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Abstract.

In Part I of this paper the dynamical systems of the Lagrangian
mechanical system X7 = (M, L(z,y), F.(z,y)) are defined and investi-
gated. In Theorem 3.1 we prove the existence of a canonical dynamical
system on the phase space whose integral curves are given by the La-
grange equations of ¥.;,. The particular case of Finslerian mechanical
systems is considered. The geometry of ¥; on TM is also described.
Part I is a survey of the author’s papers [18] [22] [23].

In the Part II for the first time the same problems for the Hamil-
tonian mechanical systems Yy = (M, H(z,p), Fe(z,p)) are studied.
In Theorem 10.1, we prove the existence of a canonical dynamical sys-
tem & on the momenta space, whose integral curves are given by the
Hamilton equations of ¥ . As a particular case the Cartan mechanical
systems are examined.

Introduction

The geometric study of dynamical systems is an important chap-
ter of contemporary mathematics due to its applications in Mechanics,
Theoretical Physics, Control Systems, Economy or Biology. If M is a
differentiable manifold that correspond to the configurations space, a
dynamical system can be locally given by a system of ordinary differen-
tial equations of the form ° = f*(¢,z), which are called the equations
of evolution. Globally, a dynamical system is a vector field X on the
manifold M x R whose integral curves c(t) are given by the equations
zoc(t) = ¢(t).
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The theory of dynamical systems deals with the integration of such
systems determining the general solution that correspond to some initial
conditions and with the qualitative problems of these solutions concern-
ing especially the stability.

For instance, such kind of theory can be developed for the Riemann-
ian mechanical systems Lr = (M, g(x), F.(z)) which have as evolution
equations the well known Lagrange equations, even though these equa-
tions are of second order. However, as we will prove in the present
paper, it is preferable to study these dynamical systems on the phase
space T'M. Following this idea, we can consider the more general Rie-
mannian mechanical systems ¥ whose external forces F,(z, %) depend
on points € M and on velocities  such that (z,%) € TM.

Consequently, we must define the dynamical systems on the 2ph.atse

1
, @
2G*(z, %) = 0, which are invariant with respect to changes of local coor-
dinates on TM. But in this case G* are the local coefficients 05 a vector
B —2G"(z, y)a_y’ Thus,
the geometry of the dynamical system is the geometry of S on TM. S
is called a semispray.

In the case of Lagrange space L™ = (M, L(z,y)), a canonical semis-
pray S is determined. Its evolution curves are given by the Euler -
Lagrange equations of L™. It is interesting to remark that the Euler -
Lagrange equations are selfadjoint, [8, 17, 26, 27].

A similar theory can be done for the dynamical systems on the mo-
menta space 1M, considering the Hamilton spaces H" = (M, H(x,y)).

In the present paper, in Part I, we define and investigate the no-
tion of Lagrangian mechanical system ¥, = (M, L{z,y), F.(z,y)), where

L™ = (M, L(z,y)) is a Lagrange space [16, 17] and F.(z,y) = Fi(z,y) By

are the given external forces. The evolution equation ¥; are given by
Postulate 1 from section 3 and they are expressed by the Lagrange
equations (3.3). In Theorem 3.1 one proves that on TM there exists
a canonical semispray S, (which is determined only on ¥ ), whose in-
tegral curves are given by the evolution equations of ¥;. However the
system of evolution curves is not selfadjoint.

Now the geometry of X1 is reduced to the geometry of the pair
(L™, 81). We develop this geometry determining for ¥; the canonical
nonlinear connection, the canonical N-metrical connection and the al-
most Hermitian model on TM. We deduce the remarkable formulas

space TM by a second order ordinary differential equations:

field S on the phase space M, given by § = y*
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(4.5), (4.6) for the h— electromagnetic tensor F;; and the Maxwell equa-
tions of ¥p. The particular case of Finslerian mechanical systems is
presented, also.

Part II deals with the dual (via Legendre transformation) of the pre-
vious theory, introducing for the first time the notion of Hamiltonian me-
chanical systems. These are defined by a set Xy = (M, H(z,y), Fe(z, p))
where H" = (M, H(z,p)) is a Hamilton space and F.(z,p) = F;(z,p)d"
are the given external forces. A good example is obtained by considering
Fi('rvp) = a(xvp)pi'

For more details from the Geometry of Hamilton spaces we refer to
the book [19] of R. Miron, D. Hrimiuc, H. Shimada and S. Sabdu.

Postulate 2 introduces the evolution equations of g as being the
Hamilton equations (10.3). But, these equations being £—dual of La-
grange equations (3.3”), which are not selfadjoint, are not selfadjoint,
also.

The main result is contained in Theorem 10.1 of Part II, in which
one proves the existence of the canonical dynamical system £ of the
Hamilton mechanical systems. Thus the geometry of the Hamiltonian
mechanical system Xy is the geometry of pair (H™, ).

The particular case of Cartan mechanical systems ¥¢ is studied, as
well.
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Part I. The dynamical systems of the Lagrangian
mechanical systems

The dynamical system of a Lagrange mechanical system can not be
correctly defined without geometrical frameworks of the phases manifold
TM, the manifold M being the configuration space of the considered
mechanical system.

Because of this, at the beginning of the present paper we briefly
present in section 1 some elements of the differential geometry of the
manifold TM. The Lagrangian mechanical systems Y, their evolu-
tion equations and the associated dynamical systems will be studied in
sections 2, 3. A special attention is paid to the cases of Finslerian or
Riemannian mechanical systems, since for some special external forces,
the evolution curves are given by the Lorentz equations. The content of
this part is a survey of the author’s papers [18, 20, 21, 22, 23, 24].

§1. The geometry of phase space

Let M be a C°° real n dimensional manifold called the space of
configurations. The local coordinate of the points x € M are denoted by
zt, (i=1,...,n). Let (TM,m, M) be the tangent bundle of the manifold
M. The 2n dimensional manifold TM is called the phases space of M.
A point v € TM, with n(u) = z, will be denoted by (z,y) and its local
coordinate will be (x%,y%), (i = 1,...,n). The coordinate (y*) can be

dx*

at the point
dt P

thought as a tangent vector (or a velocity vector) Yt =

ze M.
A change of local coordinates on TM, (z,y) — (Z,§) is given by

= 74(a7),

ozt
1.1 . - | =n.
(1.1) o rank(aﬂ> n
v =g5Y
o

0 0
The tangent space T,T'M has the natural basis | —| , —| ).
oz'|, oy'|,
With respect to a change of coordinates (1.1), the natural basis changes
as follows: :

8 9¥ 8 8 & 8 0¥

1-2 - . — . - e — T T .
(1.2) 57 o7 0% | 91 0§ Oyt 0z O
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0
Remark that B_y’ generates locally an n dimensional distribution V'
called the vertical distribution on T'M. Obviously, V is an integrable
distribution.
By means of (1.1) and (1.2), on T'M there exists a globally defined

vector field

(1.3) Yoy
and C vanishes nowhere on the manifold TM = TM \ {0}.

