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Integral Representation of Linear Functionals on
Vector Lattices and its Application to BV Functions
on Wiener Space

Masanori Hino

Abstract.

We consider vector lattices D generalizing quasi-regular Dirichlet
spaces and give a characterization for bounded linear functionals on
D to have a representation by an integral with respect to smooth
measures. Applications to BV functions on Wiener space are also
discussed.

§1. Introduction

Let X be a compact Hausdorff space and C(X) the Banach space
of all continuous functions on X with supremum norm. The Riesz rep-
resentation theorem says that every bounded linear operator on C(X)
is realized by an integral with respect to a certain finite signed measure
on X. As a variant of this fact, Fukushima [7] proved that, for any
quasi-regular Dirichlet form (£, F) and for u € F, £(u, -) is represented
as an integral by a smooth signed measure if and only if

|E(u, v} < Cillv|| L forallve Fop, KEN

bolds for some nest {Fj}ren and some constants Cy, k € N. As its ap-
plications, he gave a characterization for additive functionals of function
type for (€, F) to be semimartingales, and also proved the smoothness
of the measures associated with BV functions ([7, 8, 9]).

In this paper, we show a corresponding result in the framework of
vector lattices generalizing quasi-regular Dirichlet spaces. The proof is
similar to that in [7] but based on a purely analytical argument, unlike
[7] where probabilistic methods are used together. Typical examples
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which lie in this framework are first order Sobolev spaces derived from a
gradient operator and fractional order Sobolev spaces by a real interpo-
lation method with differentiability index between 0 and 1. Using such
results, we can improve the smoothness of the measure associated with
BV functions on Wiener space, discussed in [8, 9].

We can find several studies closely related to this article regarding
the Riesz representation theorem, e.g., in [22, 14]. Their frameworks are
based on Markovian semigroups and the function spaces are derived from
their generators, which seems to be suitable for complex interpolation
spaces. Ours is based on the lattice property instead and fits for real
interpolation spaces.

The organization of this paper is as follows. In Section 2, we give a
general framework and preparatory lemmas, which are slight modifica-
tions of what have been developed already in the case of Dirichlet spaces
or in the framework of the nonlinear potential theory. We also give some
examples there. In Section 3, the representation theorems are proved.
In Section 4, we discuss some applications to BV functions on Wiener
space.

§2. Framework and main results

Let X be a topological space and ) a Borel measure on X. Let L%(X)
be the space of all A-equivalence classes of real-valued Borel measurable
functions on X. We will adopt a standard notation to describe function
spaces and their norms, such as LP(X) (or simply LP) and || - ||z».

We suppose that a subspace D of L%(X) equipped with norm || - ||p
satisfies the following.

(A1) (D, || - ||p) is a separable and uniformly convex Banach space.
(A2) (Consistency condition) If a sequence in ID converges to 0 in ID,
then its certain subsequence converges to 0 A-a.e.

Since D is assumed to be uniformly convex, it is reflexive and the Banach-
Saks property holds: every bounded sequence in D has a subsequence
whose arithmetic means converge strongly in D (see [16, 19, 13] for the
proof). The following lemma is proved by a standard argument.

Lemma 2.1. Let {fn}nen be a sequence bounded in D. Then, there
exists a subsequence { fn, }ken such that f,, converges to some f weakly
in D and the arithmetic means (1/k) E?zl fn; converge to f strongly in
D. Moreover, | fllp < liminfx_ o || fn,|lp- If furthermore f, converges
to some g A-a.e., then it holds that g € D and f, weakly converges to g
in D.
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Proof. By virtue of the Banach-Alaoglu theorem and the reflexivity
of D, { fn}nen is weakly relatively compact in D. Using the Banach-Saks
property together, we can prove the first claim. The second one follows
from the Hahn-Banach theorem. The last one is a consequence of the
consistency condition (A2). Q.E.D.

We further assume the following,.

(A3) (Normal contraction property) For every f €D, f : =0V fA 1
belongs to B and | fllo < |-
(A4) For every f in Dy := D N L, f2 belongs to D. Moreover,
sup{[|f2|lp | [|fllp + (| fllze < 1} is finite.
The condition (A4) is equivalent to the following:
(A4)’ for every f and g in Dy, fg belongs to D. Moreover, sup{|| fglp |
[ £llp + 1 fllzee <1, llgllp + llgllz= < 1} is finite.
Indeed, it is clear that (A4)’ implies (A4). To show the converse im-
plication, use the identity fg = ((f + 9)/2)* — ((f — ¢)/2)? and the
subadditivity of the norm || - ||p.
We introduce a sufficient condition for (A3) and (A4).

Lemma 2.2. Under (Al) and (A2), the following condition (C)
implies (A3) and (A4):
(C) when x is a bounded and infinitely differentiable function on R

with x(0) = 0 and ||x'||lcc < ¢ for some ¢ > 0, then x ov € D
and ||[x o v|p < ¢||v||p for every v € D.

Proof. To show (A3), apply Lemma 2.1 with a sequence {X»0v}neN
so that ||xnllee < 1 and ||x}llec < 1 for every n, and x, converges
pointwise to x(z) =0V z A 1l. (A4) is similarly proved. Q.E.D.

