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Wave maps in gravitational theory

Makoto Narita

Abstract.

We survey results on wave maps in gravitational theory. In the
first part, we review global properties of cosmological spacetimes with
two spacelike commutable Killing vector fields in the Einstein-Maxwell-
dilaton-axion system, which is arising in the low energy effective su-
perstring theory. It is shown that the dynamical evolution parts of this
Einstein-matter equations become a system of wave map equations
and global existence and inextendibility for the system are discussed.
Asymptotic behavior of constant mean curvature foliations is also an-
alyze. In the second part, we show a global existence theorem of a
wave map on black hole background by using Choquet-Bruhat’s argu-
ments. Moreover, asymptotic decay property is shown by conformal
transformation.

§1. Introduction

General relativity is the theory for describing the dynamics of space-
time geometry and the fundamental equations of the theory are the
Einstein(-matter) equations. The Cauchy problem provides a way of
achieving to understand what kind of solutions these equations possess.
It deals with the most general solutions to the equations being considered
and characterized them by their initial data on some appropriate initial
hypersurfaces. Fortunately, the local Cauchy problem for the Einstein
equations is well understood as far as smooth solutions are concerned.
Once the local problem has been solved, one can proceed to consider
about the global one. However, the global Cauchy problem is still open.
The question whether the Cauchy problem for the Einstein equations
can be solved globally is closely related to the important physical ques-
tion of the existence and nature of spacetime singularities. In particular,
the strong cosmic censorship (SCC) congecture [37] is most naturally ex-
pressed in terms of the global Cauchy problem. This conjecture is one
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of the most important and unsolved questions in classical gravitational
theory. In addition, it is important to study the conjecture in scope of
superstring/M-theory, because it is natural to expect that global struc-
ture of spacetimes must be ultimately found on the theory which is the
most promising candidate for the unified theory.

Roughly speaking, the SCC states that there is no naked singularity.
If not so, local observers may see singularities. This means violation of
predictability, because we cannot put appropriate boundary conditions
on the singularities. Since predictability is a fundamental requirement of
classical physics, it seems reasonable to require it to be valid in the whole
spacetime. This implies that physical spacetimes should be globally hy-
perbolic in Leray’s sense. Motivated by these considerations, Penrose
proposed the SCC conjecture in physical words and Klainerman formu-
lated it mathematically as follows:

Conjecture 1 (Klainerman [26]). Generic Cauchy data sets have
mazximal Cauchy developments which are locally inextendible as Lorentzian
manifolds.

We need two steps to prove the validity of the conjecture: (1) show
global existence theorems for solutions to the Einstein(-matter) equa-
tions in an appropriate time coordinate, (2) analyze asymptotic behavior
of the solutions and show inextendiblity of spacetime manifold. Thus, an
important aspect of this SCC conjecture is relation to the global Cauchy
problem for the Einstein(-matter) equations.

Now, wave maps play important roles to tackle global problems
in general relativity. For example, dynamical evolution equations of
the (four dimensional) vacuum Einstein equations for spacelike U(1)-
symmetric cosmological spacetimes can be written as a wave map [9].
Also, it is known that nonlinearity of wave maps is similar with one of
the Einstein equations, that is "null form” [11, 25]. This nonlinearity is
a key to prove global existence theorems for the Einstein equations and
wave maps in small initial data in four dimensions. Thus, we expects
that fundamental parts of the Einstein equations are wave maps or have
the same structure of wave maps.

In this article, we will survey some results on wave maps relating to
gravitational theory. In Section 2, we show global properties of Gowdy
symmetric spacetimes in low energy effective superstring theory. Un-
fortunately, the problem of proving global existence theorems for the
full Einstein-matter equations is beyond the reach of the mathematics
presently available [39]. To make some progress, it is necessary to con-
centrate on simplified models. The typical simplification is to look at
solutions with various types of symmetry. Gowdy symmetric spacetimes
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are the most simplest inhomogeneous cosmological models because the
spacetimes have two commutable spacelike Killing vector and then dy-
namical evolution equations become 1 + 1-dimensional nonlinear wave
equations which are equivalent to a wave map.