This is called the Liouville vector field.

On the manifold TM there exists a tangent structure J defined by

8' ® dzt.

(1.4) I= 50

J is an integrable structure [9, 16, 20, 21].
A semispray is a vector field S € x(T'M) which has the property

(1.5) JS =C.

Proposition 1.1. A vector field S € x(T M) is a semispray if and
only if there exists the functions G*(x,y) such that

;0 ; 0
1.6 =y'— —2G" —
( ) S y 81:1 G (‘7"7 y) 8yz )
and with respect to (1.1) we have
. 0F O
N P = -2G7 — -~
(1) 2G dzJ A

where G* are called the coefficients of the semispray S.

The integral curves of S are given by

dz? o dyt »
1.8 =y, — +2G* =0.
(1.8) S g TG )
We will say that S is a dynamical system on the phase manifold T'M
and the equations (1.8) are the evolution equations of dynamical system

S.

If M is a paracompact manifold, then on T'M there exists dynamical
systems S.

Now the geometry of a pair (T'M, S) can be constructed. First of
all we begin with the notion of nonlinear connection.
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A nonlinear connection NV on T'M is a distribution N on T'M sup-
plementary of the vertical distribution V:

(1.9) T.TM =N, oV, ueTM.
A local adapted basis to N is (§;), i = 1,...,n, where

(1.10) 6; = 8 — N} (z,)9;,

and NJ(z,y) are the coefficients of N. Here 0; =

i

- being the usual notations.

With respect to (1.1) the coefficients N’(z,y) transform as follows:
i 08 _ 0% i OF

kort — azkT Tt Ot
The nonlinear connection N can be defined by the functions N J’f(:r,y)

which verify (1.11). We have:

Theorem 1.1. If S is a semispray with the coefficients G*(z,y),
then the functions

(1.11)

(1.12) Ni(e0) = 5o
are the coefficients of a nonlinear connection N on TM.
Remarking phat 8;,0; is an adapted basis to N and V, then its dual
basis is (dz?, 0y*), where
(1.10") Syt = dy' + N;dxj.
Therefore the autoparallel curves of N are given by

dx’ . oyt
1.13 =y =
(1.13) =V g =0

The Lie brackets [d;, §;] can be expressed by

(1.14) [6:,65] = R0k,
where Rkij is the following d- tensor field
(1.15) R¥, = 6;Nf — 6;N}.

Here “d” means “distinguished”, [18, 20, 21}.
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The condition Rkij = 0 characterizes the integrability of the non-
linear connection N.

Now we can introduce the notion of N linear connection, like in [18].

A linear connection D on TM is called an N linear connection if
D preserves by parallelism the distribution N and V and the tangent
structure J is absolutely parallel by D.

In adapted basis (6;,9;) an N— linear connection D has two types
of coefficients DI'(N) = (L}, (,y), Cjp.(x, ))-

With respect to (1.1) these coeflicients transform as follows:

fr _ 038, P oat | 9°3" 6uPdat

U 9zl P97 939 OxPOTI HF 9T
(1.16)

ok di* |, OxP Bz9

W Pl P9 9

These equations characterize the coeflicients of an N — linear connection

D.

Denoting the operator of h— covariant derivation by “” and the
operator of v— covariant derivation by “|”, for the d— tensor field g,;(z, y)
we have:

Gijlk = OrGij — Lipgsj — Lixgis,
(1.17) '
9ijle = Okgis — Cigsi — Cjr9is.

Other details can be found in the books [2, 18, 19, 20].

§2. Lagrange Spaces

In the last thirty years many geometrical models in Mechanics,
Physics, Control theory, Biology were based on the notion of Lagrangian
or Hamiltonian, concepts studied by the author in [16, 17, 20]. Nowa-
days these geometrical theories are considerable developed and used in
various fields. '

We start with the following definitions.

A differentiable Lagrangian on the configurations manifold M is a

scalar function
L:(z,y)eTM — L(z,y) € R

of C® —class on TM and continuous on the null section.
The d— tensor field

1. .
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is a covariant and symmetric tensor, called the fundamental or metric
tensor.
The Lagrangian L(z,y) is “regular” if

(2.2) rank(g;;) =n on TM.

If L(z,y) is a regular Lagrangian we can consider the contravariant ten-
sor g*(z,y) of gi;(x,y).

Definition 2.1. A Lagrange space is a pair L™ = (M, L(z,vy)),
where L(x,y) is a reqular Lagrangian and its fundamental tensor g;; has
constant signature on TM.

If M is a paracompact manifold, then there exist Lagrange spaces
L™ = (M, L(z,y)).

Example.

Consider the Lagrangian used in electrodynamics:

(2.3) L(z,y) = meyi;(z)y'y? + %Ai(a:)yi + U(x),

where m # 0, c, e are the well-known physical constants v,;(z) being the
gravitational potentials, A;(x) is a covector field, the functions A;(z)
are the electromagnetic potentials and U(z) is a potential function.

It is not difficult to prove that L(z,y) is a scalar function on T™
with respect to (1.1) and that L™ = (M, L(z,y)) is a Lagrange space.
Its fundamental tensor field is given by g;; = mey,;(z).

In order to study the geometry of Lagrange spaces based only on
the principles of Analytical Mechanics, we present briefly the variational
problem for the differentiable Lagrangian L(z,y).

Let c:t € [0,1] — (z'(t)) € U C M be a parametrized curve having
the image in a domain of a chart & on M. Its extension to 7~ (i) C T™
isc*:te|0,1] — (x(t), Z—f—) e 1(U).

The integral of action of the Lagrangian L(z,y) along the curve ¢ is
given by the functional

1
(2.4) I(c) :/ L(z,z)dt.

