the diago-
nal section [14]. This point of view helps us very much in clarifying the
local behavior of a section near its zeros.

In this article, we discuss complex analytic analogues of the above,
replacing the Cech—de Rham cohomology by the “Cech-Dolbeault coho-
mology” and the Chern classes by the classes introduced by M. Atiyah
in [2]. To be a little more specific, we first develop a theory of Cech-
Dolbeault cohomology, its relative version and related topics in Sections
1, 2 and 3. In Section 4, we introduce the notion of “O-integration
along the fiber” for later use. We recall, in Sections 5 and 6, the Atiyah
classes for holomorphic vector bundles and the localization theory of
these classes, which is exploited in-detail in [1]. In Section 7, we define
the “O-Thom class” of a holomorphic vector bundle as the localization
of the top Atiyah class of the pull-back bundle with respect to the di-
agonal section. We then prove the “0-Thom isomorphism”, and in this
situation, we have a satisfactory expression of the “9-Alexander homo-
morphism”. Finally, in Section 8, we indicate a way of getting a good
description of the §-Alexander homomorphism in a more general setting.
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For this, we use the idea of deformation to the normal bundle, which
is a special case of the graph construction of R. MacPherson. Here we
follow the description of W. Fulton [7].

The materials in this article may be used to give a simple geometric
proof of the holomorphic Lefschetz fixed point formula [10].

I would like to thank M. Abate, F. Bracci, J.-P. Brasselet, T. Izawa
and F. Tovena for useful discussions.

§1. Cech-Dolbeault cohomology

Let M be a complex manifold of dimension n. For an open set U
of M, we denote by AP:?(U) the vector space of C*° (p, q)-forms on U.
Let U = {Uy}taer be an open covering of M. We assume that I is an
ordered set such that if U,,. .o, # 0, the induced order on the subset
{ao,..., 0} is total. We set

IM ={(ag,...,0) |ag < - <, o, €T}
and denote by C™(U, AP*?) the direct product

Cr(u’ Ap,q) = H Ap’q(UOto.uar)’

(ao,...,ar)GI(T)

where we set Uyy.. .0, = UagMN: - -NU,,.. Thus an element o in C™ (U, AP9)
assigns to each (ao,...,a,) in I a form o4, 4, in AP1(Uy,...ar)- The
coboundary operator ¢ : CT(U, AP?) — C™TH (Y, APY) is defined as in
the usual Cech theory, i.e.,

r+1

(6U)ao~~-ar+1 = Z(_l)yaao...&‘,\,.“ar+1 P

v=0

where T~ means the letter under it is to be omitted and each form
Oug...55...ar41 18 t0 be restricted to Uy,...q,,,- This together with the
operator

d:C™(U, APy — COT(U, APat1)

make C*(U, AP*) a double complex for each p = 0,...,n. The sim-
ple complex associated to this is denoted by (AP*(U), D) or simply by
AP*(U). Thus

APA(Y) = @ CT (U, AP q

q'+r=q
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and the differential D = D9 : AP9(U) — AP91(U) is given by

(1.1) (Da)ao-.-ar = Z(_l)yaao...aﬁ...ar +(=1)" éaaomaw
v=0

In particular, for small values of r, we have

(DO-)OLO = 500:0, (Do)aooq =0a; —Oaq — gaaoal and
(Do)agaraz = Gayaz = Tagas T Tagar + 00agaray-
We call (AP*(U), D) the p-th Cech-Dolbeault complex and its ¢-th
cohomology, denoted by HZ(U), the Cech-Dolbeault cohomology of

type (p,q) associated to the covering Y. We denote by HE?(M) the
usual Dolbeault cohomology of type (p,q) of M.

Theorem 1.2. The restriction map AP9(M) — C°(U,AP?) C
API(U) induces an isomorphism

HEI(M) S HE(U).

Proof. We consider one of the spectral sequences associated to the
double complex C*(U, AP®) :

'EYT = HIHF(C*(U, AP*)) = HZI"(U).

Since the Cech complex of (p,q)-forms on U is acyclic, we have
HI(C*(U, AP*)) = 0 for r > 0, while H)(C*(U, AP*)) = AP*(M), the
Dolbeault complex. Hence we see that HE(U) ~ 'EP 0 = HY(M).

‘QED.

