
Advanced Studies in Pure Mathematics 37, 2002 
Lie Groups, Geometric Structures and Differential Equations 
-One Hundred Years after Sophus Lie-
pp. 317-335 

Abstract. 

Lifting of Holomorphic Actions 
on Complex Supermanifolds 

Arkadi L. Onishchik 

We study the problem of lifting analytic actions of a Lie group 
G to a non-split complex analytic supermanifold (M, 0) from its 
retract (M,Ogr)· In the case when G is compact (or complex reduc­
tive), two criteria for lifting a Lie group action are found. The first 
one is invariance of the Cech 1-cocycle with values in a special auto­
morphism sheaf of (M, Ogr) determining the non-split supermanifold 
(M, 0), while the second one is invariance of a certain differential 
form of a special kind which can also be viewed as a global derivation 
of a sheaf of differential forms on M. If the action is transitive on 
M, then the second criterion allows to reduce the lifting problem to 
the study of invariants of a finite dimensional linear representation. 

Introduction 

The paper is devoted to the problem of lifting analytic actions on 
complex analytic supermanifolds. If a supermanifold (M, 0) is split, 
i.e., is constructed by means of a holomorphic vector bundle E ~ M, 
then an analytic action of a Lie group G on (M, 0) preserving the 
Z-grading in 0 is the same as an analytic action of G on E. In the 
non-split case, any G-action on (M, 0) naturally induces a G-action on 
the corresponding split supermanifold (M, Ogr) (the retract of (M, 0)) 
preserving the Z-grading, but the converse is false. The important ques­
tion here is to settle, whether a given G-action on E is induced by an 
action on (M, 0) or, as we say, lifts to an action of (M, 0). The infini­
tesimal version of this question is the question about lifting vector fields 
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or actions of Lie algebras (and Lie superalgebras), see [8], [10] for some 
results in this direction. After discussing the general problem, we find 
two criteria for lifting a Lie group action in the case when G is com­
pact or complex reductive. The first one is expressed as invariance of a 
Cech 1-cocycle with values in a special automorphism sheaf Aut(2 ) Ogr 
of (M,Ogr) lying in the cohomology class ( E H 1 (M,Aut( 2 ) Ogr) that 
determines the non-split supermanifold (M, 0) (see Theorem 2.1). The 
second one is invariance of a certain differential form of a special kind 
which can also be viewed as a global derivation of a sheaf of differential 
forms on M. This main result is formulated in Theorem 3.1. The proof 
is based on triviality of the !-cohomology of a compact Lie group G with 
values in some non-abelian topological G-groups. 

If the given G-action is transitive on M, then we deal with a homo­
geneous vector bundle E, and the action on E is determined by the 
corresponding linear representation of the isotropy subgroup Gx of Gin 
the fibre Ex of E over a point x EM. Then the second criterion can be 
expressed in terms of invariants of this representation. In another place 
we will study this situation and apply the results to the case when M is 
a flag manifold. 

The preliminary study of the lifting problem (see Proposition 3.1) 
shows that if a lifting of a certain action of an arbitrary group G exists, 
then (is G-invariant. The natural question arises: is the converse true if 
G is compact or complex reductive? Equivalently, does any G-invariant 
class from H 1 (M, Aut(2 ) Ogr) contain a G-invariant cocycle? The answer 
seems to be positive. 

§1. Preliminaries on supermanifolds 

1.1. Split and non-split supermanifolds 

In this paper, only complex analytic supermanifolds (M, 0) are con­
sidered; here M is an ordinary complex manifold, called the reduction 
of M, and 0 is the structure sheaf of (M, 0). The simplest way to 
get a supermanifold is as follows. Let (M, F) be a complex manifold of 
dimension n and £ a locally free analytic sheaf of rank m on it. Defin­
ing 0 = 1\:F £, we get a supermanifold (M, 0) of dimension nlm. A 
supermanifold is called split if it is isomorphic to a supermanifold of 
this form. The structure sheaf 0 of a split supermanifold admits the 
LZ-grading 0 = EBp;:::o Op, where op '::::' /\';: £; the LZ2-grading on it is 
derived from the LZ-grading by reducing mod 2. In what follows, we 
often omit the subscript F while denoting the exterior powers, the ten­
sor products etc. of the sheaves ofF-modules. Instead of the locally free 
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sheaf £, one may consider the corresponding holomorphic vector bundle 
E---+ M. 

On the other hand, there is a construction associating with any 
supermanifold (M, 0) a split one. Let :1 C 0 be the subsheaf of ideals 
generated by odd elements. Consider the filtration 

(1) 

of 0. The associated graded sheaf 

where grP 0 = :JP / :JP+l, gives rise to the split supermanifold (M, gr 0). 
In fact, grO ~ 1\:F£, where F = gr0 0 and£= gr1 0. Clearly, (M, 0) 
and (M, gr 0) have the same dimension. We call (M, gr 0) the retract 
of (M,O). 

Let 7rp: :JP ---+ grP 0 denote the natural projection. Then we have 
the exact sequences of sheaves 

(2) 

The supermanifold (M, 0) is split if and only if there exists an isomor­
phism of superalgebra sheaves h: gr 0 ---+ 0 such that its restriction 
hv: grP 0 ---+ :JP splits (2), i.e., satisfies 7rp o hv = id. In the general 
case, such an isomorphism exists over a neighbourhood of any point of 
M. 

