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Crystal Bases and Diagram Automorphisms

Satoshi Naito and Daisuke Sagaki

Abstract.

We prove that the action of an w-root operator on the set of all
paths fixed by a diagram automorphism w of a Kac-Moody algebra
g can be identified with the action of a root operator for the orbit Lie
algebra §. Moreover, we prove that there exists a canonical bijection
between the elements of the crystal base B(oo) for g fixed by w and
the elements of the crystal base B(occ) for §. Using this result, we
give twining character formulas for the “negative part” of the quan-
tized universal enveloping algebra U,(g) and for certain modules of
Demazure type.

§0. Introduction.

Let g := g(A) be the Kac-Moody algebra over Q associated to a
symmetrizable generalized Cartan matrix A = (a;;); jer with Cartan
subalgebra h and Weyl group W = (r; | ¢ € I). A path is, by definition,
a piecewise linear, continuous map = : [0,1] — b* such that x(0) = 0,
where [0,1] := {t € Q| 0 <t < 1}. We denote by P the set of all paths
(modulo reparametrization). In [13], Littelmann defined root operators
e, fi : PU{0} — PuU {6}, where 0 is an extra element, and introduced
the notion of Lakshmibai—Seshadri paths of shape A, where A € h* is
a dominant integral weight. By using root operators, we can make the
set B(A) of Lakshmibai—Seshadri paths of shape A into a crystal which
is isomorphic to the crystal base B()A) of an integrable highest weight
Uy(g)-module of highest weight A (see (3] and [10]), where U,(g) is the
quantized universal enveloping algebra of g over Q(g).

Let w € Aut(g) be a diagram automorphism of g, and w* : h* — h*
the contragredient map of the restriction w|y of w to h. For a path
m € P, we define a path w(n) € P by (w(n))(t) := w*(w(t)) for t € [0,1].
In [20] and [21], we introduced w-root operators €; and f; (see (2.2.2)),
and then proved that the Lakshmibai—Seshadri paths fixed by w can be
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identified with the Lakshmibai—Seshadri paths for the orbit Lie algebra
g, which is a certain Kac—Moody algebra corresponding to w.

In this paper, we first prove that the action of an w-root operator
on the set of all paths fixed by w can be identified with the action of a
root operator for the orbit Lie algebra §, generalizing results in [20] and
[22]. Then, using results in [20] and [21], we show that there exists a
canonical bijection between the elements of the crystal base B(oo) of the
negative part U, (g) of U,(g) fixed by w and the elements of the crystal
base B(co) of the negative part Uy (8) of Uy(8). In addition, we give
twining character formulas for U (g) and for certain modules (U, )4(9)
of Demazure type.

Let us explain our results more precisely. We set (h*)° := {)\ €bh*|
w*(A) = A}, W = {w € W | w*w = ww*}. Note that there exist a
natural Q-linear isomorphism P : E — (h*)° and a group isomorphism
e:W- W, where E is the Cartan subalgebra of the orbit Lie algebra
g and W is the Weyl group of g. Denote by P the set of all paths
(modulo reparametrization) for the orbit Lie algebra §, and by &, fi:
PuU{8} — PU{6} root operators for §. For a path 7 € P, we define a path
PX(@) e Py (P(7))(t) := Px(7(t)) for t € [0,1], and set P*(0) = 6.

In [20] and [22] we proved that the equalities & o P} = P o&; and
j?; oP»=PFP’o fl hold on a certain subset of P. In this paper, we extend
this result to the whole of P.

Theorem 1. The set PPU{6} is stable under the w-root opemto'rs
where P := {m € P | w(7r) = m}. Furthermore, we have €0 P} = P} o¥;
andfl o P* —P*Of, on P.

Denote by e, f; : B(co)u{0} — B(oc0)U{0} the Kashiwara operators
for the crystal base B(co). Let w € W, and w = r;, 7y, - - - 74, its reduced
expression. We define a subset B,, (oo) of B(oo) by

{ . voo|mJ€Z>o}

where Ty, is the (unique) highest weight element of B(cco). We know from
(8] that B, (o) is the crystal base of the following module (U )4(g) of
Demazure type:

U2)al) = Y. Q@uiyg®-- v c Uy (g),
m;€ZL>o

where y;, 7 € I, are the Chevalley generators corresponding to negative
roots. We also know that B,,(c0) (and hence (U )4(g)) does not depend
on the choice of the reduced expression of w.
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There exists a canonical Q(g)-algebra automorphism w € Aut(U,(g))
of U,(g) induced from the diagram automorphism w. Since the crystal
lattice L(oo) of U, (g) is stable under w, we obtain a Q-linear auto-
morphism w : £(00)/gL(c0) — L(00)/qL(o0) induced from w : L(c0) —
L(0). Note that the crystal base B(oco) and its subset B,,(o0) for w € w
are stable under w. We set

B%(c0) := {b € B() | w(b) = b}, B (00) := {b € By (o) | w(b) = b}.

We denote by &, f; : B(oo) u {0} — B(oo) U {0} the Kashiwara
operators for the crystal base B(co), and by Bg(co) the crystal base of

the module (U3 )4(8) of Demazure type corresponding to & € w.
By using results in [20] and [21], we prove the following theorem.