For f € L°(X), we set f1(2) = f(2) VO and f_(z) = —(f(2) A 0).
Lemma 2.3. Let f € D. Then f+ € D and ||f+|lp < || flp-

Proof. Define f, :=0V fAn =n0V(f/n)Al),n € N. Then
[ frllp < n|lf/nlp = || fllp by (A3) and f, — f+ pointwise. Lemma 2.1
finishes the proof. Q.E.D.

Lemma 2.4. For every f € D, (—a) V f Aa — 0 weakly in D as
al0and(—a)V fAa— f weklyinD as a — oo.

Proof. Tt is enough to notice that
I(=a) v fAallp=[0VfAra-0V(=f)Aalp <2|flp,
(—a) V f Aa — 0 pointwise as a | 0,

(—a) V f Aa — f pointwise as a — oo
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and to use Lemma 2.1. Q.E.D.

For a measurable set A, welet Dy := {f € D | f = 0 A-a.e. on X\ A}
and Dy 4 := Dy N L>®. A sequence {Fj}ren of increasing sets in X is
called a nest if each Fj is closed and |J;o, Dr, is dense in D. A nest
{Fx}ren is called (\-)regular if, for all k, any open set O with A(ONFy) =
0 satisfies O C X \ Fj,. A subset N of X is called exceptional if there is a
nest { Fj }xen such that N C Nz, (X \ Fx). When A is a subset of X, we
say that a statement depending on z € A holds quasi everywhere (q.e. in
abbreviation) if it does for every z € A\ N for a certain exceptional set
N. For a nest {Fy }ren, we denote by C({Fy}) the set of all functions f
on X such that f is continuous on each Fj. A function f on X is said to
be quasi-continuous if there is a nest {F}ren such that f € C({Fx}).
We say that a Borel measure p on X is smooth if it does not charge
any exceptional Borel sets and there exists a nest {Fy}ren such that
w(Fy) < oo for all k. A set function v on X which is given by v = 11 —1»
for some smooth measures v; and v, with finite total mass is called a
finite signed smooth measure. A signed smooth measure v with attached
nest {Fi }ren is a map from R := {A C X | A is a Borel set of some Fy}
to R such that v is represented as v(A) = 11 (A) — 12(A), A € R, for
some smooth Borel measure v; and v, satisfying v;(Fy) < oo for each
i =1, 2 and k € N. When we want to emphasize the dependency of ID,
we write D-nest, D-smooth, and so on.

We further assume the following quasi-regularity conditions.

(QR1) There exists a nest consisting of compact sets.

(QR2) There exists a dense subset of D whose elements have quasi-
continuous A-modifications.

(QR3) There exists a countable subset {¢n}nen in D and an ex-
ceptional set N such that each ¢, has a quasi-continuous A-
modification @,, and {@, }nen separates the points of X \ N.

Every quasi-regular symmetric Dirichlet form (€, F) satisfies all con-
ditions (A1)-(A4) and (QR1)-(QR3) (and (C)) when letting D = F and
I fllp = (E(f, £) + 1| f||22)'/2. We give other examples in the last part of
this section.

Lemma 2.5. There exist some p € D and some countable subset
C = {hn}nen gf Dy such that 0 < p <1 X-a.e., hy, > 0 A-a.e. for all n,
C—C:={h—h|h, heC} is dense in D, and for eachn €N, p > c,h,
A-a.e. for some ¢, € (0, 00).

Proof. Let {fm}men be a countable dense subset of ID. Denote by

C = {hn}nen the set of all arithmetic means of finite number of functions
in {(fm)+ AM, (fm)- AN M}men, men. Then C — C is dense in D by
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Lemma 2.4 and the Banach-Saks property. Define

oo hn
P= Z 2n(”hn”D + ”hn||L°° + 1) '

n=1
Then p and C satisfy the conditions in the claim. Q.E.D.

We will fix p and C satisfying the statement in the lemma above. Note
that we can always take p=1if 1 € D.

Take a strictly increasing and right-continuous function ¢ : [0, 00) —
[0, 00) with £(0) = 0. For an open set O C X, we define

(1) capg(0) = inf{¢(||f|lp) | f € D and f > p A-a.e. on O}.
For any subset A of X, we define the capacity of A by
capg(A) = inf{cap,(O) | O O A, O : open}.
It should be noted that cap,(A4) < £(||p|lp) < oo for every A C X.
The following lemma is proved in the same way as in [10].

Lemma 2.6. For every open set O, there erists a unique function
eo in D attaining the infimum in (1). Moreover, 0 < ep <1 A-a.e.

Proof. The uniqueness follows from the uniform convexity of D.
The existence is deduced by the Banach-Saks property and (A2). The
last claim is a consequence of (A3). Q.ED.

We will discuss some basic properties of the capacity.

Lemma 2.7. Let {O,}.cn be a sequence of open sets such that
capg(On) — 0. Then, there erists a sequence {ni} 1 oo such that
eo,, — 0 A-ae.

Proof. Since |eo, |lp — 0, the claim is clear from (A2). Q.E.D.
Lemma 2.8. If caps(A) = 0, then AN {p > 0} is a A-null set.

Proof. Take a decreasing open sets {Oy, },.en such that A C O,, and
capg (On) — 0. Since ep,, > p M-a.e. on ;2 Ok, we have p = 0 A-a.e. on
Niey Ok by virtue of Lemma 2.7. This implies the assertion. ~Q.E.D.