0
Consider the curves ¢, : t € [0,1] — (z*(¢) + v¥(t)) € M, which have

the same end point as ¢ and v? is a vector field on U, ¢ is a real number.
The integral of action I(c.) is:

1
dx dv
2.4 I(c.) = L , — — .
(2.47) (ce) /0 (.I'+EU dt+€dt)dt
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A necessary condition for I(c) to be an extremal value of I{c.) is

(2.5)

Taking into account the previous considerations, equation (2.5) leads us
to

1 d - ;

where v'(t) is arbitrary. Therefore, from (2.6) follows:

Theorem 2.1. In order for the functional I(c) to be an extremal
value of the functionals I(c.) it is necessary for c(t) to be a solution of
the FEuler- Lagrange equations:

dz?
dt

(2.7) E/(L) Y ditc")iL — L =0, y =

The curves c(t) which verify (2.7) are called the extremal curves of
L(z,y).

A first property is obtained for the energy of the Lagrangian L:

. OL
2.8 Er=y'— - L
( ) L y ayz
Theorem 2.2. The energy £, is constant along every extremal
curve ¢(t) of L(z,y).

Remarking that E;(L) is a d— covector field we can apply the Euler-
Lagrange equations to determine a canonical semispray of a Lagrange
space L™,

Theorem 2.3. For a Lagrange space L™ = (M, L(z,y)) the Euler-
Lagrange equations E;(L) = 0 determine the semispray

(2.9) S= y'o; — 2 G (z,9)0;,

where

o 1 18 k 3
(2.10) 2G =59 (y OO, L — 6SL> .
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Proof. The equations E;(L) = 0 are equivalent to the equations
g9 E;(L) = 0, which are

a2zt 0l dx
11 hatiadl G hindil R
(211) dt? 2 (I’ dt ) ’

where G are given by (2.10). We can prove that with respect to (1.1)
ot ot
G have the rule of transformation (1.11). So G are the coefficients of

a semispray S. Q.E.D.

=]

S is determined only by the Lagrange space L™. So it is called the
canonical semispray.

Therefore we may say that the geometry of Lagrange space L™ is the
geometry of the dynamical system determined by the canonical semispray
[e]

S onTM.
So far we have the following.

1° The canonical nonlinear connection N of L™ has the coefficients

)

(2.12) N;=9;G .

e}
2° The canonical metrical connection D of L™, has the coefficients
given by the generalized Christoffel symbols

ot 1 . o o °
L= 29% <‘5j gskt Ok gjs— Os gjk) ’
(2.13)

ot 1 . . . .
Ci= 59” (ajgsk + Okgjs — 3s9jk) J

<) oJ .
where 6,= 0,— N, 0;.

Remarks. 1° The integral curves of S are

drt Cdyt ot
~ oy, Y tog (z,y) =0.

2.14 il
(2.14) ik Al

2° The geometrical object fields S, N,I"' (N) can be calculated without
difficulties for the Lagrange space L™ of the electrodynamics.
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§3. The Lagrangian Mechanical systems

The notion of Lagrangian mechanical system can be introduced as
a natural extension of the classical one, considering the regular La-
grangians L(z,y) and the external forces F¢(xz,#) defined on the phase
space.

Definition 3.1. A Lagrangian mechanical system is a triple
(31) Y = (MvL($7y)7Fe(x’y)),

where L™ = (M, L(z,y)) is a Lagrange space and Fe(z,y) is a given
vertical vector field:

(3.2) F.(z,y) = Fi(x,y)éi.

F. are called the external forces, F*(x,y), (i = 1,...,n) determine a
d— vector field on the manifold T'M.

The fundamental tensor g;;(x,y) of L™ is called the fundamental
tensor, or the metric tensor of .

Taking into account the variational problem of the integral action
of L(z,y) we introduce the evolution equations of ¥, by:

Postulate 1. The evolution equations of the Lagrangian mechanical
system X1, are the following Lagrange equations:

d (8L\ oL . do
(3.3) 7 (@7) i Fi(z,y), y' = TR
where
(3.3) Fi(z,y) = gi(x, y) F? (2,y).

If L(z,y) = E(z,y) = 7ij(x)y'y’ is the kinetic energy of a Rie-
mannian space R™ = (M,v;;(z)) and 9;F* = 0, then (3.3) are the
classical Lagrange equations of a Riemannian mechanical system Yr =
(M, &, F.(x)) [25, 26, 27].

For us it is useful to remark:

Proposition 3.1. The Lagrange equations (8.8) are equivalent to
the equations:

a2z’ K dx 1_. dz
37 — ) = ZF* -
(3.37) e +2G (x, dt) 5 (ac, dt) ,
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where

ot

(3.3") 2G = %gis(ykésBkL — 8,L),

e}
are the coefficients of the canonical semispray S of the Lagrange space
L.

Remarking that the functions

i

(3.4 G'(w.9) =G (5,9) - {F'(z0),

are the coeflicients of a semispray, we can prove, without difficulties, the
following theorem:

Theorem 3.1. The following properties hold:
1° St given by

(3.5) SL=y'd; -2 (é —jIFi) O,

18 @ Semispray on TM.

2° St is a dynamical system on ™ depending only on the La-
grangian mechanical system X, .

3° The integral curves of Sy, are the evolution curves of ¥y, given by

(3.3).

Clearly, by means of (3.4) we can write
. . o 1 ..
(3.5") Sr =y'0; —2G*0; =S +§F18¢,

which shows, directly, that Sy, has the properties expressed in the pre-
vious theorem.

Looking at the energy e, of the Lagrangian L(x,y), given by (2.8),
and using the Lagrange equations (3.3), we obtain

Theorem 3.2. The variation of the energy £ along the evolution
curves of ¥y, is given by:

der, dz\ dz’
3.6 der _ p (. T dzt
(3.6) @ - <“T’ dt> dt

Therefore we can say that the geometry of the Lagrangian mechanical
system X, is the geometry of the pair (L™, Sy), where Sy, is canonical
semispray (or its dynamical system).
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Hence, the canonical nonlinear connection N of ¥;, has the coeffi-
cients

. o 1. .
(3.7) N =N; —4;F",

o ot
where N (NV;) is the canonical nonlinear connection of the Lagrange
space L". _
The adapted basis to the distribution N and V are (4;,9;), where

o 1. ..
(38) 0; =0; +15iF96]-,
with the dual basis (dz?, §y*), where dy° is given by
) i 2 1 igd
(3.8") oyt =6 y" — ZajF dz’.

