
Advanced Studies in Pure Mathematics 47-1, 2007 
Asymptotic Analysis and Singularities 
pp. 253-272 

Wave maps in gravitational theory 

Makoto N arita 

Abstract. 

We survey results on wave maps in gravitational theory. In the 
first part, we review global properties of cosmological spacetimes with 
two spacelike commutable Killing vector fields in the Einstein-Maxwell
dilaton-axion system, which is arising in the low energy effective su
perstring theory. It is shown that the dynamical evolution parts of this 
Einstein-matter equations become a system of wave map equations 
and global existence and inextendibility for the system are discussed. 
Asymptotic behavior of constant mean curvature foliations is also an
alyze. In the second part, we show a global existence theorem of a 
wave map on black hole background by using Choquet-Bruhat's argu
ments. Moreover, asymptotic decay property is shown by conformal 
transformation. 

§1. Introduction 

General relativity is the theory for describing the dynamics of space
time geometry and the fundamental equations of the theory are the 
Einstein(-matter) equations. The Cauchy problem provides a way of 
achieving to understand what kind of solutions these equations possess. 
It deals with the most general solutions to the equations being considered 
and characterized them by their initial data on some appropriate initial 
hypersurfaces. Fortunately, the local Cauchy problem for the Einstein 
equations is well understood as far as smooth solutions are concerned. 
Once the local problem has been solved, one can proceed to consider 
about the global one. However, the global Cauchy problem is still open. 
The question whether the Cauchy problem for the Einstein equations 
can be solved globally is closely related to the important physical ques
tion of the existence and nature of spacetime singularities. In particular, 
the strong cosmic censorship (SCC) conjecture [37] is most naturally ex
pressed in terms of the global Cauchy problem. This conjecture is one 
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of the most important and unsolved questions in classical gravitational 
theory. In addition, it is important to study the conjecture in scope of 
superstring/M-theory, because it is natural to expect that global struc
ture of spacetimes must be ultimately found on the theory which is the 
most promising candidate for the unified theory. 

Roughly speaking, the SCC states that there is no naked singularity. 
If not so, local observers may see singularities. This means violation of 
predictability, because we cannot put appropriate boundary conditions 
on the singularities. Since predictability is a fundamental requirement of 
classical physics, it seems reasonable to require it to be valid in the whole 
spacetime. This implies that physical spacetimes should be globally hy
perbolic in Leray's sense. Motivated by. these considerations, Penrose 
proposed the SCC conjecture in physical words and Klainerman formu
lated it mathematically as follows: 

Conjecture 1 (Klainerman [26]). Generic Cauchy data sets have 
maximal Cauchy developments which are locally inextendible as Lorentzian 
manifolds. 

We need two steps to prove the validity of the conjecture: (1) show 
global existence theorems for solutions to the Einstein(-matter) equa
tions in an appropriate time coordinate, (2) analyze asymptotic behavior 
of the solutions and show inextendiblity of spacetime manifold. Thus, an 
important aspect of this SCC conjecture is relation to the global Cauchy 
problem for the Einstein(-matter) equations. 

Now, wave maps play important roles to tackle global problems 
in general relativity. For example, dynamical evolution equations of 
the (four dimensional) vacuum Einstein equations for spacelike U(l)
symmetric cosmological spacetimes can be written as a wave map [9]. 
Also, it is known that nonlinearity of wave maps is similar with one of 
the Einstein equations, that is "null form" [11, 25]. This nonlinearity is 
a key to prove global existence theorems for the Einstein equations and 
wave maps in small initial data in four dimensions. Thus, we expects 
that fundamental parts of the Einstein equations are wave maps or have 
the same structure of wave maps. 

