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Time evolution with and without remote past

Yoichiro Takahashi

Abstract.

We usually discuss the time evolution from the present to the
future or from the past, precisely, from some fixed initial time in the
past, to the present or to the future. But we sometimes consider the
time evolution from the remote past to the remote future as in the
theory of stationary stochastic processes or dynamical systems. In the
present paper we consider time evolutions governed by noise driven
automorphism on locally compact abelian groups and give a necessary
and sufficient condition for the time evolution to admit remote past.
It turns out that to admit the remote past is fairly restrictive.

§1. Introduction

Let G be a locally compact group and ¢ be an automorphism of G.
Consider the random time evolution governed by a stochastic equation

(1.1) M = &ap(tn—1)(n € Z)

on G where (§,) is a noise in the sense that
(a) the random variables &, are mutually independent and subject to a
common probability distribution, say u, and
(b) for each n the random variable &, is independent of the random
variables 1 with k < n.

The point is that &, and 5, are indexed for all integer n, including
negative n. We say that the time evolution admits remote past if there
exists a solution (&,,n,) of (1.1).
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It is immediate (cf. [1]) to see that the above equation (1.1) is re-
duced to the convolution equation

(1.2) An = n ¥ Ap—1 (neZ)

where \,,’s are unknown probability measures on G which stand for the
probability distribution of ¢~ "5, and p,’s are known probability mea-
sures which come from ¢~"&,. The equation (1.2) for arbitrarily given
pr's will be discussed in Section 3. We remark that the equation (1.2)
always admits the trivial solution (X,) where each A, is the normalized
Haar measure we on G and that the set of the solutions (A,) of (1.2)
is a convex set in the infinite product space of copies of the space of
probability Borel measures on G.

If the automorphism is the identity, i.e., if ¢ = id., then the solution
of (1.1) is nothing but a random walk on the group G with remote past.
There is a long history in the study of random walks on groups (cf.,
e.g., [3]) and the asymptotic behavior as time goes to infinity is studied
in detail. Due to [3] the theory of random walks on groups goes back
to the paper [4] by Y. Kawada and K. Ité and our Theorem 1.1 stated
below may be regarded as its improvement from the viewpoint of “with
remote past”.

On the other hand, our motivation of the study of the time evolu-
tion with remote past has the background in the theory of stochastic
differential equation which was invented by Kiyosi It in 1942. He gave
the definition of It6’s stochastic integral and found the It6’s formula. He
solved the stochastic differential equation by generalizing the successive
iteration method. Those solutions he and his pupils gave on the first
stage are now called “strong” solutions because the solution process is
adapted to the given Brownian filtration: in other words, the solution
up to time ¢ is a functional of the noise up to time ¢. In 1960’s “patho-
logical” solutions are found: there exist nonstrong solutions. A typical
example is Tanaka’s stochastic differential equation:

dX(t) = sgn(X(¢))dB(t), sgn(z) = 1(z > 0); = —1(z < 0).

It has various solutions:

1) X (t) = |B(t)| is a solution(strong solution).

2) At any zero of B(t) one can switch sgn(X (¢)) to obtain a new solution

which are not strong because extra randomness is put in there. Recently,

Le Jan et al. characterized the solution set of Tanaka’s equation (cf., [5]).
In 1975 Tsirelson ([7]) has constructed examples of nonstrong solu-

tions by reducing stochastic differential equations into stochastic differ-

ence equations on the one dimensional torus G = T'. Later he studies

the isomorphism problem of noises: white noise, black noise, etc.
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In 1990’s M. Yor ([8]) formulated Tsirelson’s argument in the form
(1.1) and studied the equation on G = T! for general noise. In 2006
Akahori et al. ([1]) have studied it on general compact groups G and
showed the structure of the extremal solution set, i.e., the extremal set
of the solution set which is a compact convex set:

ex({solutions}) =2 G/H for some subgroup H C G.

Now we state the results in the random walk case on a locally com-
pact abelian group G. We denote the characteristic group of G by I.