The Berwald connection BI'(N) = (B]k, 0), B ]k = BkN has the coeffi-
cients

. ot 1. . .
(3.9) By, =By 70,0k F".

We have B;-k = B,ij.
The tensor of integrability of the canonical nonlinear connection N

is as follows:
(3.10)

1 . 1 . C o C
R, _Rjk + LG FY = (0;F )] = 15 [0k F* - 0,0, F — 0;F° - 0,00 F'],
where “y” is the h— covariant derivative with respect to B['(V).

§4. The canonical metrical connection of ¥,

The canonical N— metrical connection of X;, with the coefficients
CT(N) = (L}, Cj;) is uniquely determined by the conditions

1° N is the canonical nonlinear connection (3.7);

2° g4k = 0,

3° glﬂlk = 0

4° Tjk = L LZJ =0,

5° SJ’k = C” C}CJ =0.
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CT(N) has the coefficients L%, and C, given by the generalized
Christoffel symbols

. 1 .
Lik = 59% (8595 + 0kgss — 0s;n),
(4.1)

. | . .

ik = 59" (0igsk + Okgjs — gk )-
We can prove without difficulties:

Theorem 4.1. The canonical metrical connection CT'(N) has the
coefficients

. ot 1 ot . ot . . o . A ol
(42) L;k =ij +§(Ck3 ast+ st asz—g" Cjks 87"Fs)7 C;k =Cjk7

where CT(N) is N canonical metrical connection of Lagrange space L™.

Consider the h— and v— deflection tensors(see [16, 17] for details)
of CT(N), defined by Dj = yf;, dj = y'|;, as well as the h— and v-
electromagnetic tensors

1 1
(4.3) Fij = E(Dij - Dj), fij = §(dz‘j —djs),
where D;; = g;» D}, dij = gird)j.
Let us consider the helicoidal tensor of ¥ :

1. :
(4.4) Fiy = 5(0;F; — 0. Fy).

From (4.2), (4.3) and (4.4) it follows f;; = 0, and therefore we obtain
the following Theorem.

Theorem 4.2. Between the h—electromagnetic tensors Fj, %ij of
Yr and L™ and the helicoidal tensor Fy; of L1 the following relation
holds:

(4.5) fij =.;Eij +

Also we can prove:

Theorem 4.3. The following generalized Mazwell equations hold
good:

1
Figik + Firti + Faj = 5 0 (4° Roige = Riji),

g
(4.6) uk

Fisle + Firli + Fril; =0,
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where g is the cyclic sum symbol.
ij

85. The almost Hermitian model of X},

The N- lift, [15, 16, 17], denoted by G of the fundamental tensor
gi; of the Lagrangian mechanical system X together with the almost
complex structure [F determined by the canonical nonlinear connection
N define an almost Hermitian structure (G,F) on the phases space T M.
The almost Hermitian manifold H?" = (ﬁl, G, F) is the almost Hermit-
ian model of the system Y. Applying the well-known methods ([17]),
we can study the Einstein equations of 3.

The N~ lift of fundamental tensor g;; on TM is defined by

(5.1) G = gijdz’ ® dz’ + gi;0y" ® 5y,

with §y* from (3.8).
The almost complex structure determined by the canonical nonlinear
connection IV is expressed by:

(5.2) F =6, ® 6y’ — &; ® da'.
Thus, one has:

Theorem 5.1. We have: .

1° G is a pseudo-Riemannian structure on TM and F is an almost
complex structure on TM. They depend only on ¥r..

2° The pair (G,TF) is an almost Hermitian structure.

3° The associated 2-form 0 of (G,F) is given by

(5.3) 6 = gi;0y" Adx’.

4° @ is an almost symplectic structure on TM.
5° The following equality holds

[} 1 . .

Q o] ) 3
Since 6= g;; 6 y* Adz? is the symplectic structure of Lagrange space

L™, [16, 17], we have d = 0. So the exterior differential of § can be
expressed in the form

1 . .
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or in the following equivalent form
(5.4)

1 X 1. i _
do = ~E(Fij|,c + Fjpji + Fi))dz® Ada’ Ada? — ZakFijayk Adz® Adz? .
Corollary 5.1. 1° The helicoidal tensor F;; vanishes if and only if
0 =0. _
2° 6 is a symplectic structure on the phases space TM if and only
if the following equations hold:

Fijik + Fjnji + Frij =0, OkFyy = 0.

Now we observe that a good application of this theory is the case of
the Lagrangian mechanical systems X = (M, L(z,y), Fe(z,y)), where
L(z,y) is the Lagrangian from electrodynamics given by (2.3), and F, =
Afj(m)yj&, where Af; = 0;A' + A*y;; and A'(z) = vV (2)A;(2).

§6. Finslerian Mechanical systems

An important particular case of previous theory is obtained by the
Finslerian mechanical systems

(61) EF = (M,F(Sﬁ’y),Fe(ﬂfay))»

where F™ = (M, F(z,y)) is a Finsler space, [4, 5, 10, 15].

The evolution curves of X are given by the equations
d
dt
where F*(z, y)az = F, and F* = g F;. Of course g;; is the fundamental
tensor of the Finsler space F™.

The system (6.1) is equivalent to

d?z? dr? dzF 1 _, ,  dxt

63 A R LA _ 4
( ) dt2 +’Y]k('ray) dt  dt 2F ($7y)7 Y dt

If F. = 0 then (6.3), in the canonical parametrization, give us the

geodesics of the space F'™,
The canonical spray S of F™ is

(6.2) (BiF?) — §;F% = Fy(z,y),

i

) ; ol | o 1 i .
(6.4) §=y'0:-2G 8;, G = Shla vy,

[s]
and the Cartan nonlinear connection N has the coefficients
i 0t
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where vjk(x,y) are the Christoffel symbols of the fundamental tensor
Gij (.’L’, y) .

The most important result here is given by Miron - Frigioiu’s The-
orem:

Theorem 6.1. We have:
1° Sr given by

(6.6) Sp =48, — 2 <5 —%F’) 8, =8 +%Fia~,

1S a semispray on TM.

2° Sr is a dynamical system on the phases spaces T™ depending
only on the Finslerian mechanical system L.

3° The integral curves of Sg are the evolution curves of L p given

by (6.2).

The energy er = F? = g;;y'y’ satisfies the equality (3.6) on every
evoluton curve.
__Therefore, we can say that the geometry of X is the geometry on
T M of the semispray Sp. All considerations made for ¥y, in the §3, §4,
85 can be particularized without difficulties.

