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§1. Introduction 

Let k be a number field and p ~ 2 a prime number. For a Zp
extension K/k we denote by >.(K/k) and µ(K/k) the lwasawa >.- and 
µ-invariants, respectively. If k is not totally real, k has infinitely many 
different Zp-extensions. We therefore are interested in the behavior of 
>.(K/k) and µ(K/k) as K varies over all Zp-extension fields over the 
number field k. Greenberg initiated the study of this problem in [4], 
and obtained some results on the behavior of >.(K/k) and µ(K/k). For 
example he proved the boundedness of µ(K/k) for fixed k and p under 
some assumption on the base field k and the prime p. After Greenberg's 
work, Babaicev and Monsky independently established the boundedness 
of µ(K/k) without any assumption ([1], [12]). 

The behavior of >.-invariants is more difficult to study than that of 
µ-invariants. In the present paper, we shall investigate the case where 
the base field is an imaginary quadratic field, and give the following 
theorem: 

Theorem 1. Let k be an imaginary quadratic field and p ~ 2 a 
prime number. Assume that the prime p splits in k and the class number 
of k is prime top. Then >.(K / k) = 1 and µ(K / k) = 0 for all but finitely 
many Zp-extensions K over k. 

We shall make some remarks on the theorem. 
(1) If p does not split in a number field F and the class number of F 
is prime to p, then >.(K/ F) = µ(K/ F) = v(K/ F) = 0 for every Zp
extension K/F by lwasawa's result ([6]). Hence only the case where p 

splits in the imaginary quadratic field k is interesting under the assump
tion that p does not divide the class number of k. 
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(2) If K/k is a Zp-extension such that every prime of k lying above pis 
totally ramified in K/k, then >..(K/k) 2 1. There exist exactly two Zp
extensions N and N* over k in which one of the primes of k lying above 
p does not ramify ( see Section 3). For these Zp-extensions, we have 
>.. = µ = 0 by Iwasawa's result mentioned above. Therefore the above 
theorem says that the >..- and µ-invariants take the minimal values for 
almost all Zp-extensions over k. 
(3) For the µ-invariant, Bloom and Gerth have obtained stricter result 
([2]). For any fixed imaginary quadratic field k and prime p, they proved 
that 

#{Zp-extension fields Kover k such that µ(K/k) -1- O} ~ >..p(k) + 1, 

where >..P ( k) denotes the >..-invariant of the cyclotomic Zp-extension over 
k. 
(4) In Theorem 1, we surely have exceptional Zp-extensions, namely, 
Zp-extensions with>..> 1 orµ> 0, for many imaginary quadratic fields 
k and primes p. For example, let k = Q(J-23834) and p = 3. Then 
the class number h( k) of k is 232, which is prime to p = 3, and the 
>..-invariant >..p(k) of the cyclotomic Zp-extension over k is 10. We can 
give a few more examples as follows: 

•Fork= Q(J-52391) and p = 5, pf h(k) = 311 and >..p(k) = 8. 
•Fork= Q(J-1371) and p = 7, pf h(k) = 12 and >..p(k) = 7. 

However, we have no examples of exceptional Zp-extensions different 
from the cyclotomic Zp-extensions. It is a very interesting problem to 
find out an exceptional Zp-extension different from the cyclotomic Zp
extensions. 

As stated in Theorem 1, the Iwasawa >..- and µ-invariants of Zp
extensions over an imaginary quadratic field with the class number prime 
to p tend to be very small. This phenomenon is caused by the smallness 
of the Iwasawa module for the Z~-extension over such an imaginary 
quadratic field. In Section 2, we shall briefly look at the Iwasawa module 
for Z~-extensions and Greenberg's conjecture on it, which predicts that 
the Iwasawa module is not so "large". Also we shall introduce Minardi's 
result on Greenberg's conjecture for imaginary quadratic fields, which is 
a key to the proof of Theorem 1. In Section 3, we shall prove Theorem 
1, in fact, we shall give a more general result which implies Theorem 
1. In the final section, we shall prove Minardi's theorem in Section 2 
for the convenience of the reader, because his proof was published in his 
thesis. 
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§2. Greenberg's conjecture for the lwasawa module 