Theorem 1.1. Assume that the noise is stationary and the auto-
morphism s the identity:

(1.3) e = p for anyn € Z and ¢ = id.
Set

(1.4) Ty = {x €T 10l = 1}

and

(1.5) Gu={9€G:x(g)=1forall xeT,}.

Then there exists a unique element a(p) in G/G, such that solutions
(An) of (1.2) are characterized by the following two properties:

(a) Each A, is Gy-invariant.

(b) The projections X of An to G /G, evolves by the Weyl transforma-
tion (or the translation) 7o) by a(u):

o~

(16) An = Ta(,u)}\\n—l (n € Z)

where T3 = B+ a for a,8 € G/G,.

To illustrate the idea, we give examples in the case where G = T!.
Here we identify T with the interval [0, 1).

Example 1.2 (cf. [8, Section 7, Lemma 5)). For p = 1,2,..., we
denote Z, = {k/p: k=0,1,...,p—1}.
(i) Assume that u(x +Zp) < 1for any p=1,2,... and any z € T. Then
G, =T. In this case the solution of (1.2) is only the trivial solution.
(i) Assume that p({z}) = 1 for some z € T. Then G, = {0} and
a(p) = {z}. In this case every solution (\,) of (1.2) evolves by the
translation by .
(iii) Otherwise, we can choose z € T and p = 2,3,... such that p is
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minimum among the pairs (z,p) with u(z +Z,) = 1. Then G, = Z,
and ap) =z + Zp.

In particular, we consider the case where the support of y consists
of two points: y = p1dz, + p2dy, for some p1,p2 > 0, p1 +p2 =1 and
r1,29 €T, x5 75 To.

(i) Assume that zp — z1 is rational under identification G ~ [0,1). We
can express s — 1 = r/p for some p =2,3,... and r € N where p and
r are coprime. Then G, = Z, and a(p) = z1 + Zp (= 2 + Zp).

(ii)" Otherwise, G, =T. '

The following result also shows that the existence of nontrivial so-
lution is fairly restrictive.

Theorem 1.3. Assume that G has a countable basis. Let pu be a
probability measure on G and ¢ an automorphism of G. Set

(1.7) r,= {XGI‘: H lu(x 0 ©*)| > 0 for somemEZ}
k=m

and

(1.8) Gu={9€G:x(g)=1forallxel,}.

Then there exists an element o) € G/G,, such that p(Nyer, W*(a, x, ¢))
=1 for any a € a(u) where W(a, x, ) is the “stable set of a in direction

b

Xt
19 W)= {ee 6 tim xha/xea) =1}

Theorem 1.4. Under the same assumption and notations as in
Theorem 1.3, the following statements hold:
(a) Every solution (\,) of (1.2) consists of G, -invariant measures A,.
(b) There exists a sequence (vn) of G,-invariant probability measures
on G such that every extremal solution (Ay,) of the convolution equation
(1.2) corresponds to a unique element v € G/G,, by the relation
(neZ)

wiaxd,

(1.10) Ap = Up %0 _ S

where a and c are arbitrary elements of the cosets af{u) and vy, respec-
tively, and the sum Zj;"o_l is interpreted as 0 for n =0 and —
for positive n.

j=—n

In the case of nonabelian groups we use the unitary representation
theory. We keep Tannaka’s duality theorem in mind, though it will not
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be explicitly stated below. We denote the totality of unitary represen-
tations of a compact group G' by G. Thus, each p € I';, is a unitary
operator acting on some finite dimensional Hilbert space U (p).

Theorem 1.5. For a given noise probability distribution p set

(1.11) T, ={peGlup)lop =1}

where p(p) = [, p(dz)p(x) as before and || - ||op denotes the operator
norm. Then each p € T',, has the component pi1 of operator norm ezactly
1 which is necessarily the identity operator on some subspace Ui(p) of
U(p). Set

(1.12) G,={9€G;pi(g) =id forall peT,}.

Then G, is a subgroup of G and, if () is a solution of (1.1), each Ay,
is Gu-invariant and is obtained by n times translation of Ao by some
element ap) in G/G,,.

The proofs of Theorem 1.1-4 is given below following the joint work
with K. Yano [6] where G is assumed to be compact but the proof of
Theorem 1.5 will be published elsewhere.

