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Infinite Systems of Non-Colliding Brownian Particles

Makoto Katori, Taro Nagao and Hideki Tanemura

Abstract.

Non-colliding Brownian particles in ope dimension is studied. N
Brownian particles start from the origin at time 0 and then they do
not collide with each other until finite time 7. We derive the de-
terminantal expressions for the multitime correlation functions using
the self-dual quaternion matrices. We consider the scaling limit of
the infinite particles N — oo and the infinite time interval T — oo.
Depending on the scaling, two limit theorems are proved for the mul-
titime correlation functions, which may define temporally inhomoge-
neous infinite particle systems.

§1. Introduction

We consider the process X (t), which represents the system of N
Brownian motions in one dimension all started from the origin and con-
ditioned never to collide with each other up to time T'. If we take the
limit T' — oo, the system becomes a temporally homogeneous diffu-
sion process Y (¢), which is the Doob h-transform [3] of the absorbing
Brownian motion in a Weyl chamber

N N
R< Z{X=($1,.’B2,...,$N)€R ;$1<$2<"'<.’EN},

with harmonic function hn(x) = [],<;c;<n(z; — i) [8]. By virtue of
the Karlin-McGregor formula [12, 13|, its transition density fn(¢,x,y)
from the state x to y in R1<V in time period ¢ > 0 is given by

Inltxy) = det (pi(aiy),

where pi(z,y) = \/%He_(z"y)z/m. On the other hand, if the non-

colliding time interval T remains finite, the process X(¢),0 < ¢t < T,
is temporally inhomogeneous [15].
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We notice an integral formula found in Harish-Chandra [9], Itzykson
and Zuber [10], and Mehta [16],

det (pt(wza yJ))

1<i,j<N 1
=c [ dU exp |—=tr(X —U'YU)?
o R :
with ¢! = (2r)N/2¢N° /2 [[VH (3), where X and Y are the N x N
diagonal matrices, X;; = x;0;;,Y:; = v:6;;, and the integral is taken

over the group of unitary matrix U of size N. This equality implies that
the non-colliding Brownian motions such as X(t) and Y (¢) can be de-
scribed by using the eigenvalue-statistics of Hermitian random matrices
in Gaussian ensembles [18]. In earlier papers[14, 15], it was shown that
Y (¢) is identified with Dyson’s Brownian motion model with § = 2 [4]
and the particle distribution is expressed by the probability density of
eigenvalues of random matrices in the Gaussian unitary ensemble (GUE)

with variance ¢, while 2T =X (t) coincides with the distribution of

eigenvalues of random matrices in the Pandey-Mehta ensemble [19, 25]

with a = 4/ %, and this temporally inhomogeneous process exhibits a

transition from the GUE statistics to the Gaussian orthogonal ensemble
(GOE) statistics as the time t goes on from 0 to T'.

It is known that the eigenvalue distributions of Hermitian random
matrices have determinantal expressions. For instance, in the GUE, the
probability density of N eigenvalues is expressed by

1
pN(xlyx% LR amN) = ﬁ 1<??EN(KN(:LI“$J))’

with Ky (z,y) = Zévz’ol we(z)e(y), where

1 2
(1.1) o(x) = —=e"% 2 Hy(
) N (z)
with the ¢-th Hermite polynomial Hy(x) and h, = /m2¢#!. By the
orthogonality of ¢ (z), we can prove the equality

det  Kn(zi,2;) den:
/1Si,fszv’ N (@i, ;) doy

1.2 =(N-N'+1 t  Ky(zi,zj

(12) (N-N'+1) | det Kn(aiz)
for any 1 < N’ < N. Such integral property enables us not only to obtain
determinantal expressions for correlation functions, but also to argue
the N — oo limit of the system by studying the large N asymptotic of
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the function Ky (z,y). With proper scaling limit, determinantal point
processes with sine-kernel and Airy-kernel are derived. See [27] and
references therein.

In the present paper, we derive the determinantal expressions of
the multitime correlation functions for the process X (¢). Our aim is to
prove limit theorems of the multitime correlation functions in the scaling
limits of infinite particles N — oo and infinite time interval T — oo.
Depending on the scaling, we derive two kinds of limit theorems, one of
which provides a spatially homogeneous but temporally inhomogeneous
infinite particle system (Theorem 1), and other of which does the system
with inhomogeneity both in space and time (Theorem 2). We remark
that it is easier to prove the limit theorems for Dyson’s Brownian motion
model Y'(¢). Corresponding to Theorem 1, we will obtain the multitime
correlation functions of the homogeneous system, which coincides with
the system studied by Spohn [28], Osada [24], and Nagao and Forrester
[21]. Similarly, corresponding to Theorem 2, an infinite system with
spatial inhomogeneity will be derived, which is related with the Airy
process recently studied by Prahofer and Spohn [26] and Johansson [11].

