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The Canonical Contact Form

Peter J. Olver

Abstract.

The structure group and the involutive differential system that
characterize the pseudo-group of contact transformations on a jet
space are determined.

§1. Introduction

The canonical form on the coframe bundle over a smooth mani-
fold originally arose as the natural generalization of the canonical form
on the cotangent bundle, which plays an essential role in Hamilton-
ian mechanics, [19, §IIL.7]. The coframe bundle F*M — M forms
a principal GL{m) bundle over the m-dimensional manifold M. The
canonical form on the coframe bundle serves to characterize the diffeo-
morphism pseudo-group of the manifold, or, more correctly, its lift to
the coframe bundle. Indeed, the invariance of the canonical form forms
an involutive differential system, whose general solution, guaranteed by
the Cartan-Kahler Theorem, is the lifted diffeomorphism pseudo-group.
Kobayashi, [11], introduces a vector-valued canonical form on the higher
order frame bundles over the manifold. He demonstrates that the com-
ponents of the canonical form constitute an involutive differential system
that characterizes the higher order lifts of the diffeomorphism group.

The geometrical study of differential equations relies on the jet space
first introduced by Ehresmann, [6]. In the jet bundle framework, the
pseudo-group of contact transformations, [13], [16], assumes the role of
the diffeomorphism pseudo-group. Contact transformations are charac-
terized by the fact that they preserve the contact ideal generated by
the contact forms on the jet bundle. Thus, the characterization of the
contact pseudo-group by an involutive differential system should rely on
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a “canonical contact form” constructed on a suitable principal bundle
lying over the jet bundle. This canonical contact form should play the
same basic role in the study of the geometry of jet bundles and differ-
ential equations that the canonical form over the coframe bundle plays
in the ordinary differential geometry of manifolds and submanifolds.
In [21], Yamaguchi uses the theory of exterior differential systems to
conduct a detailed investigation of the contact geometry of higher order
jet space, but does not provide a general construction of the required
principal bundle or canonical form. This is more complicated than the
frame bundle construction, since the definition of a contact transforma-
tion via the contact ideal does not directly yield an involutive differential
system; see [4], [16]. One must apply the Cartan procedure of absorp-
tion and normalization of torsion in order to reduce the original structure
group to the appropriate involutive version, and this in turn will yield
the “minimal, involutive” version of the canonical contact form.

A crucial theorem, due to Bécklund, [2], demonstrates that every
contact transformation is either a prolonged point transformation, or, in
the case of a single dependent variable, a prolonged first order contact
transformation; see also [16], [20]. This allows us to restrict the struc-
ture group associated with the contact pseudo-group to one of block
upper triangular form, but this still is not enough to produce an involu-
tive differential system, and further normalizations must be imposed. In
this paper, we find the complete system of normalizations, thereby con-
structing an involutive differential system on a certain principal bundle
over the jet bundle that characterizes the contact pseudo-group.

A significant source of applications of this construction can be found
in a variety of equivalence problems defined on the jet bundle, including
differential equations, variational problems, and others. In such situa-
tions, one needs to incorporate the contact structure into the problem
via the contact forms. The canonical contact form will provide the min-
imal lift that can be imposed on the contact component of the lifted
coframe, and thus help avoid normalizations that are universally valid
for all contact transformations. Examples include equivalence problems
for differential equations, for differential operators, and for variational
problems. See [10], [16] for typical problems and applications. Addi-
tional applications to the method of moving frames developed by Mark
Fels and the author, [8], [9], [17], will appear elsewhere.