Lemma 2.9. Let {Ax}ren be a sequence of increasing closed sets.
Then the following are equivalent.

(1) {Ax}ren is a nest.
(ll) lirnlc—»oo CapE(X \ Ak) = 0.
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Proof. Suppose (i) holds. Take a sequence {fx}ren in D such that
fr € Dy, and fr — p in D. Since p — fr = p A-a.e. on X \ Ag, we have
capg(X \ 4x) < €(llo — fill) — 0 as k — oo.

Next, suppose (ii) holds. It suffices to prove that each h € C can
be approximated in D by functions in |J, Da,. Since p > ch M-a.e. for
some c > 0, it holds that ex\ 4, > ch M-a.e. on X \ Ay for each k. Let
fe=(h- c_leX\Ak)+ € Da,. By Lemma 2.7, there exists a sequence
{k'} diverging to infinity such that ex\ 4,, — 0 A-a.e. Therefore, fir — h
A-a.e. as k' — oo. On the other hand, ||fi|p < l|Allp + ¢ Hlex\a,llps
which is bounded in k. From Lemma 2.1, we can take arithmetic means
of some subsequence of {fis}, which belong to |, D4,, so that they
converge to h in D. Q.E.D.

As is seen from this lemma, any choices of C, p and £ are consistent with
the notion of nest. From now on, we treat only the case £(t) = t and
write cap in place of cap,.

Lemma 2.10. For any sequence of subsets { A }ren in X, it follows
that cap (Upey Ak)< D peq cap(Ayg).

Proof. When Oy, ..., O are open sets, it is easy to see the inequal-
ity cap (U;?=1 0;) < E;?:l cap(0;). Indeed, since Z;c:l eo;, > p Aae.

k
on | J;_, Oj, we have

k k k
cap(U O,-)S < Z lleo,lp = anp(Oj).
j=1 b j=1 i=1

Now, let € > 0. Take an open set Oy, for each k € N such that Oy D Ag
and cap(Oy) < cap(Ax) +e27%. Let U = U;;l O;. Since |ley,|p <
ollp < oo, Lemma 2.1 assures the existence of a subsequence {ey,,}
of {ey, } and e € D such that ey,, converges to e weakly in D and the
arithmetic means of {ey,,} converge to e in . Since e > p X-a.e. on
Ure; Ok by using (A2), we have

cap(Uac) < can({J O )< lell < mintfewy o
k=1

k=1

k
E eoj

Jj=1

k 00
= kll)n;o cap(U) < kli’n;ozcap(oj) <e+ ;cap(Ak).
j= =

Since ¢ is arbitrary, we obtain the claim. Q.E.D.

The following series of lemmas are now proved in a standard way as in
the case of quasi-regular Dirichlet spaces; see e.g. [11, 15] for the proof.
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Lemma 2.11. Suppose that f € D has a quasi-continuous A\-modifi-
cation f. Then, we have cap({f > A}) < A7 Y| f|lp for each X > 0.

Lemma 2.12. (i) When {fn}nen s a sequence of quasi-conti-
nuous functions, there erists a nest {Fi}ren such that f, €
C({Fx}) for every n.

(i) If fn € D has a quasi-continuous A\-modification fn and con-
verges to f in D as n — oo, then f has a quasi-continuous
A\-modification f and there exists a sequence {n;} 1 co and a
nest {Fy}xen such that every f, belongs to C({Fx}) and fp,
converges to f uniformly on each Fy. In particular, fn, con-
verges to f qg.e.

(iii) Ewvery f € D has a quasi-continuous A\-modification f.

Lemma 2.13. There ezists a regular nest {Ky}ren such that Ky
is a separable and metrizable compact space with respect to the relative
topology for any k.

Lemma 2.14. Suppose that {Fi}ren is a regular nest and f €
C({Fr}). If f >0 X-a.e. on an open set O, then f >0 on O NJ, Fk.

Lemma 2.15. Ifu; and uz are quasi-continuous functions and u; =
Uy A-a.e., then uy = ug g.c.

In what follows, f always means a quasi-continuous A-modification
of a function f, a particular version of which is sometimes chosen to suit
the context.

We can also prove the next two propositions as in [10] (see also [21,
Section 2]) by using Lemma 3.1 below together, though they are not
used later in this article.

Proposition 2.16. For any subset A of X, there exists a unique
element e4 in the set {f € D | f > p g.e. on A} minimizing the norm
Ifllp- Moreover, 0 < es <1 A-a.e. and cap(A) = |lea||p-

Proposition 2.17. cap is a Choquet capacity.

We remark that the assumption (A4) is not necessary so far. The
following are our main theorems, which are stated in [7] in the case of
quasi-regular Dirichlet spaces.

Theorem 2.18. Under (A1)-(A4) and (QR1)-(QR3), for a bound-
ed linear functional T on D, the next two conditions are equivalent.

(i) There exist a nest {Fi}ren and positive constants {Ci}ren
such that for each k € N,

|T(v)| < Cillv||lLe(x) for allv € Dy p,.
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(ii) There ezists a signed smooth measure v with some attached
nest {F }xen such that

T(v) = /};f)(z) v(dz) forallve U Dy, ry -

k=1
Moreover, the measure v is uniquely determined.

