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Bosonic Formula for Level-restricted Paths 

Anne Schilling* and Mark Shimozono t 

Abstract. 

We prove a bosonic formula for the generating function of level
restricted paths for the nonexceptional affine Kac-Moody algebras. 
In affine type A this yields an expression for the level-restricted gen
eralized Kostka polynomials. 

§1. Introduction 

Let g be a nonexceptional affine Kac-Moody algebra, that is, one 
of type A~1) (n ~ 1), B~1) (n ~ 3), C~1) (n ~ 2), D~1) (n ~ 4), A~~ 
(n ~ 1), A~~-l (n ~ 3) or D~~1 (n ~ 2). Let Uq(g) be the quantized 
affine algebra and Uq(g)+ the "upper triangular" part of Ug(g). Let V 
be a Uq{g)+-submodule of a finite direct sum V' of irreducible integrable 
highest weight Uq(g)-modules, and Il the limit of the Demazure operator 
for an element w of the Weyl group as f(w) --. oo. The main theorem 
of this paper gives sufficient conditions on V so that the formula 

(1) Il ch(V) = ch(V') 

holds, where ch(V) is the character of V. When V is the one-dimen
sional Ug(g)+ -module generated by the dominant integral weight A then 
(1) is the Weyl-Kac character formula. The above result is well-known 
when Vis a union of Demazure modules for any Kac-Moody algebra g. 

Let g' be the derived subalgebra of g. Consider the Uq(g')-module 
V given by a tensor product of finite-dimensional Uq(g')-modules that 
admit a crystal of level at most £, with the one-dimensional subspace 
generated by a highest weight vector of an irreducible integrable high
est weight Uq(g')-module of level£. Such modules V can be given the 
structure of a Uq(g)+ -module and as such, satisfy the above conditions. 
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Then a special case of (1) is a bosonic formula for the q-enumeration 
of level-restricted inhomogeneous paths by the energy function. In type 
A~121 this formula was conjectured in [3], stated there as a q-analogue 
of the Goodman-Wenzl straightening algorithm for outer tensor prod
ucts of irreducible modules over the type A Hecke algebra at a root of 
unity [4]. In the isotypic component of the vacuum, the bosonic formula 
coincides with half of the bose-fermi conjecture in [20, (9.2)]. 

The authors would like to thank Nantel Bergeron, Omar Foda, 
Masaki Kashiwara, Atsuo Kuniba, Masato Okado, Jean-Yves Thibon, 
and Ole Warnaar for helpful discussions. 

§2. Notation 

Most of the following notation is taken from ref. [7]. Let X be 
a Dynkin diagram of affine type with vertices indexed by the set I = 
{O, 1, 2, ... , n} as in [7], Cartan matrix A= (aiikiEI, g = g(A) the affine 
Kac-Moody algebra, and b the Cartan subalgebra. Let { a't : i E J} C b 
and { aj : j E I} C b* be the simple coroots and roots, which are 
linearly independent subsets that satisfy ( a't, a j) = aij for i, j E J 
where (·, ·) : b i&I b* _, <C is the natural pairing. Let Q = EBiEI Zai be 
the root lattice. Let the null root 8 = LiEI aiai be the unique element of 
the positive cone EBiEI Z~o ai in Q, that generates the one-dimensional 
lattice {,8 E Ql(a't,,8) = 0 for all i E J }. Let K = LiEia'ta't Eb be 
the canonical central element, where the integers a't are the analogues of 
the integers ai for the dual algebra g v defined by the transpose t A of the 
Cartan matrix A. Let d E b (the degree derivation) be defined by the 
conditions (d, ai) = 8io where 8ij is the Kronecker delta; dis well-defined 
up to a summand proportional to K. Then {at, ... , a~, d} is a basis of b
Let {Ao, ... , An, 8} be the dual basis of b*; the elements {Ao, ... , An} 
are called the fundamental weights. The weight lattice is defined by 
P = EBiEI ZAi EB Za018; in the usual definition the scalar a01 is absent. 
The weight lattice contains the root lattice since O:j = LiEI aijAi for 
j E J. Define p+ = EBiEI Z~o Ai EB Za018. Say that a weight A E p+ 
has level C if C = (K, A). 

Let (·I·) denote the standard symmetric bilinear form on b *. Since 
{ ao, ... , an, Ao} is a basis of b *, this form is uniquely defined by setting 
(ailaj) = a'ta-; 1aij for i,j EI, (ailAo) = 8ioao 1 for i E J and (AolAo) = 
0. This form induces an isomorphism v : b ----, b* defined by a't v(a't) = 
aiai for i E J and v(d) = aoAo. Also v(K) = 8. 

The Weyl group W is the subgroup of GL(b*) generated by the 
simple reflections ri (i E J) defined by ri(,8) = ,8- (a't,,B)ai. The 
form (·I·) is W-invariant. Suppose a E Q is a real root, that is, the 
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a-weight space of g is nonzero and there is a simple root ai and a Weyl 
group element w E W such that a = w(ai), Define av E IJ by w(an. 
This is independent of the expression a = w(ai), Define ra. E W by 
ra.(/3) = /3- (av,/3)a for /3 E IJ*. 