Examples. 1° Let A;(z) be a covector field and A;; the covariant
[e]
derivation with respect to CI'(N). Consider the external forces F, =

Ay giha'h which give a first example of systems X p.

2° F, = a(:c,y)yiéi. Systems Y p with F, of this form have the
evolution equations (6.2) of Lorentz type.

It is interesting to remark some properties of the electromagnetic
fields -7:ij and fij of EF.

First of all, we have f;; = 0 and from Theorems 4.2, 4.3 we deduce

Theorem 6.2. The h— electromagnetic tensor F,;(x,y) of £r and
the helicoidal tensor F;; of same Finslerian mechanical system are in
the following relation

1
(6.7) Fig = 1 Fy-

Theorem 6.3. The generalized Maxwell equations of ¥f are
Fijie + Fjrta + Fraly = 2.0 (v Raige = Riji),
(6.8)
Fijlk + Fyli + Fral; = 0.
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§7. The Riemannian mechanical systems

The most natural application of the previous theory is the particular
case of the Riemannian mechanical systems when the external forces
F.(z,y) depend on the points * = (z') and on their velocities y =

dz?
(%)

A Riemannian mechanical system is the set ©g = (M, g(z), Fe(z,y)),
where R™ = (M, g(z)) is a Riemann (or pseudo-Riemann) space, where
metric tensor g;;(z) and F, = Fi(x,y)éi are the external forces. If
3jF ¢ = 0, then Yx is the classical Riemann mechanical system.

The previous theory from the sections 3—6 can be applied by con-
sidering the kinetic energy &£ of Xg:

(7.1) E = gy (2)y'y’
and the evolution equations of ¥ given by the Lagrange equations

d 06  0¢& dz’

72 —_ - = I'; YY), i:——
(7.2) Fi(z,y), v = —

_ = ) — .. J
dt 8y' Ozt » Fi(z,y) gzy(I)F (z,y).

This system is equivalent to

(7.27)

Z z, —
dt

2z i dxd dz* 1 ; dz
e P@ g =3t < )

where v}, (z) are the Christoffel symbols of metric tensor g (x).
Theorem 6.1 leads to:

Theorem 7.1. We have:
1° S% given by

. ol 1 1\ .
(73) S’R = y’@i -2 (G —ZF1> 8i,
where
) °f 1, ik
(7.3) G = 5k(@)y’y",

is a semispray on TM.

2° Sgr is a dynamical system on the phases spaces TM depending
only on the Riemannian mechanical system Yz

3° The integral curves of Sg are the evolution curves of Lr.
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It follows that on the evolution curves (7.3) the variation of kinetic
energy ¢ is given by

d& dz\ dzr
74 — = F; — .
(74) at (x dt) dt
Therefore we can say that the geometry of X is the geometry on TM
of the semispray Sgr.
Example. For a Riemannian mechanical system ¥z having the
external forces of the covariant components

Fi(z,y) = Ay, Ay = 0j4; — AsViss

A;(x) being a given covector field (the electromagnetic potentials), the
evolution equations (7.2) are the Lorentz equations from the electromag-
netism.

The canonical nonlinear connection N of ¥ has the coefficients

. : 1. .
(75) N =@yt — 15 F
and the canonical metrical connection Cy(N) has the coefficients

(7.6) Li(z,y) = v (x), Cplz,y) =0.

The h— electromagnetic tensor F;; and the helicoidal tensor Fj; satisfy

the equations

1
Fij = 1 Fi
and the Maxwell equations (4.6) are verified.
In the case of classical Riemannian mechanical systems Yz, for
which =

v 0, the previous theory can be applied without difficul-
Y

ties.

Obviously, we can use the vector field Sk on the phase space T M for
studying the qualitative problems as stability concerning the evolution
curves of Y.
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Part II. The dynamical systems of the Hamiltonian
mechanical systems

The theory of dynamical systems of the Hamiltonian mechanical sys-
tems can be constructed step by step following the theory of Lagrangian
mechanical systems. But the legitimacy of this theory is proved by
means of £—duality (Legendre duality) between the Lagrange spaces
and Hamilton spaces. In this part of our paper we develop this theory
using our papers [23, 24], and the book of R. Miron, D. Hrimiuc, H.
Shimada and S. Sabdu [19].

The content of this part is new.

§8. Preliminaries for the geometry of momenta space

Let M be a C*°— real n— dimensional manifold (called configura-
tions space) and (T M, n*, M) be the cotangent bundle of M. T*M is
called the momenta space. A point v* = (z,p) € T*M, #*(u*) = =
has the local coordinates (z*,p;), (') are the coordinates of the points
z € M and (p;) are the momenta, as local coordinates of the momenta
p at point z.

A change of local coordinate (x,p) — (Z,5) at the point u* is given
by

=34 (al), det (gf;) # 0,
(8.1)

o2
bi = ‘éTPJw

0] .
The tangent space Ty« T*M has the natural basis | — = 9;, 0 =0").
ox? Op;

With respect to (8.1) this basis transforms as follows:
o 917 9 Op, %

Bzt 92105 | Bxil

(8.2)
. ozt .
0'= —0.
07
On the manifold T* M there are globally defined Liouville 1-forms
(8.3) p = pidx’,

and the natural symplectic structure

(8.4) 6= dp; A dz'.
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Let V = kerdn* be the vertical subbundle on T*M . It defines a dis-
tribution V locally generated by vector fields (9%). A supplementary
distribution' N to V' is named a nonlinear connection on T*M. We have

(8.5) TyT*M = Ny ® Vyr, Yu* € T*M.

If the base manifold M is paracompact on T M there exists nonlinear

connections N. )
An adapted basis to N and V is (§;,9"), where

(8.6) 0; =0; + N]'ia.j.
The functions Nj;(x,p) are the coefficients of the nonlinear connection
N. 4
. < Oz’

Under a change of coordinates (8.1) on T*M we have 0; = @Jj

and
- Ox® Ox" 3%z

8.7 ij = - o= 1Vp rAsIaSs
®.7) 1= grow T Prazion

Then
(8.8) tij = Nij — Ny,

is a d— tensor field.

If ¢;; = 0, the functions N;; are called a symmetric nonlinear con-
nection.

