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Martin kernels of general domains

Kentaro Hirata

Abstract.

This note consists of our recent researches on Martin kernels of
general domains. In particular, minimal Martin boundary points of a
John domain, the boundary behavior of quotients of Martin kernels,
and comparison estimates for the Green function and the Martin
kernel are studied.

81. Introduction

This note is a summary of our recent researches on the Martin
boundary and the Martin kernel of general domains. To begin with,
let us recall the notion of the Martin boundary and the Martin kernel.
Let Q be a Greenian domain in R™, where n > 2, possessing the Green
function Gq for the Laplace operator. Let xzo € Q be fixed, and let
{y;} be a sequence in Q with no limit point in Q. If w is an open sub-
set of ) such that the closure w is compact in €2, then there exists jo
such that {Ga(-,y;)/Ga(zo,y;)}32,, is a uniformly bounded sequence
of positive harmonic functions in w. Therefore there is a subsequence of
{Ga(-,yj)/Galzo,y;)}; converging to a positive harmonic function in Q.
The collection of all such limit functions in © gives an-ideal boundary
of Q, referred to as the Martin boundary of Q and denoted by A(Q).
For { € A(Q), we write Kq(-,() for the positive harmonic function in
Q corresponding to {, and call Kq the Martin kernel. We say that a
positive harmonic function h is minimal if every positive harmonic func-
tion less than or equal to h coincides with a constant multiple of h. The
collection of all minimal elements in A(Q) is called the minimal Martin
boundary of Q, and is denoted by A (). The importance of the Martin
boundary appears in the representation theorem for positive harmonic
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functions h in general domains: there exists a measure up on A(2) such
that up(A(Q)\ A1{Q)) =0 and

h(z) = / Ko(z, Odun(C) for z € Q.
A(Q)

So, for general domains, it is valuable to investigate the Martin boundary
and the behavior of the Martin kernel.

This note is organized as follows. In Section 2, we state the results,
obtained in [2], about the number of minimal Martin boundary points
of John domains. In Sections 3 and 4, we give the results, studied in
[17] and [18], about the boundary behavior of the Martin kernels and
comparison estimates for the Green function and the Martin kernel.
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§2. Minimal Martin boundary points of John domains

From the viewpoint of the representation theorem, the most inter-
esting problem is to investigate that for what kind of domains the Martin
boundary and the minimal Martin boundary are homeomorphic to the
Euclidean boundary. For instance, see [19] for Lipschitz domains, [20]
for NTA domains, and [1] for uniform domains. However, in general,
the Martin boundary need not to be homeomorphic to the Euclidean
boundary. There may be even infinitely many minimal Martin bound-
ary points at a Euclidean boundary point (cf. [22, Example 3]). Here,
a Martin boundary point at y € 9Q (the Euclidean boundary of ) is
a positive harmonic function in ) which can be obtained as the limit
of {Ga(,y;)/Ga(zo,y;)}; for some sequence {y;} in 2 converging to y.
It is also interesting to investigate that for what kind of domains the
number of minimal Martin boundary points at every Euclidean bound-
ary point is finite. For example, see [7] for Denjoy domains, [5, 6] and
[13] for Lipschitz-Denjoy domains, [15] for sectorial domains, and [21] for
quasi-sectorial domains. One of the main interests of these papers was
to give a criterion for the number of minimal Martin boundary points
at a fixed Euclidean boundary point. As a generalization of some parts
of them, we study minimal Martin boundary points of John domains.
A domain (Q is said to be a general John domain with John constant
cj > 0 and John center Ky, a compact subset of €, if each point z in
can be connected to some point in Ky by a rectifiable curve « in Q such
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that
dist(z,0Q) > cjl(y(z,z)) for all z € ~,

where dist(z,0Q) stands for the distance from z to dQ and £(v(z, z))
denotes the length of the subarc y(z, z) of v from z to z. Note that
every general John domain is bounded. We can obtain the following.

Theorem 2.1 ([2, Theorem 1.1]). Let Q be a general John domain
with John constant cy, and let y € Q). Then the following statements
hold:

(i)  The number of minimal Martin boundary points at y is bounded
by a constant depending only on c; and n.