We say that a covering U = {U,} of M is analytically good, if every
non-empty intersection Uy, .. o, is biholomorphic to a domain of holo-
morphy in C™.

Theorem 1.3. IfU is analytically good, we have an isomorphism
H2UU) ~ HI(M,QF),
where QF denotes the sheaf of germs of holomorphic p-forms on M.

Proof. We consider the other spectral sequence associated to the
double complex C* (U, AP*) :

"E$T = H{HG(C* (U, AP*)) = HZI" ().
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Since U is analytically good, by the 9-Poincaré lemma, H 5O U, AP®)) =
0 for r > 0. While H(C*(U, AP*)) = C*(U,QP). Hence we see that
HZIU) =~ "ESO = HI(U,QP), which is isomorphic to HI(M,QP), as U
is analytically good. . Q.E.D.

Since every complex manifold admits an analytically good covering,
from Theorems 1.2 and 1.3, we recover the Dolbeault theorem

HY(M,QF) ~ HZY(M).
We define the “cup product”
APA(f) x AP9 (Y) — APTPHIE ()

by assigning to o in AP9(U) and 7 in AP"¢ (i) the element ¢ - 7 in
APHPa+d (14) given by

(0~ Dag.ar = Y (DT o) Ny -

v=0
Then o - 7 is linear in ¢ and 7 and we have
D(oc~71)= Do~ 1+ (=1)P*s < Dr.
Thus it induces the cup product
HEZIU) x H%’ 4 u) — H%+p’,q+q’(u)

compatible, via the isomorphism of Theorem 1.2, with the product in
the Dolbeault cohomology induced by the exterior product of forms.
Now we define the integration on the Cech-Dolbeault cohomology.
Let M and U = {U, }acr be as above and {R, }acr & system of honey-
comb cells adapted to U ([11], see also [14]).
Suppose M is compact, then each R, is compact and we may define
the integration

/M cAMMU) — C

by the sum

/M o= 2": Z /R Oag...ar

=0 \(a0,...;cr)EIM ¥ 0 r

for o in A™™(U). Then we see that
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(i) if Do = 0, then the sum does not depend on the choice of {Ra},
(ii) if ¢ = D7, then [,,0 =0.
Hence it induces the integration on the cohomology

/ cHE"(U) — C,
M

which is compatible, via the isomorphism of Theorem 1.2, with the usual
integration on the Dolbeault cohomology Hz™(M). Also the bilinear
pairing

APIU) x AMPIUY) — AMM(U) — C

defined as the composition of the cup product and the integration in-
duces the Kodaira—Serre duality

(14) KS:HDI(M)~HR(U) S Hy P U)* ~ Hy P"9(M)".

If Vis an ‘analytic subvariety of codimension p in M, by integra-
tion on V, V defines a class, denoted by [V], in HZ »""?(M)*. The
corresponding class in HE?(M) is called the Dolbeault class of V.

§2. Relative Cech—Dolbeault cohomology

Now let S be a closed set in M. Let Uy = M \ S and U; a neigh-
borhood of S in M and consider the covering U = {Up, U1} of M with
the order 0 < 1. We have

APUUY) = CO(U, AP9) ® CH (U, APTH).
Thus a cochain ¢ in AP9(Y) is written as
o = (09,01,001),

where o; is a (p, q)-forms on U;, ¢ = 0,1, and oo; is a (p,q — 1)-form
on Up;. We denote by AP9(U, Uy) the subspace of AP9(U) consisting of
elements o with o9 = 0 so that we have the exact sequence

0 — APUU, Ug) —s AP9I(U) —> AP9(Up) — 0.

We see that D maps AP?(U,Up) into APt (U, Up). Denoting by
H29(U,Up) the g-th cohomology of the complex (A*(U,U)), D), we
have the long exact sequence

o HEO (Ug) — HE'WU, Vo) — HEU) — HE(Uo) =+
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In view of the fact that H%?(U) ~ HZ'Y(M), we set
HEU(M, M\ S) = HE(U, Vo).

Suppose S is compact (M may not be) and let {Ro, R1} be a system
of honey-comb cells adapted to /. Then we may assume that R; is
compact and we have the integration on A™™(U, Up) given by

/ 0'=/ (71+/ 001-
M Ry Ro1

This again induces the integration on the cohomology
/M L HE™(U, Uy) — C.

