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Eigenfunctions for substitution tiling systems 

Boris Solomyak 1 

Abstract. 

We prove that for the uniquely ergodic JE.d-action associated with a 
primitive substitution tiling of finite local complexity, every measurable 
eigenfunction coincides with a continuous function almost everywhere. 
Thus, topological weak-mixing is equivalent to measure-theoretic weak­
mixing for such actions. If the expansion map for the substitution is 
a pure dilation by 0 > 1 and the substitution has a fixed point, then 
failure of weak-mixing is equivalent to 0 being a Pisot number. 

§1. Introduction 

In this article we consider self-affine (substitution) tilings of JR.d and 
associated dynamical systems. These tilings are of translationally finite 
local complexity, that is, they have a finite number of tiles and patches 
of a given size, up to translation. A self-affine tiling has the property 
that if we inflate it by a certain expanding linear map, then the original 
tiling may be obtained by subdividing the inflated tiles according to a 
prescribed rule. Self-affine tilings have been extensively studied; they 
arise, in particular, in connection with Markov partitions of toral au­
tomorphisms and as models for quasicrystals. See the next section for 
some historical comments. 

We focus on the dynamical system, which may be defined (under 
appropriate assumptions) as the translation action by JR.d on the orbit 
closure of a given tiling. Assuming primitivity of the tiling substitution, 
we obtain a uniquely ergodic action. The spectrum (more precisely, 
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the spectral measure of the associated unitary group) is a fundamen­
tal invariant of the dynamical system, and it is closely related to the 
diffraction spectrum studied by physicists (see [15, 32]). In particular, 
the point spectrum (the set of eigenvalues) corresponds to the Bragg 
peaks ("sharp bright spots") in the diffraction picture associated with 
the tiling. 

The new result (announced in [59]) proved here is that every measur­
able eigenfunction can be chosen to be continuous. Thus, the topological 
and ergodic-theoretic point spectra are the same (such systems are some­
times called homogeneous [51]). This extends a result of Host [23] on 
symbolic substitution Z-actions. The condition that all eigenfunctions 
are continuous has been used recently in the work on mathematical qua­
sicrystals, see [3, 31]. 

The characterization and existence of eigenvalues have a link with 
Number Theory, namely with Pisot (or PV) numbers. We present a 
proof of the following statement: if the expanding map is a pure dilation 
by (} > 1, then the dynamical system has non-trivial eigenvalues (that 
is, it is not weak-mixing) if and only if (} is Pisot. A similar result 
was obtained in [18] in the context of diffraction spectrum, by different 
methods. 

Acknowledgment. This is an expanded version of the talk given 
at the International Conference on Probability and Number Theory held 
in Kanazawa in June 2005. I am grateful to the organizers for their warm 
hospitality. Thanks also to Rick Kenyon for useful discussions. 

§2. Historical Remarks 

Here we make some historical remarks, in order to put our work in 
a larger context. They are necessarily incomplete, and we apologize for 
any inadvertent omissions. We refer to the survey by E. A. Robinson, 
Jr. [52] for more details. 

The story begins in mathematical logic [64, 9] with the discovery of 
aperiodic pmtotile sets, i.e. sets of prototiles which can tile the plane, 
but only in a such a way that the resulting tiling does not have any 
translational symmetries. One of the most interesting aperiodic prototile 
sets was constructed in the early 1970's by R. Penrose [39]. Penrose 
tilings have an additional feature that they can be generated using a 
tiling substitution. See [20] for a detailed description of Penrose tilings 
and many other aperiodic sets. 

In 1984 physicists discovered what came to be known as quasicrys­
tals [55]. These are metallic alloys, which, like a crystal, have a sharp 
X-ray diffraction pattern, but unlike a crystal, have an aperiodic atomic 
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structure. Aperiodicity was inferred from the "forbidden" 5-fold sym­
metry of the diffraction pattern. It turned out that Penrose tilings have 
similar features, so they became a focus of many investigations, both 
by physicists and by mathematicians. Other tilings have been studied 
from this point of view as well. See [57, 2] for an introduction to the 
mathematics of quasicrystals and further references. 

The third source of our subject is symbolic dynamics (and closely 
related word combinatorics) and ergodic theory. Prototiles may be con­
sidered as a kind of geometric symbols and entire tilings as infinite 
(multi-dimensional for d > 1) words. It is useful to consider not just 
an individual tiling; but a space of tilings, together with the translation 
action. A new feature is that this is an action by JRd, rather than 71}, and 
topologically, the tiling space is not a Cantor set, but a solenoid. Tiling 
dynamical systems were first introduced by D. Rudolph [53], and further 
investigated by C. Radin and M. Wolff [48] and E. A. Robinson, Jr. [50], 
see also the book [47]. As already mentioned in the Introduction, the 
dynamical spectrum is closely related to the diffraction spectrum (see 
[15, 32]), and this connection has been used to obtain new results about 
diffraction, see e.g. [56]. 

Tilings with an inflation symmetry, of which the Penrose tiling is 
an example, may be viewed as generalizations of substitution sequences. 
Substitutions (also called morphisms) have been studied in many fields, 
including ergodic theory and dynamical systems, see e.g. [44] and ref­
erences therein. The spectral theory of substitution dynamical systems 
was developed by M. Queffelec [45], B. Host [23] and other authors. In­
dependently, adic transformations were introduced by Vershik [61] as 
a general model for measure-preserving systems. Their theory was de­
veloped by A. M. Vershik, A. Livshits, and others (see [35, 62] and 
references therein), which, in the stationary case, was linked to the the­
ory of substitutions [36, 22]. The importance of Pisot numbers for the 
spectral properties of substitution and adic systems was suggested by A. 
Livshits in the mid 1980's [personal communication]. B. Host discussed 
it in [23, (6.2)]. A complete algebraic characterization of eigenvalues for 
substitution systems, using the notion of Pisot families, was obtained 
by S. Ferenczi, C. Mauduit and A. Nogueira [16]. A geometric real­
ization of a certain Pisot substitution as a "domain exchange" on a 
torus, which also yielded a self-similar tiling of the plane with fractal 
boundaries, was discovered by G. Rauzy [49], which inspired a lot of 
new research. An axiomatic framework was introduced by W. Thurston 
[60], who studied self-similar tilings of the plane and their expansion 
constants. This theory was further developed by R. Kenyon [25, 28]. 
Self-affine tilings have been used for constructions of Markov partitions, 
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see e.g. [6, 25, 40, 24, 29]. There are also strong links with numeration 
systems and beta-expansions, see [10] and references therein. 