(ii) If c; > V/3/2, then the number of minimal Martin boundary

points at y is at most two.

Remark 2.2. The bound ¢; > v/3/2 in Theorem 2.1(ii) is sharp. See
(2, Remark 1.1].

For a class of general John domains represented as the union of open
convex sets, we give a sufficient condition for the Martin boundary to
be homeomorphic to the Euclidean boundary. For 0 < 8 < 7, we write
To(z,w) = {z € R" : Zzzw < 6} for the open circular cone with vertex
at z, axis [z, w] and aperture 6. Let Ag > 1 and py > 0. We consider a
bounded domain Q with the following properties:

(I} Q is the union of a family of open convex sets {Cy}aeca such
that
B(zx,p0) C Cx C B(zx, Aopo);

(I1) for each y € HQ, there are positive constants 6; < sin™'(1/4o)
and p; < pgcosf; such that

U Ty, (y,w) N B(y,2p1) is connected and non-empty.
wed
To, (y,w)NB(y,2p1)C2

Obviously, a bounded domain satisfying (I) is a general John domain
with John center {z)}xca and John constant Ay L

Theorem 2.3 ([2, Theorem 1.2]). Let §2 be a bounded domain satis-
fuing (I). If y € 3N satisfies (II), then there is a unique Martin boundary
point at y and it is minimal. Furthermore, if every Fuclidean boundary
point satisfies (II), then the Martin boundary of Q is homeomorphic to
the Euclidean boundary.

Remark 2.4. The bounds 6; < sin_l(l/Ao) and p; < pgcosb are
sharp. See [2, Examples 8.1 and 8.2].
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Theorem 2.3 is a generalization of Ancona’s result [4]. He considered
a bounded domain represented as the union of open balls with the same
radius. His key lemma [4, Lemme 1] relies on the reflection with respect
to a hyperplane, and is applied to a ball by the Kelvin transform. This
approach is not applicable to our domains. Our approach is based on a
new geometrical notion, the system of local reference points. We define
the quasi-hyperbolic metric on by

. ds(z)
ka(z,y) = 12fL M for x,y € Q,

where the infimum is taken over all rectifiable curves v in 2 connecting x
to y and ds stands for the line element on 7. Let N € Nand 0 < 5 < 1.
We say that y € 0Q has a system of local reference points of order N with
factor n if there exist Ry, > 0 and A, > 1 with the following property:
for each positive R < R, there are N points y; = y1(R), -+ ,yn =
yn(R) € QN OB(y, R) such that dist(y;, 0Q) > A;lR forj=1,---,N
and

. R
;min {kanp.q-2m)(7,Y5)} < Aylog Tt o) T Ay
for x € QN B(y,nR). For example, if Q is a (sectorial) domain in R?
whose boundary near y € 99 lies on m-distributed rays emanating from
y, then y has a system of local reference points of order N = m. For a
general John domain 2 with John constant c;, we can show that

e each y € Q has a system of local reference points of order N
with N < N(cy,n) < co. Moreover, if c; > +/3/2, then we
can let N <2 by choosing a suitable factor 7.

o if O satisfies (I) and y € 90 satisfies (II), then y has a system
of local reference points of order 1.

These observations played essential roles in the proofs of Theorems 2.1
and 2.3. Indeed, Theorems 2.1 and 2.3 can be reunderstood as follows.

Proposition 2.5 ([2, Proposition 2.3]). Let Q be a general John
domain, and suppose that y € 0Q has a system of local reference points
of order N. Then the following statements hold:

(i) The number of minimal Martin boundary points at y is bounded
by a constant depending only on N.

(ii) If N <2, then there are at most N minimal Martin boundary
points at y. Moreover, if N = 1, then there is a unique Martin
boundary point at y and it is minimal.
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In Proposition 2.5(ii), the condition N < 2 may be omitted, and we
expect that the number of minimal Martin boundary points at v is at
most N even for N > 3. We raise the following question.

Problem. Let 2 be a general John domain and let N > 3. Suppose
that y € 02 has a system of local reference points of order N. Is the
number of minimal Martin boundary points at y at most N ?

