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Speed estimate for a periodic rotating wave
in an undulating zone on the sphere

Bendong Lou

Abstract.

On the unit sphere S? given a zone with periodically undulating
boundaries, we consider periodic rotating waves (curves) in this zone
which are driven by geodesic curvature. We state without proof the
existence of periodic rotating waves. Then we study how the average
rotating speed depends on the geometry of the boundaries, give the
estimate of this average speed by using its homogenization limit.

81. Introduction

Many kinds of curvature flows in manifolds have been studied re-
cently. To name only a few, [3], [4], [5], [6], [7], etc. studied mean
curvature flows on the plane; [1], [12], etc. studied mean curvature flows
in manifolds; [2] etc. studied Gauss curvature flows. Besides these,
there are also some studies about geodesic flows under Ricci curvature,
geodesic curvature flows, etc..

Most of these works concern the existence and asymptotic behavior
of the flows. As far as we know, very little is known about (periodic)
traveling /rotating surfaces in manifolds, though traveling/rotating wave
solutions of reaction diffusion equations in Euclidean spaces have been
studied a lot (cf. [13] and references therein).

In this paper we study a geodisic curvature flow in a zone with
undulating boundaries on the sphere. More precisely, define domain €2,,
as the following: Let b(s) be 2n-periodic smooth functions satisfying

b(0) = b(27) =0, b(s) >0, maxb'(s) =tana, minb'(s) = —tang.
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for some o, 3 € (0,%). Given 6y € (0, %), for any m € N define

cos g

b (s) :=

- b(ms).

Let S% := {(cosfcosp,cosfsinp,sinf) e R® | § € [-3,%], ¢ €R} be
the unit sphere. For convenience, in the following we use spherical co-
ordinates (6, ) to denote point (cos 6 cos @, cos §sin ¢, sin ) € S2. Zone
Q,, C 52 is defined as

Q= {(0,¢) € §? ’ — 0y — b () < 0 <8y +br(p), pe€R}.

Denote the boundaries 6 = —8y — b () and 6 = by + by, (@) by 0~ Qpy,
and 0T Q,,, respectively (see Figure 1).

We consider the motion of curves immersed in €2,,, which is driven
by

(1.1) V = kg,

where for a time-dependent simple curve I'y immersed in Q., V denotes
the velocity of the curve at point P € I, along the normal direction on
the tangent plane TpS?, k, denotes the geodesic curvature of I at P.
To avoid sign confusion, the normal vector v to Iy on T'.S? will always be
chosen to be the increasing direction of ¢, the sign of the normal velocity
V and the geodesic curvature x4 will be understood in accordance with
this choice (see details below).
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Fig. 1 Zone with undulating boundaries on unit sphere



Periodic rotating waves on the sphere 649

By a solution of (1.1) we mean a time-dependent simple curve I'; C
), which satisfies (1.1) and contacts the boundaries 0¥, with angle
¢ € (0, %) (see details below).

In this paper we are interested in those curves rotating along €2,
periodically, also we estimate the average rotating speed for homoge-
nization limit problem. For simplicity, we consider the case that each
curve is the graph of a function ¢ = wu(6,t), that is, the curve is
I = {6,u(0,t)} — 0g — bn(u) < 6 < 6y + b, (uw)} C Q. The unit
tangent vector (pointing to the positive direction of 8) of I} is

1 —sinfcosu — cos@sinu - ug
T= ——— —sinfsinu + cosf cosu - ug

V14 u3cos? 0 cos 6

For a curve {(6(s), p(s))}s=5? C Qp with parameter s, its geodesic cur-

vature is
2 d 2
d6 —d b +sin96059<—£)

— 9 - det ds ds? ds
Kg = COS e do Py . 48 s
ds ds? ds ds

So for curve ¢ = u(#,t), its geodesic curvature is

uge — 2tan 8 - ug — sinf cos O - up®
(1 4 u3 cos? 6)3/2

kg = cosf -

because when we use arc length s as parameter we have

o 1 dp up
ds /1 +tuglcos?8@ ds /1+uglcos?f
d?0  uFsinf cosf — ugugg cos® b @ _ ugg + ujsinfcosf
ds? (1 + u3 cos? )2 ©ds? (1 +wulcos? )2

The unit normal vector of Iy on T'S? is

1 sinfcosfcosu - ug — sinu
sinfcosf@sinu - ug +cosu |,

V1 + ujcos? 6 — cos? 6 - ug

vV =

and so
—cosfsinu - u;

cos @ - u;
V= cos B cosu - uy v =

0 ,/1+ugcos20.
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Thus (1.1) is equivalent to
(1.2)

uge — 2tané - ugp — sinf cosf - ug®
= forn_(t) < 8 < t), t >0,
" 1+ uZcos? 6 n-(t) n+(t)

where 74 () (with n_(t) < 0 < n4+(t)) denote the §-coordinates of the
end points of I} lying on 0%Q,,, ie. 1n-(t) = —0p — b(u(n-(t),1)),
04 (8) = B0 + b (u(ms (8), ).