In this article, we will survey some results on wave maps relating to 
gravitational theory. In Section 2, we show global properties of Gowdy 
symmetric spacetimes in low energy effective superstring theory. Un
fortunately, the problem of proving global existence theorems for the 
full Einstein-matter equations is. beyond the reach of the mathematics 
presently available [39]. To make some progress, it is necessary to con
centrate on simplified models. The typical simplification is to look at 
solutions with various types of symmetry. Gowdy symmetric spacetimes 
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are the most simplest inhomogeneous cosmological models because the 
spacetimes have two commutable spacelike Killing vector and then dy
namical evolution equations become 1 + 1-dimensional nonlinear wave 
equations which are equivalent to a wave map. 

From the viewpoint of the SCC, it is important to study whether 
black hole spacetimes are stationary limit after dynamical evolution 
(i.e. naked singularities never appear by generic gravitational collapse) 
and/or the spacetimes are stable or not. Christodoulou has shown 
that generic spherically symmetric gravitational collapse leads to the 
Schwarzschild spacetime as the final state [12]. For D ~ 3, it has been 
shown that D + 1-dimensional static and spherical symmetric black hole 
spacetimes are stable against linear perturbation [3, 21]. These results 
support the validity of the sec conjecture, that is, the stability of the 
black holes. Next, nonlinear perturbation should be considered. How
ever, we have no mathematical tool to analyze full nonlinear pertur
bation for curved spacetimes at the present time1 and the only one 
result of stability against nonlinear perturbation is for the Minkowski 
spacetime [13, 5]. Then, we will consider nonlinear scalar fields as test 
fields on curved spacetimes. Recently, some global results for nonlinear 
wave equations on the (four dimensional) Schwarzschild background are 
proven with power nonlinearity [2, 16]. Our choice for the test fields 
are wave maps, which play an important role in gravitational theory as 
already mentioned. In Section 3, we will show a global existence theo
rem of a wave map on black hole spacetimes in any dimensions by using 
Choquet-Bruhat's arguments, which has been used to prove the theorem 
in some Sobolev classes in four-dimensions [4, 6, 7, 8]. Furthermore, as
ymptotic decay property is shown by conformal transformation [11, 10]. 
These results suggest nonlinear stability of black hole spacetimes and 
support the validity of the sec. 

In the remaining of this section, let us summarize wave maps. Let 
(V, g) and (M, h) be D + 1-dimensional Lorentzian and d-dimensional 
Riemannian manifolds. A mapping u : (V, g) __, ( M, h) is called a wave 
map if it satisfies the following PDE in local coordinates on V and M: 

where r~13 and rgc are the Christoffel symbols of the base V and target 
M, respectively. Here, Greek indices runs from 0 to D and Roman 

1Recently, nonlinear orbital stability of five-dimensional static and spher
ically symmetric black hole (Schwarzschild-Tangherlini) spacetimes has been 
shown [14]. 
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indices run from 1 to d. This wave map system is a critical point of the 
following action: 

Then, the wave map equations read as a semilinear quasidiagonal system 
of second order partial differential equations for d scalar functions ua. 
The principal part is the wave operator for the Lorentzian metric g 
and the nonlinear terms are quadratic forms in the derivative of u with 
coefficient r( u), which satisfy the null condition [11, 25]. 

Let us consider the Cauchy problem, that is, given values on a given 
spacelike hypersurface So in V, u(x)lsa = ¢(x) E M and Btu(x)lsa = 
'lj;(x) E Tq,(x)M, the construction of a wave map. Here, x E So and¢ is 
a map from the initial hypersurface So into the target M. 

Now we put an assumption for target manifolds. 

Definition 1. The (M, h) is said to be regularly embedded in the 
Euclidean manifold (R N, Q) if it is defined by P smooth scalar equations 
F(P) = 0 on RN, of rank P on M, and h is the pullback of the metric 
Q under this embedding. We denote by v(P) the normal to M in RN 

defined by the gradient of F(P). We set v(I) = miJV(J), where miJ is 

the inverse matrix with elements m I J = QAB v;[) v}!). 

Under this assumption, the equations for U read as a semilinear 
quasidiagonal system of second order partial differential equations for 
N scalar functions on V (see ( 1)). 

To consider the Cauchy problem for the wave map on generic curved 
manifolds, we need to suppose conditions on the base manifold. 