The cup product API(U) x A" P"=4(U) — A™"™(U) induces a pair-
ing AP4(U,Up) x A" P"=9(U;) — A™™(U,Up), which, followed by the
integration, gives a bilinear pairing

AP U, Uy) x A"~ P"79(U;) — C.
This induces a homomorphism
(21)  A:HDY(M, M\ S) = HLIU, Up) — Hy P"79(U;)",

which we call the 0-Alexander homomorphism.
If M is compact, the following diagram is commutative :

HZY(M, M\ S) ——  HPIYM)

Al llKS
ngp’n—q(Uﬂ* Hg—Pm“Q(M)*'

Suppose that S is a compact complex submanifold of M and that
there exists a holomorphic retraction r : U; — S, i.e., a holomorphic
map with roi = 1g, where ¢ : S < U; is the embedding. Then we have
the exact sequence

0 — Kerr, — Hy P""9(Uy)* = Hy P 79(9)* — 0

and i, : HZ P"79(8)* — HZ P"7(U,)* gives a splitting of the above,

where r, and i, denote, respectively, the transposed of the pull-backs 7 :

Hg—p’”‘q(S) — Hg_p’"—q(‘Ul) and i* : Hg_”’”_q(Ul) - Hg'p’"—q(S).
We consider this situation more in detail in Section 7.
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83. Homomorphism induced by a holomorphic map

Let f : M’ — M Dbe a holomorphic map of complex manifolds
and let U = {Uy}oer and V = {Vi}rcs be, respectively, open coverings
of M and M’. We assume that there is a map ¢ : J — I such that
F(VA) C U, for all X in J. We define a C-linear map

[l APIU) — APA(Y)
by assigning to o in AP9(U) the element f}*(c) in AP9(V) given by
FE@)r0 00 = £ 0 000). 0 00)-
Then the map f; induces a C-linear map
[T Hp'U) — HF'(V),

which is independent of ¢ and is compatible, via the isomorphism of
Theorem 1.2, with the one induced from the pull-back for the Dolbeault
cohomology.

Next we consider the relative case. Thus let M and M’ be complex
manifolds and S and S’ closed sets in M and M’, respectively. Let
f: M' — M be a holomorphic map with f(S") € S and f(M'\ S") C
M\ S. Set Upg = M\ S and Vo = M’'\ S’ and let Uy and V; be open
neighborhoods of S and §’, respectively, such that f(Vy) C U;. With
these, set U = {Up, U1} and V = {Vp, V1 }. We have a C-linear map

f* : Ap,q(u’ UO) - Ap,q(v7 VO)7
which induces a C-linear map

F*HRU(M, M\ S) — HYI(M',M'\ §').

§4. O-integration along the fiber

Let M be a complex manifold of dimension n and 7 : £ — M a
holomorphic vector bundle of rank £. We identify M with the image of
the zero section of E and set Wy = E\ M. Let W; be a neighborhood
of M in E and consider the Cech-Dolbeault cohomology with respect to
the covering W = {Wy, W1} of E. Choosing a Hermitian metric on E,
we may reduce the structure group to the unitary group so that we have
a disk bundle T3 — M in W;. We set Tp = £\ Int T3. Then {Tp, 11} is
a system of honey-comb cells adapted to W.

We denote by m; and mg;, respectively, the restrictions of 7 to T
and Tp1. Thus m : Ty — M is a closed (complex) ¢-disk bundle and
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mo1 : To1 — M a (2¢ — 1)-sphere bundle. Note that the orientation of
To1 is opposite to that of the boundary 0T} of T3.

In this situation, we have the usual integration along the fiber (e.g.,
[14, Ch.II, 4]):

(m1)s : AT(W1) = A""2(M) and  (mo1). : A7 (Wo1) — A" 24(M).
Note that (7). sends a (p, g)-form to a (p — £, ¢ — £)-form:
(71)x : APY(W,) — APTHIE(NL),

For a (p,q — 1)-form a¢; on Wy = Wy N W1, the form (mo1)«{o01)
consists of (p—£,g—¥£) and (p—£€+1,g— £~ 1)-components. We denote
by (7o1)«(001), the (p — £,q — £)-component of (mo1)«(c01) so that we
have the map