 Theorem 2. The set B®(co)U{0} is stable under the w-Kashiwara
operators, defined in the same way as (2.2.2). Moreover, there ezists a
canonical bijection Pa, : B%(c0) 5 B(co) such that

(P2) 71 (wt(b)) = wt(Poo (b)) for b€ B%(c0),
Pooé =8 0Py and Pxofi=fioPs.
In addition, we have Pu(B2()\)) = Bg(co) for each w € W, where
b = 0" (w).

The twining character ch”(U; (g)) of U; (g) is defined to be the
following formal sum:

(U @)= Y tr(wlw;),)e(0-
x€(h*)°
For each w € W, we define the twining character ch”((Ug)q(g)) of
(Uﬁ)q(g) by

ch®((Uy)q(g)) = Z tf(“"((U;)q(g))X)e(X)-

x€(h*)°
As a corollary of Theorem 2, we obtain the following.

Corollary 3. Let w € W, and set @ := O~ (w). Then we have

ch® (U (9)) = Po(chUg (), ch®((Uy)q(8)) = Pi(ch (Ug)q(8))-
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This paper is organized as follows. In §1, we fix our notation for
Kac-Moody algebras, and then recall some basic facts about diagram
automorphisms and orbit Lie algebras. In §2, we recall the definition
of an w-root operator, and prove Theorem 1. In §3, we study the ele-
ments of some crystal bases fixed by a diagram automorphism, and show
Theorem 2. In §4, we obtain Corollary 3 as an application of Theorem 2.

§1. Preliminaries.

1.1. Kac—Moody algebras and diagram automorphisms.

Let g := g(A) be the Kac-Moody algebra over Q associated to a
symmetrizable generalized Cartan matrix A = (as;);, jer, with Cartan
subalgebra b, simple roots Il = {o;}icr C b*, simple coroots IIY =
{a)}ier C b, Chevalley generators {xi, v | i€l }, where g,, = Qz;
and g_o, = Qu;, and Weyl group W = (r; | i € I).

Let w : I — I be a bijection of order N such that a, ), () = ai;
for all 4, j € I, which we call a (Dynkin) diagram automorphism. Then
w naturally induces a Lie algebra automorphism w € Aut(g) of order N
such that w(h) = b, and w(z;) = o), W(Y:) = Yo (i), w(ey) = au\f(i) for
i € I (see [23, §1.1]). We define a Q-linear automorphism w* : h* — bh*
by (w*(A\))(h) := A(w™1(h)) for X € h*, h € b, and set

(111) 8= {hephlum)=h},  (57°:={reb" |w' () =}
We also set

(1.1.2) W= {weW|ww=ww*}.

Note that w*r;(w*)~! = Tw(s) for every i € I.

1.2. Orbit Lie algebras.

We set ¢;; := fo;gl ai,wk(;) for i, j € I, where N; := #{wk () |
k> 0}. We choose a complete set T of representatives of the w-orbits in
I, and set I := {1 €f| Ci; > O}.

Remark 1.2.1 (cf. [2, §2.2]). Assume that ¢;; > 0. Then ¢;; = 1
or 2. If ¢;; = 1, then a; N2y = —1 and a; ,x(;y = 0 for any other
1<k<N;—1, k# N,;/2, with N; even. Hence the Dynkin diagram
corresponding to the w-orbit of the 7 is of type A x - - - x Ay (N;/2 times).
If ¢;; = 2, then a; ;) =0 for all 1 <k < N; — 1. Hence the Dynkin
diagram corresponding to the w-orbit of the i is of type A; x --- x A
(N; times).
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We set @;; := 2¢;5/cj for i, j € f, where ¢; :=¢;; if i € f, and ¢; := 2
otherwise. We know from [1, Lemma 2.1] that a matrix A= (a,-j)i’j 7
is a symmetrizable Borcherds-Cartan matrix, and its submatrix A =
(@ij); jer is a symmetrizable generalized Cartan matrix. Let § := g(;l\)
be the generalized Kac—Moody algebra over Q associated to A with
Cartan subalgebra f), simple roots = {01,}“E 7> simple coroots HV =
{@}};e7> Chevalley generators {z,9: | i e j}, and Weyl group W =
(7i | i € I). The orbit Lie algebra § is defined to be the subalgebra
of § generated by h U {2, 3i | i € I}, which is a Kac-Moody algebra
associated to A. N

As in [1, §2], we obtain Q-linear isomorphisms P, : h® — h and
P*:5* — (§°)* = (h*)° such that

(1.21) P,(&Y)=aY, P:(a;) = a; foreachicl,
- (Pz(N) (h) = A(Pu(R)) for A € h* and h € B°,

where

N;— N;—-1

- 1 ~
(1.2.2) a:/ = Y k(i) € (‘) , a; Otwk(l) e (h* )0
Nl Q)

We also know from [1, §3] that there exists a group 1som0rphlsm 6 :
W — W such that ©(@) = P o @ o (P*)~! for each @ € w.

§2. Properties of w-root Operators.