One of the key points of our arguments is that, in order to give the
determinantal expressions for the correlation functions for the present
processes, we shall prepare matrices with the elements, which are neither
real nor complex numbers, but quaternions

g =qo+ qie1 + qaes + g3esz € Q

with ¢; € C,0 <7 < 3, in which the four basic units {1,e1,e2,e3} have
the following 2 x 2 matrix representations, C : Q — Maty(C);

co=(4 1) ce=(7 7).

(e ). (5 i)

The dual of a quaternion q is defined by ¢f = g9 — Zle g;e;, and for
a quaternion matrix Q = (g;;),q;; € Q, its dual matrix Q' = ((Q1)s)
is defined to have the elements (QT);; = q]TZ Following Dyson’s defi-
nition of the quaternion determinant for self-dual matrices [5, 17, 18],
we can give the quaternion determinantal expressions having the simi-
lar properties to (1.2) for arbitrary multitime correlation functions for
X(t) (Theorem 3). As briefly reported in [23], the present results can
be regarded as simple applications of the results given in Nagao and
Forrester [22] and Nagao [20] for multimatrix models, and in Forrester,
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Nagao and Honner [6] for the asymptotic of quaternion determinantal
systems, here we give, however, a self-contained explanation for all the
formulae and calculus developed in the random matrix theory, which are
used to prove our limit theorems.

The theorems proved here mean the convergence of processes in the
sense of finite dimensional distributions. As argued in Préhofer and
Spohn [26] and in Johansson [11], tightness in time should be confirmed.

§2. Statement of Results

For a given T' > 0, we define

(2.1) dhlsxity) = I -m;{)ff . g 2

for 0 < s <t < T,x,y € RY, where Nn(t,x) = ng fn(t,x,y)dy,
which is the probability that a Brownian motion started at x € R]<V
does not hit the boundary of RY up to time t > 0. The function
g% (s,x;t,y) can be regarded as the transition probability density from
the state x € R]<V at time s to the statey € RQ’ at time ¢, and associated
with the temporally inhomogeneous diffusion process, which is the N
Brownian motions conditioned not to collide with each other in a time
interval [0,7]. In [14, 15] it was shown that as |x| — 0, g% (0,x,t,y)
converges to

N
(22) g]’_l\'}(o’ Oa t, y) = C(N’ T7 t)hN (Y)NN(T -, y) Hpt(07 yi)a

i=1

where C(N, T, ) = 7/2 (T[})L, T(j/2)) " PNO-D/4=N(V-1/2 Then
the diffusion process X (¢) starting from O can be constructed.

We denote by X the space of countable subset ¢ of R satisfying
#(¢ N K) < oo for any compact subset K. We introduce the map
v from (Joo, R™ to X defined by v(z1,%2,...,2z,) = {z;}7~;. Then
EN(t) = vX(t) is the diffusion process on the set ¥ with transition
density function g% (s,&;t,1), 0 < s <t < T:

~11‘ g}{,(s,x;t,y), ifs>0, f£=fn=N,
an(s,&tm) = ¢ g4(0,05t,y), ifs=0, £={0}, in=N,
0, otherwise,

where x and y are the elements of Rg with £ = vx, n = ~vy. For
x%") eRY, 1<m<M+1,and N' = 1,2,...,N, we put x%’f) =
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gm) gm) yeon ,w%’f)) and €' = 'yx%’,l). For a given time interval [0, T,
we consider the M intermediate times 0 < t; < to < -+ < tpyr < T.
Then the multitime transition density function of the process =V (t) is
given by

M
23) Pt &Yt Ehrn) = [ GN (s i tmts, Emrn),

m=0

where, for convenience, we set to = 0, tpr11 = T and & = {0}. From
(2.1) and (2.2) we have

(2.4) pr(t1, &0 2,60 -'tM+1,£%+1)

— O(N.T, ) ( a )) sgn (hN (x%\un))
M

N
(1) (m (m+1)
x 1:[11)“ (O’mi ) ot 15(1'1,?%1\1 (pt'"“_t"‘ (wi j ))

For a sequence {N,, m—l of positive integers less than or equal to N,

we define the (N1, Na, ..., Nps4q)-multitime correlation function by
N
(2.5) PN (thf{\ﬁ;tz,ﬁévz;---§tM+1,§Mli+1)
i 1 (m)
= dx; m
/n%:} RN = 1_:[ (N=Nm)!,_ pﬂ
X P (b1, €0 382,635 -5 taras Eygn)-

We will study limit theorems of the correlation functions pN as
N — oo. First, we consider the case Ty = 2N. Let