The dual adapted basis of (6;,8") is (dz*, 5p;), where

(8.9) 6pi = dp; — Nijdz?.
Here 6p; are 1-forms on T*M.
If N is symmetric then the symplectic structure 5 can be written as
(1.4) 6= 6p; A dz'
The integrability tensor of N is given by
(8.10) Ry;j = 0; Nj — 6; Nk,

and Ry;; = 0 gives us necessary and sufficient conditions for integrability
of the distribution N.

The notion of N- linear connection on T*M can be found in the
books [19, 21].
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89. Hamilton spaces. Variational problem

The notion of Hamilton space has been introduced by the author in
[19]. It is defined as a pair H™ = (M, H(z,p)), where H is a scalar
function on the momenta space T*M, of class C*° on the manifold
T*M = T*M \ {0} and continuous on the null section of 7*, and the
d-tensor

(9.1) 99 (z,p) = %3i5"H,

—~——

has the rank n = dim M and constant signature on T*M.
We have ([19]):

Theorem 9.1. 1° In a Hamilton space H™(M, H(z,p)) with para-
compact configurations space M, then there exist nonlinear connections
determined only by H™.

o
2° One of them, say N, has the coefficients:

o 1 . . .
(9.2) Ni= —%gﬂ, Zgikak{H,BhH}Jrah@iH )

o]
3° N is symmetric.

In the formula (9.2), {, } is the Poisson bracket.

N is called the canonical nonlinear connection of H™.

Now, the variational problem for a C*°— Hamiltonian H(z,p) can
be formulated.

Consider a smooth curve on a domain of a local chart 7*~}({) in
T*M, c:te[0,1] — (z(t), pi(t)) € 7 1(U) and the functional

1 i
(9.3) 1o - [ [pi(t)%ft— ~ LH).p))| dt.

Obviously, I(c) is invariant with respect to (8.1).
A variation ¢ of ¢ is

(9-4) Z'(t) = 2'(t) + e’ (t), Pi(t) = pi(t) + e2ms(t),

where v'(t),n;(t) is a vector field and 7;(t) a covector field along the
curve c¢ for which:

(9.5) S dt
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Here, £1,e9 are real numbers, sufficiently small in absolute value such
that Imé C m*~1(U).
1(¢) is given by

c ' dz! dv?
(9.3 1(¢)(e1, 62) = /0 {[Pi(t) + e2m;(t)] <% + €1E>

1
— §H(:r +ev,p+ Szﬁ)}dt.

The necessary conditions as I(c) be an extremal value of I(¢) are -

a1(e) ()]
’ 652

(9.6) =0.

61=€2=0 61=52=0

Using the classical method of variational calculus, by means of (9.3’) we
obtain

1 ; 1 ;
dvt 10H . dr* 10H
i— — —=—v" | dt =0, — -5 | mdt =0,
/0 (p dt 23$lv)d 0 /0 (dt 23Pi>ndt 0

which lead to

1 ] 1 1
dx* 10H dp’ 10H .
9.7 = Jdt =0, d idt = 0.
(0.7) /o(dt 2api)"dt O/O(dﬁwxi)”dt 0

But v(t) and n;(t) being arbitrary, we obtain

Theorem 9.2. The necessary conditions of extrem (9.7) imply that
the curve c(t) = (z'(t), pi(t)) is a solution of the following Hamilton -
Jacobi equations ’

de* 10H _ dp; 10H _

(9:8) dt 20p;, = dt 20z%

Let N be a symmetric nonlinear connection, then the equations (9.7)
are equivalent to

de' 10H _  op.  16H _

9.7 o [
(0-7) dt  20p; T odt 2670

The equations (9.7’) show the geometrical meaning of the Hamilton -
Jacobi equations with respect to the change of coordinates (8.1).

The curves c(t), which verify (9.8) are called extremal curves for
Hamiltonian H(z,p). If H(z,p) is the fundamental function of a Hamil-
ton space H™, then the extremal curves ¢(t) are called geodesics of H™.
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Theorem 9.3. The Hamiltonian H(z,p) is constant along every
extremal curve c(t).

Now, consider a Hamilton space H™ = (M, H(xz,p)). Thus we can
proof without difficulties:

Theorem 9.4. 1° For a Hamilton space H™ there exists a vector
o o~
field £ x(T* M) with the property

(9.9) zg 6= —dH,
where zg 8 is the interior product of £ and 6.

2° The vector ﬁeldz s given by

(9.10) = %(3%@ — 8,Hd.

o]
3° The integral curves of € are given by the Hamilton - Jacobi equa-
o

tions (9.7). £ is called the Hamiltonian vector of the space H™.

o
If N is the canonical nonlinear connection of H™, then in adapted

basis (d;,d"), the vector field 2 takes the invariant form:
o 1 .. _© o .
(9.9 &= 3 (8’H d; — 0; H82> .

o
Therefore, we can say that & is a dynamical system of the Hamilton
space H™ having the Hamilton - Jacobi equations as evolution equations.

§10. The Hamilton mechanical systems

Following the ideas from the first part of this paper we can introduce
the next definition.

Definition 10.1. A Hamiltonian mechanical system is a triple:
(101) EH = (MvH(x1p)’Fe('T7p))a

where H™ = (M, H(x,p)) is a Hamilton space and

(10.2) Fe(z,p) = Fi(z,p)0*

is a given vertical vector field on the momenta space T*M.
F, s called the external forces field.
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The evolution equations of ¥ g can be defined by means of equations
(9.6) from the variational problem.

Postulate 2. The evolution equations of the Hamiltonian mechan-
ical system X are the following Hamilton equations:

dz?
dt

1, |
— 581H = 0, Eiﬂ + —6,-H = lF‘i(it,p).

10.
(10-3) a2 2

Obviously, for F. = 0, the equation (10.3) give us the geodesics of
the Hamilton space H™.

o

Using the canonical nonlinear connection N we can write the Hamil-
ton equations in an invariant form, which allow to prove the geometrical
meaning of these equations.

Examples. 1° Consider H™ = (M, H(z, p)) the Hamilton spaces of
electrodynamics, [19]:

1 2e e3 i
H(z,p) = pag I(x)pip; — WA (z)pi + n_ngi(x)A (),

and F, = piéi. Then Yy is a Hamiltonian mechanical system deter-
mined only by H™.
2° H" = (M, K?(z,p)) is a Cartan space and F, = p;0".
3° H™ = (M, e(x,p)) with e(z, p) = v¥ (2)p;p; and F, = a(z)p;d".
Returning to the general theory, we can prove:

Theorem 10.1. The following properties hold:
1° € given by
(10.4) ¢ = -;-[a'iﬂai — (0,H — F)d]

s a vector field on 7M.
2° & is determined only by the Hamiltonian mechanical system Y.
3° The integral curves of €& are given by the Hamilton equation
(10.3).