Let g' be the derived algebra of g, obtained by "omitting" the degree 
derivation d. Its weight lattice is Pel ~ P/za·c;16. Denote the canonical 
projection P - Pel by cl. Write af1 = cl(ai) and Af1 = cl(Ai) for i E J. 
The elements { af1 I i E I} are linearly dependent. Write af : Pel - P 
for the section of cl given by af(Af1) = Ai for all i E J. Write PJ = 
E0iEJ 'll,2'.0 Af Define the level ofµ E Pei to be (K, af(µ)). 

Consider the Dynkin diagram X obtained by removing the vertex 
0 from the diagram X, with corresponding Cartan matrix A indexed 
by the set J = I - {O}, and let g = g(A) be the simple Lie algebra. 
One has the inclusions g Cg' Cg. Let {ai : i E J} be the simple roots, 
{Ai : i E J} the fundamental weights, and Q = El,iEJ 'll,ai the root lattice 
for jj. The weight lattice of g is P = El,iEJ ZAi and P ~ Pel/ZAo. The 
image of A E P into P is denoted by A. We shall use the section of 
the natural projection Pel - P given by the map P - Pel that sends 
Ai f-t A'/ - A't} for i E J. By abuse of notation, for A E P, A shall 
also denote the image of the element A under the lifting map P - P 
specified above. 

-+ - -+ 
Let P = El,iEJ 'll,2'.0 Ai- For .X E P , denote by V(.X) the irreducible 

integrable highest weight Uq(jj)-module of highest weight .X. 
Let 0 = J - aoao = I:iEJ aiai E Q. One has the formulas (0/0) = 

2a0 , 0 = a0 v(0v), and a~= K - ao0v. Observe that 

cl(ao) = -ao1 Laiaf = -cl(v(0v)). 
iEJ 

For A E p+ let V(A) be the irreducible integral highest weight mod
ule of highest weight A over the quantized universal enveloping algebra 
Uq(g), llll(A) the crystal base of V(A), and UA E llll(A) the highest weight 
vector. 

By restriction from Uq(g) to Uq(g'), the module V(A) is an irre
ducible integral highest weight module for Uq(g') of highest weight cl(A), 
with crystal llll(A) that is Pel-weighted by composing the weight function 
llll(A) - P with the projection cl. Conversely, any integrable irreducible 
highest weight Uq(g')-module can be obtained this way. 
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§3. Short review of affine crystal theory 

3.1. Crystals 
A P-weighted I-crystal B is a colored graph with vertices indexed 

by b E B, directed edges colored by i E I, and a weight function wt : 
B -t P, satisfying the axioms below. First some notation is required. 
Denote an edge from b to b' colored i, by b' = fi(b) or equivalently 
b = ei(b'). Write <Pi(b) (resp. Ei(b)) for the maximum index m such that 
JF(b) (resp. ef'(b)) is defined. 

1. If b' = fi(b) then wt(b') = wt(b) - o:i. 
2. <Pi(b) - Ei(b) = (o:Y, wt(b)). 

An element u E B is a highest weight vector if ei ( u) is undefined for all 
i E I. The i-string of b E B consists of all elements ef'(b) (0 :::; m :::; Ei(b)) 
and JF(b) (0 :::; m :::; </Ji(b)). The nondominant part of the i-string is 
comprised of all elements which admit ei. 

We also define the crystal reflection operator Si : B -t B by 

It is obvious that Si is an involution. Observe that 

(2) wt(si(b)) = riwt(b) = wt(b) - (a:{', wt(b))o:i. 

Define the notation </>(b) = L-iEI </>i(b)Ai and E(b) = L-iEI Ei(b)Ai. 
If a Uq({l)-module (resp. Uq(g')-module, resp. Uq(g)-module) has 

a crystal base then the latter is naturally a P-weighted (resp. Pc1-
weighted, resp. P-weighted) I-crystal (resp. I-crystal, resp. J-crystal). 

3.2. Tensor products 
Given crystals Bi and B2, contrary to the literature (but consistent 

with the Robinson-Schensted-Knuth correspondence in type A), define 
the following crystal structure on the tensor product B2 0 Bi. The 
elements are denoted b2 0 bi for bi E Bi (i E {1, 2}) and one defines 

</>i(b2 0 bi)= </>i(b2) + max(0, </>i(bi) - Ei(b2)) 

Ei(b2 0 bi)= Ei(bi) + max(0, -</>i(bi) + Ei(b2)). 

When </>i(b2 0 bi) > 0 (resp. Ei(b2 0 bi) > 0) one defines 

fi(b2 0 bi) = {b2 0 fi(bi) if </>i(bi) > Ei(b2) 
fi(b2) 0 bi if </Ji(bi) :::; Ei(b2) 
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and respectively 

An element of a tensor product of crystals is called a path. 