Although it had precursors, such as [48, 8], it seems that [58] was the 
first systematic attempt to extend substitution dynamics to the tiling 
setting. It was continued in [59] which extended B. Mosse's results [38] 
on recognizability. The present paper is a further study in this direction. 

Finally, we should add that there are many other interesting devel­
opments in the subject which go far beyond the scope of this paper, 
among them the study of C* -algebras arising from substitution tilings 
[1], deformations of tiling spaces [12], conjugacies for tiling dynamical 
systems [21], tiling dynamical systems as CG-solenoids and laminated 
spaces [7], etc. 

§3. Preliminaries and Statement of Results 

We begin with tiling preliminaries, following [33, 52]. We emphasize 
that our tilings are translationally finite, thus excluding the pinwheel 
tiling [46] and its relatives. 

3.1. THings. 

Fix a set of types (or colors) labeled by {1, ... ,m}. A tile in JR.d 
is defined as a pair T = (A, i) where A = supp(T) (the support of 
T) is a compact set in JR.d which is the closure of its interior, and i = 
f(T) E {1, ... , m} is the type ofT. (The tiles are not assumed to be 
homeomorphic to the ball or even connected.) A tiling of JR.d is a set 
T of tiles such that JR.d = U{ supp(T) : T E T} and distinct tiles (or 
rather, their supports) have disjoint interiors. 

A patch P is a finite set of tiles with disjoint interiors. The support 
of a patch P is defined by supp(P) = U{supp(T) : T E P}. The 
diameter of a patch Pis diam(P) = diam(supp(P)). The translate of a 
tile T = (A, i) by a vector g E JR.d is T + g = (A+ g, i). The translate of 
a patch Pis P + g = {T + g: T E P}. We say that two patches P1, P2 

are translationally equivalent if P2 = P1 + g for some g E JR.d. Finite 
subsets ofT are called T-patches. 

Definition 3.1. A tiling T has (translational) finite local complexity 
(FLC) if for any R > 0 there are finitely many T-patches of diameter 
less than R up to translation equivalence. 

Definition 3.2. A tiling Tis called repetitive if for any patch P c T 
there is R > 0 such that for any x E JR.d there is aT-patch P' such that 
supp(P') C BR(x) and P' is a translate of P. 
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3.2. Tile-substitutions, self-affine tilings. 

We study perfect (geometric) substitutions, in which a tile is "blown 
up" by an expanding linear map and then subdivided. Other possibili­
ties, where the substitution is combinatorial, and/or there is no perfect 
geometric subdivision, have also been considered, see e.g. [41, 42, 43, 12]. 

A linear map ¢ : JRd ~ JRd is expansive if all its eigenvalues lie 
outside the unit circle. 

Definition 3.3. Let A= {T1, ... , Tm} be a finite set of tiles in !Rd 
such that Ti = (Ai, i); we will call them prototiles. Denote by P A the 
set of patches made of tiles each of which is a translate of one of Ti 's. A 
map w : A ~ P A is called a tile-substitution with expansion ¢ if 

(3.1) supp(w(Tj)) == ¢Aj for j ~ m. 

In plain language, every expanded prototile ¢Tj can be decomposed 
into a union of tiles (which are all translates of the prototiles) with 
disjoint interiors. 

The substitution w is extended to all translates of prototiles by w(x+ 
Tj) = ¢x + w(Tj), and to patches by w(P) = U{w(T): T E P}. This is 
well-defined due to (3.1). The substitution w also acts on the space of 
tilings whose tiles are translates of those in A. 

To the substitution w we associate its m x m substitution matrix 
5, with Sij being the number of tiles of type i in the patch w(Tj)· The 
substitution w is called primitive if the substitution matrix is primitive, 
that is, if there exists k E N such that Sk has only positive entries. We 
say that T is a fixed point of a substitution if w(T) = T. 

Definition 3.4. Given a primitive tile-substitution w, let Xw be 
the set of all tilings whose every patch is a translate of a subpatch of 
wn(Tj) for some j ~ m and n E N. (Of course, one can use a specific j 
by primitivity.) The set Xw is called the tiling space corresponding to 
the substitution. 

Definition 3.5. A repetitive FLC fixed point of a primitive tile­
substitution is called a self-affine tiling. It is called self-similar if the 
expansion map is a similitude, that is, l¢(x)l = Blxl for all x E JRd, with 
some 8 > 1. 

It is often convenient to work with self-affine tilings; doing this is 
not a serious restriction, since every primitive tile-substitution has a 
periodic point in the tiling space and replacing w by wn does not change 
the tiling space. 
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We say that a tile-substitution w has FLC if for any R > 0 there 
are finitely many subpatches of wn(Tj) for all j ~ m, n E N, of diameter 
less than R, up to translation. This obviously implies that all tilings in 
Xw have FLC, and is equivalent to it if the tile-substitution is primitive. 

Remark. A primitive substitution tiling space is not necessarily of 
finite local complexity, see [26, 14, 17]. Thus we have to assume FLC 
explicitly. 

Lemma 3.6. [40, Prop.l.2] Let w be a primitive tile-substitution of 
finite local complexity. Then every tiling S E Xw is repetitive. 

3.3. Tiling topology and tiling dynamical system 

We use a tiling metric on Xw, which is based on a simple idea: two 
tilings are close if after a small translation they agree on a large ball 
around the origin. There is more than one way to make this precise. We 
say that two tilings ~' ~ agree on a set K c JR.d if 

supp(~ n ~) :J K. 

For ~, ~ E Xw let 

Then 

d(~, ~) := inf{r E (0, T 1/ 2): 3g, llgll ~ r such that 

~ - g agrees with ~ on B1;r(O)}. 

d(~, ~) = min{T 112 , d(~, ~)}. 
Theorem 3. 7. [53] (see also [52]). ( Xw, d) is a complete metric 

space. It is compact, whenever the space has finite local complexity. The 
action ofJR.d by translations on Xw, given by g(S) = S- g, is continuous. 

This continuous translation action (Xw, JR.d) is called the (topologi­
cal) tiling dynamical system associated with the tile-substitution. 

Theorem 3.8. If w is a primitive tiling substitution with FLC, then 
the dynamical system (Xw, JR.d) is minimal, that is, for every S E Xw, 
the orbit { S- g : g E JR.d} is dense in Xw. 

