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Renormalized Rauzy inductions

Takehiko Morita !

Abstract.

The Rauzy induction is a dynamical system acting on the space
of interval exchange transformations which is introduced by Rauzy in
[20] and used by Veech to give an affirmative answer to the Keane
Conjecture in [24] and [25]. The results in [25] enable us to construct
induced transformations and jump transformations to the various sets.
In this article the dynamical systems obtained by composing some of
those transformations are called renormalized Rauzy inductions. Note
that the two fold iteration of continued fraction transformation can be
regarded as a classical example of renormalized Rauzy inductions via
appropriate conjugacy. Our present goal is to establish the same kinds
of central limit theorems as obtained in [17] for a class of renormalized
Rauzy inductions.

§1. Introduction.

For a positive integer d > 2, we denote by Ay the positive cone
A=, )t eRE A >0, =1,2,...,d} and by &4 the
symmetric group of degree d. An element (A, 7) € Ag x &, is naturally
identified with an interval exchange transformation T(y ) : [0,[}A]) —

[0, |A]), where |A|; = Z?zl Aio If Ap—1g # A4, we can obtain a new
interval exchange transformation by taking an induced transformation
of Ty ) to the subinterval [0, |A|; — min(A;-14,Aq)). Thus we obtain
an almost everywhere defined dynamical system 7y : Ag x &5 — Ag X
S, on the space of interval exchange transformations. 7y determines
also a dynamical system 7 : Ag.1 x &g — Ag_; X G4, where Ay,

is the projective space consisting of elements A € Ay with |Al; = 1.
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We call both dynamical systems Tg and 7 Rauzy inductions. For each
(A7) € Ay x &g with A\ 14 # Mg, there exist a d x d, 0-1 regular
matrix A(A,7) and a map D()\) : &4 — &4 such that To(A\, m) =
(A(\, )1\, D)) and T(A,7) = (422, D(A)m). We choose an
irreducible permutation 7(%9) and we pay attention to its Rauzy class
R(r(0) ie. the totality of elements 7' € G4 such that T"(\, 7(0) =
(X, ') holds for some A, N, and n. We consider the restricted dynamical
system 7 : Ag_1 x R(7®) = Ay_; x R(7(®) in what follows.

Consider the simplest case d = 2. In this case m with 71 = 2
and 72 = 1 is the unique irreducible permutation and R(w) = {=}
and the Rauzy induction 7 and 7p are the Euclidean algorithms acting
on Ay and Aj, respectively. Put A(L) = {A € Ay @ A2 > A1} and
A(R) = {) € Ay : Ay < A1} Then A; = A(L) U A(R) a.e. and we
can define the jump transformations Ta(r).ar) @ A(L) — A(R) and
Tamyaw) @ AR) = A(L). S = Tam,aw) ©Tawy,ar + AL) —
A(L) is a typical example of the renormalized Rauzy induction in the
title of this article. We see that S is an expanding map with respect the
Hilbert projective metric ® on A; restricted to A(L). Moreover, It is
easy to see that S and the two-fold iteration T of the so called continued
fraction transformation Tg; : (0,1) — (0,1), : z — 1 —[1] are conjugate
to each other via the projection A(L) 3 (A1, A2) — A1/A2 € (0,1).

It is well known that the ergodic theory of Tz, the metric theory of
continued fractions, and the dynamical theory of the geodesic flow on
the modular surface M; = H/PSL(2,Z) are closely related, where H
is the upper half-plane in C (see [15], [16], [19], [23]). We notice that
the modular surface has at least two different faces. First, it has a face
of cofinite Riemann surface. Secondly, it has the face of the moduli
space of complex structures of surface of genus 1. So there are two
possibilities to generalize the results on M; according to which face we
look at. If we regard M, as one of cofinite Riemann surface, we expect
that we can construct a Markov map playing the role of T2 for a general
cofinite Fuchsian group. In fact, for any cofinite Fuchsian group I" Bowen
and Series [3] construct a one-dimensional Markov map whose action on
an appropriately chosen subset in R is orbit equivalent to that of " on
RU{oo}. One finds that T2 is a typical example of Bowen-Series Markov
map. The result concerning a determinant representation of the Selberg
zeta function in [16] is generalized to the case of any cofinite Fuchsian
group in [18] by making use of Bowen-Series Markov maps. Next in the
case when we regard M as the moduli space of genus 1, we consider the
moduli space M, of genus g > 2 instead of M;. It is known that M,
has a similar structure to M;. For example, the Teichmiiller space of
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genus g, the Teichmiiller modular group, and Teichmiiller geodesic flow
play the roles of H, PSL(2,Z), and the geodesic flow of M;. Note that
Masur [14] solved the Keane Conjecture independently by showing the
ergodicity of the Teichmiiller geodesic flow with respect to a canonical
invariant measure. To the question “what plays the role of Té in the
case of M,?” we do not have sufficient answer at present. But the
Rauzy induction and its renormalizations expected to play the role of
TZ for Teichmiiller modular group. We have to emphasize that the
study of the transfer operator approach to the central limit problems for
Markov maps with infinite Markov partition in [17] became a cornerstone
of the subsequent work [18]. Apart from such a background, it will
be interesting to study the dynamical central limit problems for the
renormalized Rauzy inductions.