A classical example of a split supermanifold is (M, 0), where 0 
is the sheaf of holomorphic forms on M; its dimension is nln. The 
corresponding vector bundle is the cotangent bundle T(M)*. 

The first example of a non-split supermanifold was published in [2]; 
this is the quadric in the projective superplane CJP2 12 • In [5] four series 
of supermanifolds of flags were constructed, corresponding to four series 
of classical linear Lie superalgebras. These supermanifolds are mostly 
non-split. 

1.2. The tangent sheaf 

Let (M, 0) be an arbitrary supermanifold. Denote by T = Ver 0 
the sheaf of derivations of the structure sheaf 0. Its stalk at x E M 
is the Lie superalgebra DetOx = Det0 Ox EB Dety Ox of derivations of the 
superalgebra Ox (the summands with indices 0 and I consist of even and 
odd derivations respectively). The sheaf T is called the tangent sheaf 
of M. The tangent sheaf is in a natural way a sheaf of Z2-graded left 
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0-modules. On the other hand, it can be regarded as a sheaf of complex 
Lie superalgebras with the graded Lie bracket 

(3) [u,v] = uv + (-l)p(u)p(v)+ 1vu. 

Sections ofT (holomorphic vector fields on (M, 0)) form the Lie super­
algebra tJ(M, 0) = r(M, T); it is finite-dimensional whenever M is com­
pact. 

We endow the tangent sheaf T with the following filtration: 

T = 7( -1) ::::> 7{o) ::::> • • • ::::> 7(m) ::::> 7(m+l) = 0, 

7(p) = {8 E T 18(0) C .:JP, 8(.:1) C JP+1} for p;::: 0. 
(4) 

Thus we obtain a filtered sheaf of Lie superalgebras. One sees that the 
associated graded sheaf of Lie superalgebras gr T is naturally isomorphic 
to Tgr = Ver(grT). In fact, any v E T(p) maps .:Jq into .:Jq+p inducing a 
derivation from (Tgr )p· As a result, we get a homomorphism uP : 7(p) --+ 

(Tgr)p· One checks easily that Kerup = 7(p+l), and hence we have the 
exact sequence of sheaves 

(5) 

Now we make some remarks concerning vector fields on the split 
supermanifolds. If (M, 0) is split, then T is a Z-graded sheaf of Lie 
superalgebras, the grading being given by 

where 

Tp = (VerO)p ={vET I v(Oq) C Oq+p for all q E Z}. 

One sees easily that To is the sheaf of infinitesimal automorphisms of 
the corresponding holomorphic vector bundle E. The filtration (4) has 
the form 

The Z-grading implies that tJ(M, 0) = ffip~-l tJ(M, O)p is a Z-graded 
Lie superalgebra. Moreover, we get a Z-grading in any cohomology 
group HP(M, T) turning H*(M, T) into a bigraded Lie superalgebra. 

In the split case, T can be regarded as a locally free analytic sheaf 
on the complex manifold M (see [10]). 
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1.3. Sheaves of automorphisms 

Let (M, 0) be a supermanifold. Let us denote by Aut(M, 0) the 
group of all automorphisms of the Z2-graded ringed space (M, 0). By 
definition, FE Aut(M,O) is a pair (f,<.p), where f: M---+ M belongs 
to the group Bih M of all biholomorphic transformations of M and <.p 
is an isomorphism of superalgebra sheaves 0 ---+ 0 over f. On the 
other hand, denote by Aut 0 the sheaf of automorphisms of the sheaf 
0 (mapping each stalk Ox, x E M, onto itself). This is a sheaf of 
groups. Its sections form the normal subgroup Aut 0 of Aut(M, 0) 
consisting of automorphisms that are identical on M. Moreover, for any 
F = (f,<.p) E Aut(M,O), the mapping IntF: a f--+ <.p o a o <.p- 1 is an 
automorphism of the sheaf of groups Aut 0 which gives an action Int of 
the group Aut(M, 0) on Aut 0 by automorphisms of this sheaf. 

Clearly, any a E Aut 0 maps :J onto itself and hence preserves 
the filtration ( 1) and induces a germ of an automorphism of gr 0. By 
definition, a induces the identity mapping on F = 0/ :J. Consider 

(6) Aut(2p) 0 ={a E Aut 0 I a(f)- f E :J2P for any f E 0}. 

Then we get the following finite filtration: 

(7) Aut 0 = Aut(o) 0 => Autc2) 0 => · · · . 

Any automorphism preserves the filtration (1), and hence any Aut(2p) 0 
is a subsheaf of normal subgroups. It also is invariant under the action 
Int of Aut(M, 0) defined above. 

To study the sheaves Autc2p) 0, one can use the linearization method 
proposed in [15] (see also [8], [13]). As in the classical Lie theory, there 
exists a natural relationship between automorphisms and even deriva­
tions of the sheaf 0. In particular, the filtration (4) gives rise to a 
filtration of To corresponding to (7); it is given by 

(8) 

where 

Toc2p) =Ton 1(2p)· 

Now, we have the exponential mapping 

exp: Toc2) ---+ Autc2) 0. 