This follows from Lemma 3.6 and Gottschalk's Theorem [19], see 
[52, Sec. 5] for details. 

Definition 3.9. A vector a = (a1 , ... , ad) E JR.d is said to be an 
eigenvalue for the continuous JR.d-action if there exists an eigenfunction 
f E C(Xw), that is, f =/= 0 and for all g E JR.d and all S E Xw, 

(3.2) f(S- g) = e21ri(g,a.) f(S). 

Here (-, ·) denotes the standard scalar product in JR.d. 
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Note that this "eigenvalue" is actually a vector. In physics it might 
be called a "wave vector." More generally, for an action of a locally 
compact Abelian group G, the eigenvalues are elements of the dual group 
G. For a single transformation (translation by a vector g), the eigenvalue 
is the more familiar e27ri(g,o:), a point on the unit circle. 

3.4. Measurable dynamics. 

A topological dynamical system is said to be uniquely ergodic if it 
has a unique invariant Borel probability measure. 

Theorem 3.10. If w is a primitive tiling substitution with FLC, 
then the dynamical system (Xw, JRd) is uniquely ergodic. 

This result has appeared in the literature in several slightly different 
versions. We refer to [33, 52] for the proof. 

Let J.L be the unique invariant measure from Theorem 3.10. The 
measure-preserving tiling dynamical system is denoted by (Xw,lRd,J.L). 

Definition 3.11. A vector a E JRd is an eigenvalue for the 
measure-preserving system (Xw, JRd, J.L) if there exists an eigenfunction 
f E L2(Xw, J.L), that is, f is not the zero function in £ 2 and for all g E JRd, 
the equation (3.2) holds for J.L-a.e. S E Xw. 

By ergodicity, all the eigenvalues are simple and the eigenfunctions 
have a constant modulus a.e., see [63]. To distinguish between the 
measure-theoretic and topological settings, we can speak about mea­
surable and continuous eigenfunctions. 

Theorem 3.12. If w is a primitive tiling substitution with FLC, 
then every measurable eigenfunction for the system (Xw, JRd, J.L) coincides 
with a continuous function J.L-a. e. 

This extends the result of Host [23] on Z-actions associated to prim­
itive one-dimensional symbolic substitutions. 

Remark. Continuous and measurable eigenfunctions for linearly 
recurrent Cantor systems were recently investigated in [13, 11]. In the 
latter paper necessary and sufficient conditions for being an eigenvalue 
are established, and it is proved that not every measurable eigenfunction 
is a.e. continuous for such systems. 

A dynamical system is said to be weak-mixing if it has no non­
constant eigenfunctions. This notion is considered both in the topo­
logical and the measure-theoretic category. As a consequence of Theo­
rem 3.12, for our systems measure-theoretic weak-mixing is equivalent 
to topological weak-mixing. 
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Theorem 3.12 was announced in [59]. In the case of aperiodic substi­
tution spaces, the result is immediate from [58, Th. 5.1] and [59, Th.1.1J, 
so that here we only need to deal with the case when some periods are 
present. 

3.5. Characterization of eigenvalues. 

Let w be a primitive tiling substitution of finite local complexity and 
let S E Xw. Consider the set of translation vectors between tiles of the 
same type: 

(3.3) 3:={xE~d: ?JT,T'ES, T'=T+x}. 

It is clear that 3 does not depend on the tiling S. The vectors x E 3 
are sometimes called return vectors; they are tiling analogs of return 
words in word combinatorics. We also need the group of translation 
symmetries 

X::={xE~d: S-x=S}, 

which does not depend on S either. The tiling space is said to be ape­
riodic if X:: = {0}, sub-periodic if 0 < rank(X::) < d, and periodic if 
rank(X::) =d. 

Theorem 3.13. Let w be a primitive tiling substitution of finite local 
complexity with expansion map ¢, which has a fixed point (a self-affine 
tiling). Then the following are equivalent for a E ~d: 

(i) a is an eigenvalue for the topological dynamical system (Xw, ~d); 
(ii) a is an eigenvalue for the measure-preserving system (Xw, ~d); 
(iii) a satisfies the following two conditions: 

(3.4) lim e21ri(¢"z,o) = 1 for all z E 3, 
n--+oo 

and 

(3.5) e21ri(g,a) = 1 for all g E X::. 

This theorem is also a generalization of the corresponding result 
from [23]. Theorem 3.12 is immediate from Theorem 3.13, since eigen­
values are simple for an ergodic system and hence normalized measurable 
and continuous eigenfunctions for the same eigenvalue must coincide a.e. 

Theorem 3.13 does not address the question when the eigenvalues 
are present, so additional analysis is needed. This turns out to be closely 
related to Number Theory, more precisely, to Pisot numbers (also called 
PV-numbers) and their generalizations. Recall that an algebraic integer 
() > 1 is a Pisot number if all its Galois conjugates ()' (other roots of the 
minimal polynomial) satisfy 1()'1 < 1. 
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Theorem 3.14. Let()> 1, and let ¢(x) = Bx on JRd be the expan­
sion map. Let w be a primitive tile-substitution of finite local complexity 
with expansion¢, admitting a fixed point. Then the associated measure­
preserving system is not weak-mixing if and only if() is a Pisot number. 

A similar result was obtained by Giihler and Klitzing [18], where 
the diffraction spectrum was considered, from a different point of view. 
We present a proof using our methods. Both [18] and our proof rely 
on a result of R. Kenyon, which says that under the assumptions of the 
theorem, 2 C Z[B]b1 + · · · + Z[B]bd, for some basis {b1 , ... , bd} of JR. d. We 
include a proof of the latter as well, since it is not easy to extract from 
the literature. 

Remarks. 1. We do not have a general theorem like Theorem 3.14, 
for an arbitrary expansion map ¢, but some partial results which involve 
complex Pisot numbers and Pisot families, may be found in [58, 52]. 

2. It is interesting to compare the simple criterion for weak mixing in 
Theorem 3.14 with the case of substitution /£-actions, for which a more 
complicated characterization was obtained by S. Ferenczi, C. Mauduit 
and A. Nogueira [16]. The reason, roughly, is that here we only con­
sider "geometric" tiling substitutions, so the algebraic conjugates of the 
expansion constant do not enter into the picture. 

3. In this paper we do not address the difficult question whether 
the spectrum is pure discrete, see [58, 4, 33], as well as the more recent 
[5, 31] and references therein. 