§2. Contact Forms on Jet Bundles

We will work with the smooth category of manifolds and maps
throughout this paper. Let E — X be a smooth vector bundle over
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a p-dimensional base manifold X, with ¢-dimensional fibers. We use

z = (z',...,2P) to denote local coordinates on X, and u = (u!,..., u9)

to denote the fiber coordinates, so that sections of E are prescribed by
smooth functions u = f(z). Let J® = J"E denote the n'" jet bundle
of E, with associated local coordinates z(™ = (z,u(™)=(... 2 ... u%...),
where the derivative coordinates u4 are indexed by unordered multi-
indices J = (j1,...,4%), with 1 < 5, < p, of orders 0 < k = #J < n.
Given a (local) section f: X — E, we let j,f: X — J™ denote its n-jet,
which forms a section of the n'® order jet bundle.

Definition 2.1. A differential form 8 on the jet space J" is called
a contact form if it is annihilated by all jets: (j,f)*0 = 0.

The space of contact forms on J” forms differential ideal Z(™, called
the contact ideal, over J".

Theorem 2.2. In local coordinates, every contact one-form on J"
can be written as a linear combination of the basic contact forms

P
(2.1) §=du§—> u§,da’, a=1,..,q, 0<#J<n
i=1

These one-forms constitute a basis for the contact ideal (™.

For instance, in the case of one independent and one dependent
variable, the basic contact forms are
0o = du — u, dz,
(2.2) 01 = dug — Uy, dx,
O = dugy — Ugze dz,

In (2.1), we call #J the order of the contact form 6. The reader
should note that the contact forms on J™ have orders at most n — 1.

Lemma 2.3. A section F': X — J™ locally coincides with the n-jet
of a section f: X — E, meaning F' = j,f on an open subset of X, if
and only if F annihilates all the contact forms on J™:

(2.3) F 05 =0, a=1,...,q, 0<#J < n.

Definition 2.4. A local diffeomorphism ¥: J* — J" defines a
contact transformation of order n if it preserves the contact ideal, mean-
ing that if 8 is any contact form on J", then ¥*4 is also a contact form.

Definition 2.5. The (n + k)*® order prolongation of the con-
tact transformation W is the unique contact transformation
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Y(tk) ; Jotk _ Jrtk satisfying 77tF o W(ntk) = () o 17tk where
antk. Jntk . J" is the usual projection.

In local coordinates, a local diffeomorphism ¥ defines a contact
transformation if and only if

(24) U053 = AT O
ﬁ!K

for suitable coefficient functions A(;’é{: J® — R. There are nontrivial
constraints on these coefficients resulting from Backlund’s Theorem, [2].

Theorem 2.6. If the number of dependent variables is greater than
one, q > 1, then every contact transformation is the prolongation of a
point transformation v: E — E. If ¢ = 1, then every n* order contact
transformation is the prolongation of a first order contact transformation
P Jb— JL.

Remark. Interestingly, if one restricts to a submanifold of the jet
space defined by system of differential equations, additional “inter-
nal” higher order contact transformations can exist; see [1] for a
Béacklund-style classification of these transformations.

§3. The Prolonged General Linear Group

There are two fundamental transformation groups that lie at the
foundation of the geometric characterization of contact transforma-
tions. The first is the standard prolongation of the general linear group,
[12, p. 139], [14]. Let GL(p) denote the general linear group on R? con-
sisting of all real, invertible, p X p matrices. Let Dy(p) denote the space
of all diffeomorphisms ¢: R? — R? preserving the origin, so ¢(0) = 0.
We let j,(0) denote the n-jet (or n'* order Taylor expansion) of the
diffeomorphism at the origin.

Definition 3.1. The nt" prolongation of the general linear group

GL(p) is the group

(3.1) GL™ (p) = {in(0) | ¢ € Do(p)}-
The group multiplication is given by composition of diffeomorphisms, so
that if S = jL,(0), T = jntp(0), then S - T = j,(p 0 1)(0).