S(s, ;t,y)
, 1
%/ dX cos(A(z — y))e X ¢=9)/2 if s>t
0
= sinle—y) if 5 =t
m(z —y)
1

——/ dA cos(A(z — y))e—)‘z(t—s)/2 ifs<t
1

\ ™
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1t t)A2/2
D(s, z;t,y) = ——/ dX\ Asin(A(z — y))e~
T Jo

~ oo 1
I(s, z;t,y) = _l/ d\ 3 sin(A(z — y))e(s+t))\2/2‘
T J1

And let q™"(z,y) be the quaternion, whose 2 X 2 matrix expression is
given by

S(m, %3 50,%)  1(Sm, @350, 9)
C m,n x, — ? ~ .
(@™ (@) ( D(3m7$§ 5n,Y)  S(sn,y; Sm, )
Let M > 1 and {N,,}*! be a sequence of positive integers. We de-
note by Q (xg\l,f, xs\z;z), ... ,x%‘fl?) the self-dual ZM"H Ny, % Zf\n/[;rll Np,

m=1
quaternion matrix whose elements are q"™" (mgm),x§n)), 1 <3< Ny,
1<j< Ny, 1<m,n<M+1, that is,

1 2 M+1
@ (<%, .., 01D
i M
Q! xg\}l),xg\i}z QLM+1 Xg\}l)’xgtht)
2) (M+1
(o) @ (i
M+1) _(1 M+1) _(M+1
- QM+11 (XEVMH),XEVE) . QMALMA (X5VM+1)’XEVM+1)>

with blocks of N,, x N,, quaternion matrices

m

m,n (m) (n)) =< m,n (m) (.n))
Q (xN 7an q (.’L‘z ’xj )1SiSNma1SjSNn’

forl<m,n<M+1.
For an N x N self-dual quaternion matrix @, the quaternion deter-
minant Tdet® is defined by Dyson [5] as

£(r)

TdetQ = Z (—l)N_E(W) H GabQbc * * * 9da,
1

TESN

where #(7) denotes the number of exclusive cycles of the form (a — b —
¢ — -+ —d — a) included in a permutation 7 € Sy.
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Theorem 1. Let Ty = 2N. For any M > 1, any sequence {N,, }M*1

of positive integers, and. any strictly increasing sequence {sm}%ill of

nonpositive numbers with syr41 =0,

Ny, Ngj, . N Narta
p(517£1 1732)5223'-')3M7£MM707£M+1 )
— . T N- N: N,
= Jlim py (TN+81,§1I;TN+82,£22;---;TN,€MAQI)

) Narg1

= TdetQ (xg\}l),x%), e x(M'H)) .

Remark 1. The above system is spatially homogeneous, since all
elements of the quaternion determinant are functions of difference of

positions, acgm) - xg."). This expresses the bulk property of our in-
finite particle system. When M = 1, the present system is equiv-
alent with the N — oo limit of the two-matrix model reported by
Pandey and Mehta [19, 25]. In the system defined by Theorem 1,
if we take the further limit such that s,, — —oo with the time dif-
ference s, — s, fixed, 1 < m,n < M, then D(sm,; sn,y) — 00,

ﬁ(sm,x; $n,y) — 0, while the product D(s.,, Z; $pn, ¥)L(Sm, T; S0, y) — 0.
Therefore, we may replace D and I by zeros in this limit, and the

quaterhion determinant Tdet Q (xﬁl), xggz, e ,x%\ﬁ) will be reduced to
an ordinary determinant det A (xg\}z,x@, e ,xg\,ﬂf)) with the elements
am™n mgm),mgn) =S sm,mgm); sn,ac;n)). Hence, we obtain a tempo-

rally and spatially homogeneous system, whose correlation functions are
given by

o (sl,ffh; s9, €25 sM,fAA/][M) =det A (xg\}i,xg\z,z), e ,XEVA:IW)) .

Such a homogeneous system was studied by Spohn [28], Osada [24] and
Nagao and Forrester [21] as an infinite particle limit of Dyson’s Brownian
motion model[4].

Next, we consider the case that Ty = 2N'/3. In order to state the
result, we have to introduce the following functions. Let Ai(z) be the
Airy function:

1 [* = 3
(2.6) Ai(z) = 2—/ eV U3 gy
™ — 00
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For s,t < 0 and z,y € R, we put

D(s,z;t,y) i [ /0 Y 2Ai(z + )\)% {etx/z Ai(y + )‘)}
- /oo dX e?/2Ai(y + /\)d—i- {€s>‘/2Ai(x + /\)}] :
0
I(s,zit,y) = /0 T ax eM2ai(y - 3) /A T AN eV 2Ai( — N)

- / dx e*M2Ai(z — \) / dX /2 Ai(y — X),
0 A

and _
S(s,z;t,y) = S(s,z5t,y) — P(s, 231, y)1(s < 1),
with
S(s,z;t,y) = / dx e®=M2Ai(z 4+ M) Ai(y + A)
0