2.1. Root operators.

In this subsection, we recall the definition of a root operator from
[13]. A path is, by definition, a piecewise linear, continuous map = :
[0,1] — b* such that m(0) = 0, where [0,1] := {t € Q | 0 < t < 1}.
We regard two paths 7 and 7’ as equivalent if there exist piecewise lin-
ear, nondecreasing, surjective, continuous maps ¥, ¢’ : [0,1] — [0,1]
(reparametrization) such that o ¢ = 7’ 0 ¢)’. Denote by P the set of
(representatives of) equivalence classes of all paths under this equiva- -
lence relation. For m € P and 7 € I, we set

(2.1.1) RT(t) == (r(t)) (), m] :=min{h7(t) | t € [0,1]}.

For convenience, we introduce an extra element 8 (corresponding to “0”
of a crystal).
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For each ¢ € I, the raising root operator ¢; : PU {6} — PU {6}
is defined as follows. We set e;0 := #, and e;m := 6 for 7 € P with
mT > —1. If mT < 1, then we can take the following points:

(2.12) t1 =min{t € [0,1] | AT (t) =mT},
o to = max{t' € [0,¢1] | hT(t) > mF + 1 for all t € [0,¢]}.
Choose a partition tg = sp < s1 < -+ < 8 = t1 of [tp, 1] such that
either of the following holds:

(1) h¥(sk—1) = kT (sk) and h{(t) > h](sk-1)
for t € [sg—1, Sk].

(2.1.3) . .
(2) hT(t) is strictly decreasing on [sk—1, Sx] and

hT(t) > hT(sg—1) for t € [sq, Sk—1]-

Remark 2.1.1. We deduce from the definition of t, (resp. #;) that
hT (t) is strictly decreasing on [sg, 51] (vesp. [s,—1,s,]). Namely, [so, s1]
and [s,_1, s, are of type (2).

We set
(2.1.4)
m(t) if0<t<ty=so,
(esm)(t) = w(t) — (hf (sk—1) —m] — 1)a; if t € [sg_1,si] of type (1),
w(t) —(hY (t) —m] — 1oy if ¢ € [sk—1, k] of type (2),
(t) + o ifs, =t; <t<l.

The lowering root operator f; : PU {#} — P U {8} is defined in a
similar way: Weset f;0 := 0, and f;7 := 6 for 7 € Pwith AT (1)—mT < 1.
If hT(1) —m] > 1, then we can take the following points:

(2.15) to = ma.x{t € [0,1) | AT(t) = mf},

o t1 =min{t' € [to,1] | AT (t) > mT +1for all t € [t',1]}.
Choose a partition tg = sp < s1 < -+ < s, = t; of [to,?1] such that
either of the following holds:

(1) A (sk-1) = hi(sk) and R (t) = A](sk-1)

for t € [sk_1, Sk]-
(2.1.6) _[ k-t d
(2) AT(t) is strictly increasing on [sk_1, sx] and

hT(t) > hT(sk) for t € [sg, s1]-
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We set
(2.1.7)
(t) if 0 <t <ty=so,
m(t) — (hT(sk—1) —mI)a; if t € [sg—1, sk] of type (1),
(fim)(t) = _ ,
w(t) — (AT (t) — mT)a; if t € [sg_1, k] of type (2),
m(t) — oy ifs,=t; <t<1.

For m € P and r € Q, we define a path rm € P by (rm)(t) := rrn(t)
for t € [0,1]. Also, we define the “dual path” 7V € P of a path 7 € P by
mV(t) :==7m(1 —t) —w(1) for ¢t € [0, 1]. Let us recall the following lemma
from [13, Lemmas 2.1 and 2.4].

Lemma 2.1.2. (1) We have (fi7)V = e;n¥ and (em)V = fimV
forall m e P.

(2) We have n(e;n) = eP(nrw) and n(fimw) = f*(nw) for all m € P and
ne Zzo.

2.2. w-root operators.
For a path m € P, we define a path w(7) € P by (w(w))(t) := w*(7(t))
for 0 <t <1, and set w(f) := 0. We set

(2.2.1) P’ :={reP|w(r)=mr}.

_ Let us recall the following definition of the w-root operators €; and
fi for i € I from [20, §3.1] (cf. Remark 1.2.1):

N;/2
H (Xw"(i)Xik+Ni/2(i)ka(i)) if ¢ =1,
oy k=1
(2.2.2) X={"
H Xk (i) if ¢y =2,
k=1

where X is either e or f.

Denote by P the set of all paths (modulo reparametrization) for the
orbit Lie algebra §. For i € I, we denote by &; : PU {8} — Pu {6}
and f; : PU {6} — P U {6} the raising root operator and the lowering
root operator for g, respectively. For a path 7 € @, we define a path
PX(7) € PO by (PX(7))(t) := Px(7(t)) for t € [0,1], and set P*(0) = 6.

In [20] and [22], we showed that the equalities €; o P} = P o€; and
fio Py = P}o fi hold on a certain subset of P. Here we extend this
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result to the whole of P. The proof below essentially follows the same
line as those of [20, Theorem 3.1.2] and [22, Theorem 2.1.2]; however, it
is a little simplified by virtue of Lemma 2.1.2.

Theorem 2.2.1. The set P° U {6} is stable under the w-root op-
erators. {n addition, we have €;0 PX = P*o¢&; and f;0 P} = P} o f; for
each i€ 1.