From the viewpoint of the SCC, it is important to study whether
black hole spacetimes are stationary limit after dynamical evolution
(i.e. naked singularities never appear by generic gravitational collapse)
and/or the spacetimes are stable or not. Christodoulou has shown
that generic spherically symmetric gravitational collapse leads to the
Schwarzschild spacetime as the final state [12]. For D > 3, it has been
shown that D + 1-dimensional static and spherical symmetric black hole
spacetimes are stable against linear perturbation [3, 21]. These results
support the validity of the SCC conjecture, that is, the stability of the
black holes. Next, nonlinear perturbation should be considered. How-
ever, we have no mathematical tool to analyze full nonlinear pertur-
bation for curved spacetimes at the present time! and the only one
result of stability against nonlinear perturbation is for the Minkowski
spacetime [13, 5]. Then, we will consider nonlinear scalar fields as test
fields on curved spacetimes. Recently, some global results for nonlinear
wave equations on the (four dimensional) Schwarzschild background are
proven with power nonlinearity [2, 16]. Our choice for the test fields
are wave maps, which play an important role in gravitational theory as
already mentioned. In Section 3, we will show a global existence theo-
rem of a wave map on black hole spacetimes in any dimensions by using
Choquet-Bruhat’s arguments, which has been used to prove the theorem
in some Sobolev classes in four-dimensions [4, 6, 7, 8]. Furthermore, as-
ymptotic decay property is shown by conformal transformation [11, 10].
These results suggest nonlinear stability of black hole spacetimes and
support the validity of the SCC.

In the remaining of this section, let us summarize wave maps. Let
(V,9) and (M, h) be D + 1-dimensional Lorentzian and d-dimensional
Riemannian manifolds. A mapping v : (V,g) — (M, h) is called a wave
map if it satisfies the following PDE in local coordinates on V and M:

9°PV o 05u® = g*° (025u" — T'h50au® + I 0au’dpu) =0,
where Fgﬁ and I'f; are the Christoffel symbols of the base V' and target
M, respectively. Here, Greek indices runs from 0 to D and Roman

IRecently, nonlinear orbital stability of five-dimensional static and spher-
ically symmetric black hole (Schwarzschild-Tangherlini) spacetimes has been
shown [14].
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indices run from 1 to d. This wave map system is a critical point of the
following action:

Swm = / dP 2/ Zgg*P hapdautdpub.

Then, the wave map equations read as a semilinear quasidiagonal system
of second order partial differential equations for d scalar functions u®.
The principal part is the wave operator for the Lorentzian metric g
and the nonlinear terms are quadratic forms in the derivative of u with
coefficient I'(u), which satisfy the null condition [11, 25].

Let us consider the Cauchy problem, that is, given values on a given
spacelike hypersurface Sy in V, u(z)|s, = ¢(x) € M and dwu(z)|s, =
Y(x) € Ty(z)M, the construction of a wave map. Here, x € Sp and ¢ is
a map from the initial hypersurface Sy into the target M.

Now we put an assumption for target manifolds.

Definition 1. The (M, h) is said to be regularly embedded in the
Euclidean manifold (RN, Q) if it is defined by P smooth scalar equations
F®) =0 on RN, of rank P on M, and h is the pullback of the metric
Q under this embedding. We denote by vF) the normal to M in RN
defined by the gradient of F(F). We set v = myvY), where myy is

the inverse matriz with elements m'J = QABVX) I/g]).

Under this assumption, the equations for U read as a semilinear
quasidiagonal system of second order partial differential equations for
N scalar functions on V' (see (1)).

To consider the Cauchy problem for the wave map on generic curved
manifolds, we need to suppose conditions on the base manifold.