Definition 2. The (V,g) is said to be regularly hyperbolic if: (a) 
It is globally hyperbolic. Then V is of the type S x R, with S a D
dimensional oriented smooth spacelike manifold, the past of any compact 
subset of V intersects any St = S x { t} along a compact set. (b) The 
metric g, assumed here for simplicity to be smooth, can be written 

with 0 < B1 :S N :S B2 on V, where B1 and B2 are positive and 
continuous functions oft. (c) The metrics gt = gi1dxidx1, induced by g 
on St, are uniformly equivalent to a given smooth Riemannian metric e 
on S, that is, there exist positive and continuous functions oft, A 1 and 
A2 which, for any vector field~ on Sandt, satisfy A1e(~, 0 :S gt(~, 0 :S 
A2e(~,~) on S. 
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We have the standard local existence and uniqueness theorem for 
quasi-linear wave equations (see theorem 6.4.11 of [20] or theorem 4.1 of 
[43]). Then, the following theorem is obtained: 

Theorem 1. [4] Let (V, g) be a smooth regularly hyperbolic mani
fold. Let (M, h) be a smooth complete Riemannian manifold regularly 
embedded by i in a Euclidean space (R N, Q). Then u : (V, g) -+ ( M, h) 
is a wave map if and only if the mapping U = i o u : V -+ RN satisfies 
the system of d scalar semilinear equations on CV, g), such that 

(1) ga.f3 ('V f3aa.uA + aa.u8 af3ucQADvulvasvi:Jl) = o, 

and the initial data for U are that UAiso =: <I>A take their values in M 
and atUAiso =: I]!A take their values in the tangent space toM. 

Let ¢ : S -+ M and 'lj; : S -+ T M be Cauchy data for u. Suppose 
that the 2N functions <I>= i(¢) and I]!= i'('lj;) are respectively in W 8 • 2 

and ws-l,2 , with s > ~ + 1, then there exists a number T > 0 and 
a wave map u : (S x [0, T]) -+ (M, h), u E E 8 (T) taking the given 
data. The interval T of existence for any given s is equal to the interval 
corresponding to s0 , smallest integer greater than ~ + 1. The solution 
is unique and depends continuously on the data. In particular, u E 

C00 (S x [0, T]) if¢, 'lj; E C(f. 0 

§2. Wave maps in cosmological spacetimes 

In this section, we would like to consider global properties of Gowdy 
symmetric spacetimes in the Einstein-Maxwell-Dilaton-Axion (EMDA) 
system, which is arising in heterotic superstring theory. 

2.1. Einstein-Maxwell-Dilaton-Axion system 

The action of the EMDA theory is 

(2'{3 = J d4xV)gi [ R- e- 2¢ F 2 - 2 ('V ¢ )2 - ~e-4¢ H 2] 

J d4xV)gi [R- e- 2¢F2 - 2(\7¢) 2 - ~e4¢ (\7,;) 2 - ,;FF], 

where ¢ is the dilaton field, F11v := 2'V[11 Av]' F11v := ~HE11v!ipF8P, 
Ha.f3'Y := \7 a.Bf3'Y - Aa.Ff3'Y +cyclic = ~Ea.f3'Yiie4a¢'VIi,; is the three-index 
antisymmetric tensor field dual to the axion field ,; [44]. Greek indices 
run from 0 to 3. Varying the action (2) with respect to the functions, 
we have the following field equations. 

(3) 
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(4) 

(5) 

(6) 

(7) 1 4</> 2\7 ,..¢V' v¢ + 2e V' ,..,.V' vK 

+e-2<1>(2F,..pF/}- ~g,..vF2 ). 