3.3. Energy function 

The definitions here follow [16]. Suppose that B 1 and B2 are crystals 
of finite-dimensional Uq(g')-modules such that B 2 ® B 1 is connected. 
Then there is an isomorphism of Pel-weighted I-crystals B2 ® B 1 ~ 

B 1 ® B 2 • This is called the local isomorphism. Let the image of b2 ® b1 E 

B 2 ® B1 under this isomorphism be denoted bi® b~. Then there is a 
unique (up to a global additive constant) map H : B2 ® B1 ---+ Z such 
that 

-1 if i = 0, eo(b2 ® b1) = eo(b2) ® b1 

and eo(bi ® b~) = eo(Vi) ® b~, 
if i = 0, eo(b2 ® b1) = b2 ® eo(b1) 

and eo(bi ® b~) =bi® eo(b~), 
0 otherwise. 

This map is called the local energy function. 
Let B = BL®•••® B 1 with Bi the crystal of a finite-dimensional 

Uq(g')-module for 1 ~ j ~ L. Assume that for all 1 ~ i < j ~ L, Bj ®Bi 
is a connected Pel-weighted I-crystal. Given b = h ® · · · ® b1 E B, 
denote by b)i+l) the (i + 1)-th tensor factor in the image of b under the 
composition of local isomorphisms that switch Bi with Bk as. k goes 
from j - 1 down to i + 1. Then define the energy function 

(3) '°' H. ·(b(i+l) ® b·) L..., J,t J i 

1::=;i<j::=;L 

where Hj,i : Bi ® Bi ---+ Z is the local energy function. It satisfies the 
following property. 

Lemma 1. [5, Prop. 1.1] Suppose i E I, b E B and ei(b) is defined. 
If i :/= 0 then EB(ei(b)) = EB(b). If i = 0 and b has the property that 
for any of its images b' = b'r, ® • • • ® bi under a composition of local 
isomorphisms, eo(b') = b'r, ® · · · ® eo(b,.,) ® · · · ® bi with k :/= 1, then 
EB(eo(b)) = EB(b) -1. 
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3.4. Classically restricted paths 

Say that b E B := BL@··•@ Bi is classically restricted if b is a 
g-highest weight vector, that is, ei(b) is undefined for all i E J. For 

,\ E p+ denote by P(B, ,\) the set of classically restricted b E B of 
weight ,\. Define the polynomial 

(4) K(B, .\)(q) = L qEB(b) 

bEP(B,>.) 

where Es is the energy function on B. For g of type A~i2i K(B, .\)(q) 
is the generalized Kostka polynomial [18, 19, 20]. 

3.5. Almost perfect crystals 

Let B be the crystal of a finite-dimensional Uq(g')-module. Say that 
B is almost perfect of level C [17] if it satisfies the following weakening 
of the definition of a perfect crystal [9, Def. 4.6.1]: 

1. B@ Bis connected. 
2. There is a A' E Pc1 such that there is a unique b' E B such that 

wt(b') = A' and for every b EB, wt(b) EA' - ffiiEJ Z;:::oai. 
3. For every b EB, (K, E(b)) 2: C. 
4. For every A E PJ of level C, there is ab, b' EB such that E(b) = 

cp(b') = A. 
B is said to be perfect if the elements b and b' in item 4 are unique. 

3.6. Level restricted paths 

From now on, fix a positive integer C (the level). 
For 1 :S j :S L let Bj be the crystal of a finite-dimensional Uq(g')

module, that is almost perfect of level at most C. 
Let B =BL@·· -@Bi, A,A' E Pct weights of level£, and P(B, A, A') 

the set of paths b = h@ ···@bi EB such that b@ UA EB @JB(A) is a 
highest weight vector of weight A'. 

In the special case that A = CA0 , the elements of P(B, A, A') are 
called the level-£ restricted paths of weight A'. 

Theorem 2. [9] [13, Appendix A]. Let g be a nonexceptional affine 
Kac-Moody algebra, B the tensor product of crystals of finite-dimensional 
Uq(g')-modules that are almost perfect of level at most C, and A E Pj" 
a weight of level C. Then there is an isomorphism of Pc1-weighted !
crystals 

(5) B@JB(A) ~ EB EB JB(A') 
A'EP;j bEP(B,A,A') 
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where A' is of level e. 
This isomorphism of Pc1-weighted crystals can be lifted to one of 

?-weighted crystals by specifying an integer multiple of ao 16 for each 
highest weight vector in B ® JIB( A). However for our purposes this should 
be done in a way that extends the definition of the energy function for 
B. To this end, choose a perfect crystal Bo of level e, and assume that 
for all O :S i < j :S L, Bj ® Bi is connected. Let b0 E Bo be the unique 
element such that cf>(bo) = A. Define the energy function E: B----+ Z by 
E(b) = EB,B0 (b ® bo) where EB,Bo : B ®Bo----+ Z is the energy function 
defined in (3). For b E P(B, A, A'), define an affine weight function 
wt(b ® uA) = af(A') - E(b)a016. This defines the P-weight of every 
highest weight vector in B ® !IB(A) and hence a P-weight function for all 
of B@JIB(A). 

Then one has the following ?-weighted analogue of (5): 

(6) B @JIB(af(A)) ~ EB EB JIB(wt(b ® uA)) 
A'EP:;;_ bEP(B,A,A') 

where A' is of level e. This decomposition can be described by the 
polynomial 

(7) K(B, A, A', Bo)(q) = 
bEP(B,A,A') 

Our goal is to prove a formula for the polynomial K(B, A, A', B0 )(q). 