(To1)« : AT (W) — APHT74(M).
Remark 4.1. If p=n+ £ or ¢ =¥, (To1)+ = (701 ).
With these, we define
T 0 API(W, Wo) — AP~H1E(M)

by assigning to o = (0, 01, 001) the (p—¥£, g —¥€)-form (71 )01+ (Fo1)x001
on M.
From [14, Ch.Il, Proposition 5.1], we have the following :

Proposition 4.2. (Projection formula)
(1) For o in AP9(W, Wo) and 8 in AP9 (M),

Tu(o ~ *0) = Tua A G,

where 7+ is considered as an element in AP9 (W7y).
(2) If M is compact, then for o in AP9(W,Wy) and 0 in

AHe=pnte=a) (£r),
/ 0'\/71'*0———/ Tx0 A B,
E M

Note that, in (2) above, 7, is in fact equal to m, of [14] (cf. Remark
4.1). Also, from [14, Ch.II, Proposition 5.2], we have

Proposition 4.3. We have

fyoD=0o07,.
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By the above proposition, 7, induces a homomorphism
— , —£,q—£
W*:ng(E,E\M)——»Hg T™(M).

From the projection formula, we have

Theorem 4.4. If M is compact, the following diagram is commu-
tative : -
A - - *
Hg’q(E,E\M) _Aa Hg-l"e pyn+e Q(Wl)

|= |

Hg—E,Q—f(M) I:S Hg+€—p,n+€—q(M)*,

where T, on the second downarrow denotes the dual of the pull-back 7*.

§5. Atiyah classes

The “Atiyah class” of a holomorphic vector bundle was introduced
in [2] as the obstruction to the existence of complex analytic connections
for the bundle. Here we reconstruct the theory using C'*° connections of
type (1,0). This point of view, which appears in [2] in the framework of
principal bundles, allows us to compare directly the Atiyah forms and
the Chern forms and is particularly suited for developing the localization
theory, using a Chern-Weil type theory adapted to the Cech-Dolbeault
cohomology. For details we refer to [1]. Also, as to the Chern-Weil
theory, we refer to, e.g., [3], [4], [13], [14]. Here we use the notation
in [14] (with connection and curvature matrices transposed and r and £
interchanged).

Throughout this section, we let M be a complex manifold of dimen-
sion n and F a holomorphic vector bundle of rank £ over M.

For an open set U in M, we denote by A"(U) the complex vector
space of complex valued C* r-forms on U. Also, we let A"(U, E) be
the vector space of “E-valued r-forms” on U, i.e., C* sections of the
bundle A" (T§M)* ® E on U, where (T§M)" denotes the dual of the
complexification of the real tangent bundle Tk M of M. Thus A°(U)
is the ring of C* functions and A°(U, E) is the A°(U)-module of C*
sections of £ on U.

Recall that a connection for E is a C-linear map

V:AYM,E) — AY(M, E)
satisfying the Leibniz rule:

V(fs)=df s+ fV(s) for fec A®(M) and s A°(M,E).
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Note that a connection V is a local operator. Thus, if s© =
(s1,-..,8¢) is a frame (£ C* sections linearly independent everywhere)
of E on an open set U, we have the connection matrix 8 = (6;;) with
entries 0;; 1-forms on U defined by

£
V(Sl) = Zaji ® s;.
j=1

Definition 5.1. A connection V for E is of type (1,0) if the entries
of the connection matrix with respect to a holomorphic frame are forms
of type (1,0). In this case, we also say that V is a (1,0)-connection.

Note that the above property of V does not depend on the choice
of a holomorphic frame and that a holomorphic vector bundle always
admits a (1, 0)-connection. :

If V is a connection for F, it induces a C-linear map

V:AYM,E) — A%(M,E)
satisfying
Viw®s)=dw®s—wAV(s) for we A*(M) and s € A°(M,E).
The composition
K=VoV:A"M,E) — A%(M,E)

is called the curvature of V. It is not difficult to see that K is A°(M)-
linear so that we may think of it as a C°° 2-form with coefficients in the
bundle H = Hom(FE, E).

If V is a (1, 0)-connection for E, we may write

K = K2,0 +K1’1

with K29 and KU, respectively, a (2,0)-form and a (1,1)-form with
coefficients in H.

In fact, let 6 be the connection matrix of V with respect to a (local)
holomorphic frame of E. Then the curvature matrix x is given by k =
df + 0 A 0. We have the decomposition k = k*° + k! with

k20=00+0A0 and kb= d0.