Proof. Let us show the following claim, which generalizes [20, The-
orem 3.1.2].
Claim. Let w € P°. If mT > —1, then €;7 = 6. If mT < —1, then we
have

(2.2.3)
(t) if0<t<ty=so,

Em)(t) = w(t) — (AT (sg—1) — mF —1)a; if t € [sk—_1, sk] of type (1),
m(t) — (R] (t) — m] — 1o if t € [sk—1, sk of type (2),
w(t) + & s, =t <t <1,

where tg, t; are the points given by (2.1.2) for # € PY and i € I, and
to = sp < 81 < -+ < 8, =t is a partition of [to, ¢;] satisfying Condition
(2.13)formreP’and i € I.

(Proof of Claim.) It is obvious that ;7 = 6 if mT > —1. We will show
Equality (2.2.3). If ¢;; = 2, then Equality (2.2.3) immediately follows
from the definition of root operators and Remark 1.2.1. Assume that
c;; = 1. For simplicity, we assume that the Dynkin diagram correspond-
ing to the w-orbit of the i is of type Az (cf. Remark 1.2.1). For 7 € P?,
we set h(t) := hT(t) = h}(t) and m := m] = m[ with j := w(i). Since
m < —1, it follows from the definition of the raising root operator e;
that

m(t) = (e;m)(t) =

m(t) if 0 <t <ty= sy,
m(t) — (h(sk—1) —m — Da; if t € [sg_1, sx] of type (1),
w(t) — (h(t) —m — Doy if t € [sg—1, sk] of type (2),
m(t) + a; ifs, =t) <t< 1L

By definition, we have
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(2.2.4)
h(t) if0<t <tp=so,
W) = h(t) + h(sk—1) —m —1 ift € [s5—1, sk] of type (1),
2h(t) —m -1 if t € [sg—1, sk] of type (2),
h(t) — 1 ifs, =t; <t <1

Subclaim 1.  We have m]' =m ~ 1 and t; = min{t € [0,1] | R (t) =
ml'}.
3

It is obvious that AJ*(t) = h(t) —1 > m — 1 for t € [t;,1], and
that hJ*(t1) = m — 1. So it suffices to show that h* (t1) > m —1 for all
t € [0,t1). By the definition of t9, we have A7* (t) = h(t) > m+1>m—1
for t € [0,t5]. Suppose that hJ*(t) < m — 1 for some t € [to,t;). If t is
in [sg_1, sk} of type (1), then we have h(t) + A(sp—1) —m—1<m—1,
and hence h(sg—1) < m, since h(t) > h(sk—1) for all ¢t € [sg—1,5k] (see
(2.1.3)). This contradicts the definition of ¢; (notice that sx_; < s, =
t1). Similarly, if ¢ is in [sg—1, sk] of type (2), then we have h(t) < m,
which is a contradiction. Thus we conclude that h;" (t) >m —1 for all
t €[0,11).

Subclaim 2. We have to = max{t' € [0,t;] | h]* (t) > m]* +2 for all ¢ €
[0,¢]}.

It is obvious from the definition of to and Subclaim 1 that hJ* (t) =
h(t) >m+1=m]' +2 for all t € [0,to]. We deduce from Remark 2.1.1
and (2.2.4) that h]"(to +¢) < h]*(to) = m]* + 2 for sufficiently small
€ > 0. Now, Subclaim 2 immediately follows from these facts.

Set nf := %771- It follows from Subclaims 1 and 2 that ¢y, t; are the
points given by (2.1.2) for n; € P and j € I. In addition, we deduce
from (2.2.4) that tg = sp < 8y < -++ < 8, = t; is a partition of [tg, 1]
satisfying Condition (2.1.3) with # = 7{ and ¢ = j. Therefore, we have

(ejm)(t) =
ni(t) if 0 <t <tp= sy,
Ny (t) — (h;?’1 (sk-1) — m;-'; —1)oy; ift € [sk—1, k] of type (1),
ni(t) — (R @) —mP —1)a;  if ¢ € [sk—1, 8] of type (2),

ni(t) + oy ifs,=t; <t <1
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3m(t) if 0 <t <tp= s,
B 37(t) — 3(h(sk-1) —m — 1)(a; + 2a;) if t € [sp_1, sk] of type (1),
) Aa(t) — L(h(t) — m — 1)(ai + 20;) if ¢ € [sk_1,5k] of type (2),
im(t) + Lo + o ifs, =t; <t <L

Because eZn; = 2(e;7;) by Lemma 2.1.2 (2), we get

12(t) = (efm)(t) =

w(¢) if 0 <t <ty= sg,
(t) — (h(sk—1) —m — 1)(a; + 20;) if t € [sg_1, si] of type (1),
7(t) — (h(t) — m — 1)(a; + 20;) if t € [sg—1, sk] of type (2),
w(t) + a; + 20 ifs,=t; <t<1.

3

Since k. (t) = h(t), we obtain

(€m)(t) = (em2)(t) =

w(t) if 0 <t <ty = sg,

J7(t) — 2(h(sk—1) —m —1)(os + ;) if t € [sg_1, si] of type (1),
m(t) — 2(h(t) — m — 1)(o; + o) if t € [sg—1, sk] of type (2),
m(t) + 2(a; + ;) ifs,=t; <t<1.