+%Ai(y) / dXx e}2Ai(z — ),
0
P(s,z;t,y) = / dX e IM2Ai(z + N)Ai(y + V),

where 1(s < t) = 1 if s < ¢, and = 0 otherwise. And let ¢""(z,y) be
the quaternion, whose 2 X 2 matrix expression is given by

m,n g S 7x; 8 b i. S ) x; S b

g™ (e,y) = | Sem o y) Lom zisn,y) )
D(Sm; %5 $n,Y)  S(8n,Y; Sm, )

Let M > 1 and {N,,}M*! be a sequence of positive integers. We de-

note by Q (xg\}l) xﬁz), ,x%ti)) the self-dual "M N, x Y MA N,

quaternion matrix whose elements are g™ (wgm),xg.")), 1 <4< Np,

1<j< N, 1<mn<M+1.

Theorem 2. Let Ty = 2N'/3 and an(s) = 2N?/3 —s?/4 for s € R. For
any M > 1, any sequence {Nm}M *1 of positive integers, and any strictly

m=1

increasing sequence {sm}ﬂfill of nonpositive numbers with sy =0,
~ N, .
p(‘sl?fl Y. 5M+1a€M+1 )
— : Tn N, . Nar+yi1
= 1\}1£noopN (TN+31’9(1N(81)€1 7"’7TN)0(1N(3M+1)£M+1 )

= TdetQ (xg), x(M+1)) ,

Ny
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where 0, {z;} = {z; + u}.

Remark 2. This theorem may define an infinite particle system, in
which any type of space-time correlation function is given by the above
quaternion determinant. This quaternion determinantal system is the
same as that derived in Forrester, Nagao and Honner [6], and it is in-
homogeneous both in space and time. The spatial inhomogeneity is
attributed to the fact that this system expresses the edge property of
the infinite non-colliding Brownian particles. Thus, if we take the bulk
limit, xgm) — —oo with the position differences acgm) — w§") fixed, then
the system should recover spatial homogeneity. It is confirmed by ob-
serving that the quaternion determinantal system given in Theorem 1
can be derived as the bulk limit of the system of Theorem 2, if we use
the asymptotic expansion of the Airy function (2.6) [1],

. 1 2 0
Ai(—z) ~ —/3 173 O (§m3/2 — Z) as T — 0o.

On the other hand, keeping the spatial inhomogeneity, one can consider

the limit s,,, — —o0 with the time diffgrence Sn — Sm fixed, 1 <m,n <
M. In this limit, D(sm, z; $n,y) — 0, Z(Sm, Z; Sn,y) — 0, and

S(8m, T; Sn, y) — / dX eln =M 2 Aj(z + A Ai(y + N).
0

Hence the off-diagonal elements vanish in the 2 x 2 matrix expressions
of quaternion q"™"(z,y) and

e = (Y ity )

for 1 < m,n < M, where

o™ (z,y) = &(Sm, T; 57, Y)

lo o]
/ dx eBnmsmA2 A5z £ MVAI(y + ) ifm>n

0
= 0
- dX elensmA2 Ai(z 4+ N)Ai(y + A) if m < n.
Then the quaternion determinant TdetQ (xg\l,z,xﬁz),...,x%)> is re-

duced to an ordinary determinant det.A (x%z, xﬁz, e ,x%)) with the
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elements a™" xgm), mg-") . In this way, we will obtain the infinite par-

ticle system, which is temporally homogeneous but spatially inhomoge-
neous with the multitime correlation functions

P (51,5{\“;52,59’2; .. .;sM,fﬁM) =det A (xg\l,),xg\%), : x%)) .
In particular, if we set Ny = Ny = ... = Nj; = 1, then
(o G) =g (7 ()

This is the same as the system called the Airy process by Préahofer and
Spohn in [26]. (See also [11].)

§3. Quaternion determinantal expressions of the correlations

In this section we give quaternion determinantal expressions for the
correlation functions defined in (2.5) along the procedure in [20]. From
now on we consider the case N is even, for simplicity of notations. See
[20], for necessary modifications for odd case. For 1 < m,n < M + 1,
define

(31) Fn(z,y) = / dw/ dz

where po(y, z)dy = 6,(dy). We introduce an antisymmetric inner prod-

ucts
9m = /R dzx /R dy F™™(z,y)f(x)g(y),

pPr—t,(T,2) PT_t,, (T, W)
Pr—,(¥,2)  Pr—t,(y, )

)

and
g) = /R dz /R dy F (2, y)pi, (0,2)pr, (0,)f (2)9(y)-

For k = 0,1,... we consider the polynomials in x of degree k defined by

(3.2) z% ( )
Where c1 = @’ 2= 2Tt:t1’