The components K*? and K! are locally represented by x?° and
11, respectively. Thus K" is a d-closed (1,1)-form with coeficients
in H, since it is locally 0-exact. By a change of (holomorphic) frame,
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we get a curvature matrix similar to x'l. Thus we may define, for
each elementary symmetric polynomial o, (p = 1,2,...), a 8-closed C*
(p, p)-form o,(K'1) on M. Locally it is given by o, (k') which is the
coefficient of tP in the expansion of det(I + txb1).
P

Definition 5.2. We set a?(V) = (%) op(K11) and call it the
Atiyah form of type (p,p) associated to V. It is a O-closed (p,p)-form
on M.

Remark 5.3. The p-th Chern form ¢?(V) of V is defined by ¢?(V) =

v=1\? K S .
5— ) 0p(K), which is a closed 2p-form having (2p,0),..., (p, p) com-

ponents. The Atiyah form aP(V) is the (p,p)-component of c?(V). In
particular, a™(V) = (V).

The following is proved using the construction of the Chern differ-
ence forms (cf. [4], [14]).

Proposition 5.4. Suppose we have r+1 (1,0)-connections Vo, ...V,
for E. Then there exists a (p,p — r)-form a?(V,...,V,), alternating
in the r + 1 entries and satisfying

> (-1)"a?(Vo,..., Vo, ..., Vs) + (=1)78aP(Vo, ..., V,) = 0.
v=0

Proof. Recall that there exists a (2p — r)-form ¢?(Vy,...,V,), al-
ternating in the r + 1 entries and satisfying

S (-1)*eP(Vo, ..., Vs, .., Vi) + (=1)7de? (Yo, ..., V,) = 0.
v=0
In fact the form ¢?(Vy,...,V,) is constructed as follows (cf. [4, p.

65], here we use the sign convention of [14, p. 69]). We consider the
vector bundle E xR"™ — M xR" and let V be the connection for it given

by
~ T T
V= (1 - Zt,,) Vo+ Y V.,
v=1 v=1
where (t1,...,t,) denotes a coordinate system on R”. Denoting by A"

the standard r-simplex in R" and by 7 : M x A™ — M the projection,
we have the integration along the fiber

7o 1 APP(M x AP) — A%P~7(M).
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Then we have ¢®(Vy,...,V,) = m(c?(V)). Thus c*(Vo,...,V,)
is a (2p — r)-form having (2p — r,0),...,(p,p — r) components. Let
a?(Vo,...,V,) be the (p,p — r)-component of ¢?(Vy,...,V,). QE.D.

In particular, if r = 1, we have
a”(Vl) - GP(VO) = 5@”(V0, Vl)

Thus, if V is a (1,0)-connection for E, the class of a?(V) in HE"(M)
does not depend on the choice of V.

Definition 5.5. The Atiyah class of F of type (p,p) is the class of
a?(V) in HEP(M), where V is a (1,0)-connection for E.

§6. Localization of Atiyah classes

In this section, we first define the Atiyah class in the Cech-Dolbeault
cohomology and then discuss a special type of localization of Atiyah
classes, namely the localization of the top Atiyah class by a section.
We refer to [1] for other types of localization, including localization by
frames and localization by Bott type vanishing.

Let U = {U,} be an open covering of M as in Section 1. Also, let
E be a holomorphic vector bundle over M. For each «, we choose a
(1,0)-connection V, for E on U,, and for the collection Vi, = (Va4 )a,
we define the element a?(V,) in APP(U) = @F_,C"™ (U, APP~") by

ap(v*)ao...ar = ap(votov s 7V0¢r)'
Then we have DaP(V.) = 0 by the identity in Proposition 5.4.

Proposition 6.1. The class [a?(V.)] in HZP(U) does not depend
on the choice of the collection of (1,0)-connections V. and corresponds
to the Atiyah class aP?(E) by the isomorphism of Theorem 1.2.

Proof. Let V| = (V. )a be another collection of (1,0)-connections
for E. We define an element o in APP~1(U) by

Taoar = P _(—1)76"(Vag, -, Vay,, Vi so ooy Vi)
v=0

Then we have ~
a?(Vy) —a?(Vy) = Do
so that [aP(VY)] = [aP(V.)] in HEP(U).
Moreover, comparing with the class defined by a global (1, 0)-connec-

tion, we see that the class [a?(V.)] corresponds to the class a?(E) in
HEP(M) under the isomorphism of Theorem 1.2. Q.E.D.