This completes the proof of Claim.

It immediately follows from the claim above that P° U {6} is stable
under ¢€;. Also, we deduce from Lemma 2.1.2 (1) that P° U {8} is stable
under f;, since fiw = (€nV)V for all m € P° (remark that if = € P, then
so is m¥). Moreover, because ((P*(%))(t))(e)) = (R(t))(@)) for 7 € P
and i € I (cf. (1.2.1)), we can easily check that & 0P* = P*o#; by using
(2.2.3). Since PX(7V) = (P*(7))V for all # € P, we get by Lemma 2.1.2
(1) that for each 7 € P,

A(PLR)) = @(PI@)Y)Y = @G(PIEY))Y
= (Pi(&7"))" = P}(@&"")") = P (f:7).

Therefore we get ﬁ oP} =P}o ﬁ This completes the proof of the
theorem. O
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Remark 2.2.2. We can easily check that
(2.2.5) woe; =e,;ow and wo f;=f,ow on P

Therefore we deduce from Theorem 2.2.1 that the w-root operators on
P? do not depend on the choice of a representative of the w-orbit of s € I
with ¢;; > 0.
We define &(n); and f(n); fori € I and n € Z>o by
Ni/2
kII (X:,lk(,;)X22+Ni/2(i)X:k(i)) if ¢i =1,
oy =1
(2.2.6) X(n); := N,
k=1

where X is either e or f. As an application of Theorem 2.2.1, we can
give a shorter proof of (a generalization of) [22, Proposition 2.1.3].

Corollary 2.2.3.  OnP°, we have (&)™ = &(n); and (f;)" = f(n);
for eachn € Z>g and i € 1.
Proof. Let m € P°, and set n’ = %ﬂ' € P°. We deduce that
e(n)im = n(gn") by Lemma 2.1.2 (2)
=n(P*o& oo (P (") by Theorem 2.2.1
= Py (n&((P) " ())
= PX((&)"(n(PX) (")) by Lemma 2.1.2 (2)
=P o (&)" o (P7)7}(m)
= (Pjo@ o (P;)™)"(m)
= (&;)"n by Theorem 2.2.1.
Therefore we get €(n); = (€;)". The equality f(n); = (f;)" can be shown
similarly. O

Let P C b* be an w*-stable integral weight lattice such that a; € P
foralli € I, and set Py := {A € P| X)) € Zxq forall i € I}. For A €
Py, we denote by B()) the set of Lakshmibai—Seshadri paths of shape A.
Recall from [13, §4] that B()\) U {6} is stable under the root operators,
and that every element 7 of B(}) is of the form # = f;, fi, - - - fi, mx for
some i1, %2, ..., ik € I, where m\(t) :=tA for t € [0,1]. Let w € W, and
w =74,y - - T, its reduced expression. We put

(22.7) By(N) == {1 f02 - fit*ma | my, ma, ..., mp € Zxo} \ {6}
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We know that B,,(\) does not depend on the choice of the reduced
expression of w (cf. [12, §5] and [11, §6.1]).

If A € P, N(H*)?, then B(]) is stable under w (cf. (2.2.5)). Further-
more, we deduce from (2.2.5) that w(By,())) = By=y(w+)-1(A). Hence, if
w € W, then B, ()) is stable under w. We set

B°(\) := {m € B()\) | w(r) =7},

(228) BY(\) := {r € By(A) | w(r) = 7}.

We have the following theorem (see [20, Theorem 3.2.4] and [21, Theorem
4.2)).

Theorem 2.2.4. Let A € PL N (h*)° and w € W. Set A :=
(P2)7YA) and @ := ©71(w).
(1) The set B°(A\) U {6} is stable under the w-root operators.

(2) Each element m € B°()\) is of the form m = f;, fi, - ﬁkﬂ')\ for some
iy, 2, ..., 05 € 1.

(3) We have B°(A) = Px(B(X)) and BS()\) = P*(Bz (X)), where B(X) ds
the set of Lakshmibai—Seshadri pgths of shape A for the orbit Lie algebra
g, and Bg(X) is the subset of B(A\) corresponding to & (cf. (2.2.7)).

§3. Crystal Bases and Diagram Automorphisms.

3.1. Crystal bases B()\) and B, ()\).

Set PV := Homgz(P,Z) C b. Let Uy(g) = (zi, i, ¢" | i € I, h € PV)
be the quantized universal enveloping algebra of g over the field Q(gq) of
rational functions in g, and U (g) (resp. U, (g)) the Q(g)-subalgebra of
U,(g) generated by {x; |i € I} (resp. {yi|i € I}).

For A € Py, let V(A) = @,cp V(N)x be the integrable highest
weight U,(g)-module of highest weight A. Denote by e; and f; the
raising Kashiwara operator and the lowering Kashiwara operator for
V(A), respectively, by (L(A),B()\)) the crystal base of V()), and by
{Gx(b) | b € B(\)} the global base of V()) (see [6]).