§4. Continuous eigenfunctions 

In this section we prove Theorem 3.13. To deduce Theorem 3.12, 
we note that for a primitive tile-substitution w there exist T E Xw and 
k EN such that wk(T) = T (see [52, Th. 5.10]). Since replacing w by 
wk does not change the tiling space ( ¢ should be replaced by ¢k), the 
result would follow. 

The implication (i) =} (ii) in Theorem 3.13 is obvious. 

Proof of (ii) =} (iii). The necessity of (3.4) is proved in [58, Th. 4.3]. 
We should note that in [58] it was assumed that the expansion map ¢ 
is diagonalizable, but the proof of [58, Th. 4.3] works for any expansion 
map. The straightforward details are left to the interested reader. 

Next we prove the necessity of (3.5). Let g E K. Then S- g = S 
for every S E Xw. If fa is a measurable eigenfunction corresponding to 
a E JRd, then 

fa(S) = fa(S- g)= e21ri(g,a) f(S) 
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for J.L-a.e. S E Xw. It follows that e21ri(g,a.) = 1, as desired. 

Proof of (iii) =? (i). Let T be the self-affine tiling whose existence 
we assumed. Suppose that (3.4), (3.5) hold and define 

(4.1) fa.(T- x) = e21ri(x,a.) for x E JRd. 

The orbit {T- x : x E JRd} is dense in Xw by minimality. If we show 
that fa. is uniformly continuous on this orbit, then we can extend fa. 
to Xw, and this extension will satisfy the eigenvalue equation (3.2) by 
continuity. We will need several lemmas; the first one will be useful in 
the next section as well. 

Lemma 4.1. [25, 60] Suppose that there is a primitive tiling sub­
stitution of finite local complexity with expansion ¢. Then all the eigen­
values of¢ are algebraic integers. 

Proof. We provide a short proof for completeness. Consider (3), the 
subgroup of JR.d generated by 3. It is a free finitely generated Abelian 
group by FLC. Thus, we can find a set of free generators v1 , ... , vc for 
(3). Consider the d x R matrix V = [v1 ... vc]. By the definition of 
substitution tilings, ¢3 C 3, hence ¢ acts on (3), and so there is an 
integer R x R matrix M such that 

(4.2) ¢V=VM. 

Note that R;:::: d and rank(V) = d since 3 spans JR.d. If A is an eigenvalue 
of ¢T with the eigenvector x, then A is also an eigenvalue of MT with 
the eigenvector vr x. (The superscript T denotes the transpose of a 
matrix.) Since Jv[ is an integer matrix, it follows that A is an algebraic 
integer. Q.E.D. 

Lemma 4.2. If (3.4) holds for some z E 3, then the convergence 
in {3.4) is exponential; in fact, there exist p E (0, 1), depending only on 
the expansion ¢, and C2 > 0 such that 

(4.3) le27ri(¢"z,a.)- 11 < C 2 pn for n EN. 

Below we will show that ( 4.3) holds with a constant C independent 
of z, but this lemma is the first step. 

Proof. This can be deduced from [37, L. 2], but we sketch a (well­
known) direct proof for the reader's convenience. 

We continue the argument in the proof of the previous lemma. Let 
z E 3. By the definition of free generators, there is a unique vector 
a(z) E ';!}such that z = Va(z). Then we have from (4.2): 

(¢nz, a)= (¢nVa(z), a)= (VMna(z), a)= (Mna(z), vr a) := (n. 



Eigenfunctions for tiling substitutions 443 

It follows from the Caley-Hamilton Theorem that the sequence (n sat­
isfies a recurrence relation with integer coefficients: 

(4.4) 

where tf + a1tf-l + · · · + at is the characteristic polynomial p of the 
integer matrix M. Let 

where Kn is the nearest integer to (n. By (3.4), we have En --7 0. Since 
the sequence (n satisfies (4.4) and Kn are integers, we conclude that Kn 

satisfy the same recurrence relation for n sufficiently large. Therefore, 
also En satisfy (4.4), hence they can be expressed in terms of the zeros 
of p, for n sufficiently large. More precisely, there exist aj E C and 
polynomials qj E Z[x] such that 

£, 

( 4.5) En = L ajqj(n)B'J for n 2': n 0 , 

j=l 

where ej, j = 1, ... ,£1, are the distinct zeros of p. Since En --7 0, it is 
not hard to see that all Bj, which occur in (4.5) with nonzero coefficients, 
must satisfy IBJ I < 1. Then 

where max{IBJI IBJI < 1} < p < 1, and we conclude 
that Je27ri(c/>"z,a)_1J = Je27riE,_1J satisfies (4.3) for appropriate 
Cz. Q.E.D. 

Next we need a lemma which is analogous to [40, Th.l.5] and [58, 
Lem. 6.5]. We do not include a complete proof, but deduce it from [34]. 

Lemma 4.3. Let w be a primitive tile-substitution of finite local 
complexity with expansion¢, which has a fixed point T, and let 3 be the 
set of translation vectors between tiles of the same type in Xw. Then 
there exist kEN and a finite set U in JRd, with cpkU C 3, such that for 
any z E 3 there exist N EN and u(j), w(j) E U, 0 :"::: j :"::: N, so that 

N 

z= L¢kj(u(j)+w(j)). 
j=O 

Proof. We can find k E N so that Sk is strictly positive, where S 
is the substitution matrix of w. Then T is also a fixed point of wk, a 
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tile-substitution with expansion q} and a strictly positive substitution 
matrix. Now we can apply [34, Lem. 4.5] to obtain the desired result. 

Q.E.D. 

Corollary 4.4. If (3.4) holds, then the convergence is uniform in 
z E 3, that is, 

lim sup I e21ri(¢" z,a) - 11 = 0. 
n---+oo zES 

Proof. Let 
C := max{Cu: u E U}, 

where Cu is from Lemma 4.2 and U is from Lemma 4.3. Let z E 3 and 
consider the expansion from Lemma 4.3. Then we have 

N 

lexp(2wi(L¢n+kj(u(j) +w(j)),a)) -11 
j=O 

N 

< L lexp(2wi(¢n+k(j- 1)¢ku(j),a)) -11 
j=O 

N 

+ L lexp(2wi(¢n+k(j- 1) ¢kw(j), a)) - 11 
j=O 

N 

< 2CLpn+k(j-1) < 2cp-k(1-/)-1pn, 
j=O 

which implies the desired statement. Here we used that lei(a+b) - 11 :::.; 
leia - 11 + leib - 11 for real a, b and ( 4.3). Q.E.D. 