It is expressed by the usual exponential series which is actually a poly­
nomial, since any v E Toc2) satisfies vk = 0 for ally k > [m/2]. One 
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proves that exp is an isomorphism of sheaves of sets (but in general not 
of groups). We denote log= exp- 1 . Consider the mappings 

(9) 

One verifies that these are homomorphisms of sheaves of groups. Clearly, 
Ker .A2P = Autc2P+2) 0, and hence for any p 2: 1 we have the exact 
sequence of sheaves of groups 

(10) e---> Aut(2p+2) 0---> Aut(2p) 0 ~ (Tgrhp---> 0. 

If (M, 0) is split, then A2p(a) is the 2p-component oflog a E 72P = (Tgrhp-

§2. Cochain complexes and classification theorems 

2.1. The Cech complex 

We remind the well-known definition of the !-cohomology set 
H 1 (M,F), where F is a sheaf of groups on M. For an open cover 
ll = (Ui)iEI of M, denote by CP(ll, F), p 2: 0, the group ofF-valued 
p-cochains on ll. By definition, c E CP(ll,F) is a family c = (cio···ip), 
where q 0 ... ip E r(Uio n · · · n Uip,F). One defines the coboundary oper­
ators ap: CP(ll, F) ---> QP+l (ll, F), p = 0, 1, by 

(8o(a))ij = aiaj\ 

( a1 (b) )ijk = bi1b1kbiJ.1 . 
(11) 

One also defines the action p of the group 0° (ll, F) on 0 1 (ll, F) by 

(p(a)(b))ij = aibijaj 1 • 

Then 80 (a) = p( a) (e), where eij = e, i.e., e is the unit of the group 
C 1 (ll,F). 

Now, we have the sets of cocycles ZP(U,F) = Ker8p, the cohomol­
ogy group H 0 (ll, F) = Z 0 (ll, F) that coincides with the group of global 
sections H 0 (M,F) = r(M,F), and the cohomology set H 1 (ll,F) = 
Z 1 (ll, F)/ p. Passing to the limit over all open covers ll of M, we get the 
!-cohomology set of M with values in F denoted by H 1(M,F). 

If F is a sheaf of not necessarily abelian groups, then its 
!-cohomology set possesses, in general, no natural group structure, but 
has the distinguished element c determined by the unit 1-cocycles e. 

Suppose now that an action of a group G on M is given. Then we 
may consider open G-covers, i.e., open covers ll = (Ui)iEI of M such 
that G acts on I and gUi = Ugi for any g E G, i E J. Suppose that F 
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is a G-sheaf, i.e., that G acts on F by sheaf automorphisms inducing 
the given action on M. Then we get the natural action of G by on any 
group CP(ll,F), p ~ 0, by automorphisms, given by 

Clearly, this action commutes with 8p, and we have gp(a)(b) = p(ga)(gb) 
for any 0-cochain a, 1-cochain band g E G. This gives rise to natural 
actions of G on H 0 ( M, F) (by group automorphisms) and on H 1 (ll, F) 
and H 1 (M, F) (leaving the unit element invariant). 

As an example, consider the sheaves of automorphisms of a super­
manifold. As we saw in Subsection 1.3, the sheaves Aut 0 and Aut(2p) 0 
are G-sheaves under the action Int of the group G = Aut(M, 0). Note 
also that G acts on the sheaf T by the automorphisms of Lie superalge­
bra sheaf u f-+ Int F(u) = cp o u o cp- 1 , where F = (!, cp) E G. 

Let E be a holomorphic vector bundle over a complex manifold M, 
and t: the sheaf of holomorphic sections of E. Then we have the split 
supermanifold (M, 0), where 0 = 1\£. Clearly, any automorphism 
of the vector bundle E gives rise to an automorphism of (M, 0), and 
thus we may identify Aut E with a subgroup of Aut(M, 0) (this is just 
the subgroup preserving the Z.:grading of 0). It follows that Aut 0 
and Aut(2p) 0 may be considered as (Aut E)-sheaves. Further, Aut E 
preserves the Z-grading ofT, and therefore Tp are (Aut E)-sheaves. 

Let again (M, 0) be an arbitrary complex supermanifold and let 
(M,Ogr) denote its retract. Clearly, any F = (!, cp) E Aut(M, 0) leaves 
the ideal sheaves JP C 0 invariant and hence induces an automorphism 
P = (!, rp) E Aut(M, Ogr) preserving the Z-grading of Ogr· Clearly, 
rp is uniquely determined by the relation 1r P o cp = rp o 1r P on JP. We 
say that the automorphism P lifts to F. The correspondence F f-+ P 
is a homomorphism Aut(M, 0) --+ Aut(M, Ogr) which is in general nei­
ther injective nor surjective. It follows that any (Aut E)-sheaf, where 
E is the vector bundle corresponding to ( 0 gr h, may be regarded as a 
Aut(M, 0)-sheaf. In particular, (10) is a sequence of Aut(M, 0)-sheaves 
(one sees that (9) is Aut(M, 0)-equivariant). 

The set H 1 (M,Aut(2 ) 0) can be used for describing the family of 
all supermanifolds having a given split supermanifold (M, Ogr) as their 
retract. The following statement is proved in [2]. 