From now on we concentrate on the central limit theorems for a
class of renormalized Rauzy inductions. Veech constructed an o finite
invariant measure pu of 7 which is equivalent to the product measure
Wd-1 X fg(r@), Where wy_1 is the volume measure of the projective
space Ag_1 and fp(r0) is the counting measure on R(7(®).  Such
a measure is unique in the sense that v is another 7-invariant mea-
sure absolutely continuous with respect to wg_1 X ﬁm(,r(m), then there
exists a positive constant ¢ such that v = cu. It is not necessar-
ily finite but the measure-theoretic dynamical system (7,u) is con-
servative (i.e. any Borel measurable set E with T~'E C E satisfies
p(EAT-E) = 0) and ergodic (i.e. any Borel measurable set E with
T~'E = E satisfies u(E)u(E®) = 0). Therefore we can see that for
p-almost every (A(® 7(®)) there exists N such that Ay(A(®, 7(0)) =
ANO 7O AT AO 7Oy . AT VYA 7)) > 0 and the in-
duced transformation 7y, (@ r)) of 7 to the set A4\ ) x{m0}
is defined, where A4\ ) = Ag-1 0 An (MO 7O)A,. Our main
concern is such a renormalized Rauzy induction as Ty (x©,z©))-

We fix (A9 79 as above and put B = Ax(A©,7(0) for the sake
of simplicity. We can identify Ap x {7(®} with Ap in a natural way. Let
wp = wa—1(AB) *wi-1|a, and pp = u(Ap x {71~ y|a,. Clearly,
ip is a unique invariant Borel probability measure for 7 : Agp — Ap
equivalent to wg. Moreover we show that 7p is an expanding map with
respect to the Hilbert projective metric @ on Ay_; restricted to Ag
having an infinite Markov partition. Let Fg(Apg) (resp. Fo(Ap — R))
be the totality of complex valued (resp. real valued) Lipschitz continuous
functions on A g with respect to ©. The goal of this article is to establish
the same kinds of central limit theorems as in [17] for the renormalized
rauzy inductions 7. Precisely we show the following two theorems.
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Theorem 1.1. Let f be an element in Fg(Ap — R) satisfying
) Ap fdup = 0 which is not identically 0. Then there exists the limit

1
(1.1) v(f) = lim —/ (STynf)?dup >0
and there exists a positive number Cy such that for any g € Fo(AR), we
have
sup ‘wB,g (a S M S b)
(1.2) a, bER :a<b v(f)n

1P e Cillglle
— di — 7 dr| < ,
(L o) oz [ % 0 < 22

where Sty nf = Zz;éf oTg, wpy = gwn, and ||g|le denotes the
usual Banach norm of Lipschitz continuous function g with respect to
the Hilbert projective metric ©.

Theorem 1.2. Let f be an element in Fo(Ag — R) satisfying
Ja,, fdup = 0 which is not identically 0. Then for any g € Fo(AB)
and for any rapidly decreasing function u on R, we have
(1.3)

lim sup|v/n u(o + S1p.n f(x)) wp,g(dx)

=00 qeR Ap

- (/Aagdw,g> (/Ru(t)dt> mexp <—§§.§f_)> =0,

We should note that the exponential decay of correlations for the
Rauzy-Veech-Zorich induction and the central limit theorem for the Te-
ichmiiller flow on the moduli space of abelian differentials are established
recently by Bufetov [4] (see also Avila and Bufetov [1]). Moreover, Avila,
Gouézel, and Yoccoz prove the exponential mixing of the Teichmiiller
flow in [2]. From these results we can verify the exponential decay of
correlations for a wider class of renormalized Rauzy inductions and a
wider class of observables than those we consider. But the problems
concerning the positivity of the limiting variance and the rate of con-
vergence of the central limit theorem are not discussed in these papers
because these problems are not their main concern. We emphasize that
Theorem 1.1 asserts that we obtain both the positivity of the limiting
variance and the good rate of convergence of the central limit theorem
although the class of renormalized Rauzy inductions and observables are
restricted. In addition, Theorem 1.2 asserts that the rate of convergence
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obtained in Theorem 1.1 is good enough to enable us to establish a weak
version of local central limit theorem.

In Section 2, we explain about interval exchange transformations
and Rauzy induction. The Keane Conjecture is also treated in Section 2.
We introduce the class of renormalized Rauzy inductions that we study
in Section 3. Section 4 is devoted to the transfer operator approach to
the central limit theorems and proofs of Theorem 1.1 and Theorem 1.2.

Acknowledgements I am deeply grateful to the referee for informing
me of the recent results [1], [2], and [4].

§2. Interval exchange transformations and Rauzy inductions.

We note that the definition of our renormalized Rauzy induction is
based on the ergodic property of Rauzy induction established by Veech
[25] and Masur [14] in their way to solve the Keane Conjecture on interval
exchange transformations. Therefore we start with some historical topics
on the metric theory of interval exchange transformations and Rauzy
inductions.

For (A, m) € Ag x &4, we define B(A\) € {0} x Ag4 so that 8;(N) =
>7_1Ajfor 0 < j < d. Consider a partition a(\) of the interval X(\) =
[0,|Al1) into subintervals X;(A) = [B;-1(A),5;(A)) (1 < j < d). Let
A™ = (Ag-11, - -+, Ar-19)t. Then the interval exchange transformation
Tixry @ X(A) — X(A) is defined by

d
(2.1) Toamz =1+ Z(ﬂwj—l()‘ﬂ) = Bi—1 (M) Ix; () ()
j=1

By definition T{) ) maps the j-th interval X;(A) in a()\) onto mj-th
interval X, ;(A™) in a(A™) isometrically preserving the orientation. Thus
the Lebesgue measure m restricted to X () is an invariant measure for
T(r.x)- Consider the simplest case when d = 2, 71 = 2, 72 = 1, and
A= (1-a,a) with0 <a < 1. Then T, = T ) : [0,1) — [0,1) is
the so called Weyl automorphism and it is conjugate to 2wa-rotation
Ryra : ST — S! on the unit circle. The following is well known.

Theorem 2.1. The following are equivalent:

(1) a is irrational.

(2) For any x € [0,1), the T,-orbit of x is dense in [0,1).

(3) The Lebesgue measure m on [0,1) is the unique invariant Borel
probability measure of T, .
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Recall the definitions of minimality and unique ergodicity for a
homeomorphism H on a compact metric space (X, p). H is called mini-
mal if and only if there is no nonempty closed set E satisfying TE = E
and E # X. H is called uniquely ergodic if and only if it has a unique
invariant Borel probability measure. We summarize important facts on
these notions as the following theorem:

Theorem 2.2. Let H be a homeomorphism on a compact metric
space X. Then we have the following
(1)  H is minimal if and only if for any x € X, H-orbit of = is
dense in X .
(2)  H is uniquely ergodic if and only if there exists a Borel prob-

1 n—1
ability measure m on X such that — Z f(H km) converges to
" =0
/ fdm uniformly in x for any continuous function f on X.
X

(3) Assume H is uniquely ergodic. Then H is minimal if and only
if the unique tnvariant Borel probability measure has positive
value for any non empty open set.

