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Appendix: Braiding compatibilities

Dennis Gaitsgory

§1. Imntroduction

Let us recall the following basic constructions from [3]: 1 for § €
PervG(a)(Gr), by taking nearby cycles we obtain Z(8) € Pervy(Fl).
Moreover, for 8§ as above and T € Pervy(Fl) we have a perverse sheaf
C(8,7) € Perv;(Fl) with isomorphisms

Z(8)*T — C(8,7) «— T+ Z(8).

We will denote the resulting isomorphism Z(8) xT — T % Z(8) by us 7.

In addition, we will denote by vs, s, the morphism Z(8;)* Z(83) —
Z(Sl * 82) for 81, 87 € Pervc(ﬁ)(Gr).

There are 3 properties to check:

1) Let T3, T2 be two [-equivariant perverse sheaves on Fl, and 8 be
aG (6)-equiva,riant perverse sheaf on Gr. We must have a commutative
diagram:

us g, xidy,

Z(8) % T1x T
“5,71*721 idy, *us,frzl

Ty xToaxZ(8) —20 TyxTaxZ(S).

Ty * Z(8) % T

2) Let 83,8, be two G(0)-equivariant perverse sheaves on Gr and
T—an I-equivariant perverse sheaf on Fl. We must have a commutative
diagram:

id *U [ *id
Z(8:1) % Z(82) » T —2 225 7(8,) % T % Z(85) ——2C2 T % Z(81)  Z(82)
’Usl,sz*idg'l id'J' *vsl’szl
Z(81 x82) x T Turia? ‘I*Z(Sl*Sz)—id—>‘I*Z(81 * 82).
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3) For 8; and 8, as above, we must have:

Z(81) % Z(82) —2Z°2 Z(85) % Z(81)

"51,521 '”52’511

Z(Sl *82) _ Z(Sg *Sl),

where the bottom arrow comes from the commutativity constraint on
the category of spherical perverse sheaves on Gr.

As we will see, 1) and 2) amount to chasing along the diagrams
defining u and v, whereas for 3) we will have to consider nearby cycles
along a 2-dimensional base.

§2. Verification of Property 1

We will connect the three objects appearing in the commuatative
diagram through an intermediate one.
Consider the scheme FY', classifying the data of

(ya J6,%c ~ g%lX—{z,y}7€)7

and recall that Fly _, ~ Grx_, x F1. We cosider the sheaf A := §x_, X
(77 % T2) on it. The intermediate object is W(A). We will show that
the three isomorphisms appearing in our commutative diagram come as
compositions from isomorphisms

‘.Tl *Z(S) *“T2 =~ ‘I’(.A), Z(S) *71*72 ~ \II(.A), Tl *‘.TQ*Z(S) o~ ‘I’(.A)

We introduce the schemes FI*, i = 1,2,3 classifying, repsectively,
the data of:

1 ! 1! 4 / A i "
(y73:G'a G G;gdngrG!X—:mg’ jad GlX—ya:}'Gggf(C)v‘IX—maeaEae

(y,g:Ga /Gla ,Gvng': g’lX—yyg‘ggsﬂc}X—zag’/G23'.%')(—:!:,676,76”)

(ya Fe, ’C,;'a IG,?G = ,G,|X—$’ g’ = ,G’|X—-'Ei3’£;' = ‘3%')(—3/’ ¢ E,a 6”)'
Let us denote by 7%, i = 1,2,3 the natural projection of each of
these schemes to Fl' (7* remembers only Fg and €). In addition, as in
[3], on F1%_,, 7 =1,...,3, there exist the perverse sheaves

A =T RS8x_, KTy, A2:=8x_,RTI1RTp, A:=T 1 RT,R8x_,
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all having the property that (7% __)1(A?) ~ A on Fl_,. Hence,
(M2 (T (AY)) = T(A).
Moreover, by construction,
T(AY) = TIRZ(S)KT,, ¥(A2?) ~ Z(8)RTXT,, ¥(A®) ~ T1RT,RZ(S),
and hence
(T (¥(AY)) = Ty % Z(8) + T,
(72)1 (W (A?)) ~ Z(8) x Ty * Ta,
(T3N(T(A?)) = Ty« To % Z(8).