Theorem 2.1. Let (M, Ogr) be the split supermanifold determined 
by a holomorphic vector bundle E. Then to any supermanifold (M, 0) 
having (M, Ogr) as its retract there corresponds an element of the set 
H 1 (M, Aut(2 ) Ogr). This correspondence gives rise to a bijection between 
the isomorphy classes of supermanifolds satisfying the above condition 
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and the orbits of the group Aut E on H 1 (M, Aut(2) Ogr) under the action 
Int. The given splitsupermanifold (M, Ogr) corresponds to the unit ele­
ment e E H 1 (M,Aut(2) Ogr)· 

Let us describe the correspondence mentioned in Theorem 2.1. 
Let (M, 0) be a supermanifold such that gr 0 = Ogr· We can choose 
an open cover it = (Ui)iEI of M such that there exist isomorphisms 
hi: OgriUi ---+ OIUi, i E I, satisfying 1rp o (hi)p = id on (Ogr)piUi. Set­
ting Zij = hi 1 0 hj, we obtain a 1-cocycle z = (Zij) E Z 1 (it,Aut(2) Ogr)· 
Its cohomology class ( E H 1 (M,Aut(2) Ogr) does not depend of the 
choice of hi; this is the desired class. 

2.2. A resolution of the automorphism sheaf 

We retain the notation of the preceeding sections. Following [12], 
[14], we are now going to express the cohomology set H 1 (M,Aut(2) Ogr) 
in terms of a non-linear complex similar to the non-linear de Rham 
and Dolbeault complexes studied, e.g., in [3, 7, 14]. Actually, a general 
complex of this sort was considered in [6], but it was used there only 
in the finite-dimensional situation. This complex will be constructed as 
the set of global sections of a "resolution" of the sheaf Aut(2) Ogr having 
trivial !-cohomology. 

First we construct a fine resolution of the sheaf Tgr = Ver Ogr 
endowed with a bracket operation that extends the operation (3) given 
in Tgr· Let us denote by «<>P,q the sheaf of smooth complex-valued forms 
of type (p, q) on M. We form the standard Dolbeault-Serre resolution 
<£> of 0, setting 

p,q~O 

B(<p 0 u) = (B<p) 0 u, <p E «<>0,q, u E OP. 

Then, regarding <£> as a sheaf of graded algebras with respect to the total 
degree, consider the sheaf of bigraded Lie superalgebras T = Ver <£>. 

Clearly, fJ = ad 8 is a derivation of bidegree ( 0, 1) ofT satisfying D2 = 0. 
Set 

S = {u E T I u(f) = u(d/) = 0 for any f E F}. 

One sees readily that S is a subsheaf of bigraded subalgebras of T that 
is invariant under D. Moreover, Tgr is identified with the kernel of the 
mapping D: S*,o ---+ 5*, 1 . Thus, we get the sequence 
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By [10], this is a fine resolution of Tgr isomorphic to the standard 
Dolbeault-Serre resolution of the locally free analytic sheaf Tgr. More­
over, i is a homomorphism of graded Lie algebra sheaves, and hence the 
natural bracket in S may be used to calculate the bracket in H* ( M, Tgr) 
induced by the Lie bracket defined in Tgr. 

We also need some sheaves associated with the smooth supermani­
fold corresponding to (M, Ogr ). Denote by F 00 the sheaf of differentiable 
complex-valued functions on M and by £ 00 the sheaf of differentiable 
sections of E. Then the sheaf of algebras 

is the sheaf of differentiable sections of 1\ E. We have 

Let 7 00 = 1Jer 0'; denote the tangent sheaf of (M, o;;). Consider the 
sheaf 

PAutO~ ={a E AutO~ I a(/)= J for all f E F} 

and its subsheaf 

PAut(') o;; ~ {a E Auw:; I a(u)- u E !to;)•, u Eo=}. 

The sheaf of groups P Aut(z) o;; acts on S by the automorphisms 
Inta(u) = aua-1. 

Now we can construct the resolution of Aut(z) Ogr mentioned above. 
It has the form 

(12) e--+ Aut(z) Ogr--+ PAut(z) 0~ ~ EJ1Szk,1 ~ ffiszk,z, 
k:?:2 k:?:2 

where 80 and 81 are given by 

8o(a) =a- aaa-1' 
(13) - 1 1 - -

81(u) = Du- 2[u,u] = - 2[u- 8, u- 8], 

The corresponding cochain complex is the triple K = (K0 , K\ K 2 ), 

where ' 

K0 =r(M,PAutc2)0~), KP=EJ1r(M,Szk,p), p=1, 2, 
k:?:2 
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together with the mappings 80 : K 0 --+ K 1 , 81 : K 1 --+ K 2 and the action 
p of K 0 on K 1 defined by 

p(a)(u) = a(u- a)a-1 +a. 

One verifies that K is a non-abelian cochain complex in the sense 
of [7, 11]. We define the group H 0 (K) = Z0 (K) = Ker80 , the set 
Z 1 (K) = Ker81 of 1-cocycles of K and the !-cohomology set 

with the distinguished point 0. Using the machinery of non-abelian 
complexes, we get the following result (see [12], [14]). 

Theorem 2.2. We have an isomorphism of sets with distinguished 
points 

J.L: H 1 (K)--+ H 1 (M, Aut(2) Ogr)· 

The mapping J.L can be expressed quite explicitly. Take a E Z 1(K). 
There exists an open cover ll = (Ui)iEI of M such that a= 80 (ai), where 
ai E r(Ui, PAut(2) o:) for any i. Define z E Z 1 (ll, PAut(2) 0~) by 
Zij = a:; 1aj. One sees that Zij leaves invariant the subsheaf OgriUi n Uj, 
and hence we may regard z as a cocycle from Z 1 (ll, Aut(2) Ogr). Then 
J.L maps the cohomology class of a in the complex K onto the Cech 
cohomology class of z. 