§3. Boundary behavior of quotients of Martin kernels

In [9, 10], Burdzy obtained a result on the angular derivative prob-
lem of analytic functions in a Lipschitz domain. The important step was
to study the boundary behavior of the Green function. We now write 0
for the origin of R™ to distinguish from 0 € R, and denote z = (2/,x,) €
R"! x R and e = (0’,1). Suppose that ¢ : R®! — R is a Lipschitz
function such that ¢(0') = 0, and put Q¢ = {(z/,z,) : zn > ¢(z")}. We
set
(3.1)

¥ _ max{¢(z"),0}  , . _ _ max{-¢(z'),0}
It = ————=dx’, I = — - dx.
{l='1<1} {lz']<1}

|z'| ||

Theorem A. Let I™ and I~ be as in (3.1). Then the following
statements hold:

(i) IfIt <oo and I~ = oo, then

Gaq,(te,e)
t—0+4 t

= CO.

(i) IfIt =00 and I~ < o0, then

Gq, (te, e
lim 94,( 3 ) _
t—0+

(i) If I < oo and I~ < oo, then the limit of Gq,(te,e)/t, as
t — 0+, exists and
Gq, (te,e
a,(te.e)

0 < lim
t—0+

Q.

Burdzy’s approach was based on probabilistic methods. Analytic
proofs were given by Carroll [11, 12] and Gardiner [16]. As we see from
their proofs, the convergence of the integrals IT and I~ are related to
the minimal thinness of the differences Qg \ R} and R} \ g4, where
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RY = {(2',25) : zo > 0}. A subset E of  is said to be minimally thin
at & € A1(Q) with respect to Q if

QRKn( 6(2) <Ka(z,§) for some z € €,

where Qﬁf denotes the regularized reduced function of a positive su-
perharmonic function. u relative to E in Q. We say that a function f,
defined on a minimal fine neighborhood U of &, has minimal fine limit [
at £ with respect to ) if there is a subset E of Q, minimally thin at &
with respect to €, such that f(z) — [ as * — £ along U \ E, and then
we write
mf lim f(z) =
z—¢

Theorem A was shown by using Naim’s characterization [23, Théoréme
11] of the minimal thinness for a difference of domains in terms of the
boundary behavior of the quotient of the Green functions.

We are now interested in the boundary behavior of Martin kernels.
In this case, we can not apply the Naim’s characterization. Alternatively,
we can characterize the minimal thinness for a difference of domains in
terms of the boundary behavior of the quotient of the Martin kernels
(see [17, Lemma 3.1]), and then obtain the following general result.

Theorem 3.1 ([17, Theorem 2.1]). Suppose that Q and D are Gree-
nian domains such that QN D is a non-empty domain. Let £ € A1(Q),
where £ s in the closure of Q N D in the Martin compactification of
Q. Let ¢ € A1(D), where ¢ is in the closure of QN D in the Martin
compactification of D. If Q\ D is minimally thin at & with respect to Q,
then Kp(-,¢)/Ka(-,£) has a finite minimal fine limit at & with respect
to Q. Furthermore, the following statements hold:

(i) If D\ Q is not minimally thin at ¢ with respect to D, then

(ii) If D\ Q is minimally thin at ¢ with respect to D, where  is
the point such that

(32)  Kp(.¢) -PRRY = a(Ka(,€) —"RL7 ) onQnD

Kq(-.€)

for some positive constant «, then

p(z,()
0<Igf il—>m£KQ(x B < 0.
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(iii) If D\ Q is minimally thin at ¢ with respect to D, where C is
a point such that (3.2) is not satisfied, then

. Kp(z,()
me- lim Ka(z,6)

As a consequence of Theorem 3.1, we can obtain a result correspond-
ing to Theorem A. Note that 4 has a unique Martin boundary point
at the origin 0, so we write Ko, (-, 0) for the Martin kernel at 0.

Corollary 3.2 ([17, Theorem 1.1]). Let It and I~ be as in (3.1).
Then the following statements hold:

(i) IfIt <ooandI™ = oo, then

. n—1 _
tg%’l_kt KQ(b(te,O) =0.

