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On the Stokes equation with Robin boundary 
condition 

Yoshihiro Shibata and Rieko Shimada 

§1. Introduction 

Let n c IRn, n 2: 2 be a domain with boundary an E C 2• 1 and 
suppose one of the following case; n is a bounded domain, an exterior 
domain, a half-space or a perturbed half-space, i.e. there exists R > 0 
such that n"'BR = IR+"'BR, where BR = {x E !Rnllxl < R}, IR+ = 

{ x = (x1, .. · , xn) E !Rnl Xn > 0}. We consider the following Stokes 
system with Robin boundary condition. 
(1.1) 

{ 

Ut- DivT(u,11') = J, divu = g = divg 

v ·ulan= 0, au+ T(u)v- (T(u)v, v)vlan = h 

uit=D = uo 

inn x (0, To) 

where a is a non-negative constant, u(x,t) = (u 1 , ..• ,un) is a velocity 
field and 11'(x, t) is a scalar pressure. Here and hereafter v denotes the 
unit outer normal to an, T(u,11') is the stress tensor defined by the 
formula: 

(1.2) T(u, 11') = D(u)- 1!'! 

where D(u) is the deformation tensor of the velocity with elements 
Dij(u) = aiuj + ajui. It is obvious that the boundary condition in 
(1.1) is equivalent to the following condition 

(1.3) v ·ulan = 0, au+ D(u)v- (D(u)v, v)vlan =h. 

So we may consider the condition (1.3) in stead of the boundary condi­
tion of (1.1). The cases when a = oo and a = 0 are corresponding to 
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the Dirichlet boundary condition and the slip boundary condition, re­
spectively. The latter condition is called the appropriate physical model 
for flows past chemically reaction walls, and for flows at high angles of 
attack and high Mach and Reynold's numbers as in the re-entry of a 
space orbiter case. It is also part of the boundary conditions modelling 
flow problems with free boundaries as in the coating problem and other 
examples such as fiber spinning and microfluidics. So, we consider the 
boundary condition in (1.1) as the generalized condition, and call it the 
Robin boundary condition. 

§2. Resolvent Estimate 

In this section, we consider the following system: 
(2.1) 

{ 
Ut- DivT(u,1r) = J, divu = 0 

v ·ulan = 0, au+ D(u)v- (D(u)v, v)vlan = 0 

ult=D = uo 

inn x (0, oo) 

In order to prove the resolvent estimate, we consider the following resol­
vent problem which corresponds to (2.1): 

(2.2) {
)..u- ~u + V'1r = J, div u = g 

v · u = 0, au+ D(u)v- (D(u)v, v)v = h 

in n 
on an 

where ).. E ~., ~. = {).. E C" {0} llarg )..I ::; 7r - €} for some E with 
0 < E < 7!". 

In the bounded domain and the divergence free case, the resolvent 
estimate is obtained by Giga [2] in the homogeneous boundary condition 
case, and by Grubb-Solonnikov [3] in the nonhomogeneous boundary 
condition case. Saal [4] also proved the resolvent estimate in the half­
space with the divergence free and homogeneous boundary conditions. 
In this paper, we shall give a resolvent estimate for the Stokes equation 
with nonhomogeneous Robin boundary condition. Lq(n) and Wi(n) 
denote the usual Lebesgue space and Sobolev space, respectively. When 
n is bounded we set 

Wi,a(n) = {g E Wq1(n) lk gdx = o} 

When n is unbounded we set 

Wi(n) := {1r E Lq, loc(n)IV'7r E Lq(n)}, Wq- 1(n) := w;,(n)* 

Wi,o(n) = {g E w;(n) I supp g is compact} 
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where X* denotes the dual space of X, and q is the dual exponent to 
q' such as 1/q + 1/q' = 1. The following theorem is our main result 
concerning the resolvent estimate. 

Theorem 2.1. (Resolvent estimate) Let 1 < q < oo and 0 < E < 
~. (i) Let D be bounded. Assume that D is not rotationally symmetric. 
Then, there exists a constant ao > 0 such that for any A E C\( -oo, -a0 ), 

f E Lq(D)n, hE W,i(D)n with v · h lan = 0 and g E W,i,a(D), then (2.2) 
admits a unique solution (u,7r) E W,?(D)n x W,i,a(D) which enjoys the 
estimate: 

(2.3) 

1AIIIui1Lq(l1) + IAI!IIY'ui1Lq(!1) + llullw~(!1) + 11PIIw,J(l1) 

::; C{llfi1Lq(!1) + a(1 + IAI)-! llfi1Lq(l1) + IIY'giiLq(l1) 

+ a(1 + IAI)-1 IIY'giiLq(n) + (1 + IAI)IIgllw,,-1(n) + allgiiLq(n) 

+ a(1 + IAI)! llgllw,,-1(!1) + IIY'hiiLq(n) + (1 + IAI)! llhiiLq(n)} 

for A E I:, U {A E C I IAI ::; ao} where C = Cq,• > 0 is a constant 
depending on q and E. 