Note that the one-jet of a diffeomorphism ¢ at 0 is uniquely deter-
mined by its Jacobian matrix D¢(0), which can be viewed as an invert-

ible matrix in GL(p), and, in this way, we identify GL(p) = GL®" (p).
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The most convenient method of representing the elements of
GL™ (p) is via formal Taylor polynomials. We introduce coordinates
t = (#%,...,t?) in a neighborhood of 0 € M. We then identify a
group element S € GL™ (p) with the vector-valued Taylor polynomialf
S(t) = (S(t),...,SP(t))T of any smooth diffeomorphism ((z) that rep-
resents it, so

. ¢ ) #J i
(3.2) S'(t)= Z S’J%, where S% = aaxf 0), +=1,...,p.
1<#I<n

Note that there is no constant (order 0) term in the Taylor polyno-
mial (3.2) since we are assuming that ©(0) = 0; moreover the first order
Taylor coefficients (SJ‘) form an invertible p X p matrix, whereas the

higher order coefficients can be arbitrary. Therefore, GL(")(p) forms a
Lie group of dimension

(3.3) p™ =p [(p j; ") - 1] .

The group multiplication is then given by formal composition of poly-
nomials, so that U = R - S if and only if the corresponding polynomials
satisfy

(3.4) U(t) = R(S(t)) mod n,

where mod n means that we truncate the resulting polynomial to order n.
The explicit formulae can be identified with the Faa di Bruno formula,
[7, p. 222], [14], for the derivatives of the composition of two functions.

Example 3.2. In the one-dimensional situation, p = 1, the Taylor
polynomial of a diffeomorphism ¢ — R — R that fixes 0 = (0) takes
the form

I o, 1 3 1 4
(35) S(t) = Slt + ESZt + 5837: + ESZLt + - )
with the coefficients s1, sa, ... representing the derivatives sy = ¢(*)(0)

of our diffeomorphism ¢: R — R fixing 0 = ¢(0). The composition
formula (3.4) gives the explicit rules

2 3
Uy = T151, Uy = 1182 + 257, u3 = 1183 + 3128152 + 1387,

4
Ug = 1154 + 72(45153 + 352) + 6735755 + ra57,

TWe use a formal variable t here instead of x for later clarity.
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and so on. As in [5, §3.4], the one-dimensional Faa di Bruno formula is

k
up = Z rm By (s1,. .., 8K),
(3.6) m=1

Si Si +++8;

here B (81,...,sk) = Z L'Z?_’__m
W # |
SI=k n(#D)!

is a Bell polynomial, [3], [18, §2.8]. The sum in (3.6) is over all unordered
multi-indices I = (21,...,%m) with 1 <4, <k, Y. I =414+ +im =k,
and where J = #1I denotes the “repetition” multi-index of I, so that
Jr = #{i, = r} indicates the number of times that the integer r appears
in the multi-index I.

We can explicitly realize GL(™ (p) as a matrix Lie group, namely
a subgroup of GL(p(™), as follows. The space of vector-valued
Taylor polynomials x(t) of degree at most n without constant term,

x(0) = 0, can be identified with RP™. Given S € GL™ (p), we define

p(S) € GL(p™) by
(3.7 p(S)x(t) = x(S(¢)),

where S(t) is the Taylor polynomial (3.2) corresponding to S. The
explicit formulae for the Fad di Bruno injection p can be found in [14,
p. 503].

Example 3.3. In the one-dimensional situation described in
example 3.2, we identify a fourth order Taylor polynomial (3.5) with
its coefficient vector (s, S2, S3, S4). The corresponding matrix is

81 82 S3 S4
10 s% 35189 48183+ 353
PE)=10 o 83 6523,
0 0 0O st

The reader may enjoy verifying that this forms a subgroup of GL(4).
The k*® order version has p(S) equal to the upper triangular matrix
with entries given by the Bell polynomials B;- (s1,...,8;5) for ¢ < j.