27k ks, if k is even,

(3.3) Qpj = { 2—kcllc{6kj -2k — 1)5k_2j}, if k is odd,
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and H;(z) are the Hermite polynomials. They are monic and satisfy the
skew, orthogonal relations:

(Raj, Raev1) = —(Rapv1, Roj) = 15650,
<R2j7R25> = <R2j+17R2Z+1> :07 _],e: 0’1727"'7

where

™

TG+ LG+ 1) ($2\2PH/2
r; = C_Z—'— .
Form=12,..., M+ 1 and k=0,1,..., put

34  RM()= /R dy Ri(9)pes (0, 9)p,—t, (4, 7).

Then we can prove the skew orthogonal relations

<R§7Jn)7 R.(‘ZT—21> (Réﬁl, R(m)>m = Tj&je,
(RS, RSy = (RS RG ) =0, 5,£=10,1,2,...,

foranym=1,2,...., M+ 1. Form=1,2,...,M + 1, define
(3.5) @,(cm)(x)z/ dy R,(cm)(y)Fm’m(y,x), k=0,1,2,....
R

Now we introduce the functions on R2, D™ ™" and §"™", 1 < m,n <
M + 1, given by

(N/2)—1
1 m n n
(36) D™y)= Y[R @RS 0) - REL @R )],
k=0
(N/2)—1 1
BN "M@y == Y — [0 @, 0) - L @) w),
k=0
(N/2)—1 1
(38) S™ @)= Y - [e @R 0) - #L@RE 6)]
k=0
Further we define
(3.9) S™™(x,y) = S™™(&, ) = Pto—1,. (2, y)1(m < n),

(3.10) Im™™(xz,y) = I™™(z,y) + F™"(z,y).
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Define the quaternions ¢™"(z,y),1 < m,n < M + 1,z,y € R so that
these 2 x 2 matrix expressions C(q"™"(z,y)) are given by

o _ [ 5mMa,y) I™(w,y)
Cla™"@9)) = ( Day) §m(y,a) )

Let M > 1 and {N,,}M*! be a sequence of positive integers less
than or equal to N. For xg\r,") € Rg, 1 <m < M+ 1, we de-
note by Q (x§¢>x§3> . x(M+1)) the self-dual M4 N, x ML N

? NM+1 m=1 m=1

Jj
1<j< N, 1<m,n <M+ 1. Then we show the following relation.

quaternion matrix whose elements are ¢"™" (wgm),m(-n)), 1<i< Np,

Theorem 3. The multitime correlation function (2.5) is written as
N 1) (2 M+1
p% (tl,ﬁi\rl; . ;tM"'l’é.MAi-{l) = Tdet@ (xgvl),xg\,z), e ,x§VM+1)) .

In order to prove the theorem, first we introduce the Pfaffian. For
an integer N and an antisymmetric 2N x 2N matrix A = (a;;), the
Pfaffian is defined as

Pf(4) = Plicicj<an(aij)
1
=M ZSgn(a)aa(l)o(Z)aa(3)0(4) ** Qg (2N—1)0(2N)>
o
where the summation is extended over all permutations o of (1,2,...,2N)

with restriction o(2k — 1) < 0(2k),k =1,2,...,N. f Qisan N x N
self-dual quaternion matrix, then

(3.11) TdetQ = Pf(JC(Q)),
where J is an 2N x 2N antisymmetric matrix with only non-zero elements
Jory1,ok42 = —Jokyo2e41 =1, k=0,1,2,..., N -1

See, for instance, Mehta [17].
For a function ™™ defined on R? we denote the N x N-matrices

whose (¢, j)-entry is /™" (xgm),m§") ) by yp™™ (x%n),xg\?)), or simply
by ¢™" for short. And we denote by R(™ (x%”)) the N x N ma-
trix with R(™) (x%n)) = R;’_n% (z;), and by o(m) (x%n)) that with

1”]
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o (x{") = @™ (z:). Let L be the N x N diagonal matrix with
1’7]

Lii = JTe-ny3, i = 1,2,...,N, and R(™ (x%")) = L-1R(m (xggn>).

Then we have
(3.12) E™ (x{) JR™ (xgy)T = (x, <)

As the first step of the proof of Theorem 3. We show that the
multitime probability density defined in (2.3) is written as

(313) p% (t1,€{v, oo ;tM+17£I\1}.+1) = TdetQ (xg\})’ . §\JI\4+1)) )

For simplicity of notation, here we give the proof of (3.13) for M = 2.
It is straightforward to prove (3.13) for general M. Since

sgn (hN (xﬁ))) Pficici<n (sgn ( ) 53))) )

and sgn(y — z) = F33(x,y), we have

(3.14) sgn (hN (xg))) =Pt [F3’3] .