Definition 2. The (V,g) is said to be regularly hyperbolic if: (a)
It is globally hyperbolic. Then V is of the type S x R, with S a D-
dimensional oriented smooth spacelike manifold, the past of any compact
subset of V intersects any Sy = S x {t} along a compact set. (b) The
metric g, assumed here for simplicity to be smooth, can be written

g=—N2dt? + g;;0'¢7, 6" =dz’ + Fdt,

with 0 < By < N < By on V, where By and Bz are positive and
continuous functions of t. (c) The metrics g, = g;;dz'dz?, induced by g
on S, are uniformly equivalent to a given smooth Riemannian metric e
on S, that is, there exist positive and continuous functions of t, A; and
Ag which, for any vector field € on S and t, satisfy A1e(€,€) < g(£,€) <
Age(€,€) on S.
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We have the standard local existence and uniqueness theorem for
quasi-linear wave equations (see theorem 6.4.11 of [20] or theorem 4.1 of
[43]). Then, the following theorem is obtained:

Theorem 1. [4] Let (V,g) be a smooth regularly hyperbolic mani-
fold. Let (M,h) be a smooth complete Riemannian manifold regularly
embedded by i in a Euclidean space (RN,Q). Then u: (V,g) — (M, h)
is a wave map if and only if the mapping U = iou: V — RN satisfies
the system of d scalar semilinear equations on (V, g), such that

(1) 920 (Vp0uU4 + 0.UB0UCQAPy 1 poprll)) =0,

and the initial data for U are that U#|g, =: ®4 take their values in M
and 8;U*|s, =: U4 take their values in the tangent space to M.

Let  : S - M and ¢ : S — TM be Cauchy data for u. Suppose
that the 2N functions ® = i(¢) and ¥ = i'() are respectively in W*?2
and W12 with s > % + 1, then there exists a number T' > 0 and
a wave map u : (S x [0,T]) — (M,h), u € E4(T) taking the given
data. The interval T of existence for any given s is equal to the interval
corresponding to sg, smallest integer greater than % + 1. The solution
18 unique and depends continuously on the data. In particular, u €
C®(S % [0,T]) if ¢, ¢ € C&°. ]

§2. Wave maps in cosmological spacetimes

In this section, we would like to consider global properties of Gowdy
symmetric spacetimes in the Einstein-Maxwell-Dilaton-Axion (EMDA)
system, which is arising in heterotic superstring theory.

2.1. Einstein-Maxwell-Dilaton-Axion system
The action of the EMDA theory is

25

/d4z lg] [R —eYF? _2(Ve)® — %e“ld’Hz]
= /d4x 9| [R — e 2F?2 _2(V¢)? — %e‘*d’ (V) — EFF] :

where ¢ is the dilaton field, F},, := 2V, 4,), l*:’,w = %\/——ge#,,gpF‘s”,
Hupy = VoBgy — A Fpy + cyclic = %eaﬁ,yge‘l“d’V‘s/@ is the three-index
antisymmetric tensor field dual to the axion field x [44]. Greek indices
run from 0 to 3. Varying the action (2) with respect to the functions,
we have the following field equations.

(3) V(e 2 FH 4 kFH) = 0,
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(4) Vu(F*) =0,
1 4¢ 1 —2¢ 2
(5) V#V"gb et 56 VNKV“R + 56 Fe = 0,
(6) V,VHik + 4V ,¢VFKk — e 0 F, F =0,
1
(7) R, = 2V,6V.¢+ §e4¢vunv,ﬁ

1
+e 2%(2F,,Ff — 5gWFZ).

2.2. Gi-symmetric spacetimes

As mentioned in Introduction, wave maps appear in gravitational
theory by spacetime symmetric reduction. The method in [23] is used
to get the reduced equations?. Suppose that the metric is

ds? = e 2P, de™dz™ + ezp(fmd:rm + dz®)?,

where Latin indices run from 0 to 2. 93 is a spacelike Killing vector, then
P, &, and 7y, depend only on £™. The same symmetry is assumed for
matter fields. In three dimensions, vector fields can be parametrized by
scalar potentials, ® and ¥, via

1 2P

Frz = 0p Az = ﬁa"q)’ e ™ 4 gFT = Tﬁemnpapw.
The three dimensional Kaluza-Klein field &, is dualized by
4P
E? = ﬁe”m"&nfﬂ.