We note that the group Aut E acts in a natural way on the resolution 
(12) and on the complex (K0 , K 1 , K 2 ). In fact, first we get the natural 
action F ~---+ F* of Aut Eon the bigraded sheaf <i> such that F* o8 = BoF*. 
This action induces the action F ~---+ Int F* of Aut E on T given by 
Int F*(u) = F* ouo F*- 1 . Clearly, this latter action preserves the bracket 
in T and commutes with 15. Moreover, the subsheaf Sis invariant under 
Int F*, F E Aut E. Consider the corresponding action F ~---+ Int F* of 
Aut E on KP, p = 1, 2, and the action F ~---+ Int F of this group on 
K 0 = r(M, PAutc2) 0~) by inner automorphisms. One sees readily 
that p(IntF(a))(IntF*)(u) = (IntF*)(p(a)(u)), FE AutE. Hence our 
action leaves Z 1 ( K) invariant and induces an action of Aut E on H 1 ( K). 
One verifies that the isomorphism 1-L of Theorem 2.2 is equivariant if you 
consider the action Int ofAutE on H 1(M,Aut(2) Ogr)· 

2.3. Non-abelian cohomology of groups 

We remind the definition of the non-abelian !-cohomology of a group 
(see [16], [7]), considering the topological version of this theory. Let G 
and A be two topological groups. Suppose that A is a G-group, i.e., let 
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a homomorphism h: G ----+ Aut A be given, such that the correspond­
ing action of G on A is continuous. We will write ga = h(g)(a) for 
g E G, a E A. The group of A-valued p-cochains CP(G, A) of G is 
defined as the group of all continuous mappings GP----+ A, p 2: 1; we also 
set C 0 (G,A) =A. Define the coboundary operators 15p: CP(G,A) ----+ 

CP+ 1 (G, A), p = 0, 1, by 

(14) 
(150 (a))(g) = a(ga)-I, g E G, 

(81(c))(gl,g2) = c(gl)-1c(glg2)(glc(g2)-1), g1, g2 E G. 

Also, define the action p of the group C 0 ( G, A) = A on C 1 ( G, A) by 

(p(a)(c))(g) = ac(g)(ga)-1, g E G. 

Clearly, 150 (a) = p(a)(e). One denotes ZP(G,A) = Kerl5p, p = 0, 1, and 

H 0 (G,A) = Z 0 (G,A) = A 0 , 

H 1 (G, A)= Z 1 (G, A)/ p. 

The 1-cocycles are the so-called crossed homomorphisms of G to A, 
i.e., the (continuous) mappings c: A ----+ G satisfying 

Note that the co boundary operators fh, 151 of the non-abelian complexes 
considered in Subsections 2.1 and 2.2 (see (11) and (13)) are crossed 
homomorphisms, if one defines an action O" of the group of 0-cochains on 
that of 1-cochains in an appropriate way. Namely, for the Cech complex, 
we set 

(O"(a)(b))ij = ajbijaj\ 

while O"(a) = Int a for the complex K. For any crossed homomorphism 
c: A----+ G, the subset Kerc = c-1 (e) is a subgroup of G, and we have 
f(a) = f(b) if and only if b =an, where n E Kerc. 

In the next section, we will use the following simple lemma exploiting 
the !-cohomology of groups. 

Lemma 2.1. Let G be a topological group, A and B two topolog­
ical G-groups, and let a continuous crossed homomorphism f: A ----+ B 
satisfying f(ga) = gf(a), g E G, a E A, be given. Denote N =Kerf. 
Then f(A 0 ) = f(A) n B 0 , whenever H 1 (G,N) = {c-}. 

Proof. Clearly, N is a G-invariant subgroup of A and hence a 
G-group. Suppose that H 1 (G,N) = {c-}. Since f(A 0 ) c f(A) nB0 , we 
only have to prove the converse inclusion. Let us fix b0 E f(A) nB0 and 
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a0 E A such that f ( a0 ) = b0 and consider c(g) = a0 1 (ga0 ). The relation 
f(gao) = gf(ao) = f(ao) implies c(g) EN. It follows that c E Z 1 (G, N). 
Therefore c = 80 (n) fot a certain n EN. Thus c(g) = n(gn)- 1 , whence 
g(aon) = aon. Setting a= aon E A 0 , we get f(a) = bo. D 

§3. Actions of Lie groups on supermanifolds 

3.1. Actions and the lifting problem 

Let (M, 0) be a supermanifold. An action of a group G on (M, 0) 
is, by definition, a homomorphism<[>: G-+ Aut(M, 0). If G is a real or 
complex Lie group, then we suppose that the action is real (respectively 
complex) analytic in a natural way. For any g E G, we have <l>(g) = 

(!(g), <p(g)), where f: g f--+ f (g) E Bih M is an (analytic) action of G on 
the complex manifold M and <p(g) is an automorphism of 0 over f(g). 