Denote the unit tangent vector along 9%(,,, by T+, both toward the
increasing direction of ¢, then

1 —b], sinfl cosp — cosfsiny
—bl, sinfsin g + cosf cos ¢ (6 = Bo+bm(p)),

\/ b2 + cos? 6 —b! cosb

T_ is calculated similarly. Hereinafter we say that curve [ contacts
9*Qpy, with angle ¢ € (0, %) in the sense that cos¢ = —T-T_ on 8~ Qp,,
cos¢ = T-T, on 8+Q,,. These are nothing but our boundary conditions,
which can be expressed as

(1.3)

ug(0,t) = F

T, =

cos ¢ cosf — bl (u) sing
cosf (sin¢ cosd + b, (u) cos¢)

=: FF(u) for 0 =n(t).

Let Qo = {(8,¢) € S? | — 8y < 6 < G} be a trivial zone which is
formally a limit of Q,, as m — oo. For y we consider problem (1.2)
with boundary condition

cot ¢
cosfp’

(1.4) ug(+6o,t) = +

As is shown in subsection 2.1, there exists a unique ¢y such that problem
(1.2), (1.4) has a unique rotating wave Up(#) + cot, which has profile U
and rotating speed cp.

On the other hand, in €,,, as I} propagates, its shape and speed
fluctuate along with the undulation of the domain €2,,. In such a sit-
uation, we adopt a generalized definition of rotating waves. A solution
U (6,t) of (1.2)-(1.3) is called a periodic rotating wave if it satisfies

2
U (0, + Ton) = Un(6,1) + % for some T}, > 0.

The average rotating speed of a periodic rotating wave is defined by

2
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In what follows we concentrate on periodic rotating waves with average
speed of order 1 as m — oo.
Before stating our results, we give two assumptions.

(H1) p+a < /2.

(H2) atB< ¢, 28<¢.

Roughly speaking these conditions require that a and @ are not large,
that is, the undulation of the boundaries is gradual. (H1) guarantees
the existence of lower solutions rotating in a positive speed (see Lemma
2.2 below). Conditions o + 8 < 7 in (H2) exclude the possible singu-
larity that the curve touches the boundaries besides at two endpoints,
otherwise the curve may split into multiple components; 8 < ¢ in (H2)
ensure that |ug| is bounded on the boundaries.

About the existence of periodic rotating waves, using the standard
theory of quasilinear parabolic equations (cf. [8], [9]) one can show that
(refer also to [10]):

Proposition 1.1. Assume (H1) and (H2) holds, then when m is
large, (1.2)-(1.3) has a periodic rotating wave, which is unique up to
time-shift.

In fact, the unique periodic rotating wave is asymptotically stable.
We refer reader to general theory in [11] or to [10].

Our main purpose in this paper is to study how the average speed
of the periodic rotating wave depends on the shape of the boundaries.
Speed estimate is an important problem in the study of traveling/rotating
waves. So far, very little is known for periodic traveling/rotating waves
of curvature flow equations.

THEROREM 1.1. Assume (H1) and (H2) hold. Then when m is
large,
(i) there exists C > 0 independent of m such that

C C
(1.5) c*—-;n—<cm<c*+—<co,

vm
where c* = c*(a, §) > 0 is given by the unique solution (c*, ®*(0;c*)) of

o ®gg — 2tanf - Py — sinbcosb - D}

, —6y < 6 < by,
1+ ®g2 cos? 6 0 0

(1.6)
cot(¢ + )

st 20=0

Dp(£6p) = £
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co 1s given by the unique rotating wave Uy(6) + cot of (1.2), (1.4) in Q.

(ii) Asm — oo, periodic rotating wave Uy, (0,t) — ®*(0;c*)+c* t+
C in C*Y([—0y,60] x [=T,T]) for any T > 0, where C is a constant
independent of T .