Keane [11] introduced the notion of minimality to general interval
exchange transformations and proved the following.

Theorem 2.3. For an interval exchange transformation Ty ), the
following are equivalent.
(1)  T(xn) satisfies the following two conditions:

(M.1)  There is no periodic point.

(M.2)  If an non empty subset F' of X(\) satisfies Ty pF = F
and if F' can be expressed as a finite union of left closed
and right open intervals whose endpoints are elements in
(Uizt Unezd T3, B (WD U {1}, then F = X(A).

(2)  For any x € X(\), T(x r)-orbit of x is dense in X ().

More concrete sufficient condition for an interval exchange transfor-
mation to be minimal are also obtaineds in {11]. We give one of them
below. A € A4 is called irrational if its components are linearly indepen-
dent over Q and m € Gy is irreducible if 7{1, 2, ..., k} = {1, 2, ..., k}
implies k = d.

Theorem 2.4. If A is irrational and w is irreducible, then T(y r) is
minimal.

From this theorem one may expect that a similar assertion to The-
orem 2.1 holds. But it is shown in [10] (see also [12]) that there exists a
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minimal interval exchange transformation which is not uniquely ergodic.
Keane conjectured that for fixed irreducible m € &4, T{) ) is uniquely
ergodic Lebesgue almost every A € A;. The outline and the strategy of
solving the Keane Conjecture can be found in Veech [25]. Veech intro-
duced a sort of ‘renormalization group approach’ to the problem and
solving the conjecture by showing that the so called Rauzy induction
acting on the space of interval exchange transformation has a natural
invariant measure. Namely, the unique ergodicity can be regarded as ‘al-
most universal property’ of interval exchange transformations and the
Rauzy induction plays the role of renormalization group in the procedure
to establish such an ‘almost universal property’.

Next we recall the definition of Rauzy induction 75 : Ag x G4 —
Ay x &4 for our convenience. Consider the following d x d matrices L(7)
and R(w)

Lir) = ( o it )

_ I g Kri-1gd-n-14
R(m) = ( O4-r-1d,7-1d Ja—n-14 ’

where Ii is the k x k identity matrix, 04—; is d — 1-dimensional zero
column vector, e;_1(m~1j) is the d — 1-dimensional unit vector whose
n~1j-th component is 1, O is the k x | zero matrix and K gqg_n-14
and Jy_,-14 are 771d x (d — 7~ !d) matrix and (d — 7 td) x (d — 7 1d)
matrix given by

Kpowgamg= |5 " S Jymmg=|: 0 ],
0 0 00 1
10 0 0 0 0

respectively. In addition we consider two transformations L, R : 64 —
G4 defined by
(2.3)
o] (0j < od) ] (j<o7'd)
(Lo)j=<Rad+1 (0j=d) , (Ro)j={od (j=0"1d+1)
oj+1 otherwise o(j —1) otherwise
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For (A, m) € Ag x &4 with A —14 # A4, we put

L) (it A > Ap-ra)
A\ m) = {R(w) (if Ag < Ap-1q)
(

poy = [T (ifAa> Ap-1q)
R ( if Ay < )\’KAId).

(2.4)

Then the Rauzy inductions 7y : Ag x &g — Ag X Ggand 7 : Ag_g X
Sg — Ag—1 X &4 are defined for (A, 7) with A;-14 # A\g by

To(Am) =(A\ )"\, D)),

(2.5) A )"
T()‘? ﬂ-) _( 'A()\, ﬂ_)_lAll ’ D()\)ﬂ-)

We are only interested in irreducible permutations. Fix a irreducible

element 0 € G,. Counsider the Rauzy class R = R(o) introduced in

[20]. wg—1 and #m below denote the volume measure on Ayz_; and the

counting measure on ‘R, respectively in the below. The result about

T : Ay_1 xR — Ag_1 X R that we need is the following.

Theorem 2.5 (Veech [25] (see also [26])). There exists a T in-
variant measure p equivalent to wy—1 X fm on Ag—1 x R which makes
T both conservative and ergodic. For each m € R, the density p on
Ag_1(= Agoq x {m}) with respect to wy—_1 is given by the restriction of
a function on Ag which is rational, positive, and homogeneous of degree
—d.

‘We shall explain how to use Theorem 2.5 to solve the Keane Conjec-
ture. In what follows we only consider the irrational element in Ay and
permutations in a fixed Rauzy class R. In this case 7| ,) is minimal and
T"(A,m) can be defined for any n € N. Let M (A, 7) denote the totality
of T ) invariant Borel measures on X (A). Consider the map @y ) :
M\, m) — Ag defined by &5 »)(v) = (v(X1(})), ..., ¥(X4(N)))'. Then
we can show that @ ) is affine, continuous, and injective. Thus M (A, 7)
is identified with its image S(A, 7). Moreover it is not hard to see by
definition that

(2.6) SO\ m) = A\, 1S, 7MY (C An(A, T)Ag)

holds, where (A 7(™) = T(\,7) and A,(\,7) = A\O® 7)) .
oo - AM=D 2(r=1)) for n > 0. Note that if T(x,x) is minimal then
m(X(A™)) — 0 (n — o). Therefore there exists N = N(\,7) such
that Ay (A, 7) > 0, i.e. all entries of the matrix Ay (A, 7) are positive
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and moreover there exists a neighborhood U (A, ) C Az_1 of A such that
An(N,m) = Ax(A,7) for any N € U(\, 7). Now we are in a position
to make use of Theorem 2.5. Theorem 2.5 implies that the Poincaré
Recurrence Theorem holds for (7, ). Since u is equivalent to wgy—; on
Ag-q x {7} for each 7 € R, so wy_1-almost every X is a recurrent point

.i.e. having the property that not only T(, ) is minimal for any = € R
but also for any neighborhood U C Ay_; of A, T7™(\, m) visits U for in-
finitely many number of n. Choose A satisfying such a property and for
m € R, choose N such that B = Ay(A,7) > 0. Then we see that both
7™ = 7 and Ay(A™7(™) = B hold for infinitely many n. Combining
this with the fact (2.6), we find a infinite sequence Cp, = Cp(A, ) of
d X d nonnegative matrices such that

(2.7) S(A,w) C BCyBCy - -+ - BCpAg

for any n. The positivity of B > 0 implies that dim ()., BC1BCs- - - - -
BC,A; = 1. Hence we arrived at the affirmative answer to the Keane
Conjecture.