In Section 5 we give a further property in the special case where G
is a finite-dimensional torus and I', =T'.

We must also refer to a work of Brossard and Leuridan ([2]). They
have studied rather general Markov chains and investigate the unique-
ness problem and the behavior of sample paths at the remote past. But
they imposed a restrictive assumption that the one-step transition prob-
ability is absolute continuous with respect to a measure. Consequently,
the case which involves the Weyl transform is excluded.

§2. Random walks on abelian groups

In this section we assume that G is abelian, the noise is stationary
and the automorphism is the identity:

(2.1) n = i for any n € Z and ¢ = id.
Then the convolution equation (1.2) takes the form
(2.2) An = % Ap_1 (nez)
and we obtain

(2.3) An(X) = p(X)"A—m(x) n€EZ meN, xel.
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Definition 2.1. Set

(2.4) Tp={xel:|pCl =1}
Lemma 2.2. If |u(x)| < 1, then A\ (x) =0 for any n € Z.

Proof. By (2.3), we have |An (x)| = [(X)|™|An—m (x)]- Since [An—m
()] < A—m(x]) <1, weobtain | A, (x)| < |p(x)|™ forn € Zand m € N.
Letting m tend to infinity, we obtain A, (x) = 0. Q.E.D.

Lemma 2.3. Let A be a probabz'lity measure on G and I'y be a subset
of T'. Assume that A(x) = 0 whenever x ¢ I'o. Then, the measure X\ is
Go-invariant where Gy is the annihilator of Ty:

(2.5) Go={z € G:x(z) =1 for all x € [y}.

Proof. Let T, be the translation by g € Go. Then, (TyA\)(x) =
X(9)A(x) = Mx) if x € T by the definition of Go. Otherwise, (TyA)(x) =
x(9)A(x) = 0 = A(x) by the assumption on A. Hence, T,A = A. Q.E.D.

Let us denote the annihilator of '), by G,.

Lemma 2.4. If |u(x)| = 1, then x(x) is constant p-a.e. In partic-
ular, x(z) = pu(x) for p-a.e. x.

Proof. Since |x(z)| = 1 p-a.e., one obtains
(2-6) 0 </ Ix(2) = p(x) P p(dz)
</ /X (@) — x(@)u(dz)(dy) = 21~ [u()P).

Hence, if |pu(x)| = 1, then x(x) = u(x) p-a.e. Q.ED.

The above lemma can have various versions, for instance, for vectors
in Hilbert spaces, for unitary operators etc.

Proposition 2.5. The following statements hold:
(i) Ty ts a subgroup of the character group I'.
(ii) For any x1,x2 € Ty,

(2.7) p(xaxz) = plx)u(xe)-

In other words, the restriction u|r, is a character of T',,.
(iii) There exists a unique element a,, in G/G,, such that p(x) = x(a)
for any a € oy and any character x € T',.
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Proof. Let x1,x2 € I'y. By Lemma 2.4, we see that x1(z) = u(x1)
and x2(x) = p(xe) for p-a.e. x € G. Then we have (x1%2)(z) =
pw(x1)p(xe) for p-a.e. € G, and, hence, we obtain p(x1xz) = p(x1)p(x2)-
This implies (ii) and also (i).

Note that I', is identified with the character group of G/G,. By
Pontryagin’s duality theorem, the character u|r, of I', obtained in
Proposition 2.5 can be identified with an element of G/G,,. We identify
it with a coset a(p). Then, for any a € a(u) and any character x € 'y,
we obtain pu(x) = x(a). Q.E.D.

Proof of Theorem 1.1. 'We already proved (a) in Lemmas 2.2 and
2.3.

It then follows from Proposition 2.5 (iii) and from a similar argument
in the proof of Lemma 2.3 that A.(x) = x(a)An—1(x) for all n € Z,
a € a(p) and x € T. Consequently, A\, = Ty ,—1. Since each A, is
G-invariant, we obtain (b). Q.E.D.

