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Asymptotic form of solutions of
the Tadjbakhsh-Odeh variational problem

Shinya Okabe

Abstract.

We consider a variational problem posed by Tadjbakhsh and Odeh
to describe the shape of an elastic ring in the plane under uniform pres-
sure. Regarding the ring as a smooth closed curve, the Euler-Lagrange
equation reduces to a second order ordinary differential equation for
the curvature with the periodic boundary condition. The asymptotic
form of solutions is presented as the external pressure tends to infin-
ity. This is done by studying a singular perturbation problem for the
Euler-Lagrange equation.

§1. Introduction

Since M. Levy’s work in 1884 [3] the buckling behavior of a circular
elastic ring under uniform pressure has been studied by many people, for
example, G. F. Carrier [1], I. Tadjbakhsh and F. Odeh [4], J. E. Flaherty,
J. B. Keller and S. I. Rubinow [2], K. Watanabe [5]. It was Tadjbakhsh
and Odeh who formulated the problem as a variational problem, see
Problem 1.1 below. The purpose of this paper is to give a precise infor-
mation on the shape of critical points of this variational problem when
the external pressure is very high.

Let us consider an elastic circle wire immersed in the plane under
uniform pressure p; and p,, which act on the wire from the inner domain
enclosed by the wire and from its exterior, respectively. Set p = p, — p;.
We consider the case where p is positive, i.e., the external pressure p,
is higher than the internal pressure p;. If p > 0 is small, then the circle
is stable. However, when p > 0 exceeds a certain critical value, which
is called the buckling load, the circle becomes unstable and the wire is
deformed to a buckled state. We are interested in the equilibrium states
of such a wire. We regard the wire as a closed plane curve v € S, where S
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denotes the set of all smooth closed curves in the plane whose perimeter
is equal to L and the rotation number is one. Let v be parametrized by
the arc-length s, and x denote the curvature of «v. Tadjbakhsh and Odeh
([4]) posed the following variational problem to determine the shape of
the elastic ring in an equilibrium state:

Problem 1.1. Minimize

1

L
(1.1) E(v) = 5/0 k%(s)ds + pA(y) over ye S,

where p > 0 is a given constant and A denotes the area enclosed by ~y.

The first term of the right-hand side of (1.1) represents the elastic energy
and is also known as the total squared curvature. The second term
represents the work done on the wire by the external pressure p. We
notice that the requirement of having the length L is the only constraint
in this variational problem. For, the rotation number is invariant under
continuous deformation of a curve. In [4] it was proved that (i) the
variational problem has a minimizer for any p > 0, (ii) the circle is
always a critical point of this problem, regardless of the size of p, and
(iii) the circle is an unstable equilibrium point if p is sufficiently large.

The Euler-Lagrange equation for the variational problem 1.1 can be
written as a second order ordinary differential equation for the curvature
k subject to the periodic boundary condition. By the uniqueness of
solution of the initial value problem, it is not difficult to see that any
critical point of the variational problem 1.1 is obtained from a solution
of the boundary value problem

K" (s) + %/-63(3) —pk(s)—p=0  for se0,L/(2n)],

L/(2n) T
(P) /o k(s)ds = o
#(0) = K(L/(2n)) = 0,

for some integer n > 2, where the prime ’ denotes the derivative with
respect to the arc-length parameter s. The first equation of (P) is the
Euler-Lagrange equation and contains a Lagrange multiplier y to be
determined together with «. The second integral condition means that
the rotation number of <y is one. For a given constant p > 0, we find a
pair (x(s), u) which satisfies (P).

A critical point v € S of the energy F(v) is said to be of mode n
if it has exactly n axes of symmetry. Observe that a strictly monotone
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solution of the boundary value problem (P) extends to a solution of
the Buler-Lagrange equation over the entire interval [0, L] satisfying the
periodic boundary condition, and hence it gives rise to a critical point
of E(v) of mode n. Therefore, for simplicity, we call a strictly monotone
solution of (P) an n-mode solution.