§4. General bosonic formula 

Let J be the antisymmetrizer 

J = L c:(w)w. 
wEW 

Write 

R = IT (l - exp(-a))mult(a) 

<>Etl.+ 

where A+ is the set of positive roots of g and mult(a) is the dimension 
of the a-weight space in g. 

Let p E p+ be the unique weight defined by (a";f, p) = 1 for all i E J 
and (d,p) = 0. It satisfies (ev,p) = ao 1 (K -a"6,P) = ao1(hY -1) where 
h v = I:iEJ a";f is the dual Coxeter number. Define the operator 

ll(p) = R-1e-P J(ePp). 
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where R-1 makes sense by expanding the reciprocals of the factors of R 
in geometric series. The computation is defined in a suitable completion 
of Z[P]. One has II(eA) = chV(A) for all A E p+, which is the Weyl
Kac character formula [7, Theorem 10.4]. 

Theorem 3. Let g be a nonexceptional affine Kac-Moody algebra, B' 
the crystal of a finite direct sum of irreducible integrable highest weight 
Uq(g)-modules and B C B' a subset such that: 

1. B is closed under ei for all i E J. 
2. B' is generated by B. 
3. For all b EB and i E I, if Ei(b) > 0 then the i-string of b in B' 

is contained in B. 

Then 

(8) II ch(B) = ch(B'). 

Proof Without loss of generality it may be assumed that B' = 
IIB(A) for some A E p+. Multiplying both sides of (8) by R eP, one 
obtains 

L t:(w)w(ewt(b)+p) = L t:(w)w(eA+P). 
(w,b)EWxB wEW 

Observe that both sides are W-alternating. The W-alternants have a 
basis given by J(A + p) where A E p+_ Taking the coefficient of eA+p 
on both sides, 

(9) L t:(w) = 1 
(w,b)ES 

where Sis the set of pairs (w,b) E W x B such that 

(10) wt(b) = w- 1 (A + p) - p. 

Observe that if (w, b) ES is such that bis a highest weight vector, then 
w = I and b = uA, for both of the regular dominant weights wt(b) + p 
and A+ p are in the same W-orbit and hence must be equal. Conditions 
1 and 2 ensure that UA E B. Let S' = S - {(1, uA)}. It is enough to 
show that there is an involution <p : S' ---; S' with no fixed points, such 
that if <p( w, b) = ( w', b') then w and w' have opposite sign. In this case 
<p is said to be sign-reversing. Let Si be the set of pairs ( w, b) E S' such 
that Ei(b) > 0. Define the map <pi: Si---; Si by <pi(w,b) = (wri,siei(b)). 
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Note that siei(b) EB by condition 3. The condition (10) for <I>i(w, b) is 

(wri)-i(A + p) - p = riw-i(A + p) - rip+ rip - p 

=ri(w-i(A+p)-p)-(a(,p)ai 

= ri(wt(b)) - ai = wt(fisi(b)) = wt(siei(b)). 

Since siei(b) = fisi(b), Ei(siei(b)) > 0, so that (wri, siei(b)) E Si. This 
shows that <I>i is well-defined. It follows directly from the definitions 
that <I>i is a sign-reversing involution. 

Since S' = uiEI Si it suffices to define a global involutive choice of 
the canceling root direction for each pair (w, b) ES', that is, a function 
v: S' - I such that if v(w, b) = i then 

(Vl) ( w, b) E Si. 
(V2) v(wri,Siei(b)) = i. 

Let A = Ai1 + · · · + Ait be an expression of A as a sum of fundamental 
weights. By [6, Lemma 8.3.1], IIB(A) is isomorphic to the full subcrystal 
of IIB(Ait) 18) • • • 18) IIB(Ai1 ) generated by UA;t 18) • • • 18) UA;1 • 

Given ( w, b) E S', let be 18) • • • 18) bi be the image of b in the above 
tensor product of crystals of modules of fundamental highest weight. 
Let r be minimal such that br 18) br- i 18) • • • 18) bi is not a highest weight 
vector. Then br- i 18) • • • 18) bi is a highest weight vector, say of weight A'. 

Let B be a perfect crystal of the same level as Air. Given any L > 0, 
the theory of perfect crystals [9, Section 4.5] gives an isomorphism of 
P-weighted crystals 

where j is determined by ir and L and B®L is P-weighted using the 
energy function. 

Let br E IIB(Ad have image P-i 18) • • • 18) P-L 18) u' where u' E IIB(Aj ). 
Assume that L is large enough so that u' = UA;. If one takes the image 
of br in such a tensor product for L' > L the tensor factors P- i through 
P-L do not change. 

Let k be minimal such that PkQ9· · ·Q9P-£Q9UA; Q9UA' is not a highest 
weight vector. Observe that k is independent of L as long as L is big 
enough. Then Pk-i 18) • • • 18) P-L 18) UA; 18) UN is a highest weight vector, 
say of weight A". 

So Pk E B is such that Ei(Pk) > (a(, A") for some i E /; let J' be 
the set of such i E /. 