Let E be a holomorphic vector bundle over a complex manifold M 
and G a (real or complex) Lie group. Suppose that E has a struc­
ture of the G-bundle, i.e., a homomorphism <[>: G -+ Aut E satisfying 
the natural analyticity conditions is given. Using the natural inclusion 
Aut E C Aut(M, 0) (see Subsection 2.1), we may consider<[> as an action 
on the split supermanifold (M, 0) corresponding to E. This action is 
Z-graded, i.e., all <p(g), g E G, preserve the Z-grading of the structure 
sheaf. Conversely, any Z-graded action of G on (M, 0) extends an action 
on the vector bundle E. We will usually consider the Z-graded actions 
whenever the supermanifold is split. 

Let again (M, 0) be an arbitrary complex supermanifold and let 
(M, Ogr) denote its retract and E the corresponding vector bundle. As 
we saw in Subsection 2.1, there exists a homomorphism Aut(M, 0) -+ 

Aut(M, E) attaching to any F = (!, <p) E Aut(M, 0) the automorphism 
F = (!, <P) E Aut(M, Ogr) preserving the Z-grading of Ogr· Here <Pis 
uniquely determined by the relation 1r P o <p = <P o 7r P on .:JP. It follows 
that any action <[>: G -+ Aut(M, 0) induces a Z-graded action <I>: G -+ 

Aut(M, Ogr), where <l>(g) = <l>(g), g E G. In this situation, we also say 
that the action <I> lifts to <l>. An important problem is to describe those 
Z-graded actions on (M,Ogr) which lift to (M,O). 

Let us also formulate the corresponding infinitesimal problem (see 
also [8], [10]). Namely, any even vector field v E tJ(M, 0)0 preserves all 
.:JP and hence induces a vector field ii E tJ(M, Ogr)o uniquely determined 
by the relation (JP o v = ii o (JP on .:JP. We say that ii lifts to v. The 
correspondence v f--+ ii is a Lie algebra homomorphism tJ(M, 0)0 -+ 

tJ(M, Ogr )0 which is in general neither injective nor surjective. It follows 
that any Lie algebra homomorphism a: g -+ tJ(M, 0)0 induces a Lie 
algebra homomorphism a: g -+ tJ(M, Ogr )0 , and we say that a lifts 
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to a. Thus, the lifting problem for Lie algebra homomorphisms arises 
which is naturally related to that for Lie group actions. In fact, to any 
analytic action q,: G ~ Aut(M, 0) there corresponds a homomorphism 
dq,: g --+ tl(M, 0)0 , where g is the Lie algebra of G, and one easily 
verifies that dq, = diP. 

Suppose now that a Z-graded action g f-+ W"(g) = (f(g),'lj;(g)) of a 
group G on a split supermanifold (M, Ogr) is given. Let us fix an open 
G-cover U = (Ui)iEI on M and isomorphisms hi: OgriUi--+ OIUi, i E I, 
satisfying 1rp o (hi)p = id. Using the action Int of Aut E on the sheaf 
Aut(2 ) Og., we will consider it as a G-sheaf. 

Proposition 3.1. Let (M, 0) be the supermanifold with retmct 
(M, Ogr) corresponding to a cocycle z E Z 1 (U, Aut(2 ) Ogr)· The action 
w lifts to an action on (M, 0) if and only if there exists a cocycle 
a E Z 1 (G,C0 (U,Aut(2)0gr)) analytically dependent ong E G and such 
that 

(15) gz = p(a(g)-1 )(z), g E G. 

In particular, in this situation g( = (, g E G. 
If the action W satisfies gz = z, g E G, then it lifts to an action on 

(M,O). 

Proof Let q,(g) =(!(g), <p(g)), g E G, be a lift of W. Then 

(16) 1rp 0 <p(g) = '1/J(g) 0 1rp 

on .:JP. It follows that 

(17) 

Define the sheaf isomorphisms.cpi(g): OgriUi--+ OgriU9i over f: Ui--+ 
U9 i by 

(18) <Pi(g) = h-;;/ o <p(g) o hi, g E G, i E I. 

Then, clearly, 

(19) Zij = <Pi(g)- 1 0 Zgi,gj 0 <Pj(g), g E G, 

over any UinUj of; 0. Now, (17) and (18) imply that <Pi(g)(~)-'1/J(g)(~) E 
.:Jfr+2 for any~ E O~riUi, where .:lgr is the ideal subsheafof Ogr gener~ted 
by odd elements. Therefore, we may write <Pi (g) in the form 

(20) <Pi(g) = a(g)9 i o '1/J(g), 



330 A. L. Onishchik 

where a(g) E C 0 (ll,Autcz) Ogr)· The automorphisms a(g)i depend ana­
lytically on g E G, since 'lj.;(g) and 'Pi(g) do. Clearly, (18) also implies 
the following relations: 

(21) 0i(gg') = cpg'i(g) o 0i(g'), g, g' E G, i E I. 

Since 'lj.;(gg') = 'lj.;(g) o 'lj.;(g'), it follows from (21) that 

a(gg1 )i = a(g)i o '¢(g) o a(g')i o 'lj.;(g)- 1 , i E I, 

which means that a E Z 1 (G,C0 (ll,Autc2)0gr)), where the G-group 
structure on C 0 (ll,Autc2J Ogr) is defined by Intw. 