¢m < cp in (1.5) implies that boundary undulation always lowers
the speed of the rotating wave, ¢* < ¢ implies that the effect of spatial
inhomogeneity of ¢, is left to the homogenization limit. Moreover, the
fact that ¢* depends mainly on « (besides ¢) is a notable result, the
dependence on other information of the boundaries should appear in
the error \/%

In section 2 we prove Theorem 1.1: estimate the average rotating
speed by constructing a lower solution and a precise upper solution.
We point out that our upper solution is only a temporary one (only on
t € [0,1]), but it is good enough to give the upper bound of the average
rotating speed. In section 3, we give some remarks.

§2. Estimate of Average Speed

2.1. Rotating waves in trivial zones

We first study rotating waves in trivial zones (zones with flat bound-
aries), select one of such rotating waves as lower solution. Denote

8 = 6p + max by, (s).

Consider the following problem

C_<I>99—2tan9-®9—sin9c039-<1>93
o ~ 1+ ®Zcos?6 ’
Pg(+0) =+B R, &(0)=0.

(2.1) -6 <6<,

If there exist ¢ and ®(6) satisfy (2.1), then we call the pair (c, ®(8)) to
be a solution of (2.1). This solution determines a rotating wave ®(6)+ct
of (1.2) in zone {(,¢)| — 6 < 6 < 8}. Assume the graph of ®(6) contacts
6 = 6 with angle v, then B cosf = cot .

LEMMA 2.1. If B > 0, then (2.1) has a unique solution (c, ®(6)).
Moreover,

(i) ¢ = ¢(B) > 0 is increasing in B;

(il) ®g(6) -0 > 0 and Pgg(6) > 0 for 6 # 0.
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Proof.  (i). Set ¥(6) = ®y(#), and consider the following initial
value problem
(2.2)
U = (14 ¥?cos? ) + 2¥ tanf + T3 sin b cos ¥, 6> —6,
{ U(-0) = -B.

For each ¢, denote the solution of (2.2) by ¥(6; ¢). It is clear that ¥(6;c)
is strictly increasing in ¢, and depends on c¢ continuously.

When ¢ > 0 is very large, we have ¥(f;c) > B. When ¢ = 0, the
solution of (2.2) is

d

U (6;0) = 96—0_,9_
(8:0) cos 0/ cos? § — d? ( [ )
_ 20
with d=——B2%9%% g

V1 + B2cos?§
Hence ¥(6;0) < 0 < B. Therefore there exists a unique ¢ > 0 such that
¥(f;c) = B, which determines a solution of (2.1): ®(8) = foe U(g;c)ds.

By the proof, one can see that ¢ = ¢(B) is increasing in B.

(if). From above discussion it is easy to see that ¥(—6) = —U(9).
Moreover, ¥(6) = 0 implies that ¥’(6) = ¢ > 0, this shows that ¥() =
if and only if & = 0. Hence ¥(#) -6 > 0 for § # 0, and so ¥y(0) =
@99(9) > 0.

n

2.2. Lower Solution

In this part, we show that for appropriate choice of B, the rotating
wave ®(6;c, B) + ct, given by the unique solution of (2.1), is a lower
solution of (1.2)-(1.3). In what follows, we shall use positive constants
like C, (, etc., which may be different from line to line and may depend
on some of b,,, g, m. Denote

cot(¢ + o)

B' =
cos By

LEMMA 2.2. Assume (H1) holds and m is large, then (1.2)-(1.3) has
a lower solution ®(8) + ct, and ¢y > ¢ > 0.

Proof. Consider (2.1) with B = B! — (L. (H1) implies that B’ > 0
and so B > 0 when m is large and ¢ = O(1) as m — oo. Hence we have
a unique solution of (2.1): (¢!, ®!()), which determines a rotating wave
®'(6) + !t in the zone [-8,0].
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Denote by 7! (t) the f-coordinate of the point where the graph of
®(6) + !t meets 0FQ,,,. Then 7' (¢) + 6 = O(:L) and we have

- C 1 C
b (1)) > DY(—0) — — = —B'+(— - =  f C>0.
Dy(n" (1)) = Bp(-0) — +¢ - or some

8F (u)

On the other hand, since 30

< 0 and b}, (u) < cosfytana we have

b, (u) sin¢ — cos¢ cosnt

Ul V) —
—F(®'(nl)) = cosnt (sing cosnt + b, (u) cos@)

< cosfp tana sin ¢ — cos ¢ cosnt

cosn’ (sin¢ cosnt + cosfptana cos @)
< cosfp tana sin¢ — cos¢ cosby + C
~  cosbp (sing cosfy + cosbptana cosp)  m

C
— —B'+ = <k ()

provided ( is large. Similarly, ®}(n% ) < F(®'(n.)) provided ( is large.