One can solve the constraint equation which is (m3)-component of Ein-
stein equations (7) by introducing the twist potential @,

onQ = E, + ©0,V - ¥9, P,

so we obtain the effective action for new variables as follows:

Swnt = / B ar/ ™ (<R + han Vi UAVLUB),

2The similar reduction was obtained in the case of stationary spacetimes [17]
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where

(8)  hapdU%dUB = 24P%+ %e“‘P(dQ + Ud® — ddT)?
+2d¢* + %e‘*‘ﬁdnz
+e72P [e720d®? + 2% (d¥ — £d®)?],

where R, is the Ricci tensor for . Thus, equations for G;-symmetric
spacetimes in the EMDA system are given by 2 + 1-dimensional Einstein
equations coupled with a wave map. Note that this target space of the
wave map is an Einstein space. Indeed, one can calculate the Ricci and
the Einstein tensors as follows:

Gap = 6hap, Rap=—3has,

where the scalar curvature R = —18. In particular, the target space
becomes two dimensional hyperbolic space in vacuum case.

2.3. Gowdy symmetric spacetimes
- The Gowdy symmetric spacetimes are spatially compact, globally
hyperbolic with commutable spacelike Killing vector fields on the Cauchy
surfaces, which twist constant vanish. Here, we will assume that spatial
topology is T®. If one consider Gowdy symmetric spacetimes, the metric
is as follows:

ds? = e Py, dx™da™ + e2F (Ady + dx)?,

and |
Ymndz™dz™ = e27(—dt? + db?) + R%dy?,
where 2° = ¢, 2! = 6, 22 = y and 2® = . Furthermo‘re, O = 0y
is another spacelike Killing vector. Thus, all functions depend on t €

(0,00) and 6 € [0,27) only. From three dimensional Einstein equations
for 7y, we have

Gt — Gog = O;R — 3R =0,

where G,,,, is the Einstein tensor for yv. Then, we can take the areal time
coordinate R = t, where R means the area density 2-tori spanned by two
Killing vector fields. In this coordinate, equations for the function 7 are
given as follows.

15) 1
Q)  Gu= %" = Shas (BU*0UP + U 3U”) = Gos,
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Ogm’

(10) Gio = 2L = hapdUA0sU>,

e2n 1
(11) —tQ—gyy = (02 -03)n = -2—hAB (B UA0,UE — 8,U0,UP) .

Note that the function 7 is decoupled with other functions. Thus, an ac-
tion for evolution equations of the EMDA system with Gowdy symmetry
is obtained:

(12) SGowdy :/d3 mnhABa UAE) UB

where % = —dt? + d6? + t2dy?, 0 < t,
independent on . This is a wave map U : (R?
h is given by (8).

Now, we give explicit form of the wave map equations. The evolution
equations for gravitational sector (P, Q)) are given by

t §91,Z)<27randU1s
1 %) — (N, h), where

0,(t0,P) — Dg(t0pP) = ﬁ%e“*PEnE”

(13) _%e—”’ (€729 (V)? + (VT — kVD)?),
and

(14) 8 (te™*PE,) — 0 (te™"FEp) = 0.

The evolution equations for the Maxwell fields (®, ¥) become

(15) Oy [te 2P+ 9,8] — Gplte=2F+9) 9, ®)
=te P H, (E™ — 2(P+o)gmy).

and

(16) &, (te‘z(P“”)Ht) — (te~2(P-¢>H9) — _te1Py,, 0E™.