For w € W, let Vy(A) = U (g)V(M)w(n) be the quantum De-
mazure module of lowest weight w()\). We know from [8, Proposi-
tion 3.2.3] that there exists a subset B, (A) of B()) such that V,,(A\) =
Dres, () Q(@)GA(b). We see from [8, Proposition 3.2.3] that if w =
T4, Tiy * +* Ti, 15 a reduced expression of w, then

(3.1.1) By(A) = { e fi* Ty | ma, ma, .., my € Zxo} \ {0},
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where Ty is the image of a (nonzero) highest weight vector vy of V(X)
in L(A)/qL(N).

Let U,y (8) = (Zi, U, 7 | i € I, h € PV) be the quantized universal
enveloping algebra of the orbit Lie algebra §, where PV := HomZ(IS, Z)
with P := (P*)~}(P n (§*)°). Denote by lé(i) the crystal base of the
integrable hlghest weight U, (g)-module V(/\) of dominant integral high-
est weight )\ and by €; (resp fz) the raising (resp lowermg) Kashiwara
operator for B()\) For @ € W, we denote by B5(X) the crystal base of
the quantum Demazure module Vg(X) C V() of lowest weight w()\).

3.2. Fixed point subsets of B(\) and B,,(}).

Since PV is w-stable, we obtain a Q(g)-algebra automorphism w €
Aut(Uy(g)) such that w(z:) = (), w(¥) = Yu (), and w(gh) = ™ for
i€ Iand h € PV (cf [23, Lemma 1.2]). Remark that U, (g) is stable

under w. If A € P, N (h*)°, then we have a Q(g)-linear automorphism
w:V(A) — V(}) induced from w : U; (g) — Uy (g)- Because

(3.2.1) woe; =eyow and wof;= f,iow

on V(A) (see [22, Lemma 2.3.2]), the crystal lattice £()\) is stable under
w. Therefore, we have a Q-linear automorphism w : L£(A)/gL(\) —
L(A)/qL(A) induced from w : L(A) — L(A). We deduce from (3.2.1)
that the crystal base B(\) is stable under w. Moreover, we obtain by
(3.1.1) and (3.2.1) that w(By(A)) = Byey=)-1(A). Hence, if w € W,
then B,,()) is stable under w. We set

B°(\) := {b € B(A) | w(b) = b},

(32:2) BL(N) i= {b € Bu(}) |w(t) = b}.

We see from [13] that B(\) has a natural (normal) crystal structure
for each A € P;. We know from [3, Corollary 6.4.27] or [10, Theorem
4.1] that there exists an isomorphism ®) : B(\) = B()\) of crystals, and
from [11, §5.6] that ®(B,(A)) = By (A) for every w € W. If A € P N
(6*)°, then we obtain the following commutative diagram (cf. (2.2.5)
and (3.2.1)):

B(\) —2— B()\)

(3.2.3) @Al lqn
B(\) —“— B().
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Therefore, we obtain ®,(B°(\)) = B°(\) and ®,(B% (X)) = BS()) for
each A € P, N (h*)° and w € W. Combining this fact with Theo-
rems 2.2.1 and 2.2.4, we get the following proposition.

Proposition 3.2.1. Let A € P, N (h*)° and w € W. Set X :=
(P71(N) and @ := 71 (w).
(1) The set B°(\)U{0} is stable under the w-Kashiwara operators €; and
fi, defined in the same way as (2.2.2).
(2) Each element b € B%()\) is of the form b = fil ﬁ-z -+ f1,Ux for some
11, 99, ..., 1k € 1.
(3) There ezists a canonical bijection Py : B°(X) = B(X) such that

(P2)~1(wt(b)) = wt(PA(8) for cach be BY(N),

(3.2.4) R ~ v
Pyoe;=¢;0P\, and Pyof;=fioP\ forall icl.

In addition, we have Py(B2(\)) = Bz (V).

3.3. Crystal bases B(co) and B, /(o0).

We denote by e; and f; the raising Kashiwara operator and the low-
ering Kashiwara operator for U; (g), respectively, and by (£(o0), B(c0))
the crystal base of U, (g). Denote by {G(b) | b € B(c0)} the global base
of Uq_(g) (see [6])-

Let Q4 := Y ;c; Z>o @i, and set Q1 (n) := {a € Q4 | ht(a) < n}
for each n € Zyo, where ht(a) := Y, ki for a =Y, kioy € Q. Let
us recall the following theorem from [6, Theorem 5 and Corollary 4.4.5].

Theorem 3.3.1.  Let ¢y : Uy (g) — V(X) be the canonical U, (g)-
module homomorphism sending 1 to vy.

(1) We have px(L(o0)) = L()X). Hence we have a Q-linear homomor-
phism

(3.3.1) P 1 £(00)/gL(00) = L(A)/qL(N)

induced from @y : L(00) — L(A). The restriction of @, to B(oco) \
%5 ({0}) is a bijection from B(oco) \ &5 ({0}) to B()).

(2) We have fio@, =@, 0 f; for each i € I. In addition, if b € B(co)
satisfies B, (b) # 0, then e;@,(b) = @, (ed) for each i € I.