Theorem 2.6. Let m € &4 be irreducible. Then T(y xy is uniquely
ergodic for Lebesgue almost every A € Ay.

We finish this section with the following remark.

Remark Choose any m € R and fix it. For any irrational
X\ € Ag4_1, we can assign an infinite sequence (D,,) € {L, R}?+ so that
D(\™) = Dy, equivalently, A\, 7)) = D, (x(™) for each n > 0 (see
(2.4)). In virtue of Theorem 2.5, there exists a Borel set Q(7) C Ag-1
such that wg_1(Q(7)) = wg_1(Ag_1) and the map = : Q(7) — {L, R}%+
defined by

(2.8) E(\) = (D(™M))

is injective and for any finite sequence (Dy)7?-3 € {L, R}", the subset of
the elements A for which (Dk)Z;(} occurs in E(A) infinitely many times
has the total measure.

The assertions except for the injectivity of = are easy consequences
of Theorem 2.5. But it is also easy to see that A, (A, 7) = An/(N, )
if and only if n = n’ and A(T*(\, 7)) = A(T*(N, 7)) for every k with
0 < k < n —1 since from the definition of 73 and 7 we have for each
n >0

(2.9) N € Ap(A\, 7)Aq if and only if A, (N, 7) = A, (A, m)
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§3. Renormalization of Rauzy inductions.

Before introducing renormalized Rauzy inductions, we recall the
definition of jump transformations and induced transformations. Let
(X, B, 1) be a o finite measure space and T : X — X a p-nonsingular
transformation such that y almost every x € X has the property that
for any F € B with u(F) > 0, T"z € E holds for infinitely many n > 0.
Then for any E, F' € B with u(F) > 0 and p(F) > 0, we put for x € E

(3.1) n(E,F;z)=inf{n>1:T"z € F}.

In the case when E = F we just write as n(E;z) = n(E, E : z). From our
assumption n(E, F;z) < co py-a.e. Thus we obtain almost everywhere
defined transformation Tg r : £ — F called the jump transformation
of T from E to F by

(32) TEyF:L‘ = Tn(E’F;I)iL‘.

In the case & = F, T r is denoted by Tr and called the induced trans-
formation of T to E or the first return map of T to E. Roughly speak-
ing, ‘renormalization of the transformation T’ means the procedure
constructing a new transformation by producing jump transformations
and their composition.

From the fact mentioned in the previous section we can consider the
renormalization of the Rauzy induction 7 : Agz_1 X R — Ayg_; X R.
Set

A(L,7) = (L(r)Ag—1 N Ag_1) x {7}
= {)\ € Ad—l D Ag > )\ﬂ.qd} X {71‘}
A(R, %) = (R(m)Ag—1 N Ag_1) x {r}

(3.3)
= {)\ S Ad—l P < /\ﬂ.—ld} X {7‘(’}
A(L) = |J A7), AR) = | AR,7).
TER TER
Consider a jump transformation 7a(z)ar) : A(L) — A(R) and
Tary,a) @ A(R) — A(L). Then we can define a transformation

S =Taw),am © Tam),aw) : A(L) — A(L). S is a typical example of
the renormalized Rauzy induction. Note that Zorich [27] shows that S
has a finite invariant measure equivalent to the restriction of wg_1 X #m
to A(L). In particular, in the case of d = 2 it has a classical meaning.
In this case there exists a unique Rauzy class {r : 7(1) =2, 7(2) = 1}.
If one notices that 7 acts as the Euclidean algorithm on the projec-
tive space Ag-1 = A(R)UA(L), one obtains the following commutative
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diagram.

(3.4) o] |¢

(0,1) i (0,1)
where A(L) x {r} is identified with A(L), ¢ : A(L) — (0,1) is the
homeomorphism given by ¢(A) = A1/A2, and T : (0,1
continued fraction transformation given by Tgx = =

The rest of the section is devoted to the study of a special class of
renormalized Rauzy inductions whose members are not generalization
of T3 but it is useful to explain our idea. Let (A, m) € A(L, ) (resp.
A(R, 7)) be such that A is irrational. Then we can find N > 2 such that

o
z — Iz}

(3.5) ™ =x  Axn(A\7m) >0

We denote Ay (A, 7) by B for the sake of simplicity. Consider the set
Ap = BAjN Ay 1 and A(B,7m) = Ap x {r}. We are interested in the
induced transformation 7p of the transformation 7 to the set A(B, ).
We regard Tg as a transformation on Apg in a natural way.

For nonnegative invertible matrix A, let A4 = AA; N Ay_; and A
denotes the map A : Ag_1 — Ag_; given by Az = ]ﬁl—l for z € Ag_1.

Lemma 3.1. Let 7 be as above. There erist sequences of distinct
nonnegative integral matrices A = {A®} and C = {C®} satisfying the
following:

(1) A®B=BC® gnd det A®) = det CF) = +1.

S A1y
2 T = A1 je Igx = ———
(2) Blaag = A™4, te. Tz |[A=Tz],

TgAag = Ap for each Aec A

(3)  The family of the set P = {Aap : A € A} forms a measurable
partition of Ap, i.e. wp(AapNAap) =0 for A,A € A
with A # A’ and wp(Ap \ UAG.AAAB) = 0, where wg =
wi—1(AB) twi-1]lap

for A € A. In particular,

Proof. All assertions in the lemma are easy consequences of Re-
mark in the end of Section 2. For example, we can find the family A
as follows. Let z € Apg be a irrational recurrent point for 7. Let n be
the first return time of z for 7. 7gx = 7"z holds. Therefore we see
that An(z,7) 'z € BAg. Thus © € Ay, (zr)p. In virtue of (2.9) we
have A(T"t*(x, 7)) = A(T*(x, 7)) for each k with (0 < k < N —1)
and Ay(x,7) = B. Put A(x) = An(z,7) and C(z) = B~ 1A, (x,m)B
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There are countably many possibilities of A(x) and C(x) even if z varies.
Hence there exists a countable set {zx} such that A = {A(zx)} and
C = {C(z)} are desired sequences. Q.E.D.