The wave equations for dilaton and axion fields (¢, k) are

8,(t8:9) — Do(t0pd) — ge4¢(V/$)2
(17) —%e_QP(e_Qd’(V@)Q — (VT - kVD)?),
and

(18)  9,(te*®,k) — p(te?®Opr) = —2te 2 P9 g™ B H,,,.
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Here H,, := 0,V — k0,,®. For the above system, we have the following
global existence theorem:

Theorem 2 ([31]). Consider the wave map equations (13)-(18).
Given smooth initial date at t = tg € (0, 00), there is a unique solution
for any t € (0, 00). : O

The main method of the proof of Theorem 2 is light cone estimate
which has been used in vacuum Gowdy case [30]. Presently, this method
is applied to the cases which are the Einstein-Vlasov [1], the Einstein-
stringy matter [32, 34], higher-dimensional [33] systems. Note that the
above results are restricted answers for an open problem proposed in
[45], that is Open Problem 6.(b).

From the viewpoint of the SCC, we should analyze inextendibility
of spacetimes obtained in Theorem 2. Fortunately, a very useful tool-kit
for this was given in [15], which states that geometric quantity R, which
comes from spacetime symmetries, can extend continuously to spacetime
boundaries if the spacetimes admit symmetries. In our case, since R = ¢
goes to infinity into the future direction, then future extension of the
original spacetimes is impossible. Thus,

Theorem 3. The globally hyperbolic martmal development of data
for the Gowdy symmetric EMDA system cannot be extended in a C?-
category into the expanding direction. O

The same conclusion holds for vacuum, Einstein-Vlasov, Einstein-
stringy matter and higher-dimensional cases. From theorems 2 and 3,
the validity of the SCC is expected in our spacetimes.

To analyze global properties of Gowdy symmetric spacetimes, the
areal time coordinate is useful because the evolution equations (wave
maps) decoupled with the constraint equations ((9)-(11) in our case).
In relativity, since time is a just parameter, there are many choice for it.
Another good time coordinate is constant mean curvature time [38]. In
this coordinate, time is measured by mean curvature of Cauchy surfaces
S, where the values of the mean curvature on S is constant. Now, we
have the following theorem:

Theorem 4. Let (M,g) be a globally hyperbolic mazimal develop-
ment of data for the vacuum Gowdy system. Then there exists a unique
constant mean curvature foliation of (M, g) which covers (M, g). More-
over, the mean curvature trk of Cauchy surfaces approaches (a) —oo as
t— 0, and (b) 0 ast — oo.

Proof: Results for global foliation and (a) have been shown in [22]
and the same ones are also true in the cases of non-vacuum (Vlasov and
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stringy matter) and higher-dimension. In that paper, it was conjectured
that problem (b) would be true. Then, we concentrate problem (b).

The energy decay estimates given in [41] will be used®. To adjust
my notation with that paper, we put metric function as follows:

1
277:>P+%+§lnt, 2P = P+Int, A=Q.

Under this transformation, the mean curvature of the hypersurfaces of
constant areal time is

3
trk = —ie_)‘/‘ltl/4 [3,5)\ + E} .

From Theorem 1.7 in [41], we have
0| < K,
and also, for large enough ¢,
A~cyt+ Klnt,

where K and c) are positive constants. Then,

0> lim trk > lim <—1e*°ﬂt<1ﬂ‘)/4 [K + 5]) =0.
t—o0 t—o0 4 t
Thus, the conjecture in [22] (that is, problem (b)) has been shown. O
We did not mention asymptotic behavior of Gowdy symmetric space-
times near singularity (¢ = 0). Some results concerning this are given
in references [24, 35, 33, 34]. Complete arguments for inextendibility
beyond the singularity has been shown only in the vacuum case [40].

§3. Wave maps on black holes

Let us consider D + 1-dimensional static and spherically symmetric
black hole spacetimes V' ~ R; x (0, 00), x S™ (thus, n = D — 1), as the
base manifold for wave maps, endowed with the Lorentzian metric

dr?

fn(r)

(19) g = —fn(r)dt? + +r2do?,

3To get the estimates, wave map structure of Gowdy equations was analyzed
fully. In particular, symmetry of the target is important.
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where f,, € C°°((0, 00)) and do? is the n-dimensional standard spherical
symmetric metric. We assume the existence of a value rg of r, 0 <7y <
00, the only possible zeros of f, such that

fn(rg) =0, arfn(rg) = 2“9 7é 0,
fn(r) >0 for 7 € (rg,00), fo(r) <0 for 7€ (0,7g).