The previous Theorem is not difficult to prove if we remark the
following expression of &:

(105) E=Eo+ 5P

Also we have:
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Proposition 10.1. The variation of H(x,p) along the evolution
curves of Xy is given by:
dH dxt
10.6 — =F—.
(10.6) , dt 't
The vector field £ on T*M is called the canonical dynamical system
of the Hamilton mechanical system > p.
Therefore we can say that the geometry of X is the geometry of
pair (H™, ).

§11. Geometrical properties of Xy

The fundamental tensor g/ (z, p) of the space H™ is the fundamental
or the metric tensor of X¥g. However, other fundamental geometric no-
tions, as the canonical nonlinear connection of Xz cannot be introduced
in a straightforward manner. They will be defined by means of £— du-
ality between the Lagrangian and the Hamiltonian mechanical systems
Y and Y.

Let 3p = (M,L(:r,y),l*:e(x,y)), l*;e = Ilw(a:,y)al be a Lagrangian

mechanical system. The mapping
1.
v:(z,y) €TM — (z,p) e T*M, p; = 58,~L

is a local diffeomorphism called the Legendre transformation.
Let ¢ be the inverse of ¢ and
(11.1) H(z,p) = 2piyi - L(z,y), y = ¥(z,p)-

One can prove that H™ = (M, H(x,p)) is a Hamilton space, [19], called
the £- dual of Lagrange space L™ = (M, L(z,vy)).
One proves that ¢ transforms [19]:
1° The canonical semispray S’ of L™ in the Hamilton vector { of H™.
2° The canonical nonlinear connection N 1 of L™ into the canonical

o
nonlinear connection Ny of H™.
3° The external forces F, of X1, into external forces F, of X, with
1

Fi(z,p) = gij(z,p)Fi (z,¥(z, p)).
4° The canonical nonlinear connection Ny, of ¥; with coefficients
(3.7) into the canonical nonlinear connection Ng of X g with the coeffi-

cients

o 1 .
(112) Nij(l',p) :Nij (m,p) -+ ZgihahFj,
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where N;; are given by (9.2).

Therefore we can introduce:

Postulate 3. The canonical nonlinear connection N of the Hamil-
tonian mechanical system X g is given by the coefficients N;;, (11.2).

Of course we can prove directly that N,;, given in (11.2), are the
coefficients of a nonlinear connection. It is canonical for Xy, since N
depend only on the system X g.

The torsion of N is

1 . .
(11.3) tyj = Z(gz’hahFj — gjn0"F).

Obviously, d°F; = 0, implies that N is symmetric.
Let (4;,0%) be the adapted basis to N and V and (dz?, §p;) its coba-
sis:
(11.4) (51' = Bi + Njiéj, 5]),’ - dpi - Nijdxj.
The tensor of integrability of the nonlinear connection N is

(11.5) Ryij = 6;Nij — 0 Niy.

The condition Ry;; = 0 characterize the integrability of the distribution
N.

The canonical N —metrical connection CT'(N) = (H;k, Cgk) of the
Hamiltonian mechanical system Y g is given by the following theorem:

Theorem 11.1. The following properties hold:

1) There exists only one N—linear connection CT = (N, H]’:k, ka)
which depend on the Hamiltonian system X and satisfies the axioms:
1° Ny; from (11.2), (9.2) is the canonical nonlinear connection.

2° CT is h— metric:

(11.6) 9" = 0.
3° CT is v—metric:
(4.6) gIF =o.
4° CT s h—torsion free:
(11.7) T}, = Hj), — Hi; = 0.

5° CT is v—torsion free

(11.7) Sk =it _cH =o.
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2) The coefficients of CT' are given by the generalized Christoffel
symbols:

. 1 .
H;'k = 5918(5jgsk + (5kgjs - (Ssgjk),
(11.8)
Ci = —20is(8g™ + 8Fg7* — O%g7").
Now, we have all data needed to construct the geometry of Hamilton

mechanical system Y g. Therefore we can now investigate the electro-
magnetic and gravitational fields of Xg.

§12, The Cartan mechanical systems

An important class of systems Yy is obtained when the Hamiltonian
H(z,p) is 2-homogeneous with respect to momenta p;, [2, 3, 19].

Definition 12.1. A Cartan mechanical system is a set
(12.1) Ye = (M, K(z,p), Fe(z,p)),
where C = (M, K(x,p)) is a Cartan space and
(12.2) F, = Fy(z,p)d",
are the external forces.

The fact that C™ is a Cartan spaces implies:

1° K(z,p) is a positive scalar function on T*M.

2° K(z,p) is a positive 1-homogeneous with respect to momenta p;.
3° The pair H" = (M, K?(z, p)) is a Hamilton space.

Therefore, we have

a. The fundamental tensor g% (z,p) is given by

L 1....
(12.3) g = 561891(2.
b. We have
(12.4) K? = g"pip;.

c. The Cartan tensor is given by
Cijk — lazajakKQ picijk =0
4 ’ '

d. C* = (M, K(z,p)) is the L— dual of the Finsler space F" =
(M, F(z,y)).



Dynamical systems 337

o
e. The canonical nonlinear connection N, introduced by the author,
has the coeflicients

o 1 .
(12.5) Nij=pn — 5(7£Lrphpr)859ijv

W;k(x, p) being the Christoffel symbols of g;;(x, p).

Obviously, the geometry of ¢ is obtained from the geometry of X g
taking H = K%(z,p).

Hence, we have:

Postulate 2’. The evolution equations of the Cartan mechanical
system Y.c are the Hamilton equations:

dp;
dt

'3
1..
' Llsige_q

(12.6) 3

1 1
+ —2—31K2 = ‘2‘Fi(l'7p)-

A first result is given by

Proposition 12.1. 1° The energy of the Hamiltonian K? is given
by ex2 = p; ' K2 — K2 = K2.

2° The variation of energy x> = K? along to every evolution curve
(12.6) is

dK? dx?
12.7 82 %
(12.7) dt dt
Example. The mechanical system X, with K (z,p) = {v¥(z)pip;}*/2,
(M, ~ij(x)) being a Riemann spaces and F, = a(z, p)p;d".
Theorem 10.1 of Part I can be particularized as follows.