Noting that Ry(x) is the monic polynomial of degree k, we have

hy (x0) = det ((wﬁ'”)i—l) = det (R (7)),

and so

(3.15) z.11_2\,[11),51 (O,mgl)) hn (x(l)) = det [R(l) (x%))]
Since det L = HN/2 e = C(N, T, 1)1, from (3.12) and (3.15)
616 CV.Tt) ﬁp (0,29) h (x) = et [B ()]

=Pf [R(l) (x) JRD (x S))T]

=Pf [Dl’l (xgv),x%))] .
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Then from (2.4), (3.14) and (3.16) we have

p’{r(tla gi\a t2a é-é\f’ t37 é-é\f)
2

_ 1,1 3,3
- Pf[D ]Pf[F ] A lgcil,?téN [ptm+1 _tm]
2 T
_ 3N/2 DY o —(Ptmsi—tm)
= (-1) Pf[ F33 ] H Pf [ —— 5 .

By basic properties of the Pfaffians, we have

DUt o o — (Pt —tm)T
Pf Pf m+1-tm
[ o -F3%3 ] H [ Ptpt1—tm o
{ D! o o @] (@] o

o —Fp33 o o o o

_ps| © o o —(pty—t,)" o o
(] (@] ptZ_tl (o] 0] 0]
o o o o o —(Ptg—t5)7
o o e o Prg—ty (e}
Dt o o fe] o o
Y o Piy—tq o o o

- Pf o —(Pty—tq )T o @] o (o}
o ] (] (@] Ptg—ty o
o o o —(Ptg—ty) o o
e} o o o o —F33 |
Dyt o o o o o
(@] —Fb1 Pto—tq o Ptz—tq —Ft3
O —(pey-t)7 e o o e

= Pf
o) _F2.1 o) _F2:2 Prg—tn 23
o —(Prg—2,)T o —(Prg-t5)T o o
o —F31 o —F3:2 e} —F%3 |

Since x(l) eRY, hy ( (1)) # 0, and so det [R(l) (xg))] # 0 by (3.15).
Hence we can define matrices

Ut = R (x) RO (xg))*, vom = o (x) B (xg))‘l,
which satisfies

U(m)Dl l(U(n))T _ Dm,n ) V(m)Dl,l(V(n))T — _Im,n7
V(m)Dl I(U(n))T smn U(m)Dl,l(V(n))T — _(Sn,m)T.
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By repeating elementary operations, we see that the last Pfaffian equals

to
Dl,l (SI,I)T D1,2 (S2,1)T Dl,3 (S3,1)T
_stt _jfut _§12 12 _3.s  _j3
D»'  (§VT p22  (g2)T  p23 §3.2
Pf _g21 j1:2,1 _g2.2 tfz,Q _g23 _j23
D3,1 (51:3)7' D3,2 (S2:3)T D3,3 (53:3)7‘
_g®l  _jf31  _g32 _j32 _g33 _j33

ALl Al2 pLB
— (—1)3N/2Pf A1 422 423 ,
A3l 432 433

where each A™™ = (A;7") is a 2N x 2N matrix which consists of 2 x 2

blocks
m,n an,m

Dij Sji

m,n

_qmmn _ fm,n
S'ij Iij

We can see that the above matrix A = (A7;™) satisfies the relation

A = JC(Q). Therefore, (3.13) is derived from (3.11).
For square integrable functions ¢ and 1 defined on R2, put ¢ *

Y(z,y) = Jg #(z, 2)¥(z,y)dz. Then we have

S™P g GPM = [P 4 PP = DTP y FPT = §MP
m,p o QLD P M
ST g [P = STP 5 PN = [T

D™P x P = D™
Dm’p *ptn_tp = Dm’", lfp <n.

m m,n
S™P xpg, g, =8"",

Hence by simple calculation we see that

/ ¢™™ (2, 2)dz = N,
R

/ g™ (x, 2)q"" (2, y)dz = ™" (z,y)
R

+¢™"(z,y)k(n,p) — k(p,m)g™" (z,y),

where k(n,p) is a quaternion with

1-1(p < n) 0

C(k(n,p)) = . fn <)
—1ln<p
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Then by slight modification of Theorem 6 in [22] we have the following
integral formula for any 1 < N, < Nym=1,2,...,M +1,

(m) (M+1) (m)
[RTdetQ (xN, C XN XNy )dw

= (N - Ny, +1)TdetQ(xN1, xm x(M+1)),

Ny

which is the generalization of the formula (1.2) given in Introduction of
the present paper. Successive application of the above relation yields
Theorem 3.