One example satisfying the above conditions is a higher-dimensional
black hole spacetime which is a solution of the vacuum Einstein equa-
tions, Gag = 0, where Gog is the Einstein tensor:

(20) falr) =1 20

where C is a integration constant.
We will use the Regge-Wheeler coordinate:

dr

Then we have the following metric
(21) g = fa(r) (=dt* + dp?®) + r’do2,

with —oco < p < 400, 7 =71(p) is a C* function of p, increasing from 7,
to +o0.

Suppose that a spherically symmetric wave map is one that depends
only on t and r, i.e., u = u(t,r). If we assume static spherically symmet-
ric spacetimes, (21) with (20), as the base manifold for the wave map
and , the wave map equation (1) becomes as follows:

(22) - QUM +OUA+1,0,U"
+ QAPuppdsrs) (-8:UBBUC + 8,UF8,U°) =0,
where [, := nr~! f,(r) is a C* function of p. Thus, our problem becomes

to analyze this 1+ 1-dimensional semilinear wave equations with smooth
coeflicients.

3.1. Global existence theorem of wave maps on black holes
in higher dimension
Now, we will show a global existence theorem for (22):

Theorem 5. Let (M,h) be a Riemannian manifold C™ regularly
embedded into a Euclidean space. If ® € W22 and ¥ € W2, then there
exists a global spherically symmetric wave map u € C*([0, 00), W2=%2) 0
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< k <2, from the exterior of a higher dimensional spherically symmet-
ric black hole into (M, h) taking these Cauchy data. The solution is
unique. The solution in a compact set depends only on the data in the
intersection of the initial line with the past of this set. In particular, if
the Cauchy data ® and ¥ belong to C§°(R,), then there exists a unique
global solution which belongs to C*=°(R: x R,).

As arguments for the first and second energies (Definition 4) are
the same as Choquet-Bruhat’s [4, 6, 7, 8], we omit them. In her pa-
pers, global existence in some Sobolev classes has been already shown.
To show existence of global solutions to the wave map (22) in smooth

category, we need to estimate higher order energy.

Definition 3. We define the k + 1-th energy tensor To(t’;) of U :

(R%,1) — (R%,Q) and the k + 1-th energy-momentum vector P* on
R? given by

1
T =645 (aaU“)’AaﬁU(’“)’B - inaﬂaAUWAaAU(k%B) :

and
pka . T(k)aﬁXg,

where UK)HA . — 8’;UA.

Definition 4. Suppose that X is the timelike Killing vector field on
(R2,n) with components: Xo =1 and X, = 0. We define the k + 1-th
energy density P(*)0 .= PKlax  and the k + 1-th energy Et(k)(U) of U
at time t given by

1
pr0 .= 5048 (BtU(’“)’AatU(k)'B + a,,UU“)vAa,,U(k%B) ,
and

1 [t

— 00

respectively.



Wave maps in gravitational theory 265

By deriving the wave map equation (22) with respect to p, we have
the k + 1-th order evolution equation as follows:

RUWA _2umA — (1,0,0%)"
(23) +64P v py pogrs) (-8,UPB,UC + 8,UB8,U°)

k :
+(5AD Z +Ci (V(P)DaBV(CP)) (%)
=1

(k)

x (~0UBa,U° +8,UB0,u¢) "
where F(t, p)¥) := BLfF(t, p) for k > 0. Note that the first order equa-
tions are the original ones. ‘
Now, we will calculate the k + 1-th energy estimate. The divergence
of the energy momentum vector is given by