Therefore, it remains to establish the required relation between these
isomorphisms and idy, *us 7,, us, 7, xidy, and us 7,.7,. For that we in-
troduce several auxiliary schemes F1'2, FI1'3, F123I, F123", which classify,
respectively, the data of:

%6, %6, Fe = Folx—{ay) Fo ~ Félx -z, €)
(y7 S'G,S"G,[}'G = EIGIX—MEF,G = g%lX—{m,y}v Eael)
(y7 g:GaS:IGaer' >~ H:IG'lX—ya?& =~ H:g|X—.’t76,€/)
(y7 EFGaS:IG73‘G jad ?IG|X—1:’?IG’ = 9%|X—y767 el)'
We have the projections %/ : FI¥ — F1' and %% : FI' — FI¥ with
n omhi = 7. Let A" be the following sheaves defined on F1%__ as in
[3]:
A2 = 8x_, KT KTy, A := T1RT, K Sx_,
AP =85 LB (TyxT3), A = (T1 % T2) K Sx_,.
We have (1% __)1(A¥) ~ A, and (7%7_)1(AF) =~ AY.
Note that
U(A) ~ C(8, T1)NTy, W(A?) ~ T1XKE(S, T,),
Y(AP) = Z(8)R(Ty % T2), U(A®") = (T + T2)RZ(8).

Therefore, our isomorphism

Z(S) *‘.Tl *‘Iz o~ (ﬂ'g)u(‘I/(.Az)) — \I’(.A) b (71';)1(\1/(./41)) >~ ‘Il *Z(S)*TZ
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can be factored as

(T2 (B(A?) = (m;? 0 w2 12), (T (A?)) = (m;2)i(T(A™))
o (mg 0 ) (U(AY)) = () (X (AN)),

and, therefore, coincides with ug g, *idy, : Z(8)*T1xTy — T1xZ(8)x T3,
because T2 enters through the twisted external product construction.

Similarly, the isomorphism
Tyx Z(8) % Tp = (T (T(AY)) = T(A) — (F2)(T(A?) = Ty x T+ Z(5)
coincides with idg, xug 5, : T1 % Z(8) * To — T x T2 x Z(8).

Finally, the isomorphism

(Ty % T2) % 2(S) = (72" ) (T(A%")) ~ ¥(A)
2 (m2 ) (W(AP)) = Z(8) % (T1 % To)

coincides with us. g, .7,. Therefore, the isomorphism
Ty xTox Z(8) =~ (72)(T(A3)) — U(A) — (72)(T(A?)) ~ Z(8) xT1 x T2,
which equals

(TP A%) = (r3* )(B(A™")) = U(A)
= (n3¥ N(WA™)) = (r2) (¥ (A7)

induces ug 7,47, : T1 * To % Z(S) — Z(8) T, % Ta.
This establishes the commutativity of the first diagram.

§3. Verification of Property 2

This case is very similar to the previous one. On the scheme Fly_
we consider the sheaf A := (8; *83)x_, X T. We introduce the schemes

FI', i = 1,2,3, Fll2,Fll3,F123l,F123”, which classify, respectively, the
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data of
(ya‘}G:T,GIv 6 Fe =~ g'C’#'X—w ¢~ 9Glx-2, G ~ ﬁg[x_y,e, e,€”)
(y73~G'1 ,C/;’a IG',H:G = glx—'yasﬂl = ,G'lx——yagle A §%|X_$,e, E’aeﬂ)
(yag:'Ga ,G"y‘?'IG,EFG =~ glx—w,g:'é jad g¢G|X—y73’IG ad g(C];'lX—y’Ea 6,76”
(ya g‘G, g:,G) H:G = g:lGlx-‘ya ?/G = %'X—{z,y}a €, 6,)
(y73:Gag,G)?G = HTIGIX——{z,y}vglc =~ 9%|X—y,€,€’)
(y, 9:G,GIIG,?G' = ?,GIX—zagIC,: = EFIGIX—yae, 6,)
(y, ?G, g’G, S:G >~ ?'Glx_y, f}‘g >~ g’g')(_m, €, CI)
We have natural proper maps 7 FI' - Fl', 7% : F1¥ — FI’, and
w59 : FI* — F1¥. The corresponding perverse sheaves are
Al = (81)x-oBTR(S2)x-z, A” = (81)x-2B(82)x-2 BT,
A% = TR(81) x—o2(82) X~
A = (81)x—oB((82)x-2 ®T), A := ((81)x—0 B T)H(S2)x—a
AP = TR(S1 % S2) x—ay A = (81 *82)x - XT,
(ng—m)!(ﬂi) ~A, (ﬂ-.i)g—m)!(‘Aij) ~ A, (ﬂ—}zlz)'("ql) ~ AY,
As in [3], we obtain:
U(AY) ~ Z($1)RTRZ(S;), W(A?)~ Z(8;)RZ(S;)XT
V(A% ~ TRZ(S;,)XZ(Ss),
U(A2) ~ Z(8;)RC(82,T), W(A™) ~ (81, T)KS,,
T(AP) ~ TRZ(S; x83), U(AP") ~ Z(8; x $2)XT.
As in the previous section, we obtain that the isomorphism