Therefore ®!(8) + c!t (for § with (6, ®'() + clt) € Q) is a lower
solution of (1.2)-(1.3). Moreover, when m is large, it is easy to see from
Lemma 2.1 that ¢g > ¢! > 0. |

Remark 2.1. Suppose P; = (—6',s') € 9~Q,, such that b}, (s!) =
cos By tan o, then when the graph of ®!(f) + c!t meets 0~ Q,, at P, we
have

dh(-6") = -B' + 0O (%) = —F(®'(-0)) +0 (%) .

Similar discussion is true on 87,,. Hence ® () + ¢!t is a good lower
solution of (1.2)-(1.3), which means that the graph of ®!(6) +c't contacts
0%Q,,, with angles not smaller than ¢, and equals to ¢ + O (;11—) at some
points.

Proof of the first inequality of (1.5). The fact that ®(6) + c't is a
lower solution implies that ¢,, > .

Denote by (c*, ®*(0)) the solution of (1.6). Then from the proofs of
Lemmas 2.1 and 2.2, it is easily seen that

1 1 1
c*:cl+0<—), <1>*=<I>l+c+o(—>, cp;:<1>19+o(—>.
m m m

Therefore,

(2.3) Cm > — ¢ for some C > 0.
m
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2.3. Upper solution

Now we use ®!(6) + c't to construct an upper solution. Let U(6,t)
be the periodic rotating wave of (1.2)-(1.3). We note that U(6, t) | (—60.60]

is nothing but the solution of

(2.4)
_ Ugg —2tanf - iy —sinfcosb - aJ
= -6 6
Ut 1_‘_&3(:0829 s b < 6 <6y, t>0,
u(—bo,t) = U(—0o,t), @(fo,t) = U(bo,1), t>0,
ﬂ(ﬁ, ) = U(() 0) —0y < 0 < .

Without loss of generality we assume U(6,0

) < ®H9), “=<” means
that U(8,0) < ®!(f) for 8 € [0, 0] and U(6,0

) = ®4(6) for some

6 € [—6o, 00].
Define
1 62 1
(2.5) w(f,t) = Ey/— {t+—= ) +tEFy/— for |8] < 6, t >0,
m 2 m
where E = O(1) is determined later, and F = 2”%5(;’:“—)

LEMMA 2.3. 4(6,t) := w(8,t) + ®(8) + c't is an upper solution of
(2.4) on time-interval t € [0,1], and hence

(2.6) a(6,t) > U(6,t)  for § € [~p,00), t € [0,1].

ProoF: To prove the Lemma, it suffices to show that
(2.7)
gy — 2tanf - g — sinfcos b - 113

fi — 6y <8 <by t>0,
1+ @2 cos? 6 or 0 0

Ut 2

and

(2.8) U(—byp,t) < a(—bp,t), U(6p,t) < @(b,t) for te [0, 1].
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We first prove (2.7). Since ®L, — 2tana®l — sinfcos(®})3 > 0
and ®L(6) - > 0 for 6 € [—6p, o], a direct calculation shows that

u99~2tan9 g —sinfcos@ - “9
1+u cos? 6

/1 / - Lsi 6 1
> (E+EF) +E 1 29 tan9+30¢’esm29(:os +O<—2>
1+(<I>l9+E1/;n1—9) cos2 g m
> (E+EF)\/l—E\/l-?»l@@lesinﬁcosm
m m
> E<1+F——-—2”C°t(¢+°‘)),/-1—>o.
cos B m

Next we prove (2.8). Suppose that they hold on ¢ € [0, 7] for some
T < 1, then @ is upper solution on t € [0, 7] and so

(2.9) U,t) <u(d,t) for 8 € [—6o, 6], t €[0,7].

We show that (2.8) holds in fact on ¢ € [0,1] (see Figure 2).

Construct a great circle ¢ = M\(6) on S? as the following. Assume
by, (s1) = cosfptana at s; € [0, %r) Denote 87 = —y—bm(s1) and P; =
(67, 51) € 0~ Q. Choose A(6) to be the great circle (geodesic curvature
is 0} contacting 0, at P, with angle ¢. This () corresponds to a
solution of (2.1) with ¢ = 0, and so from the proof of Lemma 2.1 we
have

0 d
A = ds +C
©) /0 cos¢ vcos2¢ — d? N

for suitable d and C. Just as that in the boundary conditions (1.3), at
P, we have

cos ¢ cos 7 — cos By tan asin ¢

Xo(67) = -
o(01) cos 67 (sin ¢ cos 67 + cos Oy tan o cos @)