(3) Fizn € Z>o. If M(o)) > 0 for all i € I, then, for every £ € Q4(n),
the restriction of @y to B(0o)_¢ is a bijection from B(0o)_¢ to B(A)x—¢.
Here, for a crystal B, we denote by B, the set of elements of weight p
in B.
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Let w e W, and w = ry, 1y, - - - 14, its reduced expression. We define
a module (U, )4(g) of Demazure type by

(33.2) U)e(® = Y Qaui vl v,
m;€ZL>o

We know from [8, Proposition 3.2.5] that (Ug).(g) =

$b€Bw(oo) Q(q)G(b), where

(3.33)  By(o0) 1= {fIM I+ f™Voo | M1, M2, ..., mk € Zxo},

with 7, the image of 1 € U, (g) in £(00)/qL(00). Furthermore, we
can easily show the following theorem, by using [8, Proposition 3.2.5],
Theorem 3.3.1, (3.1.1), and (3.3.3).

Theorem 3.3.2. (1) The restriction of B to By, (c0) \ %5 ({0})
is a bijection from By, (00) \ B ({0}) to By (N).
(2) Fir n € Zso. If Me)) > 0 for all i € I, then, for every £ €
Q+(n), the restriction of @ to By (00)_¢ is a bijection from By, (c0)_¢
to By, ()\))‘_g.

Remark 3.3.3. It follows from Theorem 3.3.2 that B,(c0) (and
hence (U )4(g)) does not depend on the choice of the reduced expression
of w.

Denote by B(oc) the crystal base of U8 :=(mlie I), and by &;
(resp. f;) the raising (resp. lowering) Kashiwara operator for B(cc). For

@ € W, we denote by B (o) the crystal base of the module (U3)q(8)
of Demazure type corresponding to w.

3.4. Fixed point subsets of B(oco) and B,,(c0).

In a way similar to the case of V'()), we can show that woe; = €. (i) oW
and wo f; = f,yow on U, (@) Thus, £(oc) is stable under w, and hence
we have a Q-linear automorphism w : £(00)/gL(c0) — L(oo)/qL(c0)
induced from w : L£(00) — L(00). It is obvious that B(oo) is stable
under w. Moreover we deduce that w(B,(00)) = Bysy(w+)-1(0c0) for
w € W. Therefore, if w € W, then B, (o) is stable under w. We now
set

B°(c0) := {b € B(c0) | w(b) = b},

(3.4.1) B2, (c0) 1= {b € By,(c0) | w(b) = b}.

Theorem 3.4.1. (1) The set B%(co) U {0} is stable under the w-
Kashiwara operators €; and f;, defined in the same way as (2.2.2).
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(2) Each element b € B%(00) is of the form b= ﬁlﬁz ‘e ﬁ,ﬁoo for some
11, 42, « -y Ik EIV.
(3) There ezists a canonical bijection Ps, : B%(00) = B(oo) such that

(P2)~Y(wt(b)) = wt(Poo(b)) for each b€ B%(c0),

(3.4.2) RN ~ oy
P, og;=¢ 0Py and Pyofi=fioPyx forall i€l.

In addition, we have Po(B%(A)) = Bg(oo) for each w € W, where
@ = 07} (w).

Proof. Because w o gy = @y ow for A € Py N (h*)?, we have the
following commutative diagram (cf. Theorem 3.3.1):

B(co) —2— B(\) U {0}
(3.4.3) w l lu
B(oo) —22— B(\) U {0}.
Thus we obtain p, (B°(c0)) = B°(\)U{0} and 5, (B2 (00)) = B2 (\)u{0}

for each A € P, N (H*)° and w € W.

(1) Let b € B°(00). Assume that €;b # 0. Take A € Py N (h*)°
such that A(a)’) > 0 for all ¢ € I. Then we deduce from Theorem 3.3.1
(2) and (3) that &;5,(b) = ©,(e;b) # 0. Since €p,(b) € B°(\) by
Proposition 3.2.1 (1), we conclude that &;b € B%(0o). Similarly, we can
show that f;b € B°(co) U {0}.

(2) Let b € B%o0). Since @y(b) € B°(A) if A € Py N (h*)? and
A(@)) > 0 for all 7 € I, we see from Proposition 3.2.1 (2) that g, (b) =
ﬁlﬁ-z ---ﬁ,ﬁ,\ for some iy, 42, ..., i € 1. By Theorem 3.3.1 (1) and
(2), we get b= ﬁl ﬁ2 ‘e f;,joo. Thus we have proved part (2).

(3) Let £ € Q4 N(H*)°, and set & := (P*)~1(£). Take A € PN (h*)°
such that A(e)Y) > 0 for all i € I, and set A := (P*)~1(\). We define
a bijection P ¢ : B(0c0)—¢ — 5’(00)_5 as in the following commutative
diagram:

B%(00)_¢ —— B°(A\)x—¢
(3.4.4) P | I
B(oo)_g —— BMs_¢

We can easily check that P, ¢ does not depend on the choice of A. Now
we define Py, : B°(00) — B(00) by Puo(b) := Pag £(b) for b € B°(c0)_¢.
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We can easily show by Proposition 3.2.1 (3) and Theorem 3.3.1 that
P has the desired properties (3.4.2). The equality Po(B2())) =
Bg(0o) immediately follows from the definition of Py, and the equal-
ity @ (B, (00)) = By, (A) U {0}. O

Remark 3.4.2. It immediately follows from Theorem 3.4.1 that
there exists an injection from the global base of U, (§) to the global
base of U, (g). Therefore we have an embedding U, (§) — U, (g) of
vector spaces.