0o P®* = 5450, UM Fn*P0,85U 4 = ~54p0,U M F f4,

where
fA = (lpapUA)(k)
+34Pypy pdpr? (~8,UB8,UC + 0,UB8,u°)"
k ;
()
+5AD Z C; (V(p)DaBl/(CP)) X
i=1
x (~0UB8,U° + 8,UB0,u)* .
From the definition of regular embedded manifolds, we have
k
(24) OFF(U) = QU Aypya+ Y kCiUE DA =0
i=1
Combining (23)-(24), we have
(25) O PP =1 4 I + I,
where
(26) I= —6450,U % (1,0,U4)* |
- )@
I = —0apdUMEGAP Y Ci (vpypdary ) x

i=1

(27) x (~aUBa,UC + 8,UBa,u¢) "
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m =

(28)
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k
{Z kCiatU(k_i)’Al/((;;),)A} X

=1
x0pvE) (~0,UB8,UC +0,UB0,0°) "

Integrating (25), we have

t [oe]
[ar [~ apopt = EP@)-EP©)
0 —o0

t [e 9]
0 —00 .

From the term I (26), we have

t oo t
/ dr / dl < C / drE® (U)
0 —00 0

t
+C / drE®(U)Y/2ER-D ()12
0

t
+ --+C’/ drE® (U 2EQ@ ()12,
0

When one estimates k + 1-th energy, terms of (k — 1)-order and less
than this order are not important, because these terms can be controlled
by i-th energy for i = k,--- ,0 by using the generalized Hélder and the
Sobolev inequalities. For example, define IV := (dU)*+t20U %) then

o0
/deVS

—-0Q

IN A

IA

IN

IN

IA

1@U)F 2| 2wy 10U P || 2Ry
EWV2)|(gU)2k+2) ”}_4/12R

1/2
E®Y2 ([} (0U)ED)| 12y | (O0) | gy )

1/2
Ek1/2 <|| (OU)?| 1wy 1(8V) ||15J5(1R)>
E(k)l/2

x [E{10U) ) +110 (00)?) 1y }
](k+1)/2

k+1] 1/2

E®1/251/2 [E 1 EY2pM1/2

E(R)1/2 p(k+3)/4 [E1/2 n E(l)l/z] (k+1)/2'
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At the fourth inequality, the Sobolev inequality was used k times. There-
fore, we will estimate only terms which include (k — 1)-order.

In the cases of ¢ = 1 and ¢ = k in the terms I (27) and I (28),
k + 1-th and k-th terms appear. They can be estimated by the same
ways:

/°° dpV < EW/2E-11/2g1/2 (E1/2 n E(1)1/2> ’

—00

where V := aU®) (aU)20U *-1) | and

/oo dpVT < E¢-D (E1/2E(1)1/2 L EW +E1/2E(2)1/2) ’
—o0
where VI := (U *k-1)2pU0U (W),

In the case of k = 2, we need to estimate the L8 norm of the first
terms. as follows;

/ AoV < 110U eqry | OU D) 2wy
< BO)[(0UMY| T 10U D)2 comy
< EWEY W) (BV©)V2+ B )2,

where VII := U (8U (1))3,

Thus, the resulting integral inequality is linear with respect to E¥) (U)
and then, k + 1-th energy bounds for any t € [0, 00) if energies E (i)(U )
fori =0,---,k bound. Since the boundedness of the first and the second
energies has been shown [4, 6, 7, 8], for any k, we have the boundedness
of the k-th energy. By the standard Sobolev embedding theorem, the
conclusion of Theorem 5 is obtained. O

3.2. Asymptotic behavior of solutions

3.2.1. Conformal transformation The Christodoulou’s idea [11] is
that a global problem is transformed into a local problem by conformal
transformations. Originally, this method was introduced by Penrose to
analyze global structure of spacetimes [36]. Since we have already global
smooth solutions in the original spacetime, by the Kelvin transforma-
tion [28], we have a local solution, which corresponds to the original
global solution, in the conformal spacetime as follows.

Let x : RM! 5 (T,R) — (t,p) € R'**! and U : R*! — RP be
defined by

. A Ayt Agt .