We fix a prime p throughout this section. For a number field k, de
note by k the composite of all Zp-extension fields of k. Then Gal(k/k) ~ 
z; with d = r 2 (k) + l + 8(k,p), where r 2 (k) is the number of complex 
archimedean places of k, and 8(k,p) ?: 0 is the "defect" of Leopoldt's 
conjecture for k and p. In other words, Leopoldt's conjecture for k and 
p holds if and only if 8(k,p) = 0. _Let L(k) be the maximal unramified 
pro-p abelian extension field over k, and define the Iwasawa module Xk 

to be Gal(L(k)/k). Put A= Zp[[Gal(k/k)]], which is (non-canonically) 
isomorphic to the ring of d-variable power series with coefficients in Zp. 
Then Xk is a finitely generated torsion A-module by Greenberg's result 
([4, Theorem 1]), where Gal(k/k) acts on Xk by the inner automorphism 
as usual. Greenberg proposed the following conjecture, which states that 
the A-module Xk is not so "large": 

Greenberg's conjecture For a number field k and a prime p, 
Xk is a pseudo null A-module, namely, the height of the annihilator 
AnnA(Xk) is greater than one. 

Assume that k is totally real. Then we have d = l under the valid
ity of Leopoldt's conjecture. Hence k/k is the cyclotomic Zp-extension 
k00 /k, and the pseudo nullity of Xk is equivalent to the finiteness of Xk, 
which in turn is equivalent to that both Iwasawa ,\- and µ-invariants of 
k00 /k vanish. Thus we see that if we assume the validity of Leopoldt's 
conjecture, the above conjecture implies >.p(k) = µp(k) = 0 for any 
totally real number field k and any prime p ( see [5]). 

Minardi studied Greenberg's conjecture especially for imaginary 
quadratic fields, and obtained the following theorem: 

Theorem A (Minardi). Let k be an imaginary quadratic field 
and p a prime. If the class number of k is prime top, then Greenberg's 
conjecture is valid for k and p. 

He gave the proof of the theorem in his thesis [10] (see also [11]). 
We shall prove Theorem A in Section 4 below for the convenience of the 
reader. 

He also verifies the pseudo-nullity of the Iwasawa module for the 
Z~-extension over many imaginary quadratic fields. See [10] for details. 
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§3. Proof of Theorem 1 

In this section, we shall prove Theorem 1. In fact, we shall give 
a more general result, from which one can derive Theorem 1 by using 
Theorem A. 

The notation used here is the same as in the preceding. For a prime 
p and an imaginary quadratic field k, let :F = :F(k,p) be the set of all 
Zp-extension fields K over k such that at least one prime of k lying above 
p does not split in K / k. We shall prove the following theorem in this 
section. 

Theorem 2. Let k be an imaginary quadratic field and p ~ 2 a 
prime number. Assume that the Iwasawa module X,;, is a pseudo-null 
A-module. Then the following hold: 
(i) If p splits ink, then A(K/k) = 1 and µ(K/k) = 0 for all but finitely 
many Zp-extensions KE F. 
(ii) If p does not split in k, then A( K / k) = µ( K / k) = 0 for all but finitely 
many Zp-extensions K E F. 

Before starting with the proof, we shall make some remarks on this 
theorem. 
(1) We note that if a Zp-extension K/k has the property Kn L(k) = 
k, then K E F, where L(k) is the Hilbert p-class field of k. Hence 
:F coincides with the set of all Zp-extensions over k if L(k) n k = k, 
for instance. Therefore, combining Theorem 2 and Theorem A in the 
preceding section, we obtain Theorem 1. 
(2) In general L(k) n k/k is a cyclic extension (including the case L(k) n 
k = k) unless p = 2 and p ramifies in k. Hence :F is an infinite set in 
this case. 
(3) Assume that p splits in k. Let K/k be a Zp-extension. Then the 
statement K rt :F is equivalent to that p splits completely in the first 
layer k1 of K/k. Suppose that K rt :F, and let k1 be the composite of 
all Zp-extension fields over k1. Then Gal(ki/k1) c:::; z~+l and the inertia 

subgroup of Gal(k1/k1) for a prime of k1 lying above pis isomorphic to 
Zp. Hence we have >,.(K/k) ~ p if both primes of k lying above p ramify 

in K/k, because k1 <;;; K <;;; k <;;; k1 and ki/K is unramified. 