Next we introduce the Hilbert projective metric on Ag_;. Note that the
results on the Hilbert projective metrics that we need as well as their
application to the study of ergodic behavior of dynamical systems are
summarized in [13].

For z, y € A4, we write x < y if each entry of y — x is nonnegative.
Put

afz,y) =sup{a >0 : ax <y},
B(z,y) =inf{b >0 : y < bz},
Bz, y)

a(z,y)’

(3.6)
B(zx,y) =log

© is called the Hilbert projective metric on Ay. © is a pseudo-metric
on Ay such that ©(z,y) = 0 if and only if x = cy holds for some ¢ > 0.
Thus © is a metric on the projective space Ag_;. The following two
lemmas are well known facts and their more general forms can be found
in [13).

Lemma 3.2. Let A be a nonnegative matriz. Then we have
diam(A
(3.7) ©(Az, Ay) < tanh (W) o(z,y)
for any x, y € Ay, where diam(A ) = sup{©(Azx, Ay) : z, y € A4}
Lemma 3.3. For any z, y € Ay with |z|1 = |y|1, we have
(38) 2=yl < (9= = 1)l
For n > 1, put

An :{A1A2"'An : A17A27 o Ap EA}

(39) Pn :{AAB : Ac .An}

We summarize the basic properties of the renormalized Rauzy induction
Tg as the following lemma.
Lemma 3.4. Let Tg be as above. Then we have the following.
(1) (Markov property) For any n > 1 we have
n—1
(3.10) P, = \/ TB_k’P and TgAap = Ap
k=0
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for any Aap € Pn. In particular 7§ : Asp — Ap isa

homeomorphsim.
(2) (expanding) There exist Co > 0 and 6 € (0,1) such that for
anyn > 1
(3.11) (T4, T5y) > C5'67"6(x,y)

holds for any z, y € Aag € Pp.
(3) (finite distortion) There exists C3 > 0 such that for anyn > 1

JTH) ()
8 T T )

< C30(Tgz, Tgy)

holds for any x, y € Aap € Pp, where JTF) denotes the Ja-
cobian of T} with respect to wp.

Proof. (1) follows from Lemma 3.1. Since diam(Ag) < oo, (2) is an
easy consequence of Lemma 3.2. It remains to prove (3). To this end we
need the following fact which is proved in [24]. For nonnegative matrix
with | det A| = 1, the Jacobian J(A) of the map A : Ay_; — A4_1 with
respect to wy_1 is given by

(3.13) J(A)(x) for z € Ag_1.

Ve
Note that if x € Aap, then x = ATIQz by definition. Therefore we have

1
J(Tg)(z) = TA-ig[d |ATg =|{.
1

Putting ' = T4« and y' = TZy we see that

J(T3) ()
’k’g 7(T5)()

holds for some 2z’ € Ap.

|Ay'|y
|Az’|y

|Ay'), — |Ax'|,
|Az’]1

2

= d‘log

|Ay'[1 — |Az'];
|Az'|y

/ !
< 2 Zj Ayl — 5l < " —y'[1
- Zl Zj AijZé - minj Z;»
Since 2’ € Ap, min; z§ is bounded from blow by a positive constant

depending only on B. Combining these estimate with Lemma 3.3, we
arrive at the desired inequality. Q.E.D.
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Remark In fact since B > 0, there exists Cy > 1 depending only on B
such that C;'0(z,y) < |z — y|; < C4O(z,y) for any z, y € Ap. Thus
combining this with the trivial fact |z — y|2 < |z —y|1 < Vd|z — y|2, We
can obtain the similar result to Lemma 3.4 using the usual Euclidean
metric on Ap instead of ©. We employ the projective metric because
the expanding property (2) in Lemma 3.4 follows easily from well known
fact Lemma 3.3.

84. Central limit theorems

This section is devoted to the proofs of Theorem 1.1 and Theorem
1.2. We employ the transfer operator technique as used in 8], [17], and
[21]. Let 7p be the renormalized Rauzy induction as in the previous
section. Consider the Perron-Frobenius operator £ of 7g with respect
to wp which is characterized by the identity.

(4.1) /A £H@(e)dop = [ fa)o(Tpa) dos

for any f € L'(wp) and for any g € L*®(wp). In virtue of Lemma 3.1
and the formula (3.13), it is easy to see that

(4.2) Lof@) = Y~ ()

d
AcAn A.’L’|1

for any f € LY(wp) and for any n > 1, where Az = Ax/|Az|¢ as before.
Thus £ can be thought as a bounded operator on C(Apg) as well as
LY(wg). Let Fo(Ap) be the totality of Lipschitz continuous functions
on Apg with respect to ©® endowed with the norm

(4.3) lglle = [gle + ligllco

where [|glloo = SUp,ca, [9(2)] and [glo = Sup, yea pumpy LEZIWL e,

the Lipschitz constant of g with respect to ©. Fg(Ap — R) denotes
the totality of real valued elements of Fg(Apg). For f € Fo(Ap — R)
and t € C, we define a perturbed Perron-Frobenius operator of £(t) :
L(wp) — L'(wp) by

(4.4) L(t)g = ﬁ(e‘/__ltfg),
Then it is easy to see that
(4.5) ﬁ(t)ng — En(e\/:TtSTB,,,,fg)‘

holds for any n > 1. The following estimates play important roles in our
argument.
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Lemma 4.1. There exist positive constant Cs, Cg, C7, and Cg in-
dependent of n and f such that the following estimates hold for any
g € Fo(Ag) and for any t € C.