Cech~Dolbeault cohomology and the 8-Thom class 333

The following proposition follows from the corresponding vanishing
theorem for Chern forms (cf., e.g., [14, Ch.II, Proposition 9.1]).

Proposition 6.2. Let s be a non-vanishing holomorphic section of
E on an open set U in M and V an s-trivial (1,0)-connection for E on
U, then, on U,

a*(V) =0.

Let M be a complex manifold of dimension n and S a closed set in
M. Also let E be a holomorphic vector bundle over M and s a non-
vanishing holomorphic section of E on M \ S. Let Uy = M \ S and U;
a neighborhood of S and consider the covering U = {Up, U1} of M. Let
Vo be an s-trivial (1, 0)-connection for E on Uy and V; an arbitrary
(1,0)-connection for E on U;. The top Atiyah class a®(E) is represented
by the Cech-Dolbeault cocycle

a’(V.) = (" (Vo),a"(V1), a*(Vo, V1)).

By Proposition 6.2, a®(Vo) = 0 and it is in fact in A“*(U, Uy) and
determines a class a*(E, s) in Hg’Z(M , M\ S). We call it the localization
of a*(E) by s.

Remark 6.3. Recall that, in the above situation, the localization
ct(E,s) in H*(M, M \ S) of the top Chern class is represented by the
Cech—de Rham cocycle (0,ct(V1),cf(Vo, V1)). The form a(V;) is the
(¢, £)-component of c¢t(V1) and a?(Vo, V1) the (¢,£ — 1)-component of
CZ (Vo, Vl).

§7. The 0-Thom class

Let M be a complex manifold of dimension n and 7 : £ — M a
holomorphic vector bundle of rank ¢ over M. We have the diagonal
section sa of the bundle 7*E — E. We identify the (image of) zero
section of E¥ with M so that the zero set of sa is M.

Please note that, in this section, 7*F, E and M play the roles of F,
M and S, respectively, in the previous sections.

Definition 7.1. The 8-Thom class Ug of E is the localization of
the top Atiyah class of the bundle 7*E by sa; ¥g = a(7*E, sp), which
is in Hy(E,E\ M).

As a fundamental example, we consider the case where M consists
of a point p. Thus 7 : E = C* — {p} and 7*E = C* x C¥, which is
thought of as a vector bundle with projection w : 7*E — C? onto the
first factor. Let Wy = C?\ {0} and W; a neighborhood of 0 in C* and
consider the covering W = {Wy, W1} of C¢ (the base space of 7 E).
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Theorem 7.2. In the above situation, the 0-Thom class Vce of
E = C* is represented by a cocycle in A%¢(W, W) of the form

(0’ 07 —ﬁe)7

where B¢ denotes the Bochner—Martinelli kernel on Ct.

Proof. Let Vo be an sa-trivial (1,0)-connection on Wp and V1 an
arbitrary (1,0)-connection on Wi. We have a’(V() = 0 and the 9-Thom
class W is represented by the cocycle

(0,a*(V1),a*(Vo, V1))

in AK’Z(W, Wo).

Now we can compute a(Vg, Vy) for particular choices of Vo and
Vi (cf. the proof of [14, Ch.III, Theorem 4.4]). We denote by z =
(21,...,2¢) a coordinate system on the first factor (the base) and by
¢ =(¢1,.--,Ce) acoordinate system on the second factor (the fiber). Let
e® = (eq,...,e) denote the frame of 7* F given by e1(z) = (2;1,0,...,0),

..,ee(2) = (2;0,...,0,1). The diagonal section sa is given by sa(z) =

(z;2) = Zle z;€i(z). Consider the covering U = {U;}%., of Wy given
by U; = {z | z # 0}. On Uj, el(e) = (€1,.-+,€i—1,8A,€it1;...,€0) IS
a frame of 7*E. Let D; be the (1,0)-connection for 7*E on U; trivial
with respect to e( ). Set pi = |22/ |22 |zl = Va4 -+ 22
Then Vi = Z¢=1 piD; is a (1,0)-connection for 7*E on Wy. Note that
it is sa-trivial, since each D; is. Let V; be the (1,0)-connection on W;
trivial with respect to e(®.