In this paper, we consider the asymptotic behavior of an n-mode
solution of (P) as p — oo by a singular perturbation method. Our main
results are stated as follows:

Theorem 1.1. For each n > 2, there is a positive number Py such
that (P) has a one-parameter family of solutions {(x(s;p), u(p))}p>p, of
mode n with the following properties: (i) k(s;p) is a strictly decreasing
in s €[0,L/(2n)], and (ii) as p — oo,

(1.2) el k(s;p) = £(0;p)
TR S S 2 3
—A QJ_}F+OOMO5+OQL
(1.3) 36[0 L/(2 : Kk(s;p) = K(L/(2n);p) = B* + 6 + O(4?),
(1.4)  u(p) = Map — ﬂéEx/ﬁJrO(pg’/s),

1 logp log(4M,%*?) 1 5/8
+ — +0(1/p"/®).
2vMn /P vM,  p

Here, so(p) is the point at which x(s;p) vanishes, M, is a positive con-
stant given by

(1.5)  solp) =

L

(1'6) Mn = 2(—71,—_1);;,

and A* = A*(p), B* = B*(p), 0 = &(p) are expanded as follows:

A7) A =2/AB- T+ +00/p)
1 4n

* 1 5/8
. B* = —— O(1

(19) Se /My ﬁexp[ */—f B 1+ o1/ )

as p — 00.

‘Remark 1.1. Theorem 1.1 gives us the asymptotic form of an n-
mode solution of (P) as p — oo for each n > 2. However there might
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exist an n-mode solution whose asymptotic form as p — oo is different
from the form (1.2)—(1.9).

The closed curve corresponding to an n-mode solution of (P) has
n axes of symmetry, as we stated above. When p is sufficiently large,
Theorem 1.1 gives the shape of the closed curve. In Theorem 1.1, we
prove that (i) the curvature of the closed curve is very large at s =
jL/n, and is positive only on a neighborhood Uj of s = jL/n, where
j =0,1,--- ,n, and (ii) the curvature of the closed curve is very close
to —2(n — 1)w/L on the complement of U;:Ol Uj. =2(n—1)7/L is the
curvature of a circle with the perimeter L/(n —1) and negative enclosed
area. Therefore we see that the closed curve has a small circular part on
each U, and the other parts are close to an arc with radius L/(2(n—1)7).

We mention here a result which is related to this paper. Recently K.
Watanabe ([5]) has given explicit representations of the n-mode solutions
of (P) for any n > 2 and p > 0. When p is sufficiently large, the n-mode
solution k., is expressed as

1
adn (—Q”Kg’”“) b

(1.10) kn(s) = +c,

where dn(-) is the Jacobian elliptic function and K (m) is the complete
elliptic integral of the first kind. The quadruplet (a, b, c, m) is the solu-
tion of the following system of equations:

L/(2n) -
(1.11) / kn(s)ds = —,
0 n

(1.12) a= _\F+ 4b2h2(2 — m) — \/1 + 82h2(2 — m) + 166%h*m?

8h2(1 — m) ’
_ 14+/148b2h%(2 — m) + 16b%A1m?
- 2b ’
(1.14) 2bh*m?\/1 + 8b2h2(2 — m) + 16b%h4m?2 = p,

(1.13)

where h = 2nK(m)/L. Since the quantities a,b,c, m and p are related
in a very complicated fashion, it is difficult to obtain the asymptotic
form of n-mode solutions of (P) as p — oo from the representations
(1.10)—(1.14). We shall prove Theorem 1.1 by a singular perturbation
method.

Acknowledgements. The author would like to express his grati-
tude to Professor I. Takagi who gave him many useful suggestions.



Asymptotic form of solutions of the Tadjbakhsh-Odeh problem 713

§2. Formulation

In order to prove Theorem 1.1, we look for a family of solutions
(k(s;p), u(p)) of (P) with the property that lim, . u(p)/p = u* for
some positive constant u*. Thus, putting € = 1/,/p and defining

(2.1) po(e) = 2u(1/€?),
we see that (k(s), o) = (k(s;1/€?),€2u(1/£?)) satisfies

e2k"(s) + E;/@3(3) — uo(e)s(s) —1=0 for se0,L/(2n)],

L/(2n)
(Pe) / K(s)ds = zr—,
0 n

k'(0) = k'(L/(2n)) = 0.

We shall construct a strictly decreasing solution (k(s;¢), uo(e)) of (P.)
for € sufficiently small. Since '(0) = 0, by multiplying the first equation
of (P.) by ’(s) and integrating from O to s, we have

(2.2) %— = —3\/2 (Fe(A) = Fe(K)),
where A = k(0) and
(2.3) F.(k) = 8—254 S I

8 2

Since k(s) is strictly monotone decreasing and satisfies the second inte-
gral equation of (P.), A = x(0) must be positive. From (2.2), it holds
that

9.4 A edk
Y « VEAEA-F®)

The inverse function of (2.4) is the solution of the first equation of (P,).
Set B = k(L/(2n)). Then it follows from k’'(L/(2n)) = 0 and (2.2) that

(Cl,) F.(A) = F.(B).
Moreover, by (2.4), we find

L

/A edk _L
B V2(F.(A) - F.(k)) 2n

(I1e)
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On the other hand, by the second integral condition of (P.) and (2.2),
we obtain
exdr i
(12.) =—.
\/ 2(F(A) - Fe(s)) 1
Therefore, our job is to find a triplet (A(e), B(¢), o (€)) satisfying (I1.),
(I2¢) and (C1,).
Remark 2.1. It has not been verified that the representation (1.10)-
(1.14) implies p/p — p* as p — oo, for u depends on a,b, ¢, and m in a
very complicated way.