Example. Let k = Q( ✓-239), p = 3. Then L(k) <;;; k, [L(k) : 
k] = 3 and p splits completely in L(k) (See [10, Table 6.1]). Hence 
we obtain A(K/k) ~ 3 if both primes of k lying above p ramify in 
K/k and L(k) <;;; K. In particular, we have ).(k'::!,ti/k) ~ 3 for the 
anti-cyclotomic Z3-extension k':),ti / k, because the anti-cyclotomic Zp

extension field always contains L(k) n kif p =I- 2. 
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The restriction "K E :F'' in case (i) of the above theorem is therefore 
indispensable. 
(4) We shall call a Zp-extension K/k with K E F such that either 
>...(K/k) > eK - l or µ(K/k) > 0 exceptional Zp-extension, where eK 
denotes the number of primes of k which ramify in K/k. As in the 
case of Theorem 1, we have no examples of exceptional Zp-extensions 
different from the cyclotomic Zp-extensions. 

We fix a prime p once for all in what follows. Let a and T be 
independent generators of Gal(k/k) '::::'. Z~, Gal(k/k) = (a) x (T), and we 
identify A with the ring of power series Zp[[S, Tl] by regarding a= l + S 
and T = l + T. In the case where p splits in k, say p = pp*, we write 
N and N* for the µ-ramified (i.e., unramified outside p) and the p* -
ramified ZP-extension fields over k, respectively. For a field F ~ Q, we 
write L(F) and XF for the maximal unramified pro-p abelian extension 
field over F and Gal( L( F) / F), respectively. When an element x of a 
ring operates on a module M, we write Mx = M/xM. Also, when a 
group G operates on a module M, we denote by M 0 (resp. Mc) the 
G-invariant submodule (resp. the G-coinvariant quotient module) of M. 

We study various quotient modules of X k to obtain information 
about the Iwasawa invariants of a Zp-extension of k from them: 

Lemma 1. Let k be an imaginary quadratic field and K/k a Zp
extension different from N / k and N* / k. We assume that K E F if 
p does not split in k. Then we have the following exact sequence of 
Zp[[Gal(K / k )]]-modules: 

O -----+ (X ,;,)cal(k/ K) -----+ XK -----+ C -----+ 0, 

where C is Gal( k / K) '::::'. Zp (if p splits in k) or a Zp-module of finite 
order (otherwise). 

Proof. First we treat the case where p splits in k and K -=/= N, N*. 
In this case, k/ K is unramified since the inertia subgroups of Gal(k/k) 
for the primes lying above p are isomorphic to Zp. Hence L(K)/K 
is the maximal abelian subextension of L(k)/K and Gal(L(K)/k) '::::'. 
(X,;,)cal(k/K)· Thus we have the lemma in this case. 

We next assume that p does not split ink. Denote by F / K the max
imal abelian subextension of L(k)/K, then L(K)k ~ F and L(K)/K is 
the maximal unramified subextension of F / K. It follows from K E F 
that there is a unique prime of K lying above p. Let Ip ~ Gal(F / K) 
be the inertia group for the unique prime of K lying above p. Since 
F/k is unramified, we have Ip n Gal(F/k) = 1. Hence we asserts that 
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L(K)k = F by Gal(F/L(K)) = Iv· Therefore Gal(L(K)/L(K) n k) ~ 
Gal(F/k) ~ (X;;;)Gal(k/K)· Since the inertia subgroup of Gal(k/k) for 

the prime of k lying above p is isomorphic to Z~ by class field theory, 

Gal(L(K) n k/ K) is finite. Thus we have the lemma. • 
For an a E Zp, put Ta.= (1 + s)-a.(1 + T) -1 = (J-a.T-1 EA, and 

let Ka. <;;; k be the fixed field of (<7-a.T). Then Ka./k is a Zv-extension. 
Here, we note that A= Zv[[S, Tall for every a E Zp. Let A<;;; Zp be the 
set of all p-adic integers with Ka. E :F. Each Zv-extension field over k is 
the fixed field of (<7-a.T) or of (<7T-a.) for some a E Zp. Hence we shall 
show that #(X;;;)ra < oo for all but finitely many a EA, which implies 
Theorem 2 by Lemma 1. 