Moreover, (20) yields that over U9 i n U9 j we have 

(22) 'lj.;(g) o Zij o 'lj.;(g)- 1 = a(g);/ o Zgi,gj o a(g)gj· 

Clearly, this is the same as 

(gz)gi,gj = a(g);/ o Zgi,gj o a(g)9 j, 

and thus (15) is proved. 
Conversely, suppose that there exists a cocycle a E 

Z 1 ( G, C 0 (ll, Autcz) Ogr)) analytically dependent on g E G and satis­
fying (15). Then we may define sheaf isomorphisms 0i(g): OgriUi --+ 

OgriU9i over f: Ui --+ U9i, i E I, by the formula (20); these isomor­
phisms depend on g E G analytically. Now, define the isomorphisms 
'Pi(g): OIUi--+ OIUgi over f: ui--+ Ugi by 

'Pi(g) = h9i o cp(g) o hi1 , g E G, i E I. 

Clearly, (15) implies the coincidence 'Pi(g) = 'Pj(g) on Ui n Uj. Setting 
cp(g) = 'Pi(g) over Ui, we get the automorphisms <T>(g) = (f(g),cp(g)), 
g E G, of (M, 0). Moreover, (16) is satisfied. In fact, we should prove 
that 

(23) 

for all ~ E .. :JPIUi. But we have JPIUi = hi(O~r!Ui) EB JP+11Ui. If 
~ E JP+l, then both sides of (23) vanish. If~= hi(rJ), where 7] E 0~., 
then '¢(g)(1rp(~)) = 'lj.;(g)(ry). On the other hand, 7rp('Pi(g)(~)) = 
(1rp o h9i)(a(g)9i('¢(g)(ry))) = (1rp o h9i)('¢(g)(ry) + 7J1) = 'lj.;(g)(ry), where 
ry1 E :T[r+2 . Thus, (23) is proved, and <T>(g) is a lift of w(g) for any g E G. 
To prove that <I> is an action, we note that (21) is satisfied, since a(g) are 
crossed homomorphisms. This readily implies that cp(gg') = cp(g) ocp(g'), 
g, g' E G. 
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Suppose now that the cocycle z is invariant under W. Then we may 
take a(g) = e for all g E G, and (15) will be satisfied. Therefore W lifts 
to an action on (M, 0). D 

3.2. The 1-cohomology of compact Lie groups 

Let G be a compact topological group. This is a classical fact that 
the continuous cohomology groups HP ( G, E) vanish for all p > 0 for 
a wide class of continuous G-modules E (see [4], Ch. 3, Corollary 2.1, 
where this is proved for any quasi-complete G-module). We will prove 
a vanishing theorem for the non-abelian !-cohomology of a compact Lie 
group arising from its action on a complex supermanifold. 

Let (M, 0) be a complex supermanifold such that M has countable 
topology. Then the group Aut(M, 0) can be endowed with a natural 
Hausdorff countable topology turning it into a topological group. The 
convergence of sequences in this topology can be described as the com­
pact convergence of sequences of usual holomorphic functions entering 
into the expressions of automorphisms in local charts. We omit the 
details, referring to Ch. 2 of [1], where the similar theory for non nec­
essarily reduced complex spaces is developed. For any p 2": 1, the group 
Aut(2p) 0 = r(M, Aut(2p) 0) is a closed normal subgroup of Aut(M, 0). 
Moreover, for any analytic action q, of a Lie group G on (M, 0), the 
correspondence g t-+ Int q, (g) gives natural structures of the G-group 
on Aut(M, 0) and Aut(2p) 0. On the other hand, tl(M, 0) is a Frechet 
space endowed with a natural structure of the continuous G-module. 

Proposition 3.2. Let an analytic action of a compact Lie group 
G on a supermanifold (M,O) be given. Then H 1 (G,Aut(2p) 0) = {c} 
for all p 2": 1. 

Proof. For any p 2": 1, the exact sequence of sheaves (10) gives rise 
to the exact sequence of G-groups 

e --> Aut(2p+2) 0 --> Aut(2p) 0 ~ ii(M, Ogr )2p --> 0, 

where ii(M, Ogrhp = Im>.2p C tl(M, Ogrhp is actually the subspace 
of vector fields that lift to (M, 0) (in the split case it coincides with 
tl(M, Ogr )2p)· This sequence gives rise to the exact sequence of sets with 
distinguished points (see [16], Proposition 38): 

H 1 (G, Aut(2p+2) Ogr) ----> H 1 (G, Aut(2p) Ogr) 
(24) 

A;P 1 ( -( ) ) ----> H G, tJ M, Ogr 2p . 

Note that H 1(G, ii(M, Ogrhp) = {0} for any p 2": 1 by the classical 
result cited above. Therefore, (24) allows to prove the triviality of 
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H 1 ( G, Aut(2p) agr) by induction on -p. Namely, Aut(2q) agr) = { e} 
for sufficiently large q, and if H 1 (G,Aut(2p+2) agr) = {e}, then the 
exactness of (24) impli!fs that H 1 (G,Aut(2p) agr) = {c:}. 0 

A similar argument applies in some other situations. First, the 
groups of sections can be replaced by the groups of 0-cochains of an 
open G-cover. 

Proposition 3.3. Under the assumptions of Proposition 3.2, 
choose 'an open G-cover .U = (Ui)iEI and consider the topological 
group C0 (.U, Aut(2v) a) endowed with a natural G-group structure. Then 
H 1 (G, C 0 (.U,Aut(2v) a))= {e} for all p ~ 1. 