§3. Proof of Theorem 1.1

We carry out the proof of Theorem 1.1 in the following way: To
begin with, we define a function F(x,¢e,v) by

2
€ v
F(k,e,v —kt - ZKk? — &,
( ) =3 5
where € > 0 and v > 0 are constants. In what follows, when there is no
fear of confusion, we write F'(x) instead of F'(x,¢e,v). Let two numbers

A and B satisfy
(CL) F(A,e,v) = F(B,e,v).

Let A be an arbitrarily fixed number in the interval 0 < A < 1. First, for
each B € (B*,0) and v € [A,1/}], we consider the asymptotic behavior
of the integrals on the left-hand sides of

(11) edr _ L
V2(F(B,e,v) — F(k,e,v)) 2n
and
A
eRdR .
I2 _T
(12) .

\/Q(F(B,a, v) — F(k,&,v))

as € | 0, where B* is the point at which F(k) = F(k,¢,v) attains the
local maximum (see Lemma 3.2). Second, setting B = B* +exp[(—d/e)],
we derive a system of equations for (d, v) and find the first approximation
of solutions by computing the limit of the integrals as ¢ | 0. Third, we
prove that there exists a family of solutions (d(g),v(¢)) for sufficiently
small € by invoking the implicit function theorem. Finally, by a careful
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look at asymptotic expansions which is given by Lemma 3.2, we shall
prove Theorem 1.1.

Let us set
£2
f(/f) = —2—:‘4}3 - VKR — 1,

which satisfies dF'/dx = f. Henceforth we denote the derivatives of F
and f with respect to x as the prime ’ for short.
We begin by computing five important values of k.

Lemma 3.1. Fix a constant X arbitrarily in the interval 0 < X < 1
and let v be an arbitrarily fired number in [\, 1/)]. Let B* be the point
where F' attains its local mazimum and A* > 0 satisfy F(A*) = F(B*).
Let Ag, A1 and Az be the positive numbers at which F vanishes, attains
the local minimum and f’' vanishes, respectively. Then, as € | 0,

N 1
(3.1) A :’\5[ ~ 21/2\/_5+0 %),
2\/v 1 3
(3.3) A= g + 2i - 1631/\2/—\/_ +OE,
\/%1
(3.5) B*:—%——Ql—a +0@Y,

where the terms O(eP) are uniform with respect to v € [A,1/)]. In
particular, B* is expanded as a power series in 2.

Proof. In what follows, the terms O(e”) are uniform with respect
to v € [A,1/)]. First, we derive the value B*. Let us set B* = by +bi1e +
bae? + O(e3). Then it is clear that F/(B*) < 0 holds. Since v € [\, 1/)]
is fixed and independent of ¢, it follows from F/(B*) = f(B*) = 0 that
bo = ~1/v, by = 0 and by = —1/(2v%). Let b; be a coefficient of &7 of
B*. We claim that by_1 = 0 holds for any positive integer [. Suppose
that bg;_1 = 0 holds for 1 <[ < m. By this assumption, the coefficient
of e2m=1 of B*3 is equal to 0. Thus the coefficient of £2™+1 of f(B*)
is equal to —vbg,;, 1. Hence we get ba,, 11 = 0. Therefore we obtain
(3.5). By (3.5), it holds that F(B*) = 1/(2v) + O(e?) > 0. Since
F(A*) = F(B*), we obtain (3.1) along the same line as above. Next, set
Ap = ag/e + a1 + aze + O(£?). It follows from the equation F(Ap) =0
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that ap = 2\/v, a; = 1/v and a2 = —3/(4v%,/v). Thus we obtain (3.2).
By the same arguments, we find (3.3) and (3.4). Q.E.D.