We next determine the left and right-invariant Maurer-Cartan forms
on the prolonged general linear group. These will be found by adapting
the usual formulae

(3.8) pr =A"1.dA, pr=dA-A7Y
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valid for matrix Lie groups G C GL(n), [16]. In our case, the Maurer-
Cartan forms will appear as the coefficients of a formal “Taylor” poly-
nomial

tJ
(3.9) o(t) = Z L

1<#I<n ~

where each o is a p vector of one-forms defined on the group GL(™ (p).
Using (3.8) and the multiplication rule (3.4) for the group, we deduce
that the right-invariant Maurer-Cartan form polynomial is given by

(3.10) & (t) = dS[S™'(t)] mod n,

obtained by composing the formal inverse series (or inverse Taylor poly-
nomial) S~!(¢) and the formal series of basis one-forms

tJ
(3.11) asit) = Y 745,
1<#J<n

on the group. On the other hand, the left-invariant Maurer-Cartan
form polynomial can be found by first computing the differential of the
composition

(3.12) d[T(S(t))] = DT(S(t)) - dS(t),

of the two power series with respect to the coefficients of S. Here
DT(t) = (8T¢/0t7) denotes the Jacobian matrix series associated with
T(t). Replacing T in (3.12) by the inverse of S(t) and truncating pro-
duces the left-invariant Maurer-Cartan form polynomial:

(3.13)  o(t) = DST(S(t)) - dS(t) mod n = DS(t)~* - dS(t) mod n,
where DS(t)~! is the inverse of the Jacobian matrix of S(t).

Example 3.4. For the one-dimensional situation considered above
we have

1 1 1
S(t) = s1t + = sot? + s3> + —satt 4+

2 3! 4l
Lo 1 3 L4
dS(t) =td31+ §t d82+ g'-t d83+ Zt d54+... ,
S~1(t) = 1. 2t2_3153_3sgt3 B 5254—10815283 + 12s§’t4+ o

s1 283 655 2457
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Therefore, the right-invariant Maurer-Cartan forms on GL™(1)- are
obtained as the coefficients of the “Maurer-Cartan polynomials”

o L PO VP PO pop
O'(t) =dS |:§(T):| =01t + 50’2t =+ 50’31: 50'415 + -
. dslt s1dss—sodsy , 52 dss —3s182dsy — (5183 — 3s3) ds;

t

/3
51 253 657

1
+ m{si dS4 - 68%82 d83 - (48%53 - 15515%) d32
1

— (8%84 — 108189283 + 1583) dsl}t4 + .-

The left-invariant Maurer-Cartan form polynomial (3.10) for GL(™ (1)
is

ds(t) 1 1 1
o(t) = St = oyt + 502152 + 503153 4 Fut‘* + -
_ i‘?it—f— S1 d82 — 282d81 2
S1 28%

+ 82 dsz — 3s152dsa — 3(s183 — 2s2) ds; 3
653

1
+ 518—4{8? d54 - 48%82 d83 — 681(5183 — 28%) d82
1

— 4(s7s4 — 6515253 + 653) dsl}t4 4.

Let p(o) = p(S)~'dp(S) denote the corresponding left Maurer-
Cartan matrix, (3.8). In view of (3.7), (3.13), it acts on the column
vector x according to the power series formulation

o(o)x](2) = p(S) " dlp(8)x](t) = p(8)~" d[x(S(1))]
p(s)™! (Z 577 [S(1)] dS( ))

=1

|
o
L

@
I
=

; (£)dS'[s™1(t)]

I
M
S|

—(t) o (t).

i
H
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Example 3.5. For the one-dimensional version, we have

1 1 1
X(t) = .’L‘lt + —.’112t2 + -—.’I,'3t3 —+ —£L‘4t4 + ey,

2 3! 4!

1 1
x'(t) = o1 + Tot + —x3t? + — >+ - -

2! 3!
Therefore,
plo)x(t) = x'(t)o(t)

1
= (Ulml)t -+ 5(0’2%1 + 2Ul$2)t2

1 3
+ 37(03561 + 302x2 + 30123)t

1
+ —(04x1 + 40372 + 60233 + dojzy)tt 4+

4!

and hence the Maurer-Cartan form matrix for GL(™ (1) is

g1 02 03 04
0 20’1 30‘2 4(73

3.14 plo) = 0 0 30’1 60’2
( ) (@) 0 0 0 4oy

The (i,7) entry of the full n x n matrix is

2

S GD)oig, i<
3.15 S)E = (z—l i—j+1, TS,

84. The Leibniz Group

275

Besides the prolonged general linear group that provides the struc-
ture group for jets of diffeomorphisms, we also require a structure group

related to the multiplication of jets.