Extending the work of Mosse [38] on primitive aperiodic substitution 
Z-actions, we proved in [59] that if Xw is aperiodic, then the substitution 
map w is bijective on Xw. In the general case, we proved in [59, Th. 1.2] 
that if w(51) = w(52 ), then 5 2 =51 - ¢-1g for some g E K. The next 
lemma is a quantitative version of this statement, which follows from it 
easily. 

Lemma 4.5. Let w be a primitive tile-substitution of finite local 
complexity. Then for every E > 0 there is 8 > 0 such that for any 
5,5' E Xw with d(5,5') < 8 there exist U,U' E Xw such that w(U) = 
5, w(U') = 5', and d(U,U') <E. 

Proof. Recall that K is the set of periods for Xw, so that 5- h = 5 
for all hE K. Consider the following equivalence relation on Xw: 

51""' 52 ~ 52= 51- ¢-1g for some g E K. 
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Observe that K is a discrete subgroup of JRd and ¢K is a subgroup of 
finite index in K. Thus, all the equivalence classes are finite. Denote the 
equivalence class of S by [S], and the set of equivalence classes by Xw. 
Consider the induced metric on Xw: 

It is readily seen that (Xw, d) is compact. Consider the map w : Xw ---+ 

Xw given by 
w([V]) = w(V) for V E Xw. 

This is well-defined, since for V' "' V we have V' = V - g for some 
g E ¢-1K, hence w(V') = w(V)- ¢g = w(V). Since w is a continuous 
surjection onto Xw, we have that w is a continuous surjection from Xw 
onto Xw. We claim that w is 1-to-1. Indeed, if w([S1]) = w([S2]), then 
w(S1 ) = w(S2 ), and S1 "' S2 by [58, Th.1.2]. It follows that o-1 is 
uniformly continuous, which is precisely the desired statement. Q.E.D. 

Conclusion of the proof of (iii) =} (i) in Theorem 3.13. Recall that 
we need to show the uniform continuity of f c" given by ( 4.1), on the 
orbit {T- x: x E JRd}. We have w(T) = T, so for any hE JRd, by [58, 
Th.l.2], 

w- 1(T- h)= {T- ¢- 1h- cp- 1g: g E K}. 

Applying Lemma 4.5, we obtain that for any E > 0 there exists 5 > 0 
such that 

if d(T- x, T- y) < 5 then 

Fix TJ E (0, 1). By Corollary 4.4, we can choose n E N such that 
le27Ti(</l"z,a) -11 < ry/2 for all z E B. Applying (4.6) n times, we can find 
5 > 0 such that if d(T- x, T- y) < 5, then there exist gj, gj E K, for 
1 :::; j :::; n, with 

n n 

d( T- ¢-nX- L ¢-n+j-1gj, T- ¢-ny- L ¢-n+j-1gj) < f 

j=1 j=1 

where 

By the definition of the metric d, this means that there exists h E JRd, 
with llhll:::; E, such that T -¢-nx- "L-7= 1 ¢-n+i- 1gj-h agrees with T­
¢-ny- "L-7=1 ¢-n+i- 1gj on B 1;E(O). Agreement on any neighborhood 



446 B. Solomyak 

of the origin implies that the tilings share the tiles containing the origin. 
Thus, by the definition of the set B, 

n 

1>-n(x- y) + L¢-n+j-l(gj- gj)- hE B. 
j=l 

Therefore, there exists z E B such that 

n 

x- y = cf>nz + cf>nh + w, where w := L c/>j-l(gj- 9J) E K 
j=l 

(here we use that cf>K C K). Finally, 

lfa(x)- fa(Y)I le27ri(x-y,a) -11 
I e27ri( (¢" Z,<>)+(.P"h,a)+(w,a)) - 11 

< le27ri(¢"z,a) -11 + le2,.i(¢"h,a) -11 
< 7J/2+27rl(c/>nh,a)l 
< 7]/2 + 27rllc/>nllllalle = 1], 

and we are done. We used the condition (3.5) to get rid of the term with 
w. Q.E.D. 

§5. Pisot substitutions 

Proof of necessity in Theorem 3.14. We need to prove that if the 
dynamical system (Xw, JRd) has a non-constant eigenfunction, then B is 
a Pisot number. Recall that here we assume the expansion map to be a 
pure dilation: cf>(x) = Bx. 

Let a -j. 0 be an eigenvalue. The set of translation vectors B between 
tiles of the same type spans JRd, hence we can find z E B such that 
(z, a) -j. 0. By Theorem 3.13, the distance from en(z, a) to the nearest 
integer tends to zero, as n _, oo. We know that B is algebraic (see 
Lemma 4.1), hence B is a Pisot number by the classical result of Pisot 
(see e.g. [54]). Q.E.D. 

Proof of sufficiency in Theorem 3.14. We need to show that if B 
is Pisot, then there are non-zero eigenvalues for the dynamical system. 
The proof relies on the following result. 

Theorem 5.1 (Kenyon). LetT be a self-similar tiling with expan­
sion map cf>(x) = Bx for some B > 1 and let B be the set of return vectors 
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of the tiling T, defined in (3.3}. Then there exists a basis {bll ... , bd} 
of JRd such that 

(5.1) S c Z[O]b1 + · · · + Z[O]bd. 

First we finish the proof of sufficiency. Suppose that there are non­
trivial periods, that is, K of- {0}. Since OK C K and K is a discrete 
subgroup of JRd, we obtain that 0 EN. Then it follows from (5.1) that 
the group generated by 3, which we denoted by (3), is discrete. It is a 
lattice in JRd, since it spans JRd. It is clear that the all points of the dual 
lattice (3)' satisfy both (3.4) and (3.5) (using that K C 3), hence there 
are non-trivial eigenvalues. 

Now suppose that the tiling is aperiodic, that is, K = {0}. Let 
{bi, ... , b;'t} be the dual basis for {bll ... , bd}, that is, (bi, bj) = 6ij· We 
claim that the set 

Z[0- 1]bi + · · · +Z[B"'" 1]b;'t 

is contained in the group of eigenvalues. Indeed, suppose a = 

L;ff=1 bjp1(0- 1 ) for some polynomials p1 E Z[x]. Let z E 3. By (5.1), 

we can write z = L;ff=1 b1q1(0) for some polynomials Qj E Z[x]. Then 

d 

(¢nz, a)= on L qj(O)pj(0- 1 ) = on-k P(O) 
j=1 

for some kEN and P E Z[x]. We have dist(on-k P(O), Z) ---+ 0, as n---+ oo 
(see [54]), so (3.4) is satisfied and a is an eigenvalue by Theorem 3.13. 