2.2. G1-symmetric spacetimes 

As mentioned in Introduction, wave maps appear in gravitational 
theory by spacetime symmetric reduction. The method in [23] is used 
to get the reduced equations2. Suppose that the metric is 

where Latin indices run from 0 to 2. fh is a spacelike Killing vector, then 
P, em and 'Ymn depend only on xm. The same symmetry is assumed for 
matter fields. In three dimensions, vector fields can be parametrized by 
scalar potentials, cp and '11, via 

The three dimensional Kaluza-Klein field em is dualized by 

e4P 
EP ·= __ .,pmn0 c 

. ~,_ m<,n· 
v -'Y 

One can solve the constraint equation which is (m3)-component of Ein
stein equations (7) by introducing the twist potential Q, 

so we obtain the effective action for new variables as follows: 

2The similar reduction was obtained in the case of stationary spacetimes [17) 



where 

(8) 
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2dP2 + ~e-4P(dQ + IJ!d<I>- <I>dw)2 

1 
+2d¢i + -e4<Pdti2 

2 
+e-2P [e-2¢d<I>2 + e2<P(dw- K:d<l>)z]' 
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where Rmn is the Ricci tensor for 'Y· Thus, equations for G 1-symmetric 
spacetimes in the EMDA system are given by 2 +!-dimensional Einstein 
equations coupled with a wave map. Note that this target space of the 
wave map is an Einstein space. Indeed, one can calculate the Ricci and 
the Einstein tensors as follows: 

where the scalar curvature R = -18. In particular, the target space 
becomes two dimensional hyperbolic space in vacuum case. 

2.3. Gowdy symmetric spacetimes 

The Gowdy symmetric spacetimes are spatially compact, globally 
hyperbolic with commutable spacelike Killing vector fields on the Cauchy 
surfaces, which twist constant vanish. Here, we will assume that spatial 
topology is T 3 . If one consider Gowdy symmetric spacetimes, the metric 
is as follows: 

and 

where x 0 = t, x 1 = (), x 2 = y and x 3 = X. Furthermore, 82 = 8y 
is another spacelike Killing vector. Thus, all functions depend on t E 

(0, oo) and () E [0, 21r) only. From three dimensional Einstein equations 
for "(, we have 

gtt- Qee = 8'f R- a~R = 0, 

where gmn is the Einstein tensor for "(. Then, we can take the areal time 
coordinate R = t, where R means the area density 2-tori spanned by two 
Killing vector fields. In this coordinate, equations for the function 7) are 
given as follows. 

(9) 
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(10) 

and 

e2"~ 2 2 1 ( A B A B) (11) f:2gYY =(at - a8)ry = 2hAB atu atu - aeu aeu . 

Note that the function "1 is decoupled with other functions. Thus, an ac
tion for evolution equations of the EMDA system with Gowdy symmetry 
is obtained: 

(12) Scowdy = j d3x 0gmnhABamuAanU8 , 

where 0g = -dt2 + d(J2 + t2d'ljJ2, 0 :::; t, 0 :::; (), 'ljJ :::; 27!' and U is 
independent on '1/J. This is a wave map U : (R2+ 1 , 0g) --+ (N6 , h), where 
h is given by (8). 

Now, we give explicit form of the wave map equations. The evolution 
equations for gravitational sector (P, Q) are given by 

_!e-4P E En 
2 n 

(13) - ;e-2P ( e-2¢ (VcJ> )2 + e2rf> (V\11 - KVcf> )2) ' 

and 

(14) 

The evolution equations for the Maxwell fields (cf>, \II) become 

(15) 

and 

at[te- 2(PHlatcf>]- ae[te-2(P+rJ>laecJ>] 

= te-4P Hm(Em- e2(P+rJ>)amK). 

(16) at (te- 2(P-¢)Ht)- ae (te- 2(P-¢)He) = -te_4pamcJ>Em. 

The wave equations for dilaton and axion fields (¢, K) are 

(17) 

and 
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Here Hm := OmW- "'8mt'P. For the above system, we have the following 
global existence theorem: 

Theorem 2 ([31]). Consider the wave map equations (13)-(18). 
Given smooth initial data at t = t 0 E (0, oo), there is a unique solution 
foranytE(O,oo). D 

The main method of the proof of Theorem 2 is light cone estimate 
which has been used in vacuum Gowdy case [30]. Presently, this method 
is applied to the cases which are the Einstein-Vlasov [1], the Einstein
stringy matter [32, 34], higher-dimensional [33] systems. Note that the 
above results are restricted answers for an open problem proposed in 
[45], that is Open Problem 6.(b). 