Definition 4.1. The Leibniz group L") (p, q) is the Lie group con-
sisting of all n-jets of smooth maps ¥: R? — GL(g) at the point 0, so

(4.1) L™ (p,q) = {in¥(0) | ¥: R” — GL(q)}.

The group law is induced by matrix multiplication ®(z) - ¥(z) of the

smooth maps.
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Given a vector bundle £ — X over a p-dimensional base with
g-dimensional fiber, there is an induced representation

(L™ 2™ =, [W(z) - f(z)]

4.2
(42) whenever L™ = jn¥(z), P inf(z)

of L™ (p, q) on the jet fiber J*E. As with the prolonged general linear
group, we identify the elements of the Leibniz group with their Taylor
series. Thus, the group element L(™ = j, ¥(0) is identified with the nt®
order truncation of the power series

(4.3) Lt)= > L,

1<#I<n

where each Ly is a ¢ X ¢ matrix. The entries (Lj)g can be identified
with the Taylor coefficients 9% v3/ 0z’ (0) for the corresponding matrix
entry of ¥U(z). Identifying a point 2™ € J* with the corresponding n®
order Taylor polynomial z(t), the action of the Leibniz group is given by

(4.4) [7(L™)z2)(t) = L(t) - 2(t) mod n.
Example 4.2. In the one-dimensional version, GL(1) ~ R* is just
the set of nonzero reals, and so the maps ¥: R — GL(1) are scalar-

valued. The Leibniz group is induced by multiplication of Taylor series,
and so the product of

L(t) =lo+ Lt + %lgtz + 31.!135* Feen
M(t) = mo + mit + %mzt2 + %m?,t?’ T
is given by truncating the product series
L(t) - M(t) = lomo + (lom1 + lymo)t + %(zOmQ + 2Limy + lpmo) 2
+ %(lOms + 3lymg + 3lomy + lgmo)t3 +-en

at order n. The action (4.4) on a series

1 1
(45) Z(t) = 2p -|- th + 522t2 + ngta + e
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is the same — just replace the m’s by z’s. Therefore, the matrix repre-
sentation (4.2) of an element of L(*)(1,1) is

lo Ii Iy s I
0 Ilp 2, 3ly 4l3
(I =|0 0 I, 3 6l
0 0 0 Iy 44
00 0 0 I

The matrix of Maurer-Cartan forms on the Leibniz group are found
using the usual formula (3.8), which becomes

tJ
(4.6) A:szJ,
— J!

where each Aj is a ¢ X ¢ matrix of one-forms. We have
(4.7) A(t) = 7(L) "1 dL(t) = L(t) "' dL(t) = dlog L(t).

Let 7(A) = 7(L)"'d7(L) denote the corresponding Maurer-Cartan
matrix. In view of (4.4), it acts on the column vector z according to the
power series formulation
(4.8)

[r(Nz2](t) = 7(L) " d[r(L)z](t) = 7(L) ' d[L(®)] - 2(t) = A(t) - 2(t)-

Example 4.3. For the one-dimensional version, we have
1. 5 1. 4
L(t) =lo + it + Slot” + Flat’ + -+,
1 1
dL(t) = dly + tdl; + §t2 dly + §t3 dls+--,