Q.E.D. 

Proof of Theorem 5.1. Our proof is based on [60, 27] and a personal 
communication from Rick Kenyon; however, we do not need quasicon­
formal maps as in [27] which is concerned with more general tilings. 

Instead of the set 3, it is more convenient to work with control 
points, see [60, 25, 40]. 

Definition 5.2. [40] Let T be a fixed point of a primitive substitu­
tion with expansive map ¢. For each T-tile T, fix a tile "(Tin the patch 
w(T); choose "(T with the same relative position for all tiles of the same 
type. This defines a map 'Y : T ---+ T called the tile map. Then define 
the control point for a tile T E T by 

00 

c(T) = n ¢-n('YnT). 
n=O 

Note that the control points are not uniquely defined; they depend on 
the choice of 'Y. 
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Let C = C(T) = { c(T) : T E T} be the set of control points for all 
tiles. The control points have the following properties: 

(a) T' = T + c(T')- c(T), for any tiles T, T' of the same type; 
(b) ¢(c(T)) = c("r'T), forTE T. 

Therefore, 

(c) SeC-C. 
(d) ¢(C) c C. 

The definition above works for a general expansion ¢, but now we 
again assume that ¢(x) = ex. Observe that it is enough to prove the 
inclusion 

(5.2) C C Q(e)el + · · · + Q(e)ed 

for some basis {e1, ... ,ed}· Indeed, the Abelian group (C) is finitely 
generated. Let { w 1, ... , WN} be a set of free generators. By (5.2), 

- "d pj'l(e) c . < N c l . l (i) (i) '71[ ] w1 - ~j=l e1 -(,-) -, 10r t _ , 10r some po ynom1a s Pj , q1 E IL.J x . 
qj (11) 

Then we obtain (5.1), with b1 = e1 (TI~= 1 flf: 1 qjil(e))- 1 , in view of 

the property (c) above. 

Now pick any set { e1, ... , ed} c C which spans Jltd. Consider the 
vector space 

C := Span!Ql(e)C 

over the field Q( e). We want to show that { e1, ... , ed} is a basis for C. 
Let 1r be any linear projection from C onto Span!Ql(l1){el,···,ed}· Since 
the vector space is over Q(e), we obviously have 

(5.3) 

Thus we have a map 

00 

(5.4) f(x) = n(x) for X E Coo, where Coo:= u e-nc. 
n=O 

This is consistent in view of (5.3). Now f is defined on a dense subset 
of Jltd; let us show that it is uniformly Lipschitz on this set, then f can 
be extended to Jltd by continuity. Fix any norm II · II on Jltd. 

Lemma 5.3. There exists L1 > 0 such that 

(5.5) 
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Proof. This argument is from [60]. One can move "quasi-efficiently" 
between control points by moving from "neighbor to neighbor." More 
precisely, let W be the set of vectors in JRd obtained as the difference 
vectors between control points of neighboring T-tiles. Note that W is 
finite by FLC. There is a constant C1 = C1 (T) such that 'V ~, e E C, 
there exist p E N and 6 := ~' 6, ... , ~p-1 E C, ~P := e such that 
~i+1- ~i E W fori= 1, ... ,p -1, and 

p-1 

L ll~i+1- ~ill ::; c1 ·II~- ell· 
i"=1 

(This is an exercise; see [30] for a detailed proof.) Let 

C2 := max{ll7l'(w)ll/llwll : wE W}. 

Now we can estimate: 

117!'(~)- 7l'(e)ll = 117!'(~- 011 II~ 7l'(~i+l- ~i)ll 
p-1 

< L 117l'(~i+l - ~i)ll 
i=1 

p-1 

< c2 L ll~i+l- ~ill 
i=1 

< C1C2II~- e11. 

Q.E.D. 

In view of (5.3), the last lemma implies that f is Lipschitz on Coo 
with the uniform Lipschitz constant £ 1. We extend f to a Lipschitz 
function on JRd by continuity; it satisfies 

(5.6) f(Ox) = Of(x) for all x E JRd. 

Note that the extension f need not coincide with 7l' on C; we started with 
7l' not on the entire Q>(O)-vector space, but only on the control points and 
their preimages under the expansion. 

Lemma 5.4. The function f depends only on the tile type in T, up 
to an additive constant: if T, T + x E T and ~ E supp(T), then 

(5.7) f(~ + x) = !(~) + 1l'(x). 
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Proof. Observe that x E 3 C C- C C C, so 7r(x) is defined. It is 
enough to check (5.7) on a dense set. Suppose e = e-kc(S) E supp(T) 
for someS E wk(T). Then S + ()kx E wk(T + x) C T and we have 

f(e + x) 

as desired. 

f(B-kc(S) + x) 

f(B-kc(S + Bkx)) 

e-k7r(c(S + Bkx)) 

e-k7r(c(S)) + e-k7r(Bkx) 

f(e) + 7r(x), 

Q.E.D. 

Conclusion of the proof of Theorem 3.14. We mimic the argument 
of Thurston [60] but provide more details. 

The function f : JRd -+ JRd is Lipschitz, hence it is differentiable 
almost everywhere. Let x be a point where the total derivative H = 
Df(x) exists. Then 

f(x + u) = f(x) + Hu + \ll(u) for all u E lRd, 

where 

(5.8) 11\ll'(u)ll/llull-+ 0, as u-+ 0. 

Multiplying by ()k, using (5.6) and substituting v = ()ku, we obtain 

f(Bkx + v) = f(Bkx) + Hv + Bkw(e-kv) for all v E JRd. 

For a set A c JRd denote by [A] 7 the T-patch ofT-tiles whose supports 
intersect A. By repetitivity, there exists R > 0 such that BR(O) contains 
a translate of the patch [B1(Bkx)] 7 for all kEN. This implies, in view 
of Lemma 5.4, that there exist Xk E BR(O), fork;::: 1, such that 

There exists a limit point x' of the sequence { xk}; then by continuity of 
f and (5.8), 

f(x' + v) = f(x') + Hv for all v E B 1 (0). 