Theorem 2.19. Under (A1)-(A4) and (QR1)—(QR3), for a bound-
ed linear functional T on D and a positive constant C, the next two
conditions are equivalent.

(i) |T(v)| £ Clvllpe(x) for all v € Dy.

(if) There exists a finite signed smooth measure v on X such that

the total variation of v is dominated by C and

T(v) = /X 9(z)v(dz) for all v € Dy.

In addition, v is uniquely determined. Moreover, if (C) in Lemma 2.2
holds, we may replace Dy, in (i) by L that satisfies the following:
(L) L is a D-dense subspace of Dy, such that, for each € > 0, there
is a C* function x on R with |x] < 146, 0< x' <1, x(z) =z
on [—1,1], and xov € L for every v € L.

Before ending this section, we give a few examples of D other than
quasi-regular Dirichlet spaces. Suppose that X is a separable Banach
space and H a separable Hilbert space which is continuously and densely
imbedded to X. The inner product and the norm of H will be denoted
by (-,)g and || - |a, respectively. The topological dual X* of X is
identified with a subspace of H. Let A be a finite Borel measure on X.
When K is a separable Hilbert space, we denote by LP(X — K) the L?
space consisting of K-valued functions on the measure space (X, A).

Define function spaces FC} and (FC})x» on X by

u(z) = f(la(2),- .., 4m(2)),
u:X >R b,...bn€X* feCHR™) 3,
for some m € N
G(z) = XL, 9i(2)4,
(FCHx~ = G:X—->X"| g1,...,9m € FC}, ,
£y,..., by € X* for some m € N

FC}

where Cf(R™) is the set of all bounded functions f on R™ that have
bounded and continuous first-order derivatives. Let u € FC} and £ €
X* C H C X. We define dpu by dpu(z) = lim._,o(u(z + €f) — u(z))/e.
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The H-derivative Vu is a unique map from X to H that satisfies the
relation
(Vu(z), &) g = dgu(z), Le X* CH.

We assume that, if u € FC} and v € FC} coincide on a measurable
set A, then Vu = Vv X-ae. on A. Let p > 1. We also assume that
(V,FC}) is closable as a map from LP to LP(X — H). We denote by
WP the domain of the closure of (V,FC}) and extend the domain of
V to WP naturally. The space WP is a separable Banach space with

norm || fllwre = |flize + IV fll o (x -1y

Proposition 2.20. Suppose also p > 1. Then, when we regard WP
as D, the conditions (A1)—(A4), (QR1)-(QR3), and (C) are satisfied.

Proof. From the results of [21], (A1) and (QR1) hold. Since X
is separable, X* is also separable with respect to the weak* topology
(see Corollary after Proposition 8 in Chapter IV of [5] for the proof).
When {£,}nen is a countable dense set of X*, ¢, (-) = arctan{,(-) and
N = { assure the validity of (QR3). The remaining conditions are easily
checked. Q.E.D.

In order to give another example, we introduce real interpolation
spaces. Let By and B; be separable Banach spaces. We assume that
By is continuously imbedded to B; for simplicity. For parameters g €
(1,00) and @ € (0,1), we define the space (By, B1)g,q by all elements
[ € By such that there exist some Bj-valued measurable functions u;(t)
on [0,00) (j = 0,1) satisfying

2) wlt)+u) =7 aet, [ @ u©ls) S <00 G=0,1).

We set the norm of f € (Bg, Bi1)o,q by

—e dt 1/q
1m0 = o, [mas ([ @0l ) .

where the infimum is taken over all pairs ug and u; satisfying (2). From
the general theory of real interpolation, (Bg, B1)g,q is a Banach space, we
have continuous imbeddings By < (Bg, B1)s,q — B, and By is dense
in (Bo, Bi1)s,q- Keeping the notation in the prevxous example, we have
the following proposition.

Proposition 2.21. Letp € (1,00), g € (1,00), and 8 € (0,1). Then
D := (WYP, LP), , satisfies (A1)—(A4), (QR1)—(QR3) and (C).
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Proof. Ingeneral, we can prove that (By, B )g,q is uniformly convex
if By or B, is, in the same way as Proposition V.1 of [3]. Therefore, D is
uniformly convex. The separability, (QR1) and (QR2) come from those
of WP, (QR3) is proved in the same way as the case of W1P. (A2)
is clearly true. We will prove (C). Let x be as in (C) in Lemma 2.2.
Let f € D and take ug and u; satisfying (2). Set vo(t) = x o ug(t) and
v1(t) = x o f — x o ug(t). Then wvp(t) + v1(t) = x o f and it is easy to
see that ||vo(t)||wrr < c|luo(t)|lwre and [lv1(t)]|zr < c||ui(t)|lzr. This
implies that x o f € D and ||x o fllp < c||f|p. Q.ED.

§83. Proof of Theorems 2.18 and 2.19

First, we will prove that (ii) implies (i) in Theorem 2.18. We take
Fy = F and Cy = |v|(Fi) < co. Let v € Dy i, and M = ||v|| o (x)-
We can take a quasi-continuous A-modification ¥ so that |5| < M every-
where. Then |T'(v)| < M|v|(Fk) = CxM. Therefore, (i) holds.