Remark 2.6. Assume, in addition, that G has a countable basis.
Since each A, is G-invariant, there exists a probability measure A, on
the quotient group G/G,, such that

2.8) /G An(de) () = /G o /g ) )

for any continuous function f on G where v is the normalized Haar
measure on G, and h.y stands for an element of h € G/G, identified
with a coset.

83. Nonstationary noise on abelian groups

In this section we continue to assume that ¢ = id but we consider
the case where u,, may depend on n. Now the convolution equation (1.2)
takes the original form

(3.1) An = n * Ap—1 neZ
and, hence, we obtain

(3.2)
An(X) = ,UJn(X)/Ln—l(X) tee /ln—m+1(X))\n#m(X) neZ meN, yel.

Lemma 3.1. If [];2, p—k(x) =0, then A\y(x) =0 for any n € Z.
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Proof. By (3.2), we have [\a()| = II55 lun- k(X)H)\n m (00)]-

Since [An—m(x)] < A—m(x]) < 1, we obtain |\, (x)| < ITiey |,un 2091
for n € Z and m € N. Letting m tend to infinity, we obtaln An(x) =
0. Q.E.D.

Definition 3.2. Set

(3.3) T,= {XEF: ﬁ l—r(x)| > 0 for some m}.

k=m

Remark 3.3. In the case considered in Section 2 the two definitions
of ', given by (2.4) and (3.3) coincide.

Lemma 3.4. The inequality [[oe,, [t—x(X)| > 0 holds if and only
if p—r(x) #£0 for any k > m and

@y Y /G /G H k()i () (@) — x(@) 2
Proof. Notice that
(3.5) /G /G H k(@) () (@) — x@)I? = 201 — [k OPP).

Hence the assertion follows from the fact that the infinite product [Tro ; cx
of 0 < ¢ <1 converges to a positive limit if and only if ¢’s are positive
and > 22 (1 — k) < 0. Q.E.D.

Proposition 3.5. I';, is a subgroup of the character group I'.

Proof. Let x1,x2 € I'y,. Then it follows from Lemma 3.4 that, for
sufficiently large m,

(3.6)
> / [ et anion @@ - e )P

<3 [ [ srtmn s @2 {ba@ - a @ + o) -]

k=m
< 0.

Moreover,

(3.7)
> /Gﬂ k(dz)|(xaxz) () — p-r(x1x2)|* < co.

k=m
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Hence, p—x(x1X2) # 0 except for finitely many k. Consequently, again
by Lemma 3.4 we conclude that x1xz € I'y. Since we assume that
G is compact, the character group I' is discrete. Hence, an algebraic
subgroup of T is a (topological) subgroup. Q.E.D.

Remark 3.6. Lemma 2.3 in the previous section works here, too.
Thus, each A, of a solution (X,) is G-invariant.

Here we stop the preliminary discussion on nonstationary noises and
we proceed in the next section to the case where the noise is stationary
and the automorphism is arbitrary.

84. Noise-driven automorphisms of locally compact
abelian group

Let ¢ be an automorphism of a compact abelian group G. We
assume that the noise (£,) is stationary so that the random variables
&, ’s are independent and subject to a common probability distribution p.
So we consider the stochastic equation (1.1) stated in Section 1 where
n is the probability distribution of ™", and A, is the probability
distribution of ¢~ ™n,. We denote by A, the probability distribution of
7y, itself. ' »

The automorphism ¢ of G induces an automorphism ¢* of the char-
acter group I': p*x(z) = x(¢z), z € G, x € . For x € I" define

(4.1)
W5 (x: ) = {(w,y) EGXG: Y (™) (@) — (™)) < 00}
k=0

and, for x € G,

(42) Wi(zsx,0) ={y € G:(z,y) € W3 (x,9)}
= {y €G: ) @™ — (¢ ) @) < 00} :
k=0

We may call W3(z;x, ) the £2-stable set of z in the direction x with
respect to .

Remark 4.1. We have the obvious relation W3 (z; x, ¢) C W*(z; x,
) where W#(z; x, ¢) is defined in (1.9).

Lemma 4.2. The set W5(0;x, ) is a p-invariant subgroup of G.
Proof. Obvious. Q.E.D.
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Now Lemma 3.4, Proposition 3.5 and Remark 3.6 can be restated
as follows.