Z(81) % Z(82) x T == (72),(¥(A?)) =~ ¥(A)
~ (T (T(AY)) = Z(81) * T * Z(S2)

coincides with idz(s,) *us, 7, and

Z(81) x T x Z(82) ~ (w1)1(T(AY)) ~ T(A)
~ (m3)(U(A3) = T % Z(81) x Z(82)

coincides with ug, 5 *idz(s,)-
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The isomorphisms

T % Z(81) * Z(82) =~ (73),(¥(A3)) ~ ¥(A)
~ (w23 (W(AP)) = T x Z (81 % 82)

and

Z(81) % Z(82) * T = (m3)1(L(A%)) ~ T(A)
~ (1287) (W(A)) ~ Z (81 % 82) x T

coincide with idy *vs, s, and vs, g, x idy, respectively, and the isomor-
phism

T Z(81 % 82) ~ (n2%)(¥(A%)) ~ W(A)
~ (27), (W(A%)) = Z(81 % S2) x T

coincides with us, .s,,7-
This establishes Property 2.

§4. Nearby cycles along a two-dimensional base

To verify the remaining property 3 we need to make a brief digression
on the notion of nearby cycles along a 2-dimensional base.

We do not have a good definition. We will, however, introduce some
functor T, which will suffice for our purposes. But we do not claim
neither that it is exact nor that it commutes with the Verdier duality.

Let Y be a scheme over X x X and A be a sheaf on Y(x_z)x(x—z)-
We would like to compare two sheaves on Y,: one, which we denote by
WA (A) and the other by ¥ o ¥(A):

The functor A +— ¥A(A) is defined as Ux(Aly, _,,)[—1], where
Ya(x—<) is the preimage of the diagonal X — z in Y.

The functor A — ¥ o U(A) is iterated nearby cycles: we first take
nearby cycles of A with respect to the projection Y — X x X 25 X and
obtain a perverse sheaf on Y, (x—_z), and then take the nearby cycles of
the latter with respect to Y,xx — X.

We claim that ¥y, (A) and (¥ o ¥)y(A) are connected by a corre-
spondence. Le., there exists a third functor A — Y(A) € D*(Y,) and
functorial maps

Ua(A) — T(A) - To T(A).
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In case when both maps are isomorphisms we will denote by w, the
resulting map
Up(A) » Vo TU(A).

The construction of Y(A) is sketched below. Here are its two basic
properties:
1. fYis Yy XYy and A = A! K A2, then both maps T(A) — Tp(A)
and T(A) — ¥ o ¥(A) are isomorphisms and the resulting isomorphism
wyg : UA(A) — ¥ o ¥(A) coincides with

UA(A) ~ T(A; &Aﬂyl),éyz) ~ U(A;) Q@ ¥(Az) ~ T o T(A),

where the second arrow is the “Kiinneth” formula for nearby cycles, cf.
[1].

2. Foramap 7:Y — Y and A € Perv(Y(x—z)x(x—z)) there is a
canonical isomorphism

o (T(A)) = T((T(x —2)x (X —2))1 (A))
and the following diagram is commutative:

UA((T(x-a)yx(x—a)1(A)) —— (mx)(¥a(A))

I I

T((mx-a)x(x-))t(A) ——  (m)i(T(A))

! !

W o U((T(x—z)x (x-a)1(A)) —— (m2)1(T 0 T(A)).

Here is the construction of T(A). (As in [2], we will treat only the
unipotent part of nearby cycles.)

Let f denote the structure map ¥ — X x X. Let j denote the
embedding Y(x _z)x(x-z) — Y, and let i, denote the embedding of Y.
into Y.

Following [2], let €, be an n-dimensional local system on X — z,
whose monodromy around z is an n-dimensional nilpotent Jordan block
(we can assume that X is affine, hence such a local system exists). The
&,’s form a directed system as n € N.

Consider the sheaf Fp, m 1= ju(A ® f*(En B Ey)). We set T(A) to
be the direct homotopy limit lim i (Fnm[—2]).