Thus, f is flat on some neighborhood. Applying (5.6) again, we obtain 
that f is flat on an arbitrarily large neighborhood. By repetitivity, a 
translate of [BI(0)] 7 occurs in every sufficiently large neighborhood, 
therefore, by Lemma 5.4, the function f is flat on B 1(0). Using (5.6) for 
the last time, we conclude that f is flat everywhere, and since f(O) = 0 
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(see (5.3) and (5.4)), f is linear. But f(e1) = 1r(e1) = e1 for the set 
{ e1 lJ:Sd which we chose in the beginning of the proof, hence f is the 
identity map, 1r(~) = ~ for all ~ E C, and we conclude that (5.2) holds, 
as desired. Q.E.D. 

References 

[ 1] J. Andersen and I. Putnam, Topological invariants for substitution tilings 
and their associated C* -algebras, Ergodic Theory Dynam. Systems, 18 
(1998), 509-537. 

[ 2] M. Baake, A guide to mathematical quasicrystals, In: Quasicrystals-An 
Introduction to Structure, Physical Properties and Applications, (eds J.­
B. Suck, M. Schreiber and P. Haussler), Springer-Verlag, 2002, pp. 17-48. 

[ 3] M. Baake, D. Lenz and R. V. Moody, Characterization of model sets, 
arXiv:math.DS /0511648. 

[ 4] M. Barge and B. Diamond, Coincidence for substitutions of Pisot type, 
Bull. Soc. Math. France, 130 (2002), 619-626. 

[ 5] M. Barge and J. Kwapisz, Geometric theory of unimodular Pisot substitu­
tions, Amer. J. Math., to appear. 

[ 6] T. Bedford, Generating special Markov partitions for hyperbolic toral au­
tomorphisms using fractals, Ergodic Theory Dynam. Systems, 6 (1986), 
325-333. 

[ 7] R. Benedetti and J.-M. Gambaudo, On the dynamics of G-solenoids. Ap­
plications to Delone sets, Ergodic Theory Dynam. Systems, 23 (2003), 
673-691. 

[ 8] D. Berend and C. Radin, Are there chaotic tilings? Comm. Math. Phys., 
152 (1993), 215-219. 

[ 9] R. Berger, Undecidability of the domino problem, Memoirs Amer. Math. 
Soc., 66 (1966), 72pp. 

[10] V. Berth€ and A. Siegel, Tilings associated with beta-numeration and sub­
stitution, Integers: electronic journal of combinatorial number theory, 5 
(2005), A02. 

[11] X. Bressaud, F. Durand and A. Maass, Necessary and sufficient conditions 
to be an eigenvalue for linearly recurrent dynamical Cantor systems, J. 
London Math. Soc. (2), 72 (2005), 799-816. 

[12] A. Clark and L. Sadun, When Shape Matters: Deformations of Tiling 
Spaces, Ergodic Theory and Dynam. Systems, 26 (2006), 69-86. 

[13] M. I. Cortez, F. Durand, B. Host and A. Maass, Continuous and measurable 
eigenfunctions of linearly recurrent dynamical Cantor systems, J. London 
Math. Soc. (2), 67 (2003), 790-804. 

[14] L. Danzer, Inflation species of planar tilings which are not of locally finite 
complexity, Proc. Steklov Inst. Math., 239 (2002), 108-116. 



452 B. Solomyak 

[15] S. Dworkin, Spectral theory and X-ray diffraction, J. Math. Phys., 34 
(1993), 2965-2967. 

[16] S. Ferenczi, C. Mauduit and A. Nogueira, Substitution dynamical systems: 
algebraic characterization of eigenvalues, Ann. Sci. L'Ecole Norm. Sup., 
29 (1996), 519-533. 

[17] N. P. Frank and E. A. Robinson, Jr., Generalized /3-expansions, substitution 
tilings, and local finiteness, arXiv:math.DS/0506098, Trans. Amer. Math. 
Soc., to appear. 

[18] F. Gii.hler and R. Klitzing, The diffraction pattern of self-similar tilings, 
In: The mathematics of long-range aperiodic order, Waterloo, ON, 1995, 
NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 489, Kluwer Acad. Publ., 
Dordrecht, 1997, pp. 141-174. 

[19] W. H. Gottschalk, Orbit-closure decompositions and almost periodic prop­
erties, Bull. Amer. Math. Soc., 50 (1944), 915-919. 

[20] B. Grunbaum and G. S. Shephard, Tilings and Patterns, Freeman, New 
York, 1986. 

[21] C. Holton, C. Radin and L. Sadun, Conjugacies for tiling dynamical sys­
tems, Comm. Math. Phys., 254 (2005), 343-359. 

[22] C. Holton and L. Zamboni, Directed graphs and substitutions, Theory Com­
put. Syst., 34 (2001), 545-564. 

[23] B. Host, Valeurs propres des systemes dynamiques definis par des substitu­
tions de longueur variable, Ergodic Theory Dynam. Systems, 6 (1986), 
529-540. 

[24] Sh. Ito and M. Ohtsuki, Modified Jacobi-Ferron algorithm and generating 
Markov partitions for special hyperbolic toral automorphisms, Tokyo J. 
Math., 16 (1993), 441-473. 

[25] R. Kenyon, Self-similar tilings, Ph. D. thesis, Princeton Univ., 1990. 
[26] R. Kenyon, Self-replicating tilings, In: Symbolic dynamics and its applica­

tions, New Haven, CT, 1991, Contemp. Math., 135, Amer. Math. Soc., 
Providence, RI, 1992, pp. 239-263. 

[27] R. Kenyon, Inflationary similarity-tilings, Comment. Math. Helv., 69 
(1994), 169-198. 

[28] R. Kenyon, The construction of self-similar tilings, Geom. Func. Anal., 6 
(1996), 471-488. 

[29] R. Kenyon and A. M. Vershik, Arithmetic construction of sofic partitions 
of hyperbolic toral automorphisms, Ergodic Theory Dynam. Systems, 18 
(1998), 357-372. 

[30] J. C. Lagarias, Geometric models for quasicrystals I. Delone sets of finite 
type, Discrete Comput. Geom., 21 (1999), 161-191. 

[31] J.-Y. Lee, Pure point diffractive sets are model sets in substitutions, 
arXiv:math.MG/0510425. 