Lo-to L by b 22, 13ls — 6lolls + 663
lo 2 213 614

A R

Therefore, the Maurer-Cartan form series for L(™)(1, 1) is

1 1
A(t) = dlogL(t) = do + Mt + Zhat? + At + -

dly  lodly —lydly,  Bdly — 2loly dly — (loly — 212) dlo ,
- 04 . t
o 12 , 203

+ %{lg dls — 3021, dly — 3(121s — 21o12) dI;
6l

— (1215 — 6loly 15 + 613) dlo}t3 .
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Given z(t) as in (4.5), equation (4.8) implies that

1
= Xozo + ()\120 + )\()Zl)t + 5()\220 +2X121 + )\0Z2)t2

1
+ :9’—'(/\3,20 4+ 3X221 +3h120 + )\0z3)t3 R

Thus, the Maurer-Cartan form matrix for L) (1,1) is

Ao A1 A A3 )\4

Ao 2X1 3 43
0 Ao 3\ 6X
0 0 Ao 4\
0 0 0 Ao

o o oo

J L
(4.10) T(L); _ (’L) )\i—ja 1 < 7,

0, i>j

Note the remarkable similarity between the Maurer-Cartan form matri-
ces for the prolonged general linear group, (3.14), and for the Leib-
niz group, (4.9)! The Leibniz version forms a “Pascal upper triangular
matrix”, whereas the prolonged version is obtained by throwing away

the main diagonal of the Pascal matrix.

§5. The Contact Group

We are now in a position to describe the structure group for the

pseudo-group of contact transformations on the jet bundle J™.

Definition 5.1. The n*" order contact group is the semidirect

product group
(5.1) C™(p,q) = GL" Y (p) x L (p, g).
The group acts on a Taylor series z(t) according to

(5.2) %(S,L) - z(t) = L(t) - 2(S7* (1),
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and then truncating to order n. Therefore, the group multiplication in
C™(p, q) is given, in series form, by

(53)  (S(),L(1)) - (T(), M) = (S(T(t)),L(t) - M(ST(¢)))-

The Maurer-Cartan form matrix for the contact structure group is
given by the “difference” between the two Maurer-Cartan form matrices,
so Y(o,A) = p(o) — 7(A) . Thus, we find

[0, V2](t) = A@) - 2(t) — ) 5= (H)e”"(0).

=1

Note that the prolonged general linear group acts trivially on the zerot"

order coeflicient in the power series for z. In the one-dimensional version,
we have

(5.4)
Ao A1 A2 A3 Aq
0 )\0—0'1 2)\1—0'2 3)\2—0'3 4)\3—0'4
0 0 )\0—20'1 3)\1—30'1 6)\2—40'1
P(Ae)=1 0 0 0 Xo— 301 4\ — 60y
0

0 0 0 Ao — 4o,

We now introduce the infinite power series of basis contact forms

o § : t’ @
(55) 0 (t) = _jl—e‘]’ a = 17'--’q7
o<#J °°

in the variable u®, and let 8(t) = (8'(t),...,08%(t))T be the associated
column vector-valued series of contact forms. Note that the contact
forms on J" are obtained by truncating the series 6(t) at order n — 1

and not at order n.
We are now able to introduce the goal of our investigations.

Definition 5.2. The canonical contact form is the vector-valued
series of one-forms

(5.6) I(t) = (L, 8)8(t) = L(t) - 6(S7 (1)),
where L(t) and S(t) are the associated group series.

Example 5.3. In the one-dimensional situation, the canonical
contact form is composed of the following linear combinations of contact
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forms:
%o = lobo,
9 = 1201 + 1160,
3 = l_ges + ﬁll—:—&%%
$1
35l — 3sls2l13; (5155 =35)l0p 1 g0,
1

Remark. We can compute Jx by repeatedly applying the (for-
mal) differential operator D = (1/s1)D, to ¥, using the identifications
D(l;) = lj+1, D(sj) = sj+1/s1. A proof of this observation is left to the
reader.

Theorem 5.4. The canonical contact form of order n defines an
involutive differential system. The equivalence maps preserving the canon-
ical contact form are the lifts of contact transformations on J™.