(ii) IfI* = o0 and I~ < oo, then
. n—1 .
tE%l+ """ Kq, (te,0) = oco.
(iii) IfI* < oo and I~ < oo, then the limit of t"~'Kq,(te,0), as
t — 0+, exists and
H n—1
0< t£%1+t Kq,(te,0) < co.

Remark 3.3. When It = 0o and I~ = oo, the limit of t"~* Kq,, (te, 0)
may take any values 0, positive and finite, or co (see [17, Example 1.2]).

§4. Comparison estimates for the Green function and the
Martin kernel

For two positive functions f; and fo, the symbol f; =~ fo means that
there exists a constant A > 1 such that A~1f, < fi < Afy. ;From The-
orem A and Corollary 3.2, we expect the following relationship between
the Green function and the Martin kernel:

Ga,(te,e)Kq,(te,0) = 2™ for0<t <271,

or, more generally, if Q is a Lipschitz domain and £ € 9(Q, then
(4.1)
GQ(fL‘, x(])KQ(CC, &) ~ Ix_§|2'~’n forx e Fa(g) \ B(l‘g, 2_1 diSt(IJO, 69)))

where ' (€) = {x € Q : |[z—£| < adist(x, ON)} with o > 1 large enough.
If we restrict to the case of bounded Lipschitz domains £ in R™ with
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n > 3, then only the upper estimate in (4.1) can be obtained from the
following 3G inequality:

Ga(z, 2)Golz,y)
Ga(z,y)

which was first proved by Cranston, Fabes and Zhao [14] in the study of
conditional gauge theory for the Schrédinger operator. See also Bogdan
[8]. Recently, Aikawa and Lundh [3] extended this inequality to the case
of bounded uniformly John domains in R™ with n > 3.

Now, let Q be a bounded Lipschitz domain in R™ with n > 3 and
let {y;} be a sequence in Q converging to { € Q. Then, substituting
z = o and y = y; into the 3G inequality and letting j — oo, we obtain
the upper estimate: for x € Q\ B(xo,27! dist(zo,0Q)),

<Az -y +lz— 22 fora,y,zeq,

Gal(z, 7o) Ka(z,€) < Alz — 7" + |o — o|*™") < Alz — 7"

The lower estimate in (4.1) does not follow from the 3G inequality,
but the boundary Harnack principle would enable us to obtain (4.1). We
consider (4.1) in a uniform domain. A domain (Q is said to be uniform
if there exists a constant A; > 1 such that each pair of points z and y
in Q can be connected by a rectifiable curve v in © such that

Z(’Y) < Allx - y'a
min{4(vy(z, 2)),£(v(z,y))} < A1 dist(z,09) for all z € .

It is known that if  is a uniform domain, then there is a unique (mini-
mal) Martin boundary point at each Euclidean boundary point (cf. [1]).
As above, we write Kq (-, £) for the Martin kernel at £ € 9€). Our conclu-
sions are different between n > 3 and n = 2, so we state them separately.
See [18] for their proofs.

Theorem 4.1. Let Q be a uniform domain in R™, where n > 3,
and let £ € Q. Then
(4.2)
Gal(z,z0)Ka(x, &) = |z —&>™  for x € To(£) N B(£, 271 dist(z0, Q)),

where the constant of comparison depends only on o and Q.

When n = 2, the comparison estimate (4.2) does not hold in general
as seen in the following example.

Example 4.2. Suppose that n = 2. Let Q& = B(0,1) \ {0} and
let o = (1/2,0). Then Q is a uniform domain, and we have for z €
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B(0,1/4)\ {0},

—log |z| 1|z — 4xo| 1
K, 0)G =—2—1] —— ) =~ log —.
2(2,0)Ga(e,20) = =7 9= log | 57— ) ~ log oy
We say that £ € 0N satisfies the exterior condition if there exists a
positive constant k such that for each r > 0 sufficiently small, there is
zr € B(&,7)\ Q with B(z,,xr) C R™\ Q.

Theorem 4.3. Let Q be a uniform domain in R2. Then the follow-
ing statements hold:
(i) If € € 09 satisfies the exterior condition, then

Ga(z,z0)Ka(z, &) =1 for x € To(£) N B(&, 27 dist(zo, ON)),

where the constant of comparison depends only on o and Q.
(ii) If & € 0Q is an isolated point and Q is bounded, then there
exists § > 0 such that

GQ(I, xO)KQ(xa £) ~ log Tg’ji—gl" fO”' TE 3(675) \ {6}’

where the constant of comparison is independent of x.