From the viewpoint of the SCC, we should analyze inextendibility 
of spacetimes obtained in Theorem 2. Fortunately, a very useful tool-kit 
for this was given in [15], which states that geometric quantity R, which 
comes from spacetime symmetries, can extend continuously to spacetime 
boundaries if the spacetimes admit symmetries. In our case, since R = t 
goes to infinity into the future direction, then future extension of the 
original spacetimes is impossible. Thus, 

Theorem 3. The globally hyperbolic maximal development of data 
for the Gowdy symmetric EMDA system cannot be extended in a C 2 -

category into the expanding direction. D 

The same conclusion holds for vacuum, Einstein-Vlasov, Einstein
stringy matter and higher-dimensional cases. From theorems 2 and 3, 
the validity of the sec is expected in our spacetimes. 

To analyze global properties of Gowdy symmetric spacetimes, the 
areal time coordinate is useful because the evolution equations (wave 
maps) decoupled with the constraint equations ((9)-(11) in our case). 
In relativity, since time is a just parameter, there are many choice for it. 
Another good time coordinate is constant mean curvature time [38]. In 
this coordinate, time is measured by mean curvature of Cauchy surfaces 
S, where the values of the mean curvature on S is constant. Now, we 
have the following theorem: 

Theorem 4. Let (M, g) be a globally hyperbolic maximal develop
ment of data for the vacuum Gowdy system. Then there exists a unique 
constant mean curvature foliation of ( M, g) which covers ( M, g). More
over, the mean curvature trk of Cauchy surfaces approaches (a) -oo as 
t->0, and(b) 0 ast->oo. 

Proof. Results for global foliation and (a) have been shown in [22] 
and the same ones are also true in the cases of non-vacuum (Vlasov and 
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stringy matter) and higher-dimension. In that paper, it was conjectured 
that problem (b) would be true. Then, we concentrate problem (b). 

The energy decay estimates given in [41] will be used3 . To adjust 
my notation with that paper, we put metric function as follows: 

>. 1 
2ry ~ P + 2 + 2lnt, 2P ~ P+lnt, A~Q. 

Under this transformation, the mean curvature of the hypersurfaces of 
constant areal time is 

From Theorem 1.7 in [41], we have 

and also, for large enough t, 

>.-:::: c;..t ± Klnt, 

where K and c;.. are positive constants. Then, 

Thus, the conjecture in [22] (that is, problem (b)) has been shown. 0 
We did not mention asymptotic behavior of Gowdy symmetric space

times near singularity (t = 0). Some results concerning this are given 
in references [24, 35, 33, 34]. Complete arguments for inextendibility 
beyond the singularity has been shown only in the vacuum case [40]. 

§3. Wave maps on black holes 

Let us consider D + 1-dimensional static and spherically symmetric 
black hole spacetimes v"' Rt X (0, oo)r X sn (thus, n = D- 1), as the 
base manifold for wave maps, endowed with the Lorentzian metric 

(19) 2 dr2 2 2 
g = - fn(r)dt + fn(r) + r dan, 

3To get the estimates, wave map structure of Gowdy equations was analyzed 
fully. In particular, symmetry of the target is important. 
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where fn E C 00 ((0, oo)) and dO";, is then-dimensional standard spherical 
symmetric metric. We assume the existence of a value r9 of r, 0 < r9 < 
oo, the only possible zeros off, such that 

fn(r9 ) = 0, 8rfn(r9 ) = 2"'9 -=/:- 0, 

fn(r) > 0 for r E (r9 , oo), fn(r) < 0 for r E (0, r9 ). 