Theorem 12.1. The following properties hold good:
1° & given by

(12.8) £ = =[0'K?0, — (8;K? — F,)dY,

N

is a vector field on T+M.
2° £ is determined only by the Cartan mechanical system Y.

3° The integral curves of & are given by the evolution equations
(12.6) Of Ec.

The vector £ is the canonical dynamical system of the Cartan
mechanical system X¢.

Therefore we can say that the geometry of ¥ is the geometry of
the pair (C™,€).
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The fundamental object fields of this geometry are C™, €, F., and the
canonical nonlinear connection N with the coefficients

[ 1 .
(129) Nij :Nij +Zgih8hFj,

with Ny; from (12.5). Taking into account that the vector fields §; =
9; — Njiéj determine an adapted basis to IV, we get the canonical N—
metrical connection CT'(N) of X¢.

Theorem 12.2. The canonical N— metrical connection CT'(N) of
the Cartan mechanical system Yo has the coefficients

. 1 . , ,
(12.10) Hy = 59”(5jgsk +0kgjs — Osg5k), CIF = gisCoI*.

Using the canonical connections N and CI'(N) one can study the
electromagnetic and gravitational fields on the momenta space T*M of
the Cartan mechanical systems X¢, as well as the dynamical system &
of 2(;.

References

[1] R. Abraham and J. E. Marsden, Foundations of Mechanics, second ed., The
Benjamin Cummings Publ. Co., 1978.

[2] P. L. Antonelli (ed.), Handbook of Finsler Geometry, I, II, Kluwer Acad.
Publ., 2003, p. 1937.

[3] P. L. Antonelli and R. Miron (eds.), Lagrange and Finsler Geometry. Ap-
plications to Physics and Biology, Fund. Theories of Phys., 76, Kluwer
Acad. Publ., 1996.

[4] G. S. Asanov, Finsler Geometry. Relativity and Gauge Theories, D. Reidel
Publ. Co., Dordrecht, 1985.

|5] D. Bao, S. S. Chern and Z. Zhen, An introduction to Riemann-Finsler
Geometry, Grad. Texts in Math., 200, Springer-Verlag, 2000.

[6] I Bucdtaru, Linear connections for systems of higher order differential equa-
tions, Houston J. Math., 32 (2005), 315-332.

[7] S.S. Chern, A mathematician and its Mathematical work (selected papers
of S. S. Chern), (eds. S. Y. Cheng, P. Li and G. Titan), World Scientific,
1996.

[8] M. Crampin, On the inverse problem of the calculus of variations for systems
of second-order ordinary differential equations, Finslerian Geometries—A
Meeting of Minds, Fund. Theories of Phys., 109, Kluwer Acad. Publ,,
Dordrecht, 2000, 139-151.

[9] F. J. E. Dellon and L. C. A. Verstrahelen (eds.), Handbook of Differential
Geometry, II, Elsvier B. V. Netherlands, 2006.



Dynamical systems 339

[10] M. Haimovici, Opera Matematici vol. I, II, ed., Academiei Roméane 1998,
2006.

[11] D. Hrimiuc and H. Shimada, On the L—duality between Lagrange and
Hamilton manifolds, Nonlinear World, 3 (1996), 613—-641.

[12] J. Klein, Espaces variationels et mécanique, Ann. Inst. Fourier, Grenoble,
13 (1968), 1-124.

[13] O. Krupkova, The Geometry of ordinary Variational Equations, Springer-
Verlag, 1997.

[14] P. Liberman and Ch. M. Marle, Symplectic Geometry and Analytical Me-
chanics, D. Reidel Publ. Comp., 1987.

[15] M. Matsumoto, Foundations of Finsler Geometry and Special Finsler
Spaces, Kaisheisha Press, Otsu, 1986.

[16] R. Miron, M. Anastasiei and I. Buc&taru, The Geometry of Lagrange spaces,
Handbook of Finsler Geometry, II, (ed. P. L. Antonelli), 2003, 969-1122.

[17] R. Miron and M. Anastasiei, The Geoemtry of Lagrange Spaces: Theory
and Applications, Fund. Theories of Phys., 59, 1994.

[18] R. Miron, The Lagrangian Mechanical Systems and associated dynamical
systems, Tensor (N.S.), 66 (2005), 53-58.

[19] R. Miron, D. Hrimiuc, H. Shimada and S. Sab&u, The Geometry of Hamil-
ton and Lagrange Spaces, Fund. Theories of Phys., 118, 2001.

[20] R. Miron, Compendium on the Geometry of Lagrange Spaces, In: Hand-
book of Differential Geometry, Elsevier B. V. Netherlands, ITI (2006),
437-512.

[21] R. Miron (ed.), Lagrange and Hamilton Geometries and their Applications,
Fair Partners, Buc. 2004, p. 225.

[22] R. Miron and 1. Bucétaru, Finsler-Lagrange Geometry. Applications to Dy-
namical Systems, p. 300, to appear.

[23] R. Miron and C. Frigioiu, Finslerian Mechanical Systems, Algebras Groups
Geom., 22 (2005), 151-168.

[24] R. Miron and V. Niminet, Lagrangian nonholonomic mechanical systems
and the associated dynamical systems, Algebras Groups Geom., to ap-
pear.

[25] M. C. Munoz-Lacanta and J. F. Yaniz-Fernandez, Dissipative Control of
mechanical systems: A geometric approach, STAM J. Control Optim., 40
(2002), 1505-1516.

[26] R. M. Santilli, Foundations of Theoretical Mechanics, I: the inverse problem
in Newtonian Mechanics, Springer-Verlag, 1978.

[27) R. M. Santilli; Foundations of Theoretical Mechanics, II: Birkoffian gener-
alization of Hamiltonian Mechanics, Springer-Verlag, 1981.

[28] J. A. Szilasi, A setting for spray and Finsler Geometry, Handbook of Finsler
Geometry, II, (ed. P. L. Antonelli), 2003, 1183-1426.

[29] S. Vacaru, Interactions, Strings and Isotopies in Higher Order Anisotropic
Superspaces, Hadronic Press, Palm Harbor, 1998.

[30] G. Vrinceanu, Les espaces nonholonomics et leurs applications
mechaniques, Mémor. Sci. Math. F., 76 (1936), 1-70.



340 R. Miron

Faculty of Mathematics

University "Al. I. Cuza” of Iast
IASI, Romania

E-mail address: radu.miron@uaic.ro