Next, we will prove that (i) implies (ii) in Theorem 2.18. Take a

nest {E,(Cl)}keN so that g € C({E,(cl)}). Define E,(cz) = E,(Cl) N{p>1/k}.
Lemma 3.1. {E,Ez)}keN is a nest.

Proof. Clearly, {E,?)}keN is a sequence of increasing closed sets.
Define p, = p A (1/k), k € N. Then py — 0 weakly in D by Lemma 2.4.
Take a sequence {k;} 1 oo so that p,, := (1/m) E;nzl pk,; converges to
0in D as m — oo. Since g, + ex\pW > p Aae on X\ E’(62)7 we

o m
have cap(X \ E;(CQ)) < lpmllp + ||6X\E(1> lp — O as m — oo. Therefore,
m o

{E,(cz)}keN is a nest. Q.E.D.

Define E,(:’) = Fr,NKpN E,(Cz), k € N, where K is what appeared in
Lemma 2.13. Then {E;(ca)}keN is a regular nest consisting of separable
and metrizable compact sets. Given k € N, let {Uj , }nen be a countable
open basis of E,(cs). The totality of every union of finite elements in
{Uk,n}nen will be denoted by {Vi 5. }nen. Take a countable family O of
open sets in X such that for every k ¢ Nyn€ Nand € > 0, some O € O
satisfies that O D Vj , and cap(O) < cap(Vi») + €.

Recall the condition (QR3) and set S = {(-M)V @, AM | n €
N, M € N}. The functions of S separate the points of X \ N. Fix a
countable subset D of I such that {f € D | || f||lL=(x) < M} is a dense
set of {f € D | || f||zee(x) < M} for each M € N. Take a nest {F%} ren so

that £, C E,(c3) for each k, N C [cn(X \ F.) and the quasi-continuous
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A-modifications of all elements in SUD U {ep | O € O} belong to
C({Ex}). Denote by A the algebra generated by SU{1AMj | M € N}.
Note that all functions in .A and 5 belong to C({F}}). From the Stone-
Weierstrass theorem, {f|z | f € A} is dense in C(Fy) with uniform
topology for any k.

Lemma 3.2. There ezist a nest {F} }ken and functions {n}nen in
Uk Dz, satisfying the following:
() Fl C Fy for all k;
(if) the quasi-continuous A-modification v, belongs to C({F[}) for
all n;
(iii) 0<tp <1 Aae. onX and P, =1 on F. for all n.

Proof. Take a sequence {nn}nen C Uy Dy, such that |7, — pllp <
1/(n2"*'), n € N. By Lemma 2.11, there exists an open set G, so
that G, D {|fin — | > 1/(2n)} and cap(G,) < 27" for each n. Take
a nest {Ek}keN such that F, C Fk and {7, }neny C C({Ek}) Then
fin > 1/(2n) on E,\ Gy, since p > 1/n on E,. Define F|, = Ex\ o~ Gn
and ¥, = 0V 2nn, A 1. Then ¥, € U, Dp,, ¥n =1 on F., {F}}ren
is a sequence of increasing closed sets, and by Lemma 2.10, we have
cap(X \ F}) < cap(X \ Ex) + > oo, cap(Gn) 2 0as k > oco. Q.E.D.

Now, fix n € N and take m € N so that ¢,, € Dﬁ‘m' Define T,, : Dy —
R by Tn(f) = T(nf). Since Ynf € Dy i C Do,r,,, the statement (i)
of Theorem 2.18 implies |Tn(Ji)| < Call¥nfllLe(x) £ Crll flles (x)-

For an arbitrary f € C(F), we can take {f;}jen C A such that
lim; o ||f; — f“C(Fm) = 0. Then,

|Tn(fz) - Tn(f])l < Cm“wn(fz - fj)“L“’(X) < Cm”fz - fj“LOG(I:"m) -0

as i > j — oo. The limit of {T,,(f;)}jen, denoted by T, (f), satisfies
ITn(H)] < Cull C(F,,)- Therefore, T', is a bounded linear functional on
C(F,,). On account of the Riesz representation theorem, there exists an
associated finite signed measure v, on F., such that T, H= I fdu,
for every f € C(ﬁ’m). We extend v, to a measure on X by letting
Un(A) = v (AN E,).

Lemma 3.3. The measure v, charges no exceptional sets.

Proof. Since the measure |uy| restricted on F, is regular, it is
enough to prove that |v,|(K) = 0 for any compact set K C F,, of null
capacity. Take such K. Then we can take a sequence {O;};en from O
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so that K C O; for all j and lim;_,o cap(O;) = 0. Indeed, for each j,
take an open set O such that K C O and cap(0O) < 1/j. Since K is
compact, there is a set V' in {Vi m}ren such that K C V C O. Choose
O, € O so that V C O, and cap(0;) < cap(V) + 1/j.

Let f; := eo,. Since {Fk} is a regular nest, Lemma 2.14 implies
that f] =lon K CO;n Fm. We may also assume that 0 < fj <1
everywhere. Since lim;_, || f;|lp = 0, we can suppose f; — 0 X-a.e. as
j — oo by taking a subsequence if necessary. Since { fj }jen is bounded
in L?(|vy,|), the arithmetic means { fj}]eN of a further subsequence of
{5 }JEN converge strongly in L?(|v,,|). Take a sequence {j;} T oo such
that fj, converges |v,|-a.e. as | — co. Define f(z) = liminf; o fi(2).
Then 0 < f<lon X, f=1on K, and f = 0 Aa.e. by the way of
construction.