By the condition (C1), the point A must satisfy 4; < A. Moreover,
by simple calculations, we see that A satisfies Ag < A < A*. Indeed,
we can prove that (i) if A € (A1, Ag), then (I1) does not hold, (ii) if A
satisfies A* < A and either F(A) — F(B*) = O(1) or F(A) — F(B*) —
oo as € | 0, then (I1) does not hold, (iii) if A satisfies A* < A and
F(A)-F(B*) - 0ase | 0, then (I2) does not hold, and (iv) if A = A*,
then (I1) and (I2) do not hold. Then, by the condition (C1), it holds
that B € (B*,0), for 0 = F(Ag) < F(A) < F(A*) implies F(0) <
F(B) < F(B*). Moreover, from the fact of (ii) and (iii), we surmise
that B must be close to B*. Therefore, henceforth suppose that B is
close to B* and B* < B < 0,i.e. B = B*+§, where § > 0 is sufficiently
small and to be determined later.

We observe that f’(x) vanishes at x = £A, and is negative on
[— Az, Ag]. Since f(B*) = 0and (B*,0) C [—Ag, As], we see that f(B) <
0 and f'(B) < 0 hold for each B € (B*,0). We use these facts in the
proof of Lemmas below.

Next we study the asymptotic behavior of the integrals on the left-
hand sides of (I1) and (I2) ase | Oforeach B* < B < 0and A <v < 1/A.
Note that the inequality A9 < A < A* follows from the inequality
B* < B <.

Lemma 3.2. Let A be an arbitrarily fized number in (0,1). For
each B € (B*,0) and v € [\, 1/}], it holds that, as ¢ | 0,

A edk _ elogp(B)
@) |, JAFA —F)  V-F(B)

i+ Letos (0 /5) + Baem ),

(14 Ri(e,v, B))

A ekdr

D e @ T
_ elog p(B) <B— f(B)
—f'(B) f'(B)
A1/1/4 1 1
+ 2 (TA) - ‘;3/—4) \/g_ m(‘:bg (d’l\/%)
+ '1/3—27‘2'5+R4(57’/53)a

where R1 = O(e?), Ry = O(¢%4), R3 = O(e?) and Ry = O(¢%/4) as
e | 0, uniformly in B € (B*,0) and v € [A\,1/)\]. Here, 91, 2, and

(3

> (14 R3(e,v,B)) +m
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w(B) are expressed as follows:

_ 2U\/V + V€ + /43 + v\ /U \Je + 2vF(B)e

3.8 . 7
o g VE (1+ 20F(B))
2 2y/1-¢ 1-2/e—¢
(3.9) w2:<g+ - ‘1>1+ e
(3.10) ¢(B) = - —21;%,“(3) + \/— 2F(f]f]);;;(3) +1.

Proof. In what follows, we fix a number B in the interval (B*,0)
and v € [A,1/)A], where A € (0,1) is an arbitrarily number. First we
consider (I1). Henceforth, the terms O(¢®) are uniform with respect to
B € (B*,0) and v € [A,1/)]. To begin with, we calculate the integral
over the interval [2/v /¢, A]. Note that A—2./v/¢ is positive and is equal
to O(1) as € | 0 because of Lemma 3.1 and the inequality A9 < A < A*.

Set ( = /2(F(A) — F(x)). Then we find that
/A edr _ [ ed¢
2vo/e V2AF(A) = F(r)) Jo f(K)’

where & = \/2(F(A) — F(2\/v/¢)) = O(1//2) as £ | 0. Set z = k — A.
It follows from the Taylor expansion of F(k) at k = A that

(3.11)

2
(2= —2f(A)x — f'(A)z? — 2Az® — a—x‘*.

Since it holds that f(A) = O(1/¢), f'(A) =0O(1) andz =0(1) ase | 0,
we have

(3.12) x=zo(¢) (1 +71(e,v, B,()),

where r; = O(e?) as ¢ | 0 uniformly in B, v and ¢ € [0,5], and zp is
given by

~(4) + VIR = FAE
} f(A)
By virtue of (3.12) and (3.13), we find
f(r) = F(A+zo(O)(1 +71))
= f(A) + f'(A)zo(O)(1 +r1) + f"(A + 020 () (1 + 1))
= — V(A2 - f1(A)C +ra(e, v, B,C),

(3.13) z0(C) =
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where ry = O(e?) as € | 0 uniformly in B, v and (. Hence we reduce
(3.11) to

7 ed _ /f" (L +rs(e,1,B,)) d¢
o VIA? - A

£ . V -}I(‘l)E ] v
_ ( ) aICSlIl( f( 1) ) { +p1(57 7B)}7

where 73 = O(¢?) as € | 0 uniformly in B, v and ¢ and p; = O(e?) as
e | 0 uniformly in B and v. Since G+/f'(A)/f(A) = O(/E) as € | 0,
the integral over the interval [2¢/V/e, A] is equal to O(c%/?) as € | 0
uniformly in B and v. Let Iy denote the integral over [0,2,/v/¢]. By
the change of variable kK = k /e, we see that :