One example satisfying the above conditions is a higher-dimensional 
black hole spacetime which is a solution of the vacuum Einstein equa
tions, Gaf3 = 0, where Gaf3 is the Einstein tensor: 

(20) 
c 

fn(r) = 1- rn- 1 , 

where C is a integration constant. 
We will use the Regge-Wheeler coordinate: 

dr 
dp = fn(r). 

Then we have the following metric 

(21) 

with -oo < p < +oo, r = r(p) is a coo function of p, increasing from r9 

to +oo. 
Suppose that a spherically symmetric wave map is one that depends 

only on t and r, i.e., u = u(t, r). If we assume static spherically symmet
ric spacetimes, (21) with (20), as the base manifold for the wave map 
and , the wave map equation (1) becomes as follows: 

(22) 82 U A + 82 U A + l 0 U A t p p p 

+ QADli(P)DOBllg) ( -OtUB8tU0 + OpUB8pU0 ) = 0, 

where lp := nr- 1 fn(r) is a coo function of p. Thus, our problem becomes 
to analyze this 1 +!-dimensional semilinear wave equations with smooth 
coefficients. 

3.1. Global existence theorem of wave maps on black holes 
in higher dimension 

Now, we will show a global existence theorem for (22): 

Theorem 5. Let (M, h) be a Riemannian manifold coo regularly 
embedded into a Euclidean space. If .P E W2•2 and \ll E W 1•2 , then there 
exists a global spherically symmetric wave map u E Ck([O, oo), w 2-k• 2 ), 0 
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:::; k :::; 2, from theexterior of a higher dimensional spherically symmet
ric black hole into (M, h) taking these Cauchy data. The solution is 
unique. The solution in a compact set depends only on the data in the 
intersection of the initial line with the past of this set. In particular, if 
the Cauchy data cfl and lJI belong to Ctf(Rp), then there exists a unique 
global solution which belongs to C 00 (Rt X Rp)· 

As arguments for the first and second energies (Definition 4) are 
the same as Choquet-Bruhat's [4, 6, 7, 8], we omit them. In her pa
pers, global existence in some Sobolev classes has been already shown. 
To show existence of global solutions to the wave map (22) in smooth 
category, we need to estimate higher order energy. 

Definition 3. We define the k + 1-th energy tensor Tl~ of U : 
(R2 , ry) ---t (Rd, Q) and the k + 1-th energy-momentum vector p(k)a on 
R2 given by 

and 

where U(k),A := a~uA. 

Definition 4. Suppose that X is the timelike Killing vector field on 
(R2 , ry) with components: X 0 = 1 and X1 = 0. We define the k + 1-th 
energy density p(k)O := p(k)a X a and the k + 1-th energy Et) (U) of U 
at time t given by 

and 

respectively. 
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By deriving the wave map equation (22) with respect to p, we have 
the k + 1-th order evolution equation as follows: 

(23) 

x ( -atu8 atuc + apu8 apu0 ) <k-i), 

where F(t, p)(k) := o~F(t, p) fork~ 0. Note that the first order equa
tions are the original ones. 

Now, we will calculate the k + 1-th energy estimate. The divergence 
of the energy momentum vector is given by 

00 ,P(k)a = bAE0tU(k),Er/"'{30a0{3U(k),A = -bAEOtU(k),E fA, 

where 

fA (lpopUA) (k) 

+8ADZI(P)D0Bllg) ( -OtU8 8tU0 + OpU8 opU0 ) (k) 

AD~ ( (P))(i) +8 L kci v(P)DaBvc x 
i=l 

x ( -BtU8 BtU0 + BpU8 BpU0 ) (k-i). 

From the definition of regular embedded manifolds, we have 

k 

(24) a~atF(U) = BtU(k),Av(P)A + 2: kciatu<k-i),Av{2)A = o 
i=l 

Combining (23)-(24), we have 

(25) Bap(k)a =I+ II+ ill, 

where 

(26) 

II (k) E AD~ ( (P)) (i) -JAEBtU , J L kci v(P)DaBvc x 
i=l 

(27) x (-BtU 8 BtU0 +opU8 BpU0 )<k-i), 
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and 

III {~ C 8 U(k-i),AV(i) } X L...t k t t (P)A 
i=l 

(28) X8Bv2[) ( -8tUB8tUC + 8pUB8pU0 ) (k). 