Fix an i E 11• Consider the same constructions for b' = Siei(b). 
Let bi 18) • • • 18) bi be the image of b' in the above tensor product of 
irreducible crystals of fundamental highest weights. Then b~-i 18) • • • 18) 
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bi = br-1 © · · · © b1 and b~ © · · · © Vi is not a highest weight vector; 
in particular it admits ei. Take L large enough so that the image of 
b~ in B®L © B(Aj) also has the form p'_ 1 © · · · © p'_L © UA_;· Then 
Pk-1 © · · · © P-L = Pk-1 © · · · © p'_L and Pk © · · · © p'_L © UAi © UA1 

admits ei. 
The level of the fundamental weight Ai is a;. For the affine algebras 

A~1) and C~1), a; = 1 for all i E J. For all others 1 ::; a; ::; 2. The the
orem now follows from Lemma 4 below, applied with the affine highest 
weight vector UA", perfect crystal element Pk E B, and left tensor factor 
element · · · © br+2 © br+l © P-1 © · · · © Pk+l E · · · B(Air+2 ) © B(Air+l) © 
B®l-k_ Q.E.D. 

We remark that in Lemma 4, the function v constructed in the proof, 
is independent of A as well. 

Lemma 4. Let g be a nonexceptional affine Kac-Moody algebra and f.' 
the level of some fundamental weight. Then there is a perfect crystal B 
of level f.' with the following properties. 

Let A be a dominant integral weight of level f. ~ f.'. Denote by S the 
set of elements b1 E B such that b1 © UA is not a highest weight vector 
inB©B(A). 

Then there is a map v : S -+ I (depending only on A, B, and 
b1 E Sc B) such that if v(b1) = i then 

1. fi(b1 © UA) > 0. 
2. For any crystal B2 and element b2 E B2 such that the connected 

component of the element b2©b1 ©uA in B2©B©B(A) is isomor
phic to a crystal of the form B(A'), and writing b~ ©Vi© UA = 
siei(b2 © b1 © uA), one has bi ES and v(bi) = i. 

Proof. For the involutive property 2, it is sufficient that v is con
stant on the nondominant part of every string. Hence one only needs to 
consider · 

(11) 
elements b1 that are on the nondominant part 

of at least two strings of length ~ 2. 

Perfect crystals oflevel one for A~1) (n ~ 1), B~1) (n ~ 3), D~1) (n ~ 
4), A~~ (n ~ 1), A~~-l (n ~ 3) and D~2J1 (n ~ 2) are listed in Table 1 
(see [9, Section 6]). Note that there are no elements satisfying (11). This 
guarantees the existence of the map v with the desired properties. 

The crystal B(2A1) EB B(O) is a level one perfect crystal for C~1) 
(n ~ 2) [8]. The crystal graph corresponding to the integrable highest 
weight module V(A1) of Uq(Cn) is given by [14, (4.2.4)] 
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0 

A~l} 

0 

B~l} 

0 

0 

D~l} 

0 

0 

0 

TABLE 1. Level one perfect crystals 

IT] 1 ~ 2 n-1 r:-, n r:7 n-1 2 r;-i 1 r., ---+L1_j ~ . . . --=--+L..!!J ---+ ~ ---+ . . . ---+ ~ ---+ L.!.J . 

The crystal B(2A1) is the connected component of B(A1) ® B(A1) con
taining UA 1 ® UA1 (see [14, Section 4.4]) which fixes the action of ei and 
fi for 1 ~ i ~ n. The edges in B(2A1) EB B(O) corresponding to Jo are 
given by [8] 
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[ill] __Q_.ITEJ for i =/ 1, I 
II II I__Q_. 0 

0 __Q_. ITE] . 

There are the following strings of length greater than one 

[I"ill ____L. II[§J----L+I k+l I k+l I for 1 ~ k < n 

(12a) !k I k+l 1----L+ [DI] ----L.1 k+l !Ii I for 1 ~ k < n 

I k+l I k+l 1----L+lk+l !kl ____L. l1cl1cl forl~k<n 

(12b) ~ __!!_. ~ __!!_. In In I 

IIIII ____g_ 0 ____g_ ITEJ 
Note that none of the elements satisfies (11). 

For type A~~-t the crystal B(2A1) is perfect of level 2 [10, Sec. 1.6 

and 6.7). The elements are given by 0!] with x ~ y and x,y E {1 < 
2 < · · · < n < ii < · · · < 2 < I}. The action of Ii for i = 1, 2, ... , n is 
the same as for the above ci1> crystal of level one, and Io = a o ft o a 
where a is the involution that exchanges 1 and I (with appropriate 
reorderings). 

The strings of length greater than one are the same as in (12a) and 
(12b). In addition there are the following 0-strings of length 2 

!I !I I __Q_. [!lil __Q_. ~ 

(13) 12 !I I __Q_. ITITJ 
1 2 I 2 1 

__Q_. ITli] 

The only elements fulfilling (11) are [QI], 12:J:I], 12TI], and ~ which 
belong to a 0-string and a 1-string of length two. It can be checked that 
setting v(b) = 0 for bone of these four elements guarantees the involutive 
condition of v. 