2v7 dk
(3.14) Io :/ ” - :
0 \/_kT + vk? + 2ek + 2e2F (A)
We decompose Iy as o = 1) + I + I5:
2Vvye edk
11 :/ " '
0 \/J“T + vk? + 2ek + 2e2F(A)
2VV(1-+E) edk
12 :/ ’
eNONG ~%4- +vk?2 + 2ek + 262F(A)
2V edk
13 :/ " )
2WII-VE) [~ K 4 yk? 4 2ck + 2:2F(A)

First we consider I;. For k € [0, 24/¥+/2], it holds that

k*/4
vk? + 2ek + 2e2F(A)

‘ <e.
Thus we have

log{l/)l + P2(57 v, B)v

I _/2\/;‘/g e(l+rq(e,v,B,k))dk €
Y VK2 + 2ek + 262 F(A) VY

where 74 = O(e) as € | 0 uniformly in B, v and « and ps = O(g?loge)
as € | 0 uniformly in B and v. Next we turn to the integral I5. For
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k € [2y/v\/E,2/v(1 — \/€)], we can verify that there exists a positive
constant C; being independent of B and v such that

2ek + 2e2F(A)

‘ < CIvE.
%(4u-—k2) 1Ve

By the change of variable vV4v — k2 = £, we have

- /W“—ﬁ) 2% (1 +rs5(e,v, B,k)) dk
2 2VIVE kvdv — k2 2\/_
where rs = O(y/€) as e | 0 uniformly in B, v and x and p3 = O(3/2 loge)

as € | 0 uniformly in B and v. Next we calculate I3. Using k£ =
24/v(1 —n), we obtain

_ L[ edn
(3.15) 13_\/;/0 O

log e + p3(e, v, B),

where

9(m) = —n* +4n° + h(n),
h(n) = =51 + (2 - ;\57) n+ V\E/— F(ﬁl

For n € [0, /€], it holds that

< CQE,

‘ _,,74 + 4,’73
h(n)

where the constant C is independent of B and v. Thus we get
/\/E edn -_/‘/5_ e(1 +rele, v, B,k))dn
o Vglm Jo h(n)

where 16 = O(g) as € | 0 uniformly in B, v and k. By using the
expansion

3

arcsin(1l — z) ~——\/_\/‘, \/_ 232 + O(z%/?)

as x | 0, we obtain I3 = O(¢%%) as € | 0 uniformly in B and v. There-
fore, as £ | O,

2/ 3 dn

0 V2(F(A) -

logwn/ 2 + pa(e, v, B),
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where p; = O(¢%/%) as € | 0 uniformly in B and v. Finally we calculate

the integral over [B,0]. Set ¢ = y/2(F(B) — F(x)). Then it holds that
0 edk _ o ed¢
(3.16) /B V2F(B)-F() Jo f(x)’

where 0* = \/2F(B). Set z = k — B. By the same arguments as in the
derivation of (3.12) and (3.13), we have

(3.17) z=zo(¢) (L +7r7(g,v, B,()),

where 77 = O(e?) as € | 0 uniformly in B, v and ¢ € [0,0*], and zg is
given by

_ —f(B) - Vf(B)? - f(B)¢?

because of f(B) < 0, f'(B) <0 and z > 0. It follows from (3.17) and
(3.18) that

f(k) = =/ f(B)? = f/(B)? + x0({)rs(e,v, B, C),

where g = O(¢2) as ¢ | 0 uniformly in B, v and ¢. Hence, using the

relation
2 as B — B*
— —
— { f'(B*) ’

Lo
V(B - f(B)C
we can reduce the right-hand side of (3.16) to

7 ed( _ elog(p(B)
- = 1+P5(57V7B)7
o [f(K) —f(B) ( )
where p; = O(£?) as € | 0 uniformly in B and v. Therefore we obtain
(3.6). Along the same line as in the derivation of (3.6), we obtain (3.7).
Q.E.D.