Further, we may consider the smooth supermanifold (M, a;;) 
corresponding to a split complex analytic supermanifold (M, agr)· Using 
the notation of Subsection 2.2, define the groups PAut(2v) o;; = 

r(M, PAut(2v) o;;), p ~ 1. They can be regarded as topological groups, 
using the topology determined by the compact convergence of functions 
and their derivatives of arbitrary orders. For any p ~ 1, we have the 
following exact sequence of sheaves of groups similar to (10): 

e ----t PAut(2v+2) a~ ----t PAut(2v) a~~ PT2v ----t 0. 

Here we denote by PT the subsheaf of T 00 formed by derivations v of 
a;; satisfying v(f) = 0 for all f E :F. Applying the same argument as 
above, we come to the following result. 

Proposition 3.4. Let a Z-graded action of a compact Lie group G 
on a split supermanifold (M, agr) be given. Then H 1 (G, PAut(2v) a;;)= 
{ e} for all p ~ 1. If we choose an open G-cover .U = (Ui)iEI of M, then 
H 1 (G, C0 (.U, PAut(2v) a;;))= {c:} for all p ~ 1. 

3.3. Lifting and invariant cocycles 

Our aim is to prove the following result. 

Theorem 3.1. Let G be a compact or a complex reductive Lie 
group, and suppose an analytic action \IT of G on a split supermanifold 
(M, agr) be given. Let (M, a) be the supermanifold corresponding to a 
given class ( E H 1 (M,Aut(2) agr) by Theorem 2.1. Then the following 
conditions are equivalent: 

(i) the action \IT lifts to (M, a); 
(ii) the class (contains a G-invariant cocycle z E Z 1 (.U,Aut(2) Ogr), 

where .U is an open G-cover of M. · -

If G is compact, then these conditions are equivalent to the following 
one: 
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(iii) the class IL- 1 (() E H 1 (K) (see Theorem 2.2) contains a 
G-invariant cocycle. 

Proof. First we ~nsider the case, when G is compact. Suppose 
that \}! lifts to (M, 0). Choose an open G-cover i1 of M, such that 
there exists a cocycle z E Z 1 (ti, Autc2l Ogr) representing (. Due to 
Proposition 3.1, there exists a E Z 1 (G, C 0 (i1, Autc2l Ogr)) such that (15) 
holds. Applying Proposition 3.3, we see that a(g) = a0 (ga0 )-1 , g E G, 
for a certain a0 E C 0 (i1, Aut(2) Ogr)· Then we get gz = p((ga0 )a01 )(z), 
g E G, whence z0 = p(a01 )(z) E Z 1 (i1,Autc2l Ogr) 0 , and (ii) is satisfied. 
Conversely, (ii) implies (i) due to Proposition 3.1. 

Now suppose that (is represented by a cocycle z E Z 1(i1, Aut(2)0gr )0 

for an open G-cover ti. Consider the crossed homomorphism of G-groups 
8o: C 0 (i1,Autc2J 0~)----> C 1 (i1,Autc2J 0~). Then Ker8o = Aut(2) 0~. 
Further, Im8 = Z 1 (i1, Autc2l 0~). In fact, it is proved in [12], [14] that 

H 1 (M,Aut(2) 0~) = {c:}, but the proof is actually valid for the Cech 
cohomology of any open cover ll, since only the exact sequences (10) 
and triviality of the cohomology of the fine sheaf PT 2P are used. Apply­
ing Proposition 3.4 and Lemma 2.1, we see that there exists a cochain 
c E C 0 (i1,Aut(2) 0~)0 such that 8o(c) = z. Then 8a(ci) = 8a(cj) in 
Ui n Uj, which determines the cocycle a = 8a(ci) E Z 1(K) 0 , whose 
cohomology class corresponds to (. 

Conversely, suppose that IL- 1 (() contains a cocycle a E Z 1(K) 0 . 

Then there exists an open G-cover i1 of M such that a = 80 (ci) 
for a certain c E C 0 (i1, K 0 ). Consider the crossed homomorphism 
of G-groups 80 : C 0 (i1,K0 ) = C0 (i1,PAutc2JO~) ____, C 0 (i1,K1 ) given 
by (13). Clearly, Ker8o = C 0 (i1,Autc2J Ogr)· Applying Proposition 3.3 
and Lemma 2.1, we see that the cochain c can be replaced by a 
G-invariant one. But then z = 8a(c) E Z 1 (i1, Aut(2) Ogr) 0 will be a 
G-invariant cocycle representing (. 

If G is complex reductive, then G = K(C) is the complexification of 
its maximal compact subgroup K. If (i) for G is satisfied, then, as we 
have proved above, (is represented by a cocycle z E Z 1 (ti, Aut(2) Ogr )K' 
where i1 may be supposed to be a G-cover. Consider the action dw of 
the Lie algebra g of G (see Subsection 3.1). Then the relations 

(25) Zgi,gj 0 '1/J(g) = '1/J(g) 0 Zi,j, g E K, 

imply 

(26) Zi,j o d'ljJ(u) = d'ljJ(u) o Zi,j, U E t, 

where t C g is the subalgebra corresponding to K. Since g = t(C), 
(26) is true for all u E g, whence one deduces that (25) is true for all g 
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from the identity component G 0 of G. But G = G° K, and hence (25) is 
true for all g E G. Thus, (ii) is proved for G. The converse follows from 
Proposition 3.1. D 
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