Let 

r 

(1) 

be a shortest primary decomposition of the module O in the Noetherian 
A-module X;;;, namely, AssA(X;;;/Y;) = {Pi} and Pi -/- P1 if i -/- j, 
AssA(M) denoting the set of associated primes of M for a A-module M 
(see [9] for example). Note that J AnnA(X;;;/Y;) = Pi and htPi ~ 2 
from the assumption of the theorem. Then we have the following: 

Lemma 2. Under the assumption of Theorem 2, we have the exact 
sequence 

r 

0--> X;;; -1...., ffiX;;;/Y;--> D--> 0, 
i=l 

where D is a Zv-module of finite order and <p is the natural projection 
map. 

Proof. We can see that 

r 

ffi(n YJ + Y;)/Y; <;;; ¢(X;;;)-
i=l jcf-i 

Hence it is enough to show that #(X;;;/ n#i Yj + Y;) < oo. 
Put Ii = Ann A (X;;;/ njcf-i Yj + Y;) for 1 :s; i :s; r. Since AnnA (X;;;/Y;) 

<;;; Ii, we have 
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which assures that htJi :2: 2. If we assume that htJi = 2, then we have 
./I;, = Pi and htPi = 2. Since 

n AnnA(X;JYj) ~Ji~ Pi, 
#i 

AnnA(X;;;/YJ) ~ Pi for some j -1- i. We therefore obtain Pj = 
JAnnA(X;;;/Yj) ~ Pi, which asserts that Pi= Pj since htPi = 2 and 
htPj :2: 2. This is a contradiction. Thus we have htJi = 3 for 1 ::; i ::; r. 
Then #A/ Ji < oo since A is a local ring of dimension three with the 
maximal ideal (S, T,p) and #A/(Sn, Tn,pn) < oo for any n :2: 1. Since 
X;;;/ n#i Yj + Y; is a quotient of a direct sum of finitely many copies of 
A/ h we have the lemma. • 

From the exact sequence of Lemma 2, we get an exact sequence 

r 

(2) D[Ta.] -+ (X;;;)T" -+ E9(X;;;/Y;)T" -+ Dr" -+ 0, 
i=l 

where D[Ta.] = { x E DITa.x = O}. Hence we shall show that #(X;;;/Y;)T" 
< oo for fixed i and all but finitely many a E A. 

Lemma 3. For an a E Zp, #(X-;jY;)r" is infinite if and only if 
Ta. E Pi and htPi = 2. 

Proof. We assume that #(X;;;/Y;)r" is infinite. There exists a sur
jection 

for some n > l, where Ji = AnnA(X;;;/Y;). This surjection yields a 
surjection 

Hence #A/(Ji + Ta.A) = oo. As in the proof of Lemma 2, we can see 
that ht(Ji + Ta.A) ::; 2. From the inclusion of ideals 

pi~ pi +Ta.A= A +Ta.A~ JJi + Ta.A, 

and that htPi :2: 2 and ht( J Ji+ Ta.A) ::; 2, we have htPi = ht(Pi + 
Ta.A) = 2, which implies Ta. E Pi. 

Conversely, we assume that Ta. E Pi and htPi = 2. Then T':;_ E 

AnnA(X;;;/Y;) for some n :2: 1 since Pi= J AnnA(X;;;/Y;). If we assume 
#(X;;;/Y;)T" < oo, then X;;;/Y; = (X;;;/Y;)Tg < oo, contradicting to 
htPi = 2. Therefore #(X;;;/Y;)T" = oo. D 
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Now we assume that #(XiJY;,)r°' = oo for some a E A. We 
may assume that Ka =f, N, N*. (If there is not a E A such that 
#(X;JY;,)r"' = oo and Ka =f, N, N*, we have nothing to do.) Then 
T 0 A <:;;: Pi and htPi = 2 by Lemma 3. Hence Pi/TaA is a prime 
ideal of height one of A/T0 A. We have A/T0 A ~ Zv[[Sl] by (f (S, T0 ) 

mod T0 A) - f(S, 0) (note that Zv[[S, Tl] = Zv[[S, T0 ]]). Since ev
ery prime ideal of height one of Zv[[S]] is a principal ideal generated 
by an irreducible element of Zp[[S]], we find some irreducible element 
g0 (S) E Zv[[S]] such that 

(3) Pi= (Ta,ga(S)). 