(ii) Let D be unbounded. For any A E C\ ( -oo, OJ, f E Lq (D)n, h E 
W,i(D)n with v · h lan = 0 and g E W,i, 0 (D) n wq- 1 (D), then (2.2) 

admits a unique solution ( u, 7r) E W,?(D)n x W,i (D) which enjoys the 
estimate: 

(2.4) 

1AIIIui1Lq(!1) + IAI! IIY'ui1Lq(l1) + IIY'2ui1Lq(!1) + IIV'7rll£,,(!1) 

::; C{(1 + aiAI-1)11fiiLq(l1) + (IAI + a1AI!)IIgllwq-1(n) 
1 1 

+allgiiLq(!1) + (1 +aiAI- 2 )IIY'giiLq(!1) + IIY'hi1Lq(!1) + IAI 2 IIhi1Lq(!1)} 

for A E I:, with IAI ~ a where CJ is any positive number and C = Cq,<,u > 
0 is a constant depending on q E and a. 

Now, we introduce the Helmholtz decomposition corresponding to 
our problem. Set 

J (D) ·=coo (D)II·IILq(<>l 
q · O,a ' 

cg:ou(D) := {u E Cif(D)n I divu = 0}, 

Gq(D) := {V'7r E Lq(D)n 17!" E Lq,loc(fi")}. 

Then, we know that the Helmholtz decomposition: 

(2.5) 
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Here EB denotes the direct sum. It should be noted that since an is 
C 2•1-hypersurface, Lp,,.(n) is characterized as 

Jp(n) = {u E Lp(n) I divu = 0 inn, v. u = 0 on an}. 

Let Pq denotes the solenoidal projection from Lq(n) onto Jq(n) along 
Gq(n). 

In our case the Stokes operator Aq is defined by following relations: 

Aq := Pq( -~), 

D(Aq) := { u E W,i(n)n n Jq(n) I au+ D(u)v- (D(u)v, v)vlan = o}. 

Corollary 2.2. Let 1 < q < oo. Then, -Aq generates the analytic 
semigroup {Tq(t)}t::::o on Jq(n). 

If n is a bounded domain, {Tq(t) h::::o is exponentially stable. More­
over we have the following theorem. 

Corollary 2.3 (Lq-Lr estimate). Let n be a bounded domain, and 
1 ~ q ~ r ~ oo with q -:/= oo and r -:/= 1. Then there exists constants c 
and C which depend on only q and r such that 

(2.6) IITq(t)uiiLr(ll) ~ Cq,re-ctc~(~-nlluiiL.(ll) 

(2.7) IIV'Tq(t)uiiLr(n) ~ Cq,re-ctc!-~(~-nlluiiL.(n) 

for any t > 0 and u E Jq(n). 

§3. Lp-Lq Maximal Regularity 

In this section, we consider Lp-Lq maximal regularity in the bounded 
domain case. It was obtained by Shibata-Shimizu [5] in the Neumann 
boundary condition case. In order to state our main results preciously, 
first of all we introduce some function spaces. 

3.1. Function spaces. 

In this subsection, let p and q be exponents E [1, oo] and land m be 
non-negative integers. Let X be a Banach space with the norm II· llx-
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For an interval I C R and a domain D C Rn, we set 

II II { 
{f1 llv(t)ll~dx} 1/P 1 :::; p < oo, 

V Lp(I,X) = 
esssupxEIIv(x)l p = oo, 

W;'(I, X)= {vI 8/v E Lv(I, X), j = 0, 1, · · ·, m}, 
m 

llvllw;n(I,X) = L 118/viiLp(I,X)i 
j=O 

W~;;'(D xI)= Lv(I, W~(D)) n W;'(I, Lq(D)), 

llullw~:;'(Dxl} = lluiiLp(I,WJ(D)) + llullw;n(I,Lq(D))i 

W~(D) = Lq(D), W~(I,X) = Lv(I,X), 
. 1 1 wp ([0, To),X) = {u E wp (( -oo, To), X) I u = Ofort < 0}. 