The matrix A; of frame change from e® to e( ) is obtained from
the identity matrix by replacing the i-th column by (#1,..-,2¢). The
connection matrix 6y of Vo with respect to the frame e(®) is given by

£
Oo=> pi A7 dA;,

=1

while the connection matrix 6; of Vi with respect to e® is zero. Thus
al(Vl) =0.

By definition, a(Vy, V1) is the (£, £ — 1)-component of c/(Vq, V1).
To find cf(Vo, V1), let V = (1 — £)Vo + tV;. Then connection matrix
6 of V with respect to the frame e® is given by 6 = (1 —1t)6y and the
corresponding curvature matrix & is & = df + 0 A § = —dt A6y + (1-
t)dfo — (1 —t)%6p A 6. Thus ¢*(Vo, V1) is a (2£ ~ 1)-form on Wy, with
(26 —1,0),...,(£,¢— 1) components. By dimension reason, it has only
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(¢,£ — 1)-component, which coincides with —3,, where 3, denotes the
Bochner-Martinelli kernel on C*. Therefore, we have

a‘(Vo, V1) = ¢*(Vo, Vi) = —fe.
QED.

Now we come back to the general situation and let F be a holomor-
phic vector bundle of rank £ over a complex manifold M of dimension
n. Recall that we have the 0-integration along the fiber

Tt HY(E,E\ M) — HY°(M) = H(M,0)

and the 8-Thom class ¥ of F in Hg’e(E ,E\M). The following theorem
is proved as [14, Ch.III, Theorem 4.4], see also Theorem 7.2.
Theorem 7.3. In the above situation,
7 Ug = 1.

Remark 7.4. The -Thom class ¥ is represented by a cocycle in
ASE(W, Wy) of the form

(0’ W*ae(V), _1/;)7
where V is a (1,0)-connection for E on M and ¥ an (£,€ — 1)-form on
Wo1 with sz = ’TI'*CLE(V) and —(7_T01)*’lp =1. '
We define the 0-Thom homomorphism

Tg : HYY(M) — HEY (B, E\ M)

by
Tg(a)=¥g~n*a  for ac HY'(M).

Thus, if U is represented by a cocycle (0,%1,%01) € API(W,Wy), Tr
is induced in cohomology by the map 6 +— (0,91 A 7*6, 11 A 7*6) from
AP9(M) into APHEIHEOW W),

From the projection formula and Theorem 7.3, we have

Ty O TE = 1.
Thus T gives a splitting of the exact sequence
0 — Ker 7, — HEYH (B, B\ M) ™ HZY(M) — 0
If we set
H2HYY(E B\ M) = Im Ty (= Ker7i,),

we have
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Theorem 7.5. (9-Thom isomorphism) We have an isomorphism
Tg : HEY(M) —> HEYSY (B, B\ M)

whose inverse is given by ..

Now suppose M is compact. Then we have the commutative dia-
gram:

HEFS Y B, E\ M) ——  HEYM)

(7.6) Al llKS
Hg‘Pyn—Q(Wl)* T Hg—P’”“Q(M)*'

This induces the commutative diagram:

ﬁgﬂ’qH(E,E \ M) .__'”5_> Hg’q(M)

All ZlKS

Hg—P,n’q(WI)*/Ker T __7’__:_> Hg—p,n—*Q(M)*.

In particular, when p = ¢ =0, TV p = [1] and KS([1]) = [M]

Remark 7.7. Let 7 : E — M be as above. The (usual) Thom class
U of E can be defined as the localization cf(7*E, sa) of c*(7*E) by
sa [14, ChIII, Theorem 4.4] ;

Vg = Z(ﬂ'*E, SA),

which is in H*(E, E \ M). In the case M = {p} and thus E = C¢, U
is represented by a cocycle of the same form as ¥p (cf. Remark 6.3).