The structure equations are found as follows. The usual contact
form structure equations

p
o § : a 7
daI = 0171' AN dl’ N
i=1
can be rewritten in series form

(5.8)  dO(t) = 0'(¢) /\dx—zb?/\daz a=1,...,q.

Here 6'(t) = (06*/8t") is the formal g x p Jacobian matrix of 8(t) with
respect to t. Therefore, using (5.8), we can compute

do(t) = A(t) AO(t) + 9 (t) A a(t) + L(t)dO(S™1(t))

5.9
(5.9) = A(t) AO(t) +9'(t) ANa(t) + L(t)0'(S7(t)) A dx.

In the language of the Cartan equivalence method, cf. [10], [16], the first
two terms in (5.9) form the group components of the structure equations,
while the third term is the torsion.
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On the other hand, using the definition (5.6), we can compute

2 9(1) = (1) - 0(8(1)) + L(1) - 0'(S7(1)) - 2[5 (0)]

=L/(8) - L(©)™" - 9(8) +L(1) - 9'(S7'(t )) JELCRIO) I
the last equality following from the chain rule. Therefore,
d9(t) = A(t) AI(t) + 9 (t) Ao (t)
+ [ﬁ’(t) ~L/'(t)-L(t)™*- 19(t)] AS'(S7L(t)) dx.

Most of the torsion terms can therefore be absorbed by suitably modify-
ing the Maurer-Cartan forms A(t) and o (t); the only exceptions are the
constant terms multiplying ¥’ (t); this is because o'(t) does not contain
any constant terms, i.e., o(0) = 0. If we define the modified Maurer-
Cartan forms to be

X)) =A@+ L) - L)~ -8(S71(t)) dx
G (t) = a(t) + [S'(ST1(1) — §'(0)] dx,

(5.10)

(5.11)

we can rewrite the structure equations (5.10) in the “semi-absorbed
form”

(5.12) do(t) = A(t) AD(t) + &' (t) A& (t) + 9 (t) A S'(0) dx.

‘We now complete the canonical contact form to a coframe on J” by
including the additional p one-forms

(5.13) ¢ = S'(0)dx + a¥(0) + BY'(0).

Here a = (a’) is a p x ¢ matrix and B = (b%¥) a p x p x ¢ tensor of
parameters. In components, (5.13) reads

a p
ZS‘de + Za 9%+ > bR,
a=1k=1
o9”*
where 9% = 9°(0), 9% = W—(O),
are the lifted zero*® and first order contact forms, which can be writ-
ten as linear combinations of the ordinary zero™ and first order contact
forms 6%, 6 via (5.6). Béacklund’s Theorem implies that the x coordi-
nates depend only on z, u, and, if ¢ = 1, first order derivatives of w.
This implies that the first order contact form coefficients in (5.13) must



282 P. J. Olver

vanish, B = 0, when ¢ > 1. (Alternatively, one can use a particular
unabsorbable torsion term to justify this normalization.) We therefore
use (5.13) to rewrite the structure equations (5.12) in the fully absorbed
form

(5.14) do(t) = X(t) A9(t) + & (t) AG(t) +9'(t) AE,
where the modified Maurer-Cartan forms are now
A(t) = X(t) —a- (1),

(5.15) ~
o(t) =a(t)+a-[9(t) —9(0)] +B- [¥(t) —9(0)].

(Again, note that &(0) = o (0) = 0, so that this modification is allowed.)
The only term in (5.12) which remains unaccounted for is

9 () AB-I9'(2),

but this vanishes because either ¢ = 1, in which case the wedge prod-
uct of the two scalar one-forms ¥’'(t) is zero, or ¢ > 1, in which case,
by Bécklund’s Theorem, B = 0. In fact, this is the essential torsion
component that provides the equivalence method proof of this part of
Bécklund’s Theorem, cf. [16]. Equation (5.14) provides the main con-
stituent of the structure equations for the contact pseudo-group.