Since Pi = JAnnA(X;;;/Y;,), we have g0 (sr E Annzp[[S]j((X;;;/Y;,)rJ 
for some n ~ 1, where we identifies A/T0 A with Zp[[S]] via the above 
isomorphism. Hence g0 ( S) divides a generator of the characteristic ideal 
ofZv[[S]]-module (X;;;/Y;,)r°' because #(X;;;/Y;,)r°' = oo (in fact, a power 
of g0 ( S) is a generator); this implies g0 ( S) divides a generator of the 
characteristic ideal of Zv[[S]]-module (X;;;)r°' by (2): 

(4) 

In the following, we shall show #(X;;;/Y;,)rf3 < oo for any (3 E Zv 
different from a. Sppose that #(X;;;/Y;,)rf3 = oo for some (3 E Zv differ
ent from a. Then Ta and T,a are contained in Pi by Lemma 3. Hence 
T 0 - T,a = (1 + S)-.8(1 + T)((l + S).8-a - 1) E Pi, from which we 
derive (1 + S)Pn - 1 E Pi for some n ~ 0 since (3 - a =f, 0. Because 
Pi= (T0 ,g0 (S)), we can see that g0 (S) divides (1 + S)Pn -1 in Zv[[S]]: 

(5) 

Lemma 4. Let k be an imaginary quadratic field and K E F a 
Zv-extension field over k with the Galois group r = ('y). Put Vn = 
(1'Pn -1)/(1'-1) E Zv[[r]] for n ~ 0. Then a generator of charzp[[r]]XK 
is prime to Vn for any n ~ 0. 

This lemma is well-known if K/k is a totally ramified Zv-extension. 
However, in our situation, K E F is not necessarily totally ramified over 
k at ramified primes. 

Proof of Lemma 4. We first note that if we have #M / gM < oo for a 
finitely generated torsion Zv[[rl]-module M, a generator of charzp[[r]]M 
is prime to any of g E Zv[[r]]. Let n ~ 0 be a fixed integer. If p does 
not split in k, then there exists a unique prime of the n-th layer kn 
of K/k lying above p. Hence the genus formula (see [8, p.307 Lemma 
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4.1]) says that #Ar;:,n = #Am/(,Pn - l)Am is bounded for all m ~ n; 
here Am denotes the p-Sylow subgroup of the ideal class group of km. 
SinceXK/(,Pn -l)XK ~projlimAm/(,Pn -l)Am (the projective limit 
is taken with respect to the norm maps), XK/(,Pn - l)XK is finite. 
Therefore we have the lemma (in fact, a generator of charzp[[r]]XK is 
prime to ''?n - 1). 

Next we assume that p splits in k. We first note that if either 
K = N or K = N*, the ramified prime of k in K / k does not split in 
K /k by the assumption K E :F; this is because p and p* decompose in 
the the same way in any cyclic unramified extension over k. (Note that 
p = pp* is principal.) Hence we have the lemma in the same way as 
above. Therefore we may assume that both p and p* ramify in K/k. 

From the assumption K E :F, we may assume that p* does not split 
in K. Let kn be the n-th layer of K / k as above. Denote by M ( K) 
and M(kn) the maximal pro-p abelian extension fields over K and kn 
which are unramified outside the primes lying above p, respectively. 

Then we have the isomorphism Gal(M(kn)/L(kn)) ~ nJJ.IP u!i:f E~l) 

by class field theory, where ~n is a prime of kn lying above p, U~1~ is 

the pro-p part of the local unit group U<.JJn of (kn)<,JJ. and E~1) is the 

closure of En n n<,JJ. IP u~1: in n<.JJ. IP u~1:' En being the group of units 
in kn. (We embed En diagonally in TI<.JJ. IP U<.JJ. as usual.) Since kn 
is an abelian extension field over an imaginary quadratic field, p-adic 

Leopoldt's conjecture is valid for kn, namely, rankzpE~1) = rankzEn = 
½[kn : Q] - 1 (see [3]). Hence we see that Gal(M(kn)/kn) is finitely 
generated over Zp and 

(6) 

Let X = Gal(M(K)/K) and Fn the maximal intermediate field of 
M(K)/ K which is abelian over kn. Then Gal(Fn/ K) ~ X/wnX, where 
Wn = 'Ypn - l. We denote the inertia group the unique prime of kn ly
ing above p* by Ip• ~ Gal(Fn/kn)- Then Ip• ~ Zp and Gal(Fn/ M(kn)) 
= Ip•· Therefore Gal(Fn/kn) is finitely generated over ZP and 
rankzpGal(Fn/kn) = 2 by (6), which implies that X/wnX is finitely 
generated over Zp and 