- _———COt(‘ﬁ+a)+O(;> oh(~ )+O(;)

cos By

Hence, there exists R > 1 such that

(2.10) |®4(8) — Xe(8)| < (R —1)\/— forﬁe{ﬁo,—90+\/7}

and

R
IA(=60)| = |AB]) + Ao (67) by (s1) +O(m~2)| < El for some Ry > 0.
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Suppose at 7, A(f) + D(7) intersects @(f,7) at § = —fy + \/%, ie.
a <—00 + \/%, 7') =A (—00 + 1/%) +D(7). Then by (2.10) there exists

6 € [~00,~0 + /] such that
(e E) (o T)
w (——HO—I—UL,T>
m
+cT+ @ | -6+ ™ — A —6 + ooy

60E
= w(~fy,7) — ==+ cl7 + B(~0)

— A(—0) + (25(6) ~ A"(é))\/g e <%>

D(7)

Il

Ri+R—-1-6F 1
< (=g, 7) + 1Y 9 +o(—>
m
Ri+5
< ﬁ(—eo,T)— 1+ T
m

provided we choose E large such that gF > R + 2R; + 5.

Fig. 2 Upper solution
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Since A(6) contacts 9~ Q,, at P, with angle ¢, there exists § € [0, 2Z)
such that A(8) + D(7) + ¢ also contacts 9, at some point with angle
@, so A(0) + D(7) + ¢ is stationary. Therefore by

U (—90 + \/% r) < (—90 + \/% T) <A (»00 + @) +D(1)+34,

we have U(0,7) < A(0)+D(7)+0d for —0p <86 < -6+ \/—% Especially,

R1+27r§ﬁ_ - 371'.

U(~—90,T)S)\(*ao)—FD(T)—FCSSD(T)‘F m

Therefore,
3
B(~00,7 + ) 2 B(~00,7) = U(—60,7) + = > U(~0o, 7 +1)

for t €[0,T,,],

In other words, the first inequality of (2.8) holds at least on [0, 7 + Ty
Similarly, the second inequality of (2.8) at 8 = 6y holds on [0, 7 + T3,].
Consequently, (2.8) hold on t € [0, 7 4+ T},,] provided 7 < 1.

Finally, repeating the discussion stated above finite times we obtain
(2.8) on t € [0,1], and so (2.6) holds on ¢ € [0, 1]. |

Proof of the second inequality of (1.5). From Lemma 2.3 we have

62 1 27
< 20 < ot i

U@g,1) <a(h,1) <d'(6)+ E(1 +2+F)”m é ' (0) + N
for 6 € [0, 6],

where N := [( + +F W +c) Cor 1] [-] denotes the Gauss
function. On the other hand, U(6,0) < ®!(6) implies that

U,NT,,) < ®'(8) + N - 2;175 for 6 € [~6o, 8],

Since U(#,t) is strictly increasing in ¢ (we omit the proof and refer
o [10]), we have NT,, > 1 and so

2 2 02 1 m

— — X EQ+ F)4/ L. —+1

mTy, m {<( 2+ ) m+c) 27r+}
1

'Y E(1+ 62+ F)y/—.

¢+ E(1+6;+F) m

o

3
I

IA

AN
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This proves the second inequality of (1.5).

Finally, it is not difficult to see that (ii) of Theorem 1.1 can be
proved by (i) of Theorem 1.1 and regularity of U. [ |

§3. Some Remarks

1. In [10], we studied periodic traveling waves of a mean curvature
flow equation in an undulating band domain, obtained similar results
as above. Problem in that paper is different from the present one in
several points. First, since the boundaries of a zone on S? have period
27 anyway, here the existence result is true in fact even if m = 1, or
the two boundaries of the zone are given by two different functions with
different periods 2;” and 2—n’5 In such cases, the period of periodic rotating
(fljrn) ((m,n) is the greast common divisor), not necessarily to
be small as that in [10]. Second, the problems and backgrounds are
different. Mean curvature flows in an unbounded band domain is reduced
from a traveling front or a traveling pulse, but problem in this paper is
about geodesic curvature flows in bounded zone on sphere, which is more
interesting in geometry.

2. (H1) is a necessary condition for the existence of periodic rotating
waves. However, we do not think (H2) is essential in the speed estimate.
In fact, we believe that Theorem 1.1 remains true even if the curve
develops singularities near the boundaries.

3. So far, very little is know about periodic rotating/traveling wave
surfaces in manifolds, we believe that other curvature flows in some other
manifolds can be studied in a similar way as above.
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