Given () E R, we set 

(DdJu(t) = .r- 1 [(1 + s2 ) 912Fu(s)](t), 

H:(R,X) = {u E Lp(R,X) I (Dt) 9u E Lp(R,X)}, 

lluiiH:(IR,X} = lluiiLp(IR,X) + II(Dt)9ui1Lp(IR,X)· 

Here and hereafter, F and .r- 1 denote the Fourier transform and its 
inverse formula, respectively. Set 

H 1•112 (D X R) q,p 

= H;I 2 (R,Lq(D)) n Lv(R, Wi(D)), 

if~;;I2 (D x [0, oo)) 

= {u E H;I 2 (R, Lq(D)) n Lv(R, Wi(D)) I u = 0 fort< 0}, 

lluiiH~;~/ 2 (Dx!R} = lluiiH~/ 2 (IR,Lq(D)) + lluiiLp(IR,W.}(D))· 
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Finally, given 0 < T0 :0:::: oo we set 

H;;;I2(D x (0, To))= {u 1
3v E H;;;I2 (D x JR.), u =von D x (0, T0 )}, 

II ull H~;~/ 2 (D x (O,To)) 

= inf{llviiH~;~/2(DxJR) I \fv E H;;;I 2 (D x JR.), u =von D x (0, T0 )}; 

n;,•;I2 (D x (O,To)) = {ul 3v E n;,·;I2 (D x [O,oo)), 

u =von D x (O,To)}, 

lluiiH~;~I 2 (Dx (O,To)) 

= inf{llvllif~,·~/2(Dx[O,oo)) I \fv E n;;;I2 (D X [0, oo)), 

u =von D x (O,To)}. 

3.2. Main results 

Set B;,~- 1/P) (!1) := [Lq(D), Wi(D)]I_ 1;p,p and Vq,p = [Jq(D), D(Aq) 
h- 1/p,p where[·, ·]o,p denotes the real interpolation functor. By Steiger [6], 

we can see that Vq,p C B;,~- 1/P) (D) and the norm of Vq,p and that of 

B;g- 1/p)(D) are equivarent for p and q with 2(1-1/p) =1- 1/q, 1 + 1/q. 
For the solution of (1.1), we have the following theorems. 

Theorem 3.1 (Lp-Lq maximal regularity). Let 1 < p, q < oo and 
To > 0. If uo, f, g, g and h of (1.1) satisfy the conditions: 

uo E Vq,p, f E Lp ((0, To), Lq(D)t, 

(3.1) g E Lp((O, To), w;(n)), g E W£ ((0, To), Lq(D)t, 

hE n;;;/2 (!1 X (0, To)t, v · hlao = 0, 

then (1.1) admits a unique solution (u, 1r) E w;,;cnx (0, T0 ))n xLp((O, T0 ), 

w,; ( n)) which enjoys the estimate: 

(3.2) 

llullw~;~tox(o,Toll +117ri1Lp((o,r0 J,WJtnJ) :0:::: C{lluollvq,p + llfi1Lp((o,r0 ),Lq(OJJ 

+ llhll if~;~/2(0x(O,Toll + II9IILp((O,To),WJ(o)) + II?JIIwJ<to,Tol,Lq(O)) 

where the constant C > 0 is independent T, u, 1r, f, g, g and h. 

Theorem 3.2 (exponential stability). Let 1 < p,q < oo. Then 
there exists 'Yo > 0 such that if uo, f, g, g and h of (1.1) with T0 = oo 
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satisfy the following conditions: 

uo E Vq,p, e"~tf E Lp((O,oo),Lq(O)t, 

(3.3) e7 tg E Lp ((0, oo), W.J(o)r, e7 tg E w; ((0, oo), Lq(O)t, 

e"~th E if~;£12 (0 X (0, oo)t, v · hlan = 0 

for some "( E [0, 'Yo]. Then (1.1) with To = oo admits a unique solu­
tion (u, rr) E Wi,~ (0 x (0, oo)t x Lp ((0, oo), WJ"(O)) which satisfies 
the estimates: 

ll e"~tull + lle"~trrll 
w~;J<nx(O,oxo)) · Lp((O,oc),WJ(n)) 

::; C{lluollv.,p + lle"~tfiiLp((O,oc),Lq(n)) + lle"~thiiH~Y2<nx(o,oc)) 

+ lle"~tgiiLp((O,oc),WJ<n)) + lle"~t911wJ((o,oc),Lq(n))} 

where C > 0 is independent ofu, n, f, g, g and h. 

Outlined proof of theorems 3.1 and 3. 2. We consider the maximal 
Lp-Lq regularity of solutions to (1.1) in the whole space and half-space 
by using R-boundedness and the operator-valued Fourier multiplier the­
orem due to Denk, Hieber and Pruss [1] and Weis [7]. The second step 
is to show maximal Lp-Lq regularity in the bounded domain case. To 
do this, we reduce (1.1) to the model problem in the half-space and the 
whole space by using the localization technique. Q.E.D. 
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