(4.6) L) glloo < Cse™ ™17l gl

[L(t)gle < Co(e™I7l=g)"(ge

4.7
(4.7) +C7enllmtlllf||x(1+eCs[f]eltl[f]elﬂ)”g”w

Proof. First we note that there exists Cy > 1 such that 1/|Az|¢ €
[Cg_l,Cg]wB(AAB) holds for any = € Asp, A € A,, and n > 1, where
a € [c71,c]b means ¢7'b < a < cb. This follows from (3) in Lemma
3.4 and the fact that each entry of z € Apg is bounded below by some
constant depending only on B.

In what follows we write f(n) = S5, f for convenience.

eV=1tf(n)(Az) _
IOROEDS '—17;—';—‘19(Ax)1

A€A,

1
<eMImAlIfll< 1/l E: -
= d

A€A, | Azl

Thus the first estimate is obtained by choosing Cs = Cy
Next we show the second estimate.

L(#)"g(z) — L{H)"9(y)
eV—1tf(n)(Az) eV —1tf(ny (Ay)

=Y ) - Y S —(Ay)
"X Tmr 2 T
1 - _
_ V=1tf(n)(Ax)
e g(Az
" (IArld ) )
- Z y|d (e\/—_ltf(.,,,)(Aa:) _ e\/—_uf(n)(Ay)) 9(Az)
A€A, .
= 3 e e W (Ax) ~ o(Ay)
A€A,

=I+1II+1I1I.
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Then we have

1 ||Azl{ Ime|[| £
1< Y o [ — 1| erttmll< g o
AX; Ayl |1 Ayl{
4. 1 niIm
(48) < Y o exp(dCe e y) - 1 eI~ g
A€A, 1

<Croe™™™I7 = |1 g[| O (2, y)

in virtue of (3.12) and (4.6), where C}y is a positive constant independent
of n and g. Next we have

EDY 1 ‘e(\/—_ltf(,.,)(Az)—\/——l'tfu,,)(ﬁy)) _1|.

d
ACA, | Ayl{

el flloe g

(4.9) < L _cnlliety),
A;ﬂ | Ayld

-Culflolt|O(z, y)e ™= ]| o
<CsCre Wl [ f]o[t]en il lx | || o O(2, y),

where Cy; is a positive constant independent of n and ¢, and Cg =
Cridiam(Ag). Finally we have

1
(£.10) < > —'y—den“mt'”f“x[9]9029"@(%?4)
.10 A€ A, 1

<C,C5 (e ll= ) [g]g O (z, )

in virtue of (3.11). Thus if we put Cs = C2C5 and C; = Cy + C5C1;1,
we see that the inequalities (4.8), (4.9), and (4.10) yield the estimate
(4.7). Q.E.D.

In virtue of the estimates in Lemma 4.1 we can apply the Ionescu-
Tulcea and Marinescu Theorem in [7] to the perturbed Perron-Frobenius
operators L£(t) with ¢t € R. More precisely, for each t € R, as a bounded
linear operator on Fg(Apg), £(t) has at most a finite number of eigenval-
ues of modulus 1 whose eigenspace are finite-dimensional and the other
spectrum of £(t) is contained in the disc with radius less than 1. In -
addition the spectrum on the unit circle of £(t) as a bounded operator
on L'(wpg) also consists of eigenvalues and their eigenspaces are identical
with those of £(t) as an operator on Fg(Apg). Further we can show the
following.
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Lemma 4.2. Let f be an element in Fg(Ap — R) which is not
a constant function. Assume that L(t)g = Ag holds for t € R, X with
modulus 1, and g € L*(wg) with ||g||f1(wy) = 1. Then it turns out that
t =0, A=1, and g = chp for some constant ¢ with |c| = 1, where
hp € Fo(Ap) is the smooth density function of the unique absolutely
continuous invariant probability measure up = u(Ap)~'u of T with
respect to wg.

Proof. Let t, A, g be as above. First we show that |g| = hp. In
fact |g| = |L(t)g| < Llg| since L is positive operator. In addition, (4.1)
yields [, Llgldwg = [, |9|dwp. Thus we have L|g| = |g| in L'(wp).
In virtue of the Ionescu-Tulcea and Marinescu Theorem we see that |g|
has a Lipschitz continuous version as noted in the above. Then we have

(h5'l9l) (=) =g (2)L™(hshE'|g)(z)

(4.11) = > hp'(@)Az|] *hp(Ax) (k5" 1g))(Az)
A€A,,

holds for any z € Ap and for any n € N. On the other hand Lhg = hp
implies that

(4.12) > hpl(z)|Az|;hp(Az) =1
A€EA,

holds for any x € Ap and for any n € N. Thus if zo € Ap satisfies
(h5'l9)(z0) = maxzea , (A5 lg])(2), (4.11) yields that (hz'|g])(Azo) =
(h5'19])(z0) holds for any A € A, and for any n € N. Note that we can
easily see that {Az : A € A,, n € N} is dense in Ap for any = € Ap
from the assertions (1) and (2) in Lemma 3.4. Hence we conclude that
h3'|gl is a constant function.

Next we have

~ Mhg'e)(@) =hg!(z)L(#)(hshp'9)(2)
(4.13) eV-1tf(Az) s
= h(Az)(hp g)(Az)
A; hp(z)|Az({ 59)

for any z € Ap. Since hztlgl = 1, (4.12) and (4.13) imply that
(hp'9)(z) = S\emtf(Az)(hglg)(Ax) holds for any x € Ap and for any
A € A;. Consequently we have

(h5'9)(@) = (hp 9)(w)] <le¥ T4 — V7T (4]

4.14 A A
(4.14) +|(hg'9)(Az) — (hgz'g)(Ay)|
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for any z, y € A and for any A € A;. Since we can choose a sequence
{Ax} C A such that diam(As,5) — 0 (k — o0) and f and (h3'g)
are Lipschitz continuous with respect to ©, the inequality (4.14) implies
that (hglg) is a constant function. Thus we conclude that g = hp and
Xetf = 1. Since f is continuous non constant function, f(Ap) is an
interval with nonempty interior. Hence we can conclude that A = 1 and

t=0. Q.E.D.