(7) 

for all n ~ 0. It follows from (7) that charzp[[r]]X/woX = woZp[[r]], 
which implies 

(8) 
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Here a generator of charzv[[r]]woX is prime to Vn for each n 2: 1 because 
w0X/vnwoX = woX/wnX is finite by (7). Thus we conclude from (8) that 
a generator of charzv[[rJ]X is prime to Vn for each n 2: 0. Since XK is a 
quotient of X, we obtain the lemma. D 

It follows from Lemma 1 that 

(9) charzv[(S]]XK0 = charzp[(S]](XK,)T0 charzv[(Sl]C. 

By (4), (5), Lemma 4, and the above formula, we have 

(10) 

Lemma 5. Let k be an imaginary quadratic field and K/k a Zp
extension with Galois group r = ('y). Then 
(i) charzv[[r]]XK i ('Y - l)Zp[[r]] if p does not split ink, 
(ii) charzp[[r]]XK i ('y - 1)2Zp[[r]] if p splits ink. 

Proof. In the case where p does not split in k, we can obtain the 
lemma by using the genus formula in a similar way to the proof of Lemma 
4. 

We assume that p splits in k. Let M(k)/k be the maximal pro-p 
abelian extension which is unramified outside the primes lying above p. 
We first note that the primes of k lying above p finitely decompose in 
M(k) by class field theory. Then we find that the module XK is semi
simple at 'Y - 1, i.e., XK has no submodule isomorphic to Zp[[r]]/('y -
1)2Zp[[r]], by [7, Proposition 6]. Furthermore, since XK/('Y- l)XK is 
a quotient of Gal(M(k)/K) and rankzpGal(M(k)/K) = 1 by class field 
theory, we have rankzpXK/('Y - l)XK ~ 1. Thus we have the lemma 
( see [7] for details). D 

It follows from (4) and (10) that charzp[[S]](XK,)T"' ~ SZp[[S]]. In 
formula (9), charzp[[S]]C = SZp[[S]] or Zp[[S]] according top splits ink 
or not. Thus we have a contradiction by Lemma 5. Consequently, we 
have shown that if there exists a EA such that #(XK,/Y;)T0 = oo and 
Ka-/:- N, N*, then #(XK,/Y;)r13 < oo for any /3 E Zp different from a. 
Since this holds for Sa = (1 + S)(l + T)-a - 1 instead of Ta, we find 
that the number of exceptional Zp-extensions in F different from N, N* 
is at most 2r, where r is the number of primary components of O ~ X k 
in (1). Thus we have proved Theorem 2. 

§4. Proof of Minardi's theorem 

In this section, we prove Minardi's theorem (Theorem A) in Section 
2 following his thesis [10]. 
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In fact, we shall show Theorem B below. Recall that in the case 
where p splits ink, say p =pp*, Njk (resp. N* /k) denotes the unique 
ZP-extension over k in which only the prime p (resp. p*) ramifies. 

Theorem B (Minardi). Let p be a prime and k an imaginary 
quadratic field. 

(i) Assume that p does not split in k. If there exists a Zp-extension 
Kjk such that >.(K/k) = µ(Kjk) = 0 and KE F = F(k,p), then Xk is 
a pseudo-null A-module. 
(ii) Assume that p splits ink. If >.(N/k) = µ(Njk) = 0 and NE F, 
or there exists a Zp-extension K jk-/- N jk, N* /k such that >.(Kjk) = 1 
and µ(K/k) = 0, then Xr,, is a pseudo-null A-module. 

Suppose that the class number of k is prime to p. If p does not 
split in k, then the prime of k lying above pis totally ramified in every 
Zp-extension Kjk and we have >.(Kjk) = µ(K/k) = 0 in this case. 
In the case where p splits in k, the prime p is totally ramified in N/k 
and >.(Njk) = µ(N/k) = 0. Hence the above theorem certainly implies 
Theorem A in Section 2. 