Proposition 4.3. Assume that () solves the equation (1.2). Then
the following statements hold.

(i) Ifx € FW then, (u® p)(Ws(x,¢)) = 1.
(ii) I‘“ 18 @* -invariant.

(iii) Gy is a @-invariant subgroup.

(

iv) Ay, is G,-invariant and so is An.

Proof.  (ii)-(iv) are obvious restatements. To see (i) it suffices to
note that

0

BN () — (o*F 2
(4.3) /G /G (@) 3 [(#0(e) = (" 0w)

_ k;n /G /G ik (dz) ik (dy) x (@) — x®)]%

Q.E.D.

Remark 4.4. If ¢ = id, then, W5 (z;x,¢) = {y : x(v) = x(x)}.
Hence, if we assume, in addition, that G is metrizable or that I', is
countable, then we can apply Fubini’s theorem and the assertion (i) of
Proposition 4.2 shows

(4.4) (p@p{(z,y) € G: x(z) = x(y) forall x eT,} = 1.

This implies that the support of p consists of a single coset in G/G,
which is nothing but the element a(u) introduced in Section 2.

Proof of Theorem 1.2. Obvious from (i) of Proposition4.2. Q.E.D.

Proof of Theorem 1.3. Let (\) be a solution of (1.2) and a € a(u).
Set

(4.5) Pn = T—p-nafin (n €Z)

and

(4.6) Xo=Toonihn (RED)

for each n. Here we interpret Z] —o = 0 and Y717 R Z]__n

positive n. Then they satisfy
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and, hence,
(4.8) Ap = Mgy ¥ iy %X g R AL (n€Z, keN).

Recall that the totality of probability measures on a compact metriz-
able space is compact in the weak topology. Here we say that p, — u
weakly if p,(f) — p(f) for any continuous function f. This topology is
called the weak* topology in the context of the functional analysis.

Now we can choose an increasing sequence of integers m; — oo such
that the weak limit

(4.9) Vo = W00 gy pig g A iy (0 € Z)

exists. Since

(4.10) vpb) = lim [Twoi0 (nez)
=0

for any x € T, we see that v () for each n € Z is not equal to 0 for any
x € 'y, and is equal to 0 for any x ¢ I',. Thus we conclude that vy is
G-invariant by Lemma 2.3. Note that (v,) is not uniquely determined
from (), but, for each choice of a sequence m;, the limit (v,(x)) is
uniquely determined up to a multiplicative constant of modulus 1.

Take a limit point of the sequence (A2, ) and denote it by A° ..
Recall that y,, — p and v, — v weakly imply p, *v,, — pxv weakly. In
fact, it is obvious that the product measure y, @ v,, — p® v weakly and
that the pullback of any continuous function under the map (z,y) —
z + y is again a continuous function on the product space. Letting k
tend to infinity in (4.8), we obtain

(4.11) A =12 kN
Then (A,) is expressed as
(v % A20)

=vp*xT_ S pia(Mo0)-

(4.12) Ao =T s5ns i

Here we denote v, =T _ syt (Pja(ufl), which is also G,-invariant.
Consequently, an extremal solution ()\,) is expressed as

(4.13) )\'VL = Vp * 6__ Zan—l

T plate

for some ¢ € G and the element c is unique modulo G,,. Q.E.D.
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§5. The case of toral automorphisms
By the definition the probability measures vy, satisfy the equation
(5.1) A T n € 7.

Consequently, if we take a sequence of independent random variables &,
subject to pg, then, we may formally understand that each v, is the
probability distribution of the infinite sum > ,;____ &5.

In some special cases the convergence of }:Z:WOO &5 is justified and
an explicit formula for the solution (n,) of the equation (1.1) is obtained.