Clearly {L£(¢t) : t € C} is an analytic family of bounded linear
operators on Fg(Apg) as well as L' (wp). Moreover we see the following
in virtue of Lemma 4.2.

Proposition 4.3. There exist a neighborhood U of the real line R
and ro > 0 such that the open disc D(0,r¢) of radius ro centered at
the origin is contained in U and the analytic family {L(t) : t € U} of
bounded linear operators on Fo(Ag) satisfies the following:

(1)  Forte D(0,rp), L(t) has the spectral decomposition
(4.15) L™ =AO"E(t) + R(®)"

for each n € N, where A(t) is a simple eigenvalue of L(t)
with mazximal modulus, E(t) is the projection onto the one-
dimensional eigenspace corresponding to A(t), and R(t) is a
bounded linear operator with spectral radius less than ry for
some vy € (0,1) independent of t € D(0,rq).

(2) Fort e U with |Re t| > 1o, the spectral radius of L(t) is less

than 1.
(3)  A(t) in the assertion (1) is a analytic function on D(0,7g)
such that
A0) =1, XN(0) an
(4.16) ”
A"(0) :’,3‘_,“305/ ftydps = —v(f) <0.

(4)  E(t) and R(t) in the assertion (1) are analytic functions on
D(0,79) with values in bounded linear operators on Fo(Ag)
given by the Dunford integrals

1
(4.17) E@t) = ﬁ e, R(L(t), z) dz,
R()" = 1 R(L(Y), z) dz

27y =1 Jz|=ry
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for each n € N, where 0 < r1, ry < 1 are independent of t €
D(0,7¢) satisfying r1 + 12 <1 and R(L(t),z) = (2 — L(t))7!
denotes the resolvent operator of L(t).

Proof. Combining Lemma 4.2 and Ionescu-Tulcea and Marinescu
Theorem, we can see that if t € R\ {0}, the spectral radius of L(¢) is
less than 1 and £(0) = £ has an eigenvalue 1 and the other spectrum of
L is contained in D(0,r) for some 0 < r < 1. Thus all the assertions are
easy consequences of the general perturbation theory for bounded linear
operators (see Section VII-6 in [5] and [9]) except for the equations on
A(0) and A”(0) in (4.16).

Let g be an element in Fg(Ap — R). We consider the characteristic
function pgn(t) = [, eV=1t/n g dwp of the distribution of f(,) with
respect to the signed measure gwg. Then by (4.1) and (4.5) for t €
D(0,7¢) we have

(4.18) Pg.n(t) = /A L(t)"gdwp = Mt)"eg(t) +7g,n (1),

where

eq(t) = E(t)gdwp and rg‘n(t):/ R(t)"gdwp.
Ap Ap

Note that e4(t) and 74 ,(t) are analytic functions on D(0, 7o) satisfying

dkry "
gdo, 13a(0) =0, and | 7820 < curlgle

(4.19) e4(0) :/

Ap
for each k > 0 where ¢, is a constant independent of ¢ € D(0,7¢) and
k > 0 by (4.17). First we differentiate the functions in (4.18) after
substituting t/n for ¢ and hp for g. Next substitute O for . Then we

have f ) )
V=1 /A " = N (0) + Z e, (0) + —rh,, 2 0).

Letting n — oo, we obtain A’(0) = 0 in virtue of the Birkhoff Ergodic
Theorem. Similarly, first we differentiate twice the functions in (4.18)
after substituting ¢/1/n for t and next substitute 0 for ¢. Since A’'(0) =0,
we have

2
Dy x0 4 Lt 0 4 2, 00
Ap T n "B n "B

Letting n — oo, we obtain A”(0) = —v(f). It remains to prove the
positivity of v(f). Since the autocorrelation of f decays exponentially
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fast by the spectral decomposition (4.15), we can apply the Leonov’s
result (see Chapter 18 in [6]). Therefore we can find a real valued element
u € L?(ug) such that f = uoTp — u. Then we have eV~ feV=Tupp =
(e\/—:I“ o Tp)hp. Operate £ on both sides of this equation, we see that
L£(1)(eV~T™hp) = eV~hp. This contradicts the result in Lemma 4.2.
Hence we have seen that v(f) > 0. Q.E.D.

Consider pgn(t) = [, eV=1tfm gdwp of the distribution of f(,y with
respect to the signed measure gwp as above.. Now we can show the
following.

Theorem 4.4. There exists to > 0 such that if |t| < to\/n, we have

([ i) (2)

< (L + cudl) e (205 4 cudL) g,

where 71 € (0,1) are the same constants as in Proposition 4.3 and Cia,
Ci3, and Cy4 are positive constants independent of g and n.

(4.20)

Proof. By Proposition 4.3, there exists an analytic function w in
D(0,7y) such that

u(f)t?
2

At) =1~ + w(t)ts.

Thus 0 < tg < rg is small enough, there exists Cy5 > 0 such that

(4.21) ’A(%)" — exp (—ﬁf;ﬁ)‘ < Cisexp (_@tj) .

On the other hand by using (4.18) and the fact rg,,(0) = 0, we have

t t

=A(7)"eo(0) + A(ﬁ”(eg(%) — e, (0))

@ (iﬂ
(4.22) T

+ rg,n%) — 7y 0).

Applying the inequality in (4.19) and the inequality (4.21) to (4.22), it
is not hard to show the desired result. Q.E.D.

Now we are in a position to prove Theorem 1.1 and Theorem 1.2.
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Proof of Theorem 1.1. Recall the Berry-Esseen inequality (see [6]).
Let F' and G be distribution functions of probability measures on R.
Assume that G is differentiable. Then we have

@) sl 0wl <2 [y Rapioe),
z€R TJo U 7t zer
where h(u) = [T eV=1u2 dF(z) — [ V=14 4G(x).

If we consider the special case when g in Theorem 4.4 is a probability
density, then Theorem 4.4 gives an estimate of the function which plays
the role of & in (4.23). Thus we can obtain the desired result by applying
the Berry-Esseen inequality to the distribution function I of f(,) with
respect to gwp and the distribution function G of the normal distribution
N(0,v(f)). The result for general g is its easy consequence.