Given h € A, we have

®3) A Fihdvy = Tu(fiihlg,) = Ta(Fih) = T fiih).
When [ tends to oo, the left-hand side of (3) converges to [z fhdv, by

the dominated convergence theorem. On the other hand, {¢n fj,h}leN
is bounded in D by (A4)’. Since they converge to 0 A-a.e., they also
converge weakly to 0 in I by Lemma 2.1. Therefore, the right-hand
side of (3) converges to 0 as l — oo0. Namely, [ 7, fhdvn = 0. Since
{hlz | h € A}isdensein C(F.,), we conclude that f dv,, = 0, therefore,
lval(K) = 0. QED.

Lemma 3.4. For all f € Dy, T,.(f) = [ fdvn.

Proof. We can take a sequence {f;}jen from D so that {f;};jen
is bounded in L*°(X), f; converges to f in D and f; converges to f

outside some Borel exceptional set Ny. Note that f] 5 Am). Then,
Tn(fj) — Ta(f) as j — oo, while
T.(f) = Talfils) = / Fdvn = / f; dvs
X X\No
= [ fan= [ Fav,
X\No X
by means of the dominated convergence theorem. Q.E.D.

For any k, | € N, we have ¢y dv; = ¢, dvy. Indeed, For f € A,

/ e dvr = T fibe) = T(ufoe) = Tl fbr) = / i dun.
X X
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Therefore, we can define a signed smooth measure v by » = v, on F,,
(n=1,2,...), which is well-defined by the fact that 1), = 1 on F.. Then
for any f € Dy, r;, we have ¢ f = f and

T(f) = T(ef) = Te(f) = /X F, = /X Fav.

Thus, (ii) holds.

In order to prove the uniqueness of v, it is enough to show that v = 0
if fXﬁdu = 0 for all v € |J; Ds,F,, where {Fi}ren is a nest attached
with v. Following the same procedure as in the proof of (i)=(ii), take
the nests {F}}ren and {F{}xen, the function space A, and the sequence
of functions {» }nen. For any n € Nand f € A, we have f1, € Dy s, C
Dy, F,,, therefore [ f, dv = 0. Since {flg, | f € A} is dense in C(F,),
we have 1, dv = 0. In particular, v = 0 on F! because ¥n =1o0n FE.
This implies that v = 0.

The implication (ii)=>(i) of Theorem 2.19 is proved in the same way
as in Theorem 2.18. Because of the result and the proof of (i)=-(ii)
of Theorem 2.18, Theorem 2.19 (i) implies that there exists a finite
signed smooth measure v with some attached nest {F}]}ren such that
the total variation is dominated by C and T'(v) = [, #(z) v(dz) for all
v € Uy Dp,ry. It is easy to show that this identity holds for all v € Dy
by an approximation argument.

The uniqueness of v is clear from the corresponding result of Theo-
rem 2.18. The final claim is also deduced by an approximation argument
and the use of Lemma 2.1.

This completes the proof of Theorems 2.18 and 2.19.

§4. Application to BV functions on Wiener space

First, we will review some results of [9]. Let E be a separable Banach
space and H a separable Hilbert space which is continuously and densely
imbedded to E. We use the notations in the end of Section 2 with letting
X = E. Define a Gaussian measure p on E by the following identity:

/E exp(v=1(2)) u(dz) = exp(~||E]%/2), L€ E* CH.

When Y is a separable Hilbert space and p is a nonnegative mea-
surable function on E, we denote by LP(E — Y’; p) in this section the
LP space consisting of Y-valued functions on E with underlying mea-
sure pdu. We omit E — Y and p from the notation when ¥ = R and
p = 1, respectively, and write simply L? for LP(E — R;1). We also set
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L~ = ﬂp>1 L? and denote by L% the set of all nonnegative functions
in

If u € FC} and v € FC} coincide on a measurable set A, then
Vu = Vv p-a.e. on A. See Proposition 1.7.1.4 of [4] for the proof.

For p > 1, Cl,(E) denotes the set of all functions p in L} such
that (V,FCj) is closable as a map from LP(p) to LP(E — H;p). A
simple example for such p is a function which is uniformly away from 0.
Suppose p € Cl,(E). We write W1P(p) instead of WP when regarding
(E,pdu) as (X, ) in Section 2. When p > 1, WbP(p) satisfies all the
conditions (Al)-(A4), (QR1)-(QR3) and (C).

Let F” be the topological support of the measure p du. Since L°(E —
Y;p) is identified with L°(FP — Y;p), we abuse the notation and
W1LP(p) is also regarded as a function space on F*. When p € Cly(E),
an associated Dirichlet form (€7, W2(p)) on L%(F*; p) is defined by

£°(f,g) = /F (VFVgupdu,  f,9€ W),

This is a quasi-regular Dirichlet form and a finite signed measure v on
F* is smooth with respect to £ if and only if v is W':2(p)-smooth.