§4. Twining Character Formulas.

4.1. Definitions.
The twining character ch” (U, (g)) of U, (g) is defined to be the
following formal sum:

(4.1.1) ch*(U; (g)) = Z tr(w|(Uq—(9))x)e(X)‘

x€(h*)°
For each w € W, we define the twining character ch“((Ug )q(g)) of
(Us)q(g) by

(41.2) ch®((Uy, )q(9)) == Z tr (Wl s )4 (a)),, ) E0)-
x€(h*)°

4.2. Twining character formulas.

Corollary 4.2.1. Let w € W, and set & := ©~Y(w). Then we
have
ch®(Uy (g)) = P;(ch Uy (8)),
ch®((Ug)q(9)) = P5(ch (Ug)q(8))-

In order to prove this corollary, we need the following lemma, which
can be shown in exactly the same way as [23, Lemma 3.4].

Lemma 4.2.2. We have w(G(b)) = G(w(b)) for all b € B(co).
Therefore, we see that the global base {G(b) | b € B(c<)} of Uy (9) is
stable under w, and that w(G(b)) = G(b) if and only if b € B(c0).

Proof of Corollary 4.2.1. We give a proof only for the first equality
of (4.2.1), since the proof for the second one is similar. Remark that for
each x € (h*)°, {G(b) | b € B(co), } is a basis of U (g),, which is stable
under w. Therefore we have

(Wl s (g,) = #{G(®) | w(G(b)) = G(b), b € B(co)x }

(4.2.1)
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for each x € (h*)° (note that if an endomorphism f on a finite-
dimensional vector space V stabilizes a basis of V, then the trace of
f on V is equal to the number of the basis elements fixed by f). By
Lemma 4.2.2, we get

(Wl u; (g),) = #(B(00)x N B%(00)),
and hence

(4.2.2) ch’(Us (@)= Y. e(wt(b)

beB®(00)

Therefore we obtain

h“(U; () = Y e(wt(t)) by (42.2)

beBO(o0)

= P‘:( Z e(wt(E))) by Theorem 3.4.1 (3)

beB(oo)

= P;(ch Uy (8)),
as desired. |

Remark 4.2.3. Let U; (g)z be the Z[g, g~ 1]-subalgebra of Uy (9)

generated by the divided powers {yl(") |i€I,n€Zso} (see [6, §6.1]),
and set

(4.2.3) (Uy), =Y Zgq Uy{mlyims) .y (U7 (o)
m; >0

for w € W with w = r;, 7, - -7, its reduced expression. Now, for
A€ Py and we W, we set V(X)z := Uy (g)zvx C V()) and V,,(\)z =
(Uz)q(8)z va C Viu(A) (cf. [8, Corollary 3.2.2]). Assume that A € Py N
(6*)° and w € W. We can easily check that the Zlg,q *]-forms U; (g)z,
(Uz)q(8)z, V(A)z, and V,(N)z are stable under the action of w. Hence
we can define the twining characters of them in a way similar to (4.1.1)
and (4.1.2). Using the fact that the global bases are Z[g, ¢ !]-bases of
these Z[q, g~ ']-forms, we can prove twining character formulas for these
Z[q, g~ !]-forms in exactly the same way as Corollary 4.2.1 (see also [23]).

Let M ()) be the Verma module of highest weight A € h* over g with
(nonzero) highest weight vector vx. For w € W with w = ry, 7y, ... 75,
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its reduced expression, we define a module M,,(A\) C M () of Demazure
type by

(4.2.4) My(A) == ) Quyz -y s

m;€EZL

We see that M,,(\) does not depend on the choice of the reduced ex-
pression of w.

Assume that A € (h*)°. Then we have a Q-linear automorphism
w : M(A) — M()) induced from the Q-algebra automorphism w €
Aut(U(g)) of the universal enveloping algebra of g (cf. §1.1). We can
easily check that M, ()\) is stable under w if w € W. The twining
characters ch*(M(})) and ch”(M,,(\)) are defined in the same way as
(4.1.1) and (4.1.2), respectively (see also [1, Definition 2.3]).

Corollary 4.2.4. Let A€ (h*)°, andw € W. Set A := (PX)"1()),
and @ = ©~(w). Then we have

ch?(M(N\)) = Px(ch M(Y)),

(4.2.5) N
ch®”(My (X)) = P(ch Mg()N),

where M (’):) is the Verma module of highest weight X over the orbit Lie
algebra §, and M{E(A) cM (A) is the module of Demazure type for §
corresponding to .

Proof. We give a proof only for the first equality ch”(M()\)) =
Px(ch M (X)) of (4.2.5), since the proof of the second one is similar. We
see easily that ch”(M()\)) = e(A) ch®(M(0)) and ch M(X) = e(X) ch M (0).
Hence we need only show that ch”(M(0)) = P*(ch M(0)).

As in [23, §2.2], we deduce that the specialization “¢g = 1” of
ch“(U; (9)) is equal to ch”(M(0)). On the other hand, the special-
ization “q = 1” of chU, (§) is equal to ch M(0). By combining these
facts with Corollary 4.2.1, we obtain ch® (M (0)) = P*(ch M(0)). Thus
we have proved the corollary. O
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