Example 7.8. Let W = {W,.W;} be the covering of C* as above.
If¢ =1, since H gO(W, Wo) = 0, we have the exact sequence

é
0— HE'W) — HY°(Wo) — HE (W, Wo) — HE'(W) —
Notice that we have Hp"(W) ~ Hy°(C) = H(C,Q), H;°(Wo) =
HO(C\ {0},9!) and H3'(W) = Hy'(C) ~ H'(C, Q') = 0. Hence we

have the exact sequence

0— HO(C, Q') — HO(C\{0},2') = HE (W, Wo) — 0.
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The coboundary operator é sends a holomorphic 1-form w on C\ {0}
to the class of (0,0, -w) in H5 (W, Wo) = Hy'(C,C\ {0}). Also, the
O-Alexander homomorphism

A:HZY(C,C\{0}) — HY'(Wh)* = HO(W1,0)*

sends the class of (0,0, —w) to the functional assigning to a holomorphic
function f on Wi the value — me fo = [35, fw, where {Ro, R} is a
system of honeycomb cells adapted to W. Note that in this case, we
may assume that dR; = 7 is a small circle around 0 oriented counter-
clockwise.

Now suppose £ > 1. We have the exact sequence

— HEY W) — BE 7 (Wo) = HE (W, Wo) — HESOW) — -

We have Hp ™ (W) = HH(C?) = H1(C!, Q) = 0 and HE (W)
- H g,z (CY) ~ HY(Ct,0F) = 0. Hence we have the exact sequence

0 — HYY(CE\ {0}) - HE (W, Wo) — 0.

The coboundary operator § sends the class of a O-closed (£,£ —
1)-form w on C¢\ {0} to the class of (0,0, —w) in H]%’g(W,Wo) =
Hg’e((Cl ,C4\ {0}). Also, the §-Alexander homomorphism

A: Hg"(C,CA\{0}) — Hg (Wh)" = H'(W1,0)"

sends the class of (0,0, —w) to the functional assigning to a holomorphic
function f on Wi the value ~ [ fw = [y fw, where {Ro, R1} is a
system of honeycomb cells adapted to W. We may take a small ball of
dimension 2¢ around the origin as Rj.

For £ > 1, in the commutative diagram

Hg*(C4,Cf\ {0}) —— Hy°({0})=C

| [xs

Hz°Wy)*  —— Hz°({0h* =C,

7. sends the class of (0,0, —w) to the number |, aR, W
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We also have the commutative diagram:
ag(Ch ci\{0}) —— Hg'({0})=C

i | xs

HY(Wh)* [Kerm, ——— H{°({0})* =C.

Note that the class of (0,0, —8¢) corresponds to 1 by 7. Note also
that Kerm, consists of functionals on Hg’O(Wl) that are zero on the
constants.

Remark 7.9. The arguments in this section, as well as those in
Section 4, also work in the case M is a compact complex submanifold of
a complex manifold W and there is a holomorphic retractionr : W — M
(cf. the end of Section 2), replacing E by W and 7 by 7.

§8. Deformation to the normal bundle

Let W be a complex manifold of dimension m and M a compact
complex submanifold of W of dimension n. In this situation, we have
the J-Alexander homomorphism (cf. Section 2)

HE(W, W\ M) — HF "0 (Wy)",

where Wj is a neighborhood of M in W. As it is, the receiving group
depends on the choice of W;. In this section, we indicate an idea to make
the receiving group the “homology” (the dual of cohomology) of M, as
in the case of usual Alexander homomorphism. For this purpose, as
mentioned in the introduction, we use “deformation to normal bundle”,
which we recall below, following the description as given in [7, Ch. 5].

Let D be a complex one dimensional disk . Then we have a complex
manifold W* of dimension m + 1 together with a closed embedding
M x D — W™ and a flat holomorphic map p : W* — ID such that

(1) The diagram
MxD ——— W*

p2 l lﬁ
D D
commutes, where py denotes the projection onto the second factor.

(2) Over D* = D\ {0}, p~}(D*) = W x D* and the embedding is the
trivial embedding : M x I* «— W x D*.
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(3) Over 0, p=2(0) = Ny, (the total space of) the normal bundle of M
in W, and M x I intersects with Ny, in its zero section.

In fact, let W X D be the blow-up of W x D along the submanifold
M x {0}. Then W* is obtained by removing the blow-up of W x {0}

along M x {0} from W x D.
We denote by a the composition of holomorphic maps

(Nm, M) == (W*, M x D) -2 (W x D, M x D) 25 (W, M),

where ¢ denotes the embedding, i the restriction to W* of the map

WxD— W xD and p1 the projection onto the first factor.
Then we have

HEI(W, W\ M) == HEY(Ny, Ny \ M) — Hp " P™9(M)*,

where the second homomorphism is 7, 0 A = K.S o 7, (see (7.6)).
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