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Dedicated to Professor M. Kuranishi on his 70th birthday

§0. Introduction.

In this note, we make some remarks on compact strongly pseudocon-
vex CR manifolds. These remarks are related to the problem of minimal
embedding dimension of a compact strongly pseudoconvex CR. manifold
in complex Euclidean space and the classification problem of compact
~ strongly pseudoconvex CR manifolds. Most are contained in [LuY1-3]
and in our joint paper with Yung Yu [LuYY]. We hope that this expos-
itory note would be of interest for the study of the relationship between
the geometry of a compact strongly pseudoconvex CR manifold and the
singularities that it may bound, much in the spirit of Kuranishi’s ap-
plication of 8, to the deformation of isolated singularities [Kul]. The
first author most gratefully recalls the years at Columbia when he stud-
ied with Professor Kuranishi and was brought into the fascinating field
of CR geometry, being inspired by Professor Kuranishi’s mathematical
power and depth.

81 Preliminary

Definition 1.1. Let X be a connected real manifold of dimension
2n—1,n > 2. A CR structure on X is an (n—1)-dimensional subbundle
S of the complexified tangent bundle CI'X such that

(a) SNnS = {0},
(b) If L, L' are local sections of S, then so is [L,L'].

Definition 1.2. Let Ly,...,L,_1 be a local frame of S. Then
Li,...,Lp_1 15 a local frame of S and one may choose a local section N
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of TX such that Ly,...,Lp_1,L1,...,Lpn_1, N is a local frame of CTX.
The matriz (c;;) defined by

[Li,fj] = Zaijk + bej—L—k + vV —1CijN

is Hermitian and is called the Levi form. The CR manifold X is called
strongly pseudoconvex if its Levi form is definite at each point of X.
This condition is independent of the choice of local frame and it implies
the orientability of X.

A fundamental invariant in CR geometry is the 8, cohomology in-
troduced by Kohn-Rossi [KR]. The formulation below follows Tanaka
[T].

Definition 1.3. Let A*(X) = A*CTX* and A*(X) = T'(A*(X)).
Then {A*(X),d} is the deRham complex. With the notation in Defini-
tion 1.1, let

AP,Q(X) = {¢ € Ap'HI(X) : QO(YI, - 'aYp—17-Z_1a e ~a7q+1) =0 )
for allY’s in CI'X and Z’s in S}

and AP9(X) = ['(AP4(X)). Then
APTLITN(X) C APU(X) and  dAPU(X) C APTHH(X)

Hence let CP(X) = AP9(X)/APT19"Y(X) and CPY(X) = T'(CPI(X)).
Then

AP9(X) 4, APITH(X)  induces CPI(X) 2, crati(X).
U U
d

.AP+1"1—1(X) —  APtLa(X)

The cohomology groups of the resulting complex {CP9(X),8,} will be
denoted by HP1(X).

The harmonic theory for the 8, complex on compact strongly pseu-
doconvex CR manifolds was developed by Kohn [Ko]. The theory of
harmonic integrals on strongly pseudoconvex CR structures over small
balls was due to Kuranishi [Ku2]. Using the former theory, Boutet de
Monvel [B] proved that