§4. Expansion using Hermite polynomials

In this section we show expansions of functions p;,_ ¢, _, R;m) and

<I)§cm) by using Hermite polynomials Hj. Put

tn (2T — t,) T —tn 2Tt

ST mE T T
and 7™ = —log z,. By simple calculation we have
e~ (tm/2T)(x/cm)? o(tn/2T)(y/cn)?
27 (tn — tm)
{w/ew) """ @fen) )

1 _ 6—2(7'(") __.,-(m))

Pt —t (T, Y)

X exp

for 1 <m < n < M + 1. Using Mehler’s formula [2]

o0

o (A=) o = § o

k=

we will have the following expansions using the Hermite polynomials.
For1<m<n<M+1,

VT 3(47m)(@/em)? e =3 (1=7a) (/)
t,(2T — t,)

o e_k(,,.(n)_q-(m)) o y
X —— H, | — | Hp | =
(@) ()

(4~1) Pto—t, (T, y) =
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and for 1 <m < M +1,

VTe—(@/e1)? g=4(1=7m)(¥/em)?
27Tt1tm(2T - tl)

oo e_k(T(m)_T(l)) y
_— H,
X (5) (2.

Then from (3.2), (3.4) and the orthogonal relation of the Hermitian
polynomials, we obtain

— (1= ) (@/em)? ghr M K
m € 2 e _i(m) x
(42) R™(z)= S ke H; (-)

27t m Cm

Dty (Oa m)ptm—tl (JJ, y) =

Jj=0
From the definition (3.1) and the expansion (4.1) we can obtain

e_%(l'*"ym)(z/cm)ze—%(1+7n)(:‘//0n)2

V2T — t) (2T — tn)

o0 0o k.,.(m) (.,—(n)
Y () ()

(o () e (z2).

where (-, -}, is the antisymmetric inner product defined by

(4.3) ™ (a,y) =

o= [ aw [ d N [ fo)gtw) - fludgla)].

Put Ri(z) = E o 0k Hj (CM+ ) Then {Rj(z)} satisfy the following
skew orthogonal relations

(4'4) <R§j7R§e+1>* = _<R;E+17R;j)* = T;‘Sjl, .
(R3;, R3g)s =0, (R3;41,R311)« =0, forj,£=0,12,...,
where 7} = 4hgyT(c1/2)%*+!. We put
2kcl_k6j ks if kis even,

-1
B = 2k(k 1) {C{(_z_l)} , if k,jare odd and k > j,
0, ’ otherwise,
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for nonnegative integers k£ and j. Then Z;:s Brjcjs = brs, if 0 < 5 < k,
and

(4.5) H, (%) - éﬁkﬂ;(w).

From the definition (3.5) and the equations (4.2) and (4.3) we have

(p,(cm) (:1:) — Cm e—%(l.{-'ym)(.’l}/cm):')ek‘)'(l)

_\/_:(2T—t )
<3 e (2 o (7)1 (7)),

£=0 j=0

e~ 3 (1+Tm)(e/cm)? D o0 e < )
— e T R ,R* H
20T (2T — tm) ]Z; k Z hy Bej.-

Using the skew orthogonal relations (4.4), we show that for k = 0,1,2,...

—%(1+’ym)(w/6m)27';; 2.’07'(1)

4.6 ™ (z) =
(4.6) or (T) T )
00 eT(M) z
X Z Beak+1He (a—),
£=2k+1

—3(1+vm) (@/cm)?
2( ¥ (Z/C ) 7‘}; e(2k+1)7'(1)

a7 a0 = -
an e e

oo eg,.(m) z
XZ 7 BoorHy (a)

=2k

Using above expansions we show the following lemma.

Lemma 4. For 1 <m,n< M + 1,

(48) F"""<w,y>=2:k[ 5 @05 ) - o5 ()28 )]

k=0
Tm,n - 1 m n m n
(49) T™@y)= 3 - [o @2, 0) - o, @) .
k=N/2

Proof. By (4.6), (4.7) and the relation

1 £ 2k+1/2
410 = .
(4.10) k= onT (2T - tl) "k
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we have

1 n m
Z;[ o) ()05 () + @5 ()25, )]
e-%(lﬂm)(z/cm)z F(14+vn)(y/en)® 2

= T.
VT —t,) 2T — t,) Z k
[es) 6 7(m) o] e[.,-(n) y
X Z . Bj2kH; (cm) X Z T Bezk+1He (a)

j=2k 7 (=2k+1
oo :(m) 0 prn)
el z e’ y
- Z T/Bj2k+1Hj (c_) X Z h BeorHy -
j=2kt+1 I ™ =2k 't n

By (4.4) and (4.5) the right hand side of the above equation equals to

o= E0trm)(@/em)? o= 3 (14rm)(w/en)? O, &

R* R}).
V@T —t,) 2T — t,) /;,;,
JT<m> o7 () z y
X Z Z ﬂ],u (‘c—') /BZVHK (;‘)

j=pt=v
= F™"(z,y),

where we have used (4.3). From the definitions (3.7) and (3.10), (4.9) is
derived from (4.8).