(29)x’:m’(T,R):—1TiJ?:—é—, U:=Q P12y o,
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where z° = t, 2! = p, y° = T and y! = R. If the metric in the (¢, p)-
coordinates is the D+1-dimensional Schwarzschild one, g = f,,(r)(—dt?+

dp?) + r?do?, then the pull-back metric g in the (T, R)-coordinates is
given by

B\ 2
7= Q% = fu(r)(—dT +dR) + (%) do?.
According to [4, 10], we can see U satisfies the original equations

(Dg _D- le) U2+ A1 [(QABV(BI)) OU] =0,

4D
with
Ar = mIJgaﬁaaUABﬁUB [(3,41/1(3‘])) o U] ,
and
FP(U)=0.
if and only if
PRSP

(@) (2000)

with

(31) A = mp0%°%0, (Q<D*1>/2(7A) 85 (Q(D—U/?ﬁf‘) x
x [(aAug”) o (aP-v20)],

and

F® (9(134)/20) ;07

where [z and (J,; are the d’Alembertian in the metrics § and g, respec-
tively.

Now, we should confirm smoothness of coefficients in equation (30).
From (31), we find the following,

(32) O (Q(D—l)/2UA) = Q®-D/25 [

D-1 .
+——2—Q(D‘3)/26aQUA,
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where,
(33) 7°%0,0050 = — f1Q.

Combining (31), (32) and (33}, we can see that coefficients in the third
term of (30) are smooth if D > 3 is odd. Also, for —oo < ¢, p < 0o, the
Ricci scalar Ry for g is smooth and bounded, which is given by

Rg = ZL—(R—ZL) (—g + %) (t* — p?).

Therefore, the conformal equations (30) becomes a semi-linear, semi-
diagonal second order hyperbolic system with smooth coefficients for
the map U if D > 3 is odd.

3.2.2. Reduction to a local problem Under the Kelvin transforma-
tion (29), the correspondence between global smooth solutions in the
original spacetime and local smooth solutions in the conformal space-
time can be shown by the argument in [27].

We have already a global solution in the original spacetime for any
t € [t;,+00). This means that there exists the corresponding local
solution in the conformal spacetime for any T € (0, T;], where there are
correspondence t; < T7 and 400 & 0. Therefore, ‘we can apply the
standard local arguments for (30), which means that there is a constant
Tp € (0,Ty] such that supr, <77, |U(T)| < Cye, where a constant € > 0
depends only on size of the initial data and Cj is a arbitrary constant
but fixed [42]. Note that Cy is independent of Tp.

Proposition 1. If a solution U € C%((0,T1] x I) of the equation
(30) exists, then there exist positive constants g > € > 0 and C such
that

sup |0(T)| < Ce,
0<T<T]

where | f(s)] := SUPye; If(s,9)l.

Proof. The argument is similar with [18]. Let C; be that |U(0)| <
Che. For v > Cq, put J = {Ty € (0,T7): equation (30) has a solution
U € C¥((To, Tr] x I) such that SUPT, < T<T; |U(T)| < ~e}. It is clear
that 7 # 0 and that J is closed set in (Ty, T7). As we have already seen,
if s € (0,77), we have a unique local solution, which is corresponding
to the global solution, such that sup,<, <7, |U(s)| < Cye, where Cs is
a constant independent of v. Now, if C5 < ~, a standard continuity
argument (see Theorem 2.2. in [29], Theorem 4.2. in Chapter 1 in [43]
or Theorem 6.4.11. in [20]) implies that J is open set in (0,Ty). Then,
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if ¥ > max{C},C>} and ¢ > € > 0, we have J = (0,77), which shows
the conclusion of this proposition. O

Now, we know that, if the function U satisfies the equation (30), the
function U, given by

U =qP-v2g

satisfles the original equation (22), and conversely. Thus, we have the
following theorem:

Theorem 6. Given Cauchy data ®, ¥ € C§°(R,) which are bounded
by € > 0, fort — |p| > 0, the solution has the following decay property

[u(t, p)| < CE(t +p)~ P72 (t — o)) =P/,
where £ depends only on initial data and D > 3 is odd. 0
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