Proof. We shall show that #(Xr,,)r < oo for some subgroup r i:;;;; 

Gal(k/k) with Gal(k/k)/r '.::::'. Zp· Then we obtain the pseudo-nullity of 
Xr,, because 

charAr(Xr,,)r = 1r(charAXr,,)charArxf' 

where 1r is the natural projection map from A to Ar and char*(*) de
notes the characteristic ideal. (Note that the pseudo-nullity of Xr,, and 
charAXr,, = A are equivalent, which in turn is equivalent to 1r(charAXr,,) 
= Ar; see [13, I.I.Lemma 4].) 

We first treat the case where p does not split ink. Let K/k be a 
Zp-extension with the property stated in (i) of the theorem. It follows 
from Lemma 1 that (Xr,,)Gal(k/K) c......., Gal(L(K)/ K). Hence we have 

#(Xr,,)cal(k/K) < oo by >.(Kjk) = µ(Kjk) = 0. This concludes the 
proof of (i). 

Next we assume that p splits in k. Suppose that there exists a 
Zp-extension K/k -/- Njk, N* jk such that >.(Kjk) = 1, µ(Kjk) = 

0. Then we obtain (X;;Jcal(k/K) = Gal(L(K)/k) by Lemma 1. Since 
Gal(L(K) / K) is a finitely generated Zp-module of rank 1 by >.(K/k) = 
1, µ(Kjk) = 0, we have #(Xr,,)cal(k/K) = #Gal(L(K)/k) < oo. Finally 
we shall derive (Xk)Gal(k/N) < oo from the fact that >.(N jk) = µ(N jk) = 
0 and N E F. Let F be the maximal intermediate field of L(k)jk 
which is abelian over N. Then we see Gal(F/k) = (Xr,,)Gal(k/N) and 
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L(N) s;;; F. Let kn (then-th layer of N/k) be the decomposition field of 
N/k for the prime p* and\}};* (1::;: i::;: pn) the primes of kn lying above 
p*. (Note that a prime of k lying above p is finitely decomposed in k 
by class field theory.) Denote by I<;p,* s;;; Gal(F/N) the inertia group 
for the prime of N lying above\}};*. We note that Gal(N/kn) acts on 
Gal(F/N) as usual, and that I<;p, * is stable under this action. The inertia 
group I<;p, * is mapped into Gal(k/N) -:::c 'll.,P injectively via the restriction 
Gal(F/N)-----, Gal(k/N) because F/k is an unramified extension. Hence 
it follows that I<;p,* c::c 'll.,P and Gal(N/kn) acts trivially on I<;p,*• Since 
F / N is unramified outside the primes lying above p*, we have 

pn 

(11) Gal(F/L(N)) = LI'TJ,*· 
i=l 

It follows from the assumption [L(N): N] < oo and (11) that Gal(F/N) 
is finitely generated over Zp, and that Gal(N/kn) acts trivially on 
Gal(F/N)/Gal(F/N)tor, Gal(F/N)tor being the Zp-torsion submodule 
of Gal( F / N). Let F' s;;; F be the fixed field by Gal( F / N)t0 r. Then F' / kn 
is an abelian extension because Gal( N /kn) acts trivially on Gal(F' / N) -:::c 

Gal(F/N)/Gal(F/N)tor• Since N E F, the prime p does not split in 
N /k. We write Ip for the inertia subgroup of Gal(F' /kn) of the unique 
prime of kn lying above p. Then Ip c::c Zp since p is unramified in F' /N 
and Gal(N/kn) -:::c Zp· Let M*(kn) be the maximal pro-p abelian exten
sion field over kn which is unramified outside the primes lying above p*. 
Because F' 1P s;;; M*(kn) and rankz,;PGal(M*(kn)/kn) = 1 as we have 
seen in the proof of Lemma 4, we conclude that rankzP Gal(F' /kn) = 2, 

which implies [F' : k] < oo. Therefore we have #(X-iJGal(k/N) = [F : 

'k] < oo. • 

In conclusion, combining Theorem 2 and Theorem B, we obtain the 
following: 

Theorem 3. Let p be a prime and k an imaginary quadratic field. 
For a Zp-extension K/k, we denote by eK the number of primes of k 
which ramify in K/k. Assume that F = F(k,p) is not empty. Then the 
fallowing three statements are equivalent: 
(i) There exists aZp-extensionfieldK E F overk with>..(K/k) = eK-l 
and µ(K/k) = 0, 
(ii) >..(K/k) = eK - l and µ(K/k) = 0 for all but finitely many KE F, 
(iii) Xk is a pseudo-null A-module. 
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