Proof of Theorem 1.2. Let g be a element in Fg(Ap — R). Since
g7 satisfies [gi]@ < [g]e, we may assume that g > 0 and fAB gdwg = 1.

First we consider the case when u satisfies & € D((—k, k)) for some
k > 0, where D(K) denotes the space of test function with support in a
set K C R. Let a be any real number. Then we have

Vi [ o+ foaote) dos = S [ )t T

Therefore we see that

Vi [ uta+ fnlgdos = ( [ u@)de) <o

2

(424) _v/m Vot g _ (0) o~ T
=5 Jy H0ean (07 bt~ (0) s »

le(n) + Rz(n) + Rg(n) + R4(n),

where

R =gt [ 0pae T

B =50 [ (@)~ aO)aal e T,

1 t ()3 S~ Ta -t .
= —_— _) — N
R3(n) (27r /ltkem/ﬁ(sag,n(\/ﬁ) e 7T )e ) u(0),

v 2 :
Ra(n) = — i/ e YTz g o).
21 Jit)>env/m
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The sequence €, in the above is chosen so that
(4.25) €n 10, €pv/nToo, and ezn% 10 (n— o).

Now we have

Ry (n)] <Y 1L o dtllgllolilloc

T 21 Je, <pti<k

_Vn ) :
o (/6"5|t|§t0+/to<|t|§k> 1£(t)"le dtllgllelldllc

In virtue of (1) in Proposition 4.3 and the choice of tp in Theorem 4.4,
we see that

v 2 n n 5
1) e < 4 Ol = 242 +r) i I < to
| Gulk)r(R)” if to < |t| <k,

where Cg is a positive constant depending only on 7 and f, Ci(k) a
positive constant independent of g but dependent on k, and r(k) < 1
denotes the supremum of the spectral radius of £(t) with ¢ running over
the set [—k, —to) U (to, k]. Thus we conclude that there exists a positive
number Cy(k) such that

429 IR < b (1- %) g
It is easy to see that

(4.27) IRa(n)| < o-€vllgle o

Next in virtue of Theorem 4.4; we obtain

(4.28) |Rs(n)] < Cur (ehn? +e2n?) ligllolliloo

for some Ci7 depending only on 7g and f. Finally we have

1 _wne? N
(4.29) |R4(n)| < (—2——/ e 2 dt) llglle|lE] oo-
7T [t|>env/n

Combining (4.26), (4.27), (4.28), and (4.29), we see that there exist
C3(k) > 0 depending only on Tg, f, and k, and v, dependlng only on
Tg, f with v, — 0 (n — 00) such that

|Ri(n) + Ra2(n) + Rs(n) + R4(n)|
< C3(k)vn (lafloo + 17']100) llglle-

(4.30)
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Combining (4.24) with (4.30), we obtain

(431) ]ﬂ [ 500015 | < 010 (e + 1)) Il

for some C4(k) depending only on 7g, f, and k. Hence we conclude
that {\/n@g.(-)eY~ 1) : n € N, @ € R} is a bounded family in the
distribution space D((—k, k))’. Since each v/ngyn(-)eV~120) is a dis-
tribution of positive type, the family turns out to be a bounded family
in the space of B(R)’ of the bounded distributions (see Chapter VII in
22]).

Next we choose any v € S(R) and fix it. Let g n,o denotes the
Radon measure such that iy .o = v7pgn(-)eV"10). Since {fig n.a} is
a bounded set in B(R) and ¢ € S(R) € B(R) , we have
[t + ) g matat)

R

sup
s€ER

(4.32) ;
= [ a(t)\/ﬁwg,n<t)ema+s“<dt>] < Cy(w),

= Sup om
R

s€R

where C;(u) > 0 is a constant depending on u but not on n. On the
other hand {u(s,t) = s7'(u(- +s) —u(-)) : 0 < |s| < 1} is a bounded
set in S(R), and so a bounded set in B(R). Therefore we have

/ (5, ) g ()
R

(4.33) sup sup < Co(u),

a€R 5:0<s|<1

where Cy(u) > 0 is also a constant depending on u but not on o and n.

Let {p;} be a sequence of probability measures on R which converges
to §(0) (the unit mass at the origin) weakly as 7 — oo such that p; €
D(R) for each j. Choose any § € (0,1). We consider

]/ (1)(ps * g ) () — /ngmdt)\
P /S|<5pj<ds’ J(wle+9) = ) g alat)

T / p;(ds)
|s}=>d

=1,(8) + 11,(9).
By (4.32) we have

L(6)| < / sl

[+ -ute) ug,n,awt)\

/Ru(s,t) ,ug}n,a(dt)t < Cg(u)d.
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Next by (4.33) we have
1,(8)] < py(1s] = 6)2C1 (u).
Thus we have
(4.35) [n(0) + 11 (8)] < C2(u)d + 2C1(u)p;(|s| = 9)-

On the other hand (4.24) and (4.30) yield that for fixed j, we obtain

1 _a?
(4:36) sup | [ u(t)(p; * g ) (@) = 0}, (0) e T | 20
ack| /2 27o(F)
Hence in virtue of (4.35), (4.36), we conclude that
1 o?
lim sup sup [v/n u(a + fn))gdwp — 14(0) e~ TlD

Ap 2mv(f)
< Cou)d +2C1 (u)p;(|s| > 9).

n—oo aER

Letting 7 — 00, we see that the left hand side in the above is bounded
by Ca(u)d. Since 6 € (0, 1) is arbitrary, the proof of Theorem 1.2 is now
complete.

Remark Since the metrics ©(z,y) and |z — y|; are equivalent on
Ap by Remark at the end of the previous section, the totality Lip(Ap)
of Lipschitz continuous functions with repect to the Euclidean metric on
Ap coincides with Fg(Ap) and its Banach norm ||g]| Lip = Lip(g)+1/9]lco
is equivalent to ||g|le. Thus all the results in this section are valid if the
space (Fg(Ag),| - |le) is replaced by (Lip(Ag),| - ||lLip). We employ
Fo(Ap) just for the sake of convenience.
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