Set B = B* 4§, as we stated above. Once (v,9) is given, 4 =
A(B) = A(e, v, ) is determined by the condition (C1) as follows:

Lemma 3.3. Fiz a sufficiently small constant ¢ > 0 arbitrarily.
Let v be an arbitrarily fired number in the interval A < v < 1/A, where
A € (0,1) is an arbitrarily fivred number. Set B = B* + 5. Then, as
d | 0, A is expanded as follows:

0 as B — 0,

f(B%)

(3.19) A=A+ 520

82+ 0(6%).
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Proof. In what follows, fix a constant ¢ arbitrarily in the interval
0 < e < 1, and let v be an arbitrarily fixed number in [A,1/}], where
A € (0,1) is an arbitrarily number. First we prove that the equation

(3.20) F(A*+p)— F(B* +6)=0

has a solution p = ¢(8) for sufficiently small 4. Let F(p,d) denote the
left-hand side of (3.20), i.e., we consider the equation F(p,d) = 0. Since
F(A*) = F(B*), it is clear that F(0,0) = 0. Here it holds that

OF OF, ., 0(A* +p) "
0F OF ., o(B* +9d) .
By these equalities, we find
oF oF
e :f(A*);éO’ — :f(B*):()_
8p p=06=0 96 p=6=0

Therefore, by the implicit function theorem, there exist a positive num-
ber 8 and the C! function ¢(§) such that

F(p(8).6) =0,  (0)=0, %1(0) -0

for any 0 < § < dp. Finally we derive the expansion of ¢(d) as § | 0
from (3.20). For sufficiently small § > 0, by use of the Taylor expansion
of F, it holds that

1 1 1
F(A" +¢) = F(A") + f(A")g + 5 f/(A")g? + 524760 + 2eh,

1
F(B* +6) = F(B") + % F(B)S? + 3523*53 + 5t

Thus we find
(A% 5 A" 5 & 4 [fi(BY) ., B 5 €y
A* —p = é 0° + —0°.
@)+ ="+ ——¢ "+ T 5 +—0"+ 3
Since it is easy to check that ¢(d) = O(6%) as § | 0, we obtain
f'(B")
) = =——56“+r(e,0,v
$(0) = L2554 1(e,b0)

as 6 | 0, where r = O(62) as § | 0 uniformly in € and v. We observe
that () is non-positive because of f'(B*) < 0 and f(A*) > 0. This
completes the proof. Q.E.D.
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In (3.6) and (3.7), setting B = B*+exp[—(d/¢)], i.e., § = exp[—(d/e)],
we derive the system of equations for (d, ), where d > 0:

Lemma 3.4. Fiz two numbers A1 and Ao arbitrarily in the interval
(0,1), respectively. For each d € [A1,1/A1] and v € [A2,1/X2], set B =
B* + exp[—(d/e)]. Then, for sufficiently small € > 0, the pair (B,v)
solves (I11) and (12) if and only if the pair (d,v) satisfies the following:

L 2V2F(B
(3.21) \/’W og (¥1/ih2) + \/W \/73—*
+ Rs(g,d,v) = %7

B*d € eB* 2\/2F (B*)
3.22 - 1 \/
( ) _f/(B*) 3/2 0g (wl 2) + -—fl(B*) \/W

2 n—1)m
+ ¢ + Role,d,v) = (—n—)—

where Rs(e,d,v) = O(%/4) and Rg(e,d,v) = O(%/4) ase | 0, uniformly
inde [/\1, 1/)\1] and v € [)\2, 1//\2]

Proof. Let d € [A1,1/A1] and v € [A3,1/A2] be fixed numbers,
respectively, and set B = B* + § = B* + exp [—(d/¢)]. In what follows,
the terms O(¢*) and O(£%6”) are uniform with respect to d € [A;,1/)1]
and v € [Ag,1/Ag]. First we consider log ¢(B). Since f(B*) = 0, it holds
that f(B) — 0 as 0 | 0. Recall that F(B) > 0, while f(B) < 0 and
f'(B) < 0. From the expansions

(3.23) F(B)=F(B*) + % f(B*)6% + % f"(B* + 616)5°,
(3200 J(B)= f(B)5 + 5B + 51" (B + 0:0)8°,
(325)  F(B) = [(B)+ [/(BVS+ o f" (B +050)7,

where §; € (0,1), it holds that
—2F(B)f'(B) V
! AL I
* ( ~J(®) ) - (¢—

log (1 + \ﬁ + :EFL((I%)T(I?)) = log 2 + pa(e,0,v),

)—i—pledy),

Q'zl’—‘
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where p; = O(£268) and pa = O(62) as € | 0. Thus we obtain
2/ZF(B)
0g —V———~
o/ —f"(B*)

where p3 = O(¢26) as € | 0. Moreover, it follows from (3.24) and (3.25)
that

(326) IOgSD(B) =] +p3(€761 l/)1

1 1

3.27 = ,0,v),

(327 Jr®  rm ey
fB) ..