§5. Proof of Theorems

The following formulae are known for (1.1) [2, 29]. For u € R,

s 1\Epl/4 u oy _ 1
(5.1) 211}1110( 1)+ g0 (Qﬂ) NG cos u,
1
5.2 lim (—1)¢¢%/4 <L> — — siny,
52 Ap e G 7) = o
. 1,1 /57 U .

Here we give the proof of Theorem 2 by using (5.3). The proof of The-
orem 1 will be easier and given by the similar argument using (5.1) and
(5.2).
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Let b™(z) = v/2T — tm exp {1/27,,1(30/cm)2 —N'r(m)} and {"™(z) be

the quaternion with

b™(x) 0

@@=

For x(m) € RN 1 <m < M + 1, we consider the transformation of the
quaternions ¢™ ( Em), ;n) ) qa" ( §m), gn)) defined by

Tz, y) = (@)™ (2, y)¢"(y)
We denote by Q (xg\}l) x§\2,2) .. ,x%':?) the self-dual ZM+1 N,, x
Z%:ll N,,, quaternion matrix whose elements are g™ ( (m), z; )) 1<
1< Npm, 1 <j< N, 1<m,n< M+1. By the definition of quaternion
determinants, the following invariance is established:
1) _(2 M+1 1 M+1
Tdet @ (xsvz X§v37 xng ) ) = Tdet Q (xgvi,x%r;), % ) ) .

XN Nprya
Hence to prove Theorem 2 it is enough to show the following lemma.

Lemma 5. Let Ty = 2NY3 and t,, = Tn +8m, 1 <mn < M+ 1.
Then for any z,y € R,

( )ngnoo bm(ac) ( )Dm’n(a’N(sm) + .’L‘, aN(sn) + y) = D(Swhx; snyy)a
(5.5) Jim b™(@)b™(y)I™"(an (sm) + 2, an(sn) + ) = Z(5m, T; 5, 1),
) g

(5.6) lim (2

N—oo b7(y) an(sm) + z,an(sn) +y) = S(8m, T; 5, ¥)-

m,n(

We start to prove this lemma by showing

(5.7) J\}}inoo b:r:(( )) Ptu—t, (an(sm) + Z,an(sn) +y) = P(sm, T; $n, Y)-

By (4.1) and the fact

——“N(sc’jn) VAN + e+ 0T,

ny _ Sn -
7 = Tw +O(Tx?),
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for large N, we have

(@)

lim 7y )Ptn-tm (an(sm) + z,an(sn) + )

T 1 L= (sn—8m) /
= N ATy Z et/ 90”“”( N le/s)

p——oo

XPN—p (\/—+

7w

= lim Z eawizs (nmom) A (:L'_‘_NI/S)A1 (y+N1/3)

p=—00

where we have used (5.3). Then we have (5.7).
From (3.8), (4.2), (4.6) and (4.7), we have

S™™Mw@,y) = 87" (@,y) + 83" (¢, y),

with
b ( N-1 (n) _(m) T )
m,n _ (N=0)(r'™ 7™ —_— -
S77M(x,y) = Cnbm Z—ZO € v (Cm) ve (cn) ’
mn b"(y
S (@,y) = ﬁn(m(l_)w—l(y/c")
. B(N/2+k) —(N—2k—1)r(™ ( z )
it S S N7 AP Yak+1{ — ),
k=N/2 B(N/2-1) "

where B(k) = % Since

- ()" (ooli)

by the same argument to show (5.7) we have

(68 fim LS a(sm) + 5 aw(50) +3) = S(s7350,0)

(5.6) is derived from (5.7) and (5.8).
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From (4.6) and (4.7), by calculations with (4.10), we have

b (2)0™ ()@ Ly () @i ()

T D)
= _93/2 S — AT I <_y_)
Cn

NI N T op 4 1

B(N/2+k) (2k+l)r(m) z
Z B(N/2+p) PN\ )

From (4.9) we obtain (5.5) by the same procedure as above.
From (4.2), by calculations with (3.3) and

2 d .2
VP Hraly) = 2 (7P Hily)) + 20 2 HL ),

we have
RGY (@) Ry ()
rib™ (2)b™ (y)

—1 (m) x (n)

_— (N—-2k)T (N —2k+1)T

= € — ] €
24/tmtn (2T — tm) (2T — t,,) P2k (cm)

o (2) O ()

Using the fact that

o () gy

+o(1),
A=p/N1/3

23/4N1/6 Cn dA

we obtain (5.4). This completes the proof of Lemma 5.
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