Theorem 5.1. Let G be a finite dimensional torus, say G = T¢
and assume that T\, = Z2. Let d be a distance in T%. Then

o0

(5.2) Z ©"(£°,,) converges almost surely
k=~n
and
(5.3) E [ >, d(wk(iik),O)Q} < oo
k=—n

for each n € Z. Moreover, the extremal solution (n,) is given by the
formula

oo —n—1
(54) e T"(m)=c+ Y $H(E+ D ¢Fa) for neZ
k=—n k=0

with ¢ € T¢ and a € a(p) where () is defined in Theorem 1.4.
Lemma 5.2. There exists a constant r with 0 < r < 1 such that
(5.5) Nyxer W2(a; X, ) = Nyer W3 (a; X, )
={z € G :d(¢¥*(z),¢"(a)) < Cr"
for any k € N and for some constant C} .
Proof. Let us identify T¢ with the unit cube [~1/2,1/2)¢ in R and
measures on T?¢ with those on [~1/2,1/2)%. Then the automorphism ¢

is regarded as an automorphism on [—1/2,1/2)¢ and is defined by a
matrix A as

(5.6) o(z) = Az mod Z%
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Under the identification stated above, ©*(z) — 0 as k — oo in T¢
if and only if A¥z — 0 as k — oo in R?. Since A is a finite dimensional
matrix, it means that the vector z in R? belongs to the linear span of
eigenvectors of A corresponding to eigenvalues of modulus less than 1.
Take a constant r which is less than 1 and is greater than the maximum
modulus of such eigenvalues. Then for any norm || - || there holds the
inequality ||A¥z| < Cr* for some constant C. Consequently, for any
distance d on T¢ there holds the inequality d(0, ¢*(z)) < Cr* for some
constant C' depending on z (which may be different from the previous
C). Hence follows the desired assertion. Q.E.D.

Remark 5.3. If 2 # 0 and A*z — 0 as k — oo, then |A~%z| — oo
as k — oo but the converse is not true.

To prove Theorem 5.1 we want to apply a well-known convergence
theorem: if Xz, k = 0,1,..., are independent R%-valued random vari-
ables and if they are square integrable with >~ o E[|| Xx — E[Xi]||?] <
o0, then Y 7o (X, — E[X}]) converges almost surely and in L? sense.
Here appear two obstacles:

(a) Absence of the notion of mean for group elements.
(b) The sequence x(©*(x)) — [ u(dy)x(¢*(y)) is square summable for
p-a.e. ¢ but is generally not summable.

Lemma 5.2 above shows that the assumptions of Theorem 5.1 elim-
inates (b). Indeed, the sequence x(¢*(z)) — [ u(dy)x(¢*(y)) decreases
exponentially.

Lemma 5.4. Under the identification of T¢ with [—-1/2,1/2)¢, we
obtain

(5.7) E {Z “Sok(‘fik)llz:l < o0
k=0 ,
Proof. We start with the following restatement of (3.4):
(5.8) /Gu(dm)E [Z Ix(0*(¢-x)) —x(w’“(x))IQ} < 0.
k=0
Thus, for p-a.e. x,

(5.9) E [Z Ix(#*(€-x)) ~ x(wk(w))IQ} < oo,

k=0
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Therefore, £°, = ¢ — ¢*(a) satisfies

(5.10) E D Ix(@*(€r) - 1l2} < o0.

Now let x;, 7 = 1,2,...,d, be the standard generators of I'":
(5.11)  x;j(z) = exp(2mv/~1z;) for = = (21,...,2q) € [-1/2,1/2)%

Note that |exp(2mv/—1z) — 1| > ¢jz| for z € [-1/2,1/2). Hence it
follows from (5.10) with x = x;, = 1,2,...,d, in T¢ that

(512) B Li) uso’f@zkﬂ <o0

in RY, QE.D.
Proof of Theorem 5.1. 1t follows from Lemma 5.4 that

(5.13) E [g leF(€2) — El*E0)] 1

Hence, the sum ﬁ

(5.14) D CCRER N

converges almost surely. On the other hand, we already know that

(5.15) > (BlekE )] - 1)

k=0

converges absolutely. Consequently, the sum > pe ¥ (£°,) converges
almost surely. Q.E.D.

Added in proofs
The author would like to dedicate this article to the memory of
Kiyosi Itd6 who passed away on Nov. 10, 2008.
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