Let us now construct the maps T(A) — ¥a(A) and T(A) — Yo
T(A).
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Let ja(x—z) be the embedding of Ya(x—_z). We have a canonical

map
?n,mlﬂA(X) - (jA(X—z‘))*('Al‘éA(x—z) ® f*(En ® E'm))‘

In addition, we have the maps &, ® &,, — &g, where k = max{m,n},
and by composing we obtain a map

grn,m!HA(x) [—'1] - (jA(X—a:))*(‘AI’d A(X—z) [—1] ® f*(gk))
By applying the functor ¢} to both sides and passing to the direct limit,
we obtain the required map.

Now, let j; be the embedding of Y, x(x_z) into Y. Again, we have
a natural map

Frnmlyaxx = (71) (G (A ® (P10 f)*(€n))lyoxx ® (P20 F)"(Em))-

Note that the direct limit of 5, (A ® (p1 0 f)*(En))|y. . x [—1] With respect
to n is the 1-step nearby cycles W(A) € Perv(Y,x(x—z)). Threfeore, by
applying ¢; and taking the direct limit with respect to m as well, we
obtain the required map

T(A) - T o T(A).

§5. Verification of Property 3

Recall the Beilinson-Drinfeld scheme Gr” over X x X. By definition,
it classifies the data of (y1,y2,Fa,Fao ~ 3%|X—{y1,yz})- We have:

Griyyx—a =~ (Grx X Grx)xxx-a,
Gr} ~ Gry,
where A C X x X denotes the diagonal.
Starting with 8,,82 € PervG(a)(Gr) we consider the corresponding

sheaf (81)x—z ® (82)x-» on Gry,x_a and denote by B its Goresky-
MacPherson extension to the diagonal. It is known that the extension
is acyclic and B|qyy identifies with (8; x 82)x = (83 x 81) x, which is in
fact the definition of the commutativity constraint on PervG(a)(Gr).

Consider now the scheme F1” fibered over X x X: A point of F1” is
a data of
(Y1,92,F6,Fc = ?%[X_{UI:UZ}’ €),

where € is as usual a reduction of F¢g|, to B. We have:

F I(,X—a:)x(X—a:) = (GI‘ X Gr)(X—z)X(X_-"’) X G/B’
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and we define the sheaf A on it equal to B K §;.

We introduce two auxiliary schemes F1! and F1? over X x X, which
classify the data of (y1,y2, Fe, Fg, Fo ~ Fglx—u,, Fo ~ Flx g1, 6, €),
(ylv Y2, Fa, S:IGa Fe~ ?/G‘X—m ’ 5':’,G' = E%IX—yzv.e) E/)z respectively.

We have the natural proper projections 7 : FI* — F1” for i = 1,2,
which induce isomorphisms

Fl% « X — {ox X, X x2,8) ~ CT%x X {ox X, X xz,n} XG/B x G/B.

Let A® be the correqunding perverse sheaves on Flz X—z)x(X—g)) 1-€. We
take BRI 61 K61 on Fly , x_(ox X, x xz,4} @nd extend it minimally to the
preimage of A(X — x).

We obtain a commutative diagram:

(@ (Ta(AY) =2 (m2)(¥ 0 T(AY)
WA (A) A, Yo ¥(A)
(T2 (¥a(A2)) " (n2)(¥ 0 T(A?).
As in [3], the terms of this diagram identify, respectively, with

(T2)(Tpny (1) x—oB(82)x-2)) —2— (m2)1(Z(8:1)BZ(S2))
| |
V(Ala[-1)) —= C(81,2(8)
| |
(n2)1 (Ve ((82)x-e8(81)x-2)) —2 (n2)(Z(82)BZ(S1))-
Note first, that we have isomorphisms
Z(81 % 82) =~ U(A|a[-1]) =~ Z(82 % 81),
whose composition, by definition, comes from the commutativity con-
straint on PervG(a)(Gr).
The morphism
Z(81%82) ~ ¥(A|a[-1]) ~
(72 )i (Tpps, ((81)x—oB(82) x-2)) = (m2)(Z(81)KZ(S2)) =~ Z(81) » Z(82)
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coincides with the isomorphism vs, s, : Z(81 * 82) — Z(81) * Z(82) of
[3], by the construction of the latter, and 2 above.
Similarly, the morphism

Z(82 % 81) ~ W(A|a[-1])

= (21 (¥, ((82) x-2B(81)x~2)) = (m3)1(Z(82)RZ(81))
o~ Z(Sz) * Z(Sl)

coincides with vs, s, .

Finally, the composed isomorphism

Z(sl) * Z(82) ~ (71)1(Z(81)RKZ(83)) =~ C(81, Z(82))
~ (72)1(Z(82)RZ(81)) = Z(82) * Z(8:)

coincides with ug, z(s,), which is what we had to prove.
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