For type Bi1> the crystal B(2A1) is perfect of level 2 [10, Sec. 1.7 

and 6.8). It consists of the elements 0!] with x ~ y and x, y E {1 < 

· · · < n < 0 < n < · · · < I}; x = y = 0 is excluded. The action of Ii for 
i = 1, 2, ... , n is given by the tensor product rule using the action on 
the level 1 crystal of B;P as given in Table 1, and Io = a o I 1 o a where a 
is the involution that exchanges 1 and I (with appropriate reorderings). 
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The strings of length greater than one are those of equations (12a) 
and (13) and in addition the following n-string of length four 

The same four elements as for A~~-l satisfy (11) and again setting v(b) = 
0 for these ensures the involutive property of v. 

For type D~1) the crystal B(2A1) is perfect of level 2 [10, Sec. 1.8 

and 6.9]. It consists of the elements GE] with x ~ y and x,y E {1 < 
2 < • • • < n, n < • • • < I}, the cases x = n, y = n and x = n, y = n 
being excluded. The action of /i for i = 1, 2, ... , n is given by the tensor 
product rule using the action on the level 1 crystal of D~1) as given in 
Table 1, and Jo = u o f 1 o u where u is the involution that exchanges 1 
and I (with appropriate reorderings). 

Again the strings of length greater than one are the same as in 
equations (12a) and (13) plus the following n-strings 

~ -L+ In I n-r I-L+I n-r I n-r I 
I n-1 I n-1 1-L+I n-1 In I _!}__. In In I 
I n-l lnl -L+I n-l I n-f I-L+ lnl n-f I. 

In addition to the four elements [QI], 12::E], [DI], and ITE] also 

the elements I n-f I n-f I , I n-1 I n-f I , I n I n-f I, and ! n I n-f I satisfy ( 11). 
The latter ones are contained in an ( n-1 )-string and an n-string. Setting 
v(b) = 0 for the first four elements and v(b) = n for the last four elements 
ensures the involutive property of v. 

The crystal B(O) EB B(Ai) EB B(2A1) is a level 2 perfect crystal for 

D~~1 [10, Sections 1.9 and 6.10]. The elements of this crystal are 0, 0, 
and GE] with x, y E {1 < 2 < • • · < n < 0 < n < · · · < I} and x ~ y; 
x = y = 0 is excluded. The action of Ji for i = 1, 2, ... , n is given by 
the tensor product rule using the action on the level 1 crystal of D~~1 
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as given in Table 1, and the action of f o is given by 

0 ___Q___..0 

(15) 
0 ___Q___..~ 

m ___Q___.. 0 

G:li] ___Q___..0 
and undefined otherwise. 

for x-/- I 

for X -/- 1 

The strings of length greater than one are given by (12a), (14) and 

( 16) I I I I I ___Q___.. [!] ___Q___.. 0 ___Q___.. 0 ___Q___.. [DD 

There are no elements with property (11). 
The crystal B(O) EB B(A1) EB B(2A1) is a level 2 perfect crystal for 

A~~ [10, Sec. 1.10 and 6.11]. The elements of this crystal are 0, 0, 
and ~ with x, y E {1 < 2 < · · · < n < n < · · · < I} and x ::; y. 
The action of /i for i = 1, 2, ... , n is given by the tensor product rule 
using the action on the level 1 crystal of A~~ as given in Table 1, and 
the action of fo is the same as in (15). 

The strings oflength greater than one are as in (12a) for n ~ 2, (12b) 
and (16). Again there are no elements with property (11). Q.E.D. 

Remark 5. Suppose g is of type A~121 in Lemma 4. The function 
v amounts to a canonical choice of a simple root i among those such 
that the given element admits ei. Consider b E IIB(Ar) such that b -/
UAr· In addition to the realization of the crystal IIB(Ar) by the space of 
homogeneous paths using the crystal given in the proof of Lemma 4, one 
may also consider the realization in [2] by n-regular partitions. Suppose 
A is the partition corresponding to b. Then up to the Dynkin diagram 
automorphism that sends r + i to r - i modulo n, the choice of violation 
v corresponds to the corner cell of A that is in the rightmost column of A. 
This choice of corner cell is used in [15] to define the smallest Demazure 
crystal of JIB( Ar) containing b. 

§5. Inhomogeneous paths 

Theorem 6. Let g be as in Theorem 3, and B, A, and Bo be as in (6). 
Suppose in addition that for all 1 ::; j ::; L and b E Bi, if b@ b0 f-+ bti @ b' 
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under the local isomorphism B1®B0 ___, B0 ®B1 and eo(b®bo) = e0 (b)®b0 

then eo(b~ ® b') = e0 (b~) ® b'. Then 

(18) II (ch(B ® uA)) = ch(B ® IIB(A)). 