Finally, we note that if Q is a Lipschitz domain, then every £ € 902
satisfies the exterior condition and so Theorem 4.3(i) holds.

References

[1] H. Aikawa, Boundary Harnack principle and Martin boundary for a uni-
form domain, J. Math. Soc. Japan, 53 (2001), 119-145.

[2] H. Aikawa, K. Hirata and T. Lundh, Martin boundary points of a John
domain and unions of convex sets, J. Math. Soc. Japan, to appear.

[3] H. Aikawa and T. Lundh, The 3G inequality for a uniformly John domain,
Kodai Math. J., 28 (2005), 209-219.

[4] A. Ancona, Une propriété de la compactification de Martin d’un domaine
euclidien, Ann. Inst. Fourier (Grenoble), 29 (1979), 71-90.

[5] A. Ancona, Régularité d’acces des bouts et frontiere de Martin d’un do-
maine euclidien, J. Math. Pures Appl., 63 (1984), 215-260.

[6] A. Ancona, Sur la frontiere de Martin des domaines de Denjoy, Ann.
Acad. Sci. Fenn. Ser. A I Math., 15 (1990), 259-271.

[7] M. Benedicks, Positive harmonic functions vanishing on the boundary of
certain domains in R", Ark. Mat., 18 (1980), 53-72.

[8] K. Bogdan, Sharp estimates for the Green function in Lipschitz domains,
J. Math. Anal. Appl., 243 (2000), 326-337.



154 K. Hirata

[9] K. Burdzy, Brownian excursions and minimal thinness. Part III: Applica-
tions to the angular derivative problem, Math. Z., 192 (1986), 89-107.

[10] K. Burdzy, Multidimensional Brownian excursions and potential theory,
Pitman Research Notes in Mathematics Series, 164, 1987.

[11] T. Carroll, A classical proof of Burdzy’s theorem on the angular deriva-
tive, J. London Math. Soc., 38 (1988), 423-441.

[12] T. Carroll, Boundary behaviour of positive harmonic functions on Lips-
chitz domains, Ann. Acad. Sci. Fenn. Math., 27 (2002), 231-236.

[13] N. Chevallier, Frontiére de Martin d’un domaine de R™ dont le bord
est inclus dans une hypersurface lipschitzienne, Ark. Mat., 27 (1989),
29-48.

[14] M. Cranston, E. Fabes and Z. Zhao, Conditional gauge and potential
theory for the Schrodinger operator, Trans. Amer. Math. Soc., 307
(1988), 171-194.

[15] M. C. Cranston and T. S. Salisbury, Martin boundaries of sectorial do-
mains, Ark. Mat., 31 (1993), 27-49.

[16] S. J. Gardiner, A short proof of Burdzy’s theorem on the angular deriv-
ative, Bull. London Math. Soc., 23 (1991), 575-579.

[17] K. Hirata, Boundary behavior of quotients of Martin kernels, preprint.

[18] K. Hirata, Comparison estimates for the Green function and the Martin
kernel, preprint. .

(19] R. A. Hunt and R. L. Wheeden, Positive harmonic functions on Lipschitz
domains, Trans. Amer. Math. Soc., 147 (1970), 507-527.

[20] D. S. Jerison and C. E. Kenig, Boundary behavior of harmonic functions
in nontangentially accessible domains, Adv. in Math., 46 (1982), 80—
147.

[21] A. Lomker, Martin boundaries of quasi-sectorial domains, Potential
Anal., 13 (2000), 11-67.

[22] R. S. Martin, Minimal positive harmonic functions, Trans. Amer. Math.
Soc., 49 (1941), 137-172.

[23] L. Naim, Sur le réle de la frontiere de R. S. Martin dans la théorie du
potentiel, Ann. Inst. Fourier, Grenoble, 7 (1957), 183-281.

Kentaro Hirata

Department of Mathematics

Hokkaido University

Sapporo 060-0810

Japan

E-mail address: hirata@math.sci.hokudai.ac.jp