Integrating (25), we have 

t dT joo dpaOtp(k)a 
lo -oo 

Eik) (U) - Ebk) (U) 

fat dT i: dpi + II + III, 

From the term I (26), we have 

fat dT i: dpi ::::; C fat dTE~k)(U) 

+C fat dTE~k)(U)lf2E~k-l)(U)l/2 

+ ... + C fat dTE~k)(U)l/2 E~o)(U)l/2. 

When one estimates k + 1-th energy, terms of (k -1)-order and less 
than this order are not important, because these terms can be controlled 
by i-th energy for i = k, · · · , 0 by using the generalized Holder and the 
Sobolev inequalities. For example, define N := (8U)k+28U(k), then 

i: dpN < II(8U)k+2II£2(R)II8U(k)II£2(R) 

< E(k)l/211(8U)2(k+2)11l<~R) 

< E(k)l/2 (11 (8U)2(k+l) IIL'(R) II (8U) 2 IIc~(R) f 12 

< E(k)l/2 (11(8U) 2 IIucRJII(8U) 2 II~g~R)f/2 

< E(k)l/2 X 

x [E {ll(au)2llucR) + 11a ((au)2) llucR)} k+lr12 

< E(k)l/2 El/2 [ E + El/2 E(l)l/2] (k+l)/2 

< E(k)l/2 E(k+3)/4 [ El/2 + E(l)l/2 rk+l)/2 . 
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At the fourth inequality, the Sobolev inequality was used k times. There
fore, we will estimate only terms which include (k- 1)-order. 

In the cases of i = 1 and i = k in the terms II (27) and ill (28), 
k + 1-th and k-th terms appear. They can be estimated by the same 
ways: I: dpV ::; E(k)1/2 E(k-1)1/2 E1/2 ( E1/2 + E(1)1/2) ' 

where V := au<kl(oU) 28U(k- 1l, and I: dpVI::; E(k-1) ( E1/2 E(1)1/2 + E(1) + E1/2 E(2)1/2)' 

where VI:= (ou<k- 1l) 28U8U(ll. 
In the case of k = 2, we need to estimate the L 6 norm of the first 

terms. as follows; I: dpVII < II8UII£2(R) II(8U(1))3 II£2(R) 

< E(U)II (oU< 1l) 2 11l<~R) II (8U(ll) 2llcg(R) 

< E(U)E< 1l (U) ( E(ll (U)112 + E<2l (U)112) , 

where VII:= 8U(8U(1))3. 

Thus, the resulting integral inequality is linear with respect to E(k) (U) 
and then, k + 1-th energy bounds for any t E [0, oo) if energies E(i) (U) 
for i = 0, · · · , k bound. Since the boundedness of the first and the second 
energies has been shown [4, 6, 7, 8], for any k, we have the boundedness 
of the k-th energy. By the standard Sobolev embedding theorem, the 
conclusion of Theorem 5 is obtained. 0 

3.2. Asymptotic behavior of solutions 
3.2.1. Conformal transformation The Christodoulou's idea [11] is 

that a global problem is transformed into a local problem by conformal 
transformations. Originally, this method was introduced by Penrose to 
analyze global structure of spacetimes [36]. Since we have already global 
smooth solutions in the original spacetime, by the Kelvin transforma
tion [28], we have a local solution, which corresponds to the original 
global solution, in the conformal spacetime as follows. 

Let , : R1+1 3 (T,R) ----> (t,p) E R1+1 and f) : R1+1 ----> RP be 
defined by 

i i 4yi 4yi 
(29) X =, (T, R) = T2- R2 = n' f):= n-(D-1)/2u 0 ,, 
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where x 0 = t, x 1 = p, y0 = T and y 1 = R. If the metric in the (t, p)
coordinates is the D+ !-dimensional Schwarzschild one, g = fn(r)( -dt2 + 
dp2 ) + r 2du;,, then the pull-back metric g in the (T, R)-coordinates is 
given by 

( Rr) 2 
g = D2g = fn(r)( -dT + dR) + p du';,. 