Proof. It is enough to verify the hypotheses of Theorem 3, applied 
to B ® UA C B ® IIB(A). B ® IIB(A) is isomorphic to a direct sum of 
irreducible integrable highest weight modules by Theorem 2. B ® UA is 
obviously closed under the ei. It follows from [11, Lemma 1] that B®uA 
generates B®IIB(A). To check the third condition of Theorem 3, let b EB 
and i E I be such that Ei(b ® uA) > 0. Then Ei(b) > </>i(uA) = (ex(, A). 
This implies that the i-string of b ® UA inside B ® IIB(A), consists of 
vectors of the form b' ® UA where b' E B. 

Finally, Lemma 1 with B replaced by B ® Bo guarantees that the 
affine weight function on B ® IIB(A) determined by its value on highest 
weight vectors, agrees on the subset B ® UA with the function wt(b) = 
af(wt'(b))-Es,s0 (b®bo)a018wherewt': B------, Pc1 is the original weight 
function. Q.E.D. 

Remark 7. Observe that even without the extra hypothesis on the 
action of e0 in Theorem 6, one obtains a bosonic formula. The extra 
condition is only needed to show that the energy function b 1----+ Es,Bo (b® 
b0 ) gives rise to the correct affine weight for all elements of the form b®uA 
and not just on the highest weight vectors. Perhaps this extra condition 
is always a consequence of the other hypotheses. 

Now the formula (18) is written more explicitly. Let m E Z and 
A,A' E af(Pct) be of level f. A formula equivalent to (18) is obtained 
by taking the coefficient of chV(A' - ma018) on both sides: 

[qm]K(B,A,A',Bo)(q) = L c(w) 
(w,b)ES 

where Sis the set of pairs (w, b) E W x B such that 

(19) 

Let M be the sublattice of P given by the image under II of the Z-span 
of the orbit wev. Let T c GL(IJ*) be the group of translations by the 
elements of M, where ta. E T is translation by a E M. Then W 9:! T >4 W 
and r 0 = tv(ov)r0. For o: E M and A E P of level f, one has [7, (6.5.2)] 

(20) 



320 A. Schilling and M. Shimozono 

The action of T E W on the level £ weight A is given by 

r(A) = r(A + £Ao) = r(A) + £Ao. 

Now p = h v Ao + p where h v is the dual Coxeter number and p is the 
half-sum of the positive roots in jj. 

Recall that W leaves <5 invariant. In (19) write w = taT where 
TEW and a EM, obtaining 

wt(b 0 UJ\.) =T- 1Lo-.(A' + p) - mao 1 <5 - p 

= - mao 1<5 - p+ T- 1 {A' + p- (£ + hv)a 

- {(A'+ Pl - a)+ ½ lal2 (£ + h v)}<5} 

=£Ao -p + r-1 (A' + p- (£ + hv)a) 

+ { -mao 1 +(A'+ 7ila) - ½ lal 2 (£ + h V) }<5 

Since both sides are weights of level £, by equating coefficients of <5 and 
projections into P, one obtains the equivalent conditions 

(21) wt(b) = -X - p + r- 1(A' - (£ + h v)a + p) 

and 

Therefore one has the equality 

(23) 
- 1 2 V 

K(B, A, A', Bo)(q) "".' L L L c(r)qE(b)+ao(A'+rlo-.)-2aolo-.l (l+h ) 

rEWcr.EMbEB 

where b E B satisfies 

wt(b) = -A- p + r- 1(A' - (£ + hv)a + p). 

§6. Type A 

6.1. Conjecture of [3] 
For simplicity let us assume that g is of untwisted affine type, where 

ao = 1 and (pl0) = hv - 1 [7, Ex. 6.2]. 
Let A E P be a weight of level £ but not necessarily dominant. 

Consider the weight A+ p. If it is regular (not fixed by any w E W) 
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then there is a unique w E W such that w(A + p) E p+. It follows from 
the definition of II that 

{
E(w)chV(w(A + p) - p) 

(24) II eA = 
0 

if A+ pis W-regular and 

w(A + p) E p+ 

if A+ pis not W-regular. 

Then for all i E I, 

(25) 

Suppose i =/ 0. Then 

ri(A + p) - p = (£ + h v)Ao + r/A + p) - (h v Ao+ 75) 

= £Ao - O:i + ri(A). 

For i = 0, recall that 

Then 

Le(A + p) =A+ p- (£ + hv)0 +{(A+ pl0) - ½l0J 2 (£ + hv)}8 

and 

= (£ + h v)Ao + 75 + A - (£ + h v)0 + {(AJ0) - (1 + £)}8 

ro(A + p) - p = re{(£+ hv)Ao +75+ A-(£+ hv)0 

+ {(AJ0) - (1 + £)}8} - p 

= (£ + h v)Ao + 75- (0v, 75)0 + re(A) 

+ (£ + hv)0 + {(AJ0) - (1 + £)}8 - (hv Ao+ 75) 

=£Ao+ re(A) + (£ + 1)0 + {(Al0) - (1 + £)}8. 

Now let g be of type A~121 . Let P be identified with the subspace 
of zn given by vectors with sum zero. 

For o: E P define the Demazure operator II to be the linear operator 
on Z[P] such that 
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(26) 
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for i =/- 0 

for i = 0. 