[32] J.-Y. Lee, R. V. Moody and B. Solomyak, Pure Point Dynamical and 
Diffraction Spectra, Ann. Henri Poincare, 3 (2002), 1003-1018. 



Eigenfunctions for tiling substitutions 453 

[33) J.-Y. Lee, R. V. Moody and B. Solomyak, Consequences of Pure Point 
Diffraction Spectra for Multiset Substitution Systems, Discrete Comput. 
Geom., 29 (2003), 525-560. 

[34) J.-Y. Lee and B. Solomyak, Pure point diffractive substitution Delane sets 
have the Meyer property, arXiv:math.DS/0510389, Discrete Comput. 
Geom., to appear. 

[35) A. Livshits, On the spectra of adic transformations of Markov compacta, 
Russian Math. Surveys, 42 (1987), 222-223. 

[36) A. Livshits, A sufficient condition for weak mixing of substitutions and 
stationary adic transformations, Math. Notes, 44 (1988), 920-925. 

[37) C. Mauduit, Caracterisation des ensembles normaux substitutifs, Inven­
tiones Math. 95 (1989), 133-147. 

[38) B. Mosse, Puissances de mots et reconnaisabilite des point fixes d'une sub­
stitution, Theor. Comp. Sci., 99 (1992), 327-334. 

[39) R. Penrose, The role of aesthetics in pure and applied mathematical re­
search, Bull. lnst. Math. Appl., 10 (1974), 266-271; Pentaplexity: a 
class of nonperiodic tilings of the plane, Math. Intelligencer, 2 (1979/80), 
32-37. 

[40) B. Praggastis, Numeration systems and Markov partitions from self similar 
tilings, Trans. Amer. Math. Soc., 351 (1999), 3315-3349. 

[41) N. Priebe Frank, Towards a characterization of self-similar tilings in terms 
of derived Voronoi tessellations, Geom. Dedicata, 79 (2000), 239-265. 

[42) N. Priebe Frank, Detecting combinatorial hierarchy in tilings using derived 
Voronoi tesselations, Discrete Comput. Geom., 29 (2003), 459-476. 

[43) N. Priebe Frank and B. Solomyak, Characterization of planar pseudo-self­
similar tilings, Discrete Comput. Geom., 26 (2001), 289-306. 

[44) Pytheas N. Fogg, Substitutions in dynamics, arithmetics and combinatorics, 
(eds V. Berth, S. Ferenczi, C. Mauduit and A. Siegel), Lecture Notes in 
Math., 1794, Springer-Verlag, 2002. 

[45) M. Queffelec, Substitution dynamical systems- spectral analysis, Lecture 
Notes in Math., 1294, Springer-Verlag, 1987. 

[46) C. Radin, The pinwheel tilings of the plane, Ann. of Math. (2), 139 (1994), 
661-702. 

[47) C. Radin, Miles of tiles, Amer. Math. Soc., Providence, Rl, 1999. 
[48] C. Radin and M. Wolff, Space tilings and local isomorphism, Geometriae 

Dedicata, 42 (1992), 355-360. 
[49] G. Rauzy, Nombres algebriques et substitutions, Bull. Soc. Math. France, 

110 (1982), 147-178. 
[50] E. A. Robinson, Jr., The dynamical theory of tilings and quasicrystallog­

raphy, In: Ergodic Theory of zd-Actions, Warwick, 1993-1994, (eds. M. 
Pollicott and K. Schmidt), London Math. Soc. Lecture Note Ser., 228, 
Cambridge Univ. Press, Cambridge, 1996, pp. 451-473. 

[51] E. A. Robinson, Jr., On uniform convergence in the Wiener-Wintner The­
orem, J. London Math. Soc., 49 (1994), 493-501. 



454 B. Solomyak 

[52] E. A. Robinson, Jr., Symbolic dynamics and tilings of Rd, In: Symbolic 
dynamics and its applications, Proc. Sympos. Appl. Math., 60, Amer. 
Math. Soc., Providence, RI, 2004, pp. 81-119. 

[53] D. J. Rudolph, Markov tilings of Rn and representations of Rn actions, 
In: Measure and measurable dynamics, Rochester, NY, 1987, Contemp. 
Math., 94, Amer. Math. Soc., Providence, RI, 1989, pp. 271-290. 

[54] R. Salem, Algebraic Numbers and Fourier Analysis, D. C. Heath and Co., 
Boston, 1963. 

[55] D. Schechtmann, I. Blech, D. Gratias and J. W. Cahn, Metallic phase with 
long range orientational order and no translational symmetry, Phys. Rev. 
Letters, 53 (1984), 1951-1953. 

[56] M. Schlottmann, Generalized model sets and dynamical systems, In: Direc­
tions in Mathematical Quasicrystals, (eds. M. Baake and R. V. Moody), 
CRM Monogr. Ser., Amer. Math. Soc., Providence, RI, 2000, pp. 143-
159. 

[57] M. Senechal, Quasicrystals and geometry, Cambridge Univ. Press, 1995. 
[58] B. Solomyak, Dynamics of self-similar tilings, Ergodic Theory Dynam. Sys­

tems, 17 (1997), 695-738; Corrections to Dynamics of self-similar tilings, 
ibid., 19 (1999), 1685. 

[59] B. Solomyak, Nonperiodicity implies unique composition for self-similar 
translationally finite tilings, Discrete Comput. Geom., 20 (1998), 265-
279. 

[60] W. P. Thurston, Groups, tilings, and finite state automata, Lecture notes 
distributed in conjunction with the Colloquium Series, AMS Colloquium 
lectures, 1989. 

[61] A. M. Vershik, Uniform algebraic approximation of shift and multiplication 
operators, Dokl. Akad. Nauk SSSR, 259 (1981), 526-529. 

[62] A. M. Vershik and A. N. Livshits, Adic models of ergodic transformations, 
spectral theory, substitutions, and related topics, In: Representation the­
ory and dynamical systems, Adv. Soviet Math., 9, Amer. Math. Soc., 
Providence, RI, 1992, pp. 185-204. 

[63] P. Walters, An introduction to ergodic theory, Springer Graduate Texts in 
Mathematics, Springer-Verlag, 1982. 

[64] H. Wang, Proving theorems by pattern recognition. II, Bell Systems Tech­
nical J., 40 (1961), 1-42. 

Boris Solomyak, Box 354350 
Department of Mathematics 
University of Washington 
Seattle WA 98195 
E-mail addr·ess: solomyaktmnath. washington. edu 