For each G € (FC})g-, the (formal) adjoint V*G is defined by the
following identity:

/ (V*Gludu = / (G, Vu)g du for all u € FC}.
E E

Denote by L(log L)/? the space of all functions f on E such that
® o |f| € L, where ®(z) = z((logz) v 0)'/2. We say that a real
measurable function p on F is of bounded variation (p € BV (E)) if
p € L(log L)'/? and

Vip) = sup/ (V*G)pdu < oo,
G JE

where G is taken over all functions in (FC})g- such that |G(2)||n <1
for every z € E.

Let {T:}:>0 be the Ornstein-Uhlenbeck semigroup, which is associ-
ated with £!. It is strongly continuous, analytic and contractive on L?
for any p € (1, 00).

We recall some results discussed in [9].

Theorem 4.1. (i) For p € BV(E), ||[VTipllrr < V(p) for

every t > 0.

(i) BV(E) is a vector lattice. Namely, it is a vector space, and
for each p € BV(E), p4 also belongs to BV(E).
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(i) A function p belongs to BV(E) if and only if p € L' and
there ezists a sequence {pn}nen in Whi(:= Wb1(1)) such that
llonllw.a is bounded in n and p, — p in L' as n — oo.

(iv) FEach p € BV(E) has a unique finite Borel measure v and a
unique H-valued Borel function o on E such that |o|lg = 1
v-a.e. and for every G € (FC})g~,

/E(V*G)pduz/E(G,o)Hdu.

The measure v is W2 (|p|+1)-smooth. If moreover v € Cly(E),
then v|g\re = 0 and v is W2(p)-smooth.

In what follows, we will write v, for v in the theorem above. In this
section, we improve the result for the smoothness of v,. In view of the
proof of Theorem 4.1 (iv) (Theorem 3.9 of [9]), the smoothness of v, is
derived from the smoothness of v, for each £ € E*, where v, is a unique
finite signed measure on E satisfying

/ Beu(2)p(2) p(dz) = —2 / u(z)ve(dz),  ue FCL.
E E

Therefore, applying Theorem 2.19 with £ = FC}, if we show that the
functional

(4) Ip: FCE o u s /E@gu(z)p(z)u(dz) €eR

extends continuously on D, where D satisfies (A1)—(A4), (QR1)-(QR3),
and (C), and has FC} as a dense set, then we can say that vy, hence v,,
is D-smooth. It is obvious that I, extends to a continuous functional on
W1LP(|p|+1) (and WP (p) if furthermore p € Cl,,) for every p > 1. Also,
if p € L9 for some q € (1, 00), then I; extends to a continuous functional
on Wh4/(a-1)(:= W1.9/(a-1)(1)) by Holder’s inequality. Therefore, we
have the following results.

Proposition 4.2. Let p € BV(E). Then, v, is WYP(|p|+1)-smooth
for every p > 1. If moreover p € Cl,, then v is WP (p)-smooth.

Proposition 4.3. Let p € BV(E)N L2 for some q € (1,00). Then,
v, is WH4/(4=1) _smooth.

In Proposition 4.2, the smaller p is, the stronger the claim is.

Now, we will give other examples of D so that v, is D-smooth. Let
us recall the Sobolev spaces in the context of Malliavin calculus. We
give several notations in somewhat informal way. We refer to [12] for
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precise definitions. Let L = —V*V be the Ornstein-Uhlenbeck operator,
which is regarded as a generator of {T;}+>0. The Sobolev space D™P,
a €R, 1< p< oo, is given by D*? = (1 — L)~*/2(L?). Each D*? is
a separable Banach space with norm || f|jpe. := ||(1 = L)*/2f||z». The
topological dual of D*? is identified with D~*%, ¢ = p/(p — 1). When
n € N, by Meyer’s equivalence, V" is defined as a continuious operator
from D™P to LP(E — H®") and ||-||z» + V"™ || Lr(E— men) gives a norm
on D™P which is equivalent to || - ||pn.». In particular, WHP(:= WP (1))
is identical with DYP as a set and their norms are mutually equivalent.

We define another Sobolev space E*P, o € R, 1 < p < o0, firstly
introduced in [24], by

pop Dep ifa € Z,
T (DFHP D) e, ifk<a<k+l, kEZ.

The general theory of real interpolation implies that (E*?)* is identified
with E~*9, where ¢ = p/(p — 1) (see also [24]). When 0 < o < 1 and
1 < p < 00, E*P satisfies conditions (A1)—(A4), (QR1)-(QR3), and (C)
by virtue of Proposition 2.21, if E*? is equipped with a norm deduced
by (WYP,LP);_4 p. For such indices, FC} is dense in E*P since WP
is dense in E*P. For later use, following [1, 2], we introduce another
equivalent norm on E*? based on the K-method by

1 1/p
ler = ([ €K DPE) "

where

K(e, f) = inf {|| fillr + el follwre | F = f1+ f2, f1 €LP, fo € D'P},
The connection between BV (E) and E*P is given as follows.
Theorem 4.4. Let ¢ > 1. Then BV(E)NLICE*? if1<p<gqg
and o < (1/p—1/q)/(1 —1/q). Also, this inclusion is continuous when
BV(E) N LY is equipped with norm Al BvE)nLe = V() + Ifllee. In
particular, BV(E)NL>*" CE*? ifp>1 and ap < 1.
For the proof, we need the following estimates.

Lemma 4.5. (i) When6/a+(1—-0)/b=1/pwith0< 8 <1,
a, b, p > 1, we have || f|lzo < [|£11 %1 F11}5°-

(ii) For each r > 0 and p € (1,00), there exists some C such that
Q=LY Tiflle < Ct"||fllLe for everyt € (0,1] and f € LP.