These equations express the q-equivalence in [3]. Let zn have stan
dard basis { ti I 1 ::; i ::; n} and P be the subspace of zn orthogonal to 
the vector L~=i ti- Then O:i = ti - ti+i for 1 ::; i ::; n - l, 0 = ti - tn, 

(·I·) is the ordinary dot product in zn, and W is the symmetric group 
on n letters acting on the coordinates of zn. Since II o IT = II and II is 
ZA0-linear, one may replace every term e"' bys,, := Ile"' in (26). Define 
the map Z[P]w[q] ~ Z[P]w[q] given bys,, i--. II(elAo+<>)e-lAo_ Define 

f =gin Z[P]W[q] by the condition that the above linear map sends f 
and g to the same element. With this definition, we have 

(27) 

It is not hard to see that this recovers the q-equivalence of Schur func
tions given in [3]. 

6.2. Bosonic conjecture of [20, (9.2)] 

In this section it is assumed that g is of type A~i2 i, A = £Ao, and the 
tensor factors Bi are perfect crystals of the form Bki ,lj in the notation 
of [10] with £j ::; £ for all j. By restriction to Uq(g), Bj is the crystal of 
the irreducible integrable Ug(g)-module of highest weight Ci Aki. In this 
case Bo is not needed. To see this, recall that Bj can be realized as the 
set of column-strict Young tableaux of the rectangular shape having kj 
rows and Cj columns with entries in the set {1, 2, ... , n }. In [19] the Pc1-
weighted I-crystal structure on the perfect crystals Bk,£ is computed 
explicitly. In particular, if b E Bj is a tableau then t 0 (b) is at most 
the number of ones in the tableau b, which is at most Ci by column
strictness. Therefore b0U£Ao never admits eo, Thus the energy function 
EB of (3) has the property that for any b E B = BL 0 · · · 0 Bi such 
that eo(b 0 U£Ao) = eo(b) 0 U£Ao, one has EB(eo(b)) = EB(b) - l. Thus 
one obtains the bosonic formula in this case. 

Since g is of type A~i2i, ao = 1 and hv = n. Take A= A'= £Ao in 
(23). The lattice M is given by the root lattice Q of g, which may be 
realized by {/3 E zn I L~=i /1i = 0}. Let Br,/3 be the set of paths b E B 
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of weight -p + T- 1 (-(£ + n),8 + p). Then 

K(B,£A0 ,£A0 )(q) = L L L c(T)qEa(b)+(Pl.8)-½ I.Bl 2 (e+n) 

TEW ,8EM bEB.,.,13 

= L L L c(T)qEa(b)-I:~=d½(e+n).B;+i,8.}. 

TEW ,8EM bEBT,/3 

Notice that LbEBT,/3 qEa(b) is (up to an overall factor) the q---+ 1/q form 
of the supernomial S of ref. [20] so that K(B,£A0 ,£A0 )(q) equals the 
left-hand side of [20, (9.2)] up to an overall power of q. This shows 
that the left-hand side of [20, (9.2)] is indeed the generating function of 
level-£ restricted paths. To establish the equality [20, (9.2)] it remains 
to prove that also the right-hand side equals the generating function of 
level-restricted paths. 

6.3. Identities for level one and level zero 
As in the previous section let g be of type A~121 and assume that 

B = BkL, 1 ® .. , ® Bk1 , 1• Fix£= 1 and A,A' E PJ weights of level 1. 
It is easy to verify that P(B, A, A') consists of at most one element p. 
Choose B, A, A' such that p E P(B, A, A') exists. Then by (7) and (23) 
we find that 

(28) 
TEW ,BEM bEBT,/3,A,A' 

where BT,,8,A,A' is the set of paths b E B of weight -A - p + T- 1(A1 -

(n + 1),8 + p). 
A similar formula exists for£= 0: 

(29) L L L c(T)qE(b)-I:~=d?.B;+i.8.} = 8B,0 

TEW .BEM bEBT,/3 

where BT,,8 is the set of paths b E B of weight -p + T- 1 ( -n,8 + p). The 
right-hand side is the generating function of paths in B of level zero since 
there are no level zero restricted paths unless B is empty. However, the 
arguments of Sections 4 and 5 do not imply that also the left-hand side 
is the generating function of level zero paths since it was assumed in 
the proof of Theorem 3 that the level of the crystals B j does not exceed 
£. We have assumed that Bj = Bk;,l which are crystals of level one. 
However, it is possible to define a sign-reversing involution directly on 
B = BkL, 1 ® .. -0Bk1 , 1 without using the crystal isomorphisms that are 
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used in the proof of Theorem 3. Let b E B. There exists at least one O :::; 
i:::; n such that ei(b1) is defined. Define v(b) = min{iJei(b1) is defined} 
which has the property that v(b) = v(<I>i(b)) where as before <I>i = siei. 
Hence define the involution <I>(b) = <I>v(b)(b). It is again sign-reversing 
and has no fixed points when B-:/- 0. This proves that the left-hand side 
of (29) is the generating function of level O restricted paths. 

Equation (28) was conjectured in [20, 21]. For n = 2 identity (29) 
follows from the q-binomial theorem, for n = 3 it was proven in [1, 
Proposition 5.1] and for general n it was conjectured in [21]. 
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