(328) - f,(B) =B +P5(5757V)7

where pys = O(£28) and ps = O(£26%) as € | 0. Finally, by virtue of
Lemma 3.3, we get

Avl/d Axyt/t 1 3

3.29 = S )= — —
G2 Ty = gy TeE 0 = E T g
where pg = O(£26%) and p; = O(¢?) as € | 0. By using (3.26), (3.27),
(3.28), (3.29) and Lemma 3.2, we obtain the equations (3.21) and (3.22).
Q.E.D.

e+ pr(e,8,v),

Now we are in a position to prove that the system of equations
(3.21)—(3.22) has a solution (d(¢), v(€)) for sufficiently small € > 0. For
this purpose, we use the following implicit function theorem.

Lemma 3.5. Let U C RY be a neighborhood of the origin 0. Sup-
pose that an RYN -valued function F(x,y) = (Fi(x,y), F2(z,y), -+ , Fn(z,
y)) defined for (z,y) € [0,1) x U satisfies the following conditions:

(i) F(x,y) is uniformly continuous on [0,1) x U. Moreover, for

each x € [0,1), F(z,y) is partially differentiable function with
respect to y on U, and 8F;/Qym, is continuous on [0,1) x U.
(i) F(0,0) = 0.
(iii) An N x N matriz defined by
OF,
F,(0,0) = (——’ (0,0))
OYm 1<l, m<N
is tnvertible.

Then there exist positive numbers p and r and the function ¢ : [0,1) —
B, (0) = {y € RN | |y| <1} such that F(z,¢(x)) =0 for any x € [0, p)
and p(0) = 0 holds. Moreover @ is continuous on [0, p).

By Lemma 3.5, we can prove the following lemma.
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Lemma 3.6. There exist a positive number 9 and the pair of con-
tinuous functions (d(e), v{e)) such that (d(€),v(€)) satisfies the equations
(3.21) and (3.22) for any 0 < & < €.

Proof. First, setting ¢ = 0 in (3.21) and (3.22), we find that

d L d _ (n-Dr
(3-30) T T srT T n

because of € log (11v/12) = O(eloge) as £ | 0 uniformly in d € [A1,1/M]
and v € [Ag,1/A2]. (For the precise expansion of log (1¥1v/2), see the
proof of Lemma 3.7.) Therefore, when € = 0, the equations (3.21) and
(3.22) have a solution (d,v) = (d*,v*):

L L L

*

3.31 == 2 -
(3:31) 2n\ 2(n - )7’ Y 2(n — 1)

In order to prove the existence of a solution of the equations (3.21) and
(3.22) for sufficiently small € > 0, we use the implicit function theorem,
which is stated as Lemma 3.5. For this purpose, from (I1) and (I2), let
us set

A(e,Bw) edk L

Pile.B.v) = /B V2F @, Az B,v) - Fe,v,m) 20

Py(e,B,v) = /A(&B,V) T K
B V2(F(e,v,A(e, B,v)) — F(e,v,k)) n

Recall that the condition (C1) implies A = A(e, B,v) (see Lemma 3.3).
By virtue of B(e,d,v) = B*(e,v) + exp [—(d/¢)] and the relation (3.30),
we define Q1(e,d,v) and Qa(e, d, v) as follows:

Py(e,B*(e,v) + exp(—d/e),v) it £>0,
L

Q1(€7d7 V) = { d . _

E 2n lf E = O,
Py(e, B*(e,v) + exp(—d/ze),v) if €>0,

Qa(e,d,v) = d (n— 1) f oe—0
—g if e=0.

By using these Q1 and Q3, let us set
Fle,d,v) = (Qi(e,d,v), Qa(e,d,v)).

We shall apply Lemma 3.5 to the equation F(e,d,v) = 0. Since it
holds that F(0,d*, v*) = 0, we consider the equation F(e,d,v) = 0 for



Asymptotic form of solutions of the Tadjbakhsh-Odeh problem 725

0<e<e, d—p1 £d<d* 4+ py and v* — ps < v < v* + py, where
0<e1 K1, 0<p; €d* and 0 < pg € v* are some constants. It is
easy to check that F(e,d,v) is uniformly continuous on [0,&1) x [d* —
p1,d* + p1] X [V* — pa, v* + pa]. Moreover we can prove that @1 (e, d, v)
and Qz(e, d,v) are partially differentiable with respect to d and v on
[0,e1) X [d* — p1,d* + p1] X [V* — p2, v* + pa]. And, by simple calculations,
we have

0Q1 1 10 Q1 d Lo

=, - -

ad ¥ T Ty 237 ET
1

Qs as €10, 99, 3d as ¢]0.

od _)_113/2 ov ECYEE

Thus F(e,d,v) satisfies the conditions (i) and (ii) which are stated in
Lemma 3.5. We can verify that F(e, d, v) satisfies the condition (iii) of
Lemma 3.5 by the relation

0Q1 0Q1 4

od ov _ 4
0Q, Q|| “ 570
od v lle=o

Therefore we can apply Lemma 3.5 to the equation F(e,d,v) = 0 and
see that there exist a positive number €y and the pair of continuous
functions (d(e),v(g)) satistying the relations d(0) = d* and v(0) = v*
and the system of equations (3.21)—(3.22) for any 0 < e <¢gp. Q.E.D.