According to [4, 10], we can see U satisfies the original equations 

(09 - D4; 1R 9 ) UA+AJ [(QA8 v1Jl) oU] =0, 

with 

and 

F(P) (U) = 0. 

if and only if 

-n-(3+D)/2 X 

with 

miJD2gaf38a ( D(D-1)/2ijA) 8(3 ( D(D-1)/2l}B) X 

x [(aAvijl) a (n(D- 1)/20)], 
and 

where 0 9 and 0 9 are the d'Alembertian in the metrics g and g, respec
tively. 

Now, we should confirm smoothness of coefficients in equation (30). 
From (31), we find the following, 

(32) D(D-1)/28alf 

+ D- 1 n(D-3)/28 nl]A 
2 a ' 
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where, 

(33) 

Combining (31), (32) and (33), we can see that coefficients in the third 
term of (30) are smooth if D ;:::: 3 is odd. Also, for -oo < t, p < oo, the 
Ricci scalar R9 for g is smooth and bounded, which is given by 

Therefore, the conformal equations (30) becomes a semi-linear, semi
diagonal second order hyperbolic system with smooth coefficients for 
the map U if D ;:::: 3 is odd. 

3.2.2. Reduction to a local problem Under the Kelvin transforma
tion (29), the correspondence between global smooth solutions in the 
original spacetime and local smooth solutions in the conformal space
time can be shown by the argument in [27]. 

We have already a global solution in the original spacetime for any 
t E [tr, +oo). This means that there exists the corresponding local 
solution in the conformal spacetime for any T E (0, Tr], where there are 
correspondence tr 9 Tr and +oo 9 0. Therefore, we can apply the 
standard local arguments for (30), which means that there is a constant 
ToE (0, Tr] such that supTo<T<Tr IU(T)I::::; Coc:, where a constant E > 0 
depends only on size of the -initial data and C0 is a arbitrary constant 
but fixed [42]. Note that C0 is independent of T0 . 

Proposition 1. If a solution U E CB' ( (0, Tr] x I) of the equation 
(30) exists, then there exist positive constants c:0 ;:::: c: > 0 and C such 
that 

sup IU(T)I::::; Cc:, 
O<T~Tr 

where lf(s)l := supyEI lf(s,y)l. 

Proof. The argument is similar with [18]. Let cl be that IU(O)I ::::; 
C1c:. For '/ > C1, put .:J = {To E (0, Tr ): equation (30) has a solution 
U E CB'((To,Tr] xI) such that supTa<T<T1 IU(T)I ::::; 'fE}. It is clear 
that .:J =I 0 and that .:J is closed set in (To, Tr). As we have already seen, 
if s E (0, Tr ), we have a unique local solution, which is corresponding 
to the global solution, such that SUPs<s'<Tr IU(s)l ::::; C2E, where c2 is 
a constant independent of T Now, if c-; < 'f, a standard continuity 
argument (see Theorem 2.2. in [29], Theorem 4.2. in Chapter 1 in [43] 
or Theorem 6.4.11. in [20]) implies that .:J is open set in (0, Tr ). Then, 
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if 'Y > max{C1 , C2 } and Eo 2: E > 0, we have .:1 = (0, T1 ), which shows 
the conclusion of this proposition. 0 

Now, we know that, if the function U satisfies the equation (30), the 
function U, given by 

U = n,(D-1)/2(; 

satisfies the original equation (22), and conversely. Thus, we have the 
following theorem: 

Theorem 6. Given Cauchy data cl>, W E C0 (Rp) which are bounded 
by£ > 0, fort- IPI > 0, the solution has the following decay property 

!u(t, P)!:::; C£(t + p)-(D-1)/2(t -lpi)-(D-1)/2, 

where £ depends only on initial data and D 2: 3 is odd. 0 
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