Proof. The claim (i) follows from a simple application of Holder’s
inequality. The claim (ii) is a consequence of Theorem 6.13 (c) of Chap-
ter 2 in [18], since {T}};>0 is an analytic semigroup on L”. Q.E.D.
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Proof of Theorem 4.4. Let f € BV(E)NL? with V(f)+| fllze < 1.
In the following, ¢; denotes a constant depending only on p and q. By
Theorem 4.1 (i), |VTifllz: € V(f) < 1 for any t > 0. By virtue of
Meyer’s equivalence and Lemma 4.5 (ii), for ¢ € (0, 1],

IVT:fllze < erll(X ~ L)’ T fllza < cpt ™'/,

Applying Lemma 4.5 (i) with a = 1 and b = ¢, that is, § = (1/p —
1/q)/(1-1/q), we have || VT; f||L» < (cat™/2)1~? for t € (0, 1], therefore,

(5) (T: fllwre < cat™ (=072,

From the identity

t ) t
f—-T1:f —/ iTsfds:—/ LT, fds
o ds 0

/0 (@ = DT, 12°f — T, f} ds,

we obtain, for ¢ € (0, 1],
t
©6) f-Tifller < /0 (@ = L)?Tap2)* flle ds + 8| £ e
t
< / cas™V2|(1 = L)Y?Ty jaf || e ds + t
0
0

i
< [ s T, ol dot
t

< / ces 25~ (=9/2 gs 4 t < c719/2,

[=}

Here we used Lemma 4.5 (ii) in the second line and (5) in the last line.
By combining (5) and (6), for each € € (0, 1],

K(Ea f) < ”.f - Ta2f“LP + EHTs’f“Wl’P < 6850,
and, if « € (0,6),

(/Ol(s‘aK(e,f))pflf)l/p < e{p(f — a)} VP < 0.

This proves the claim. Q.ED.

Using Theorem 4.4, we obtain the E®P-smoothness of v, by the following
proposition.
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Proposition 4.6. Let p € BV(E)N L9, q¢ > 1. Then the map I,
in (4) extends continuously on E*? if p > q/(q — 1) and ap > q/(q —
1). Therefore, v, is E*P-smooth for such a and p with a € (0,1). In
particular, if p € BV(E) N L™, then v, is E*P-smooth for any o, p
with & € (0,1) and ap > 1.

Proof. Due to Meyer’s equivalence, the map u — 0dyu is continuous
from DVP to L? and from L? to D~ 1P, respectively. By the real interpola-
tion theorem, it is continuous from E*? to E*~1? for any o € (0,1). The
claim follows from the fact (E1~*P/(P=D)* = E*~LP and BV (E)NLI C
El~P/(P—1) by the assumption and Theorem 4.4. Q.E.D.

REMARK 4.7. (i) In [24], it is proved that D*+&P <y E*P
De==P for every @« € R, 1 < p < o0 and € > 0. Therefore,
Theorem 4.4 and Proposition 4.6 remain valid if we replace
E>P by D*P.

(i) When p € BV(E) is an indicator function of some set A, v, can
be regarded as a surface measure of A. The smoothness of v,
that is proved in the proposition above is consistent with The-
orem 9 of [6] saying that the Hausdorff measure of codimension
n on Wiener space does not charge any set of (a, p)-capacity
as long as p > 1 and ap > n.

Lastly, we give a few nontrivial examples of BV functions, referring

to the work [2]. Note that by combining Theorem 4.8 and Theorem 4.4
we recover a part of the results in [2].

Theorem 4.8. (i) Let F be a function such that F € D?P
and ||VF| ' € L9 for somep > 1 andq > 1 with 1/p+1/q < 1.
Let A= {F < z} with x € R. Then 14, € BV(E).

(it) Suppose that (E,H,p) is a classical Wiener space on [0,1].
For x > 0, set A = {w € E | maxo<,<1 |w(s)| < z}. Then
14 € BV(E).

Proof. (i): From the assumptions, we have V*(VF/||VF|y) € L®

for some a > 1. Indeed, keeping in mind the fact |VF|| g, |V?F||lggn €
LP due to Meyer’s equivalence, let € tend to 0 in the identity

. VF _LF  (VF®VE,V?F)yen
VIVF| +e VIVF|% +e (IVF|F +e)®2

Now, set Yn(y) = nlp_1/nq(¥), enly) = f Yn(2)dz, and p, =
@n(F). Then we have

IVonllzromr) = /E ()| VF | g dp
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VF
/E< narye
VF
- pnv* <——> d
Lo (o) #

VF
v (wr)
VT )

which is bounded in n. Since {p,}nen is uniformly bounded and con-
verges to 14 pointwise, Theorem 4.1 (iii) completes the proof.

(i): Set pn(w) =0V n (1 — maxo<s<1 |w(s)|/z) A1, w € E for each
n € N. By the calculation in the proof of Theorem 3.1 of [2], we have
pn € WH1 and ||pn|lw1.a is bounded in n. Since {py, }nen is uniformly
bounded and tends to 14 pointwise, Theorem 4.1 (iii) completes the
proof. Q.E.D.

)
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