Next, we derive the asymptotic form of d(e) and v(g) as € | 0:

Lemma 3.7. As e | 0, the solution (d(g),v(¢)) of the system of
equations (3.21)-(3.22) satisfies
L\/M,

(3.32) d(e) = o +eloge — (1 + log (8v/Mp))e + O(%/%),

(3.33) () =M, 4"\/— £+ O(e5/Y),

where M, is a positive constant given by

L

Proof. In what follows, the terms O(¢?) are uniform with respect
to d € [d* — p1,d* + p1] and v € [V* — pa,v* + pa], where 0 < p; < d*
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and 0 < py < v* are some constants. First we derive the expansion of
log (¥1v/¥2) as € | 0. It follows from (3.8) that

e F(B)e
log v = log (21,3/2) + log <1 + \3[/2 14 —\3/_/—2— + 2(1/2) )

—log vz — log (1+\/m).

By simple calculations, we find

log (1 + éﬁ +4/1+ Ve + F(B)E) = log2 + pi(e, d,v),

372

log (1 + \/QVF(B)) =log?2 + pa(e, d, v),

where p; = O(¢'/?) and py = O(e?) as € | 0. Thus, as € | 0, we have

1
(3.35) log = —3 loge + log (2v%/2) + ps(e, d, v),
where p3 = O(y/2) as € | 0. Similarly, as ¢ | 0,

(3.36) log /12 = ~% loge + log 2 + pale,d,v),

where ps = O('/4) as € | 0. Therefore, as € | 0, we obtain
(3.37) log (¥11/th2) = — loge + log (4v%/2) + ps(e,d, v),
where ps = O('/4) as € | 0. Moreover, as ¢ | 0, it holds that

1 2\/2F(B*) 2
_— + pele,d,v), — = — + pr(e,d, v},
/—f'(B*) \/_ —f’(B*) v
where ps = O(e?) and p7 = O(£?) as ¢ | 0. Therefore, for sufficiently
small € > 0, the equations (3.21) and (3.22) become as follows:

d 1 log 8 L
(338) ﬁ — \/—;E lOgE + \/_\/—6 -+ pg(E d I/) %,
d 1 log 8y/7 2
(339) - m + meloge — 7572-—8 -+ -1/—3/_25
-1
+ pg(s’d’ I/) — _u’

n
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where pg(e,d,v) = O(¢%/4) and pg(e,d,v) = O(¢%/4) as € | 0. Let us
set d(e) = d* + d(¢) and v(e) = v* + (¢), where d(¢) — 0 as ¢ | 0 and
p(e) —0ase | 0. It follows from (3.38) and (3.39) that

(3.40) ls + ps +vpg = £ - MV.

N2 2n n

By the definition of d* and v*, the equation (3.40) reduces to

(3.41) —l/;?\/_r——ﬂe +ps + (U + D)pg = —_(—i’nlif/.
From (3.41), as ¢ | 0, we find

(3.42) | b(e) = — 4"2/”_*5 +O(574).
Moreover, by virtue of (3.38), it holds that

(3.43) d=celoge — elog (8y/v) + 51;—1\/— —Vps.

Since d* = Lv/v*/(2n) and
VU =Vt — 2Lﬁ€+0(65/4)
as € | 0, we obtain
(3.44) d(e) = eloge — (1 + log (8v/*))e + O(e5/4)

as € | 0. The proof is completed. Q.E.D.

Since B = B*(e,v) + exp[—(d/¢)], we can derive the asymptotic
form of B as £ | 0. Moreover, by Lemma 3.3, we obtain the asymptotic
form of A ase | 0.

Finally, we derive the asymptotic form of sg which denotes the point
such that k vanishes, as € | 0. By the proof of Lemmas 3.2 and 3.7, as
€ | 0, we see that

A cdk €

o V2F(A) -F(r) ¥

log (¥11/¥2) + O(%/*)

1 log (4M,%?
Elog—+—————0g( n )

1
Ve s v R )




728 S. Okabe

As e | 0, this equality is equivalent to the following:

1 1 log(4M,%?) s/4
A i NG
\/_ns log 5 + L e+ 0(e”*)

We complete the proof of Theorem 1.1.

(3.45) so(e) =
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