We also need to compute the remaining structure equations for the
one-forms (5.13). We find

(5.16) d¢€ =0o'(0) A€+ aAB(0) + B AY(0) +a- dI(0) + Bdd'(0),

where a, B are the Maurer-Cartan forms corresponding to the addi-
tional group parameters a, B. Note that «, B do not depend on t.
Differentiating (5.14) with respect to ¢, and recalling o(0) = 0, we find
(5.17)

dd(0) = X(0) A 9(0) +9'(0) A&,

d¥'(0) = X (0) A 9(0) + A(0) A ¥ (0) + 9 (0) A& (0) + 9 (0) AE.

Moreover, according to (5.11), (5.15), for any constant (column) vector
z € RP,

5'(0)-z=5'(0)-z+ [a-9'(0) + B-9"(0)] - z
=0'(0) + S"(0)(S'(0)"! - z,x) + [a- ¥'(0) + B - 9"(0)] - z.

Wedging the result with £, and using (5.13), (5.17) and, we find

(5.18) F'(0)AE=0'(0)AE+ 7 AY0) +9'(0) Am +B-9"(0) AE,
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for certain one-forms 7, zo, whose precise form is not hard to find, but
which is unimportant. Note that we used the fact that the extra term

S"(0)(8'(0) - £,8/(0)"-€) = 0

vanishes by symmetry of second order derivatives. Finally, substituting
(5.18), (5.17) into (5.16), we conclude that

(5.19) d¢ = &' (0) A&+ a AB(0) + B AY(0),

where &' (0) are the order 1 terms of our earlier modified Maurer-Cartan
forms (5.15), while &, E are suitably modified one-forms corresponding
to the additional structure group parameters a, B. Note particularly
that (5.19) contains no essential torsion. Equations (5.14) and (5.19)
form the complete structure equations for the contact pseudo-group on
the infinite jet bundle.

There is one final item to deal with when working on a finite jet
bundle J*. Since the contact forms which are well-defined on J” have
orders at most n — 1, we must include q(p +Z—l) additional one-forms to
complete the coframe on J*. These will clearly be the basis forms du$,
#J = n, which must be lifted appropriately. (See [15] for more details.)
However, we can most simply accomplish this as follows: First, truncate
the canonical contact form series ¥(t) at order n. The resulting lifted
contact form will depend on (n + 1) order derivatives of u. These can
be eliminated, while retaining the proper lift, by adding in a suitable
multiple of the base forms dz?. Thus, the lifted coframe on J” consists
of the one-forms (5.13) along with the modified canonical contact form

(5.20) B(t) = 9(t) + e(t") - € mod n,

p+;‘_1) matrix of additional group parameters.

where e = (ef) is a g X (
The corresponding truncated structure equations are now

(5.21) dO(t) = AE)AD(t) + O (t) AG(E) +e(t™) A€+ D (1) A€ mod n.

This completes our proof.
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Example 5.5. The structure equations for the one-dimensional
situation are as follows:

ddg = Ao N9 +E NV,
dd1 =X A0+ (Mo —0o1) AN +ENDg,
d9s = Ao Ao + (2A1 — 02) A1 + (Ao — 201) AD2 + E N T3,
d¥sz = A3 Adg + (Bha — 03) A1 + (8A1 — 302) A D
(5.22) + (Mg — 301) A3 + & A Yy,

n—1
n—1 n—1 ~
A1 =Y [( . )An_l_i - (i_1>on_i] N + €N Dy,

=0

~ i n n
dv, = Z |:(Z>>\n—z - (’i— 1>0'n-‘4—1—i:| AN, ‘+€/\£7

=0
d&zdl/\§+§0/\190+¢/\191.

Here )Aq,..., A\, are the Leibniz Maurer-Cartan forms, oy,...,0, the
prolonged general linear group Maurer-Cartan forms, and e, ¢, ¥ the
three additional Maurer-Cartan forms, corresponding to the truncated
or non-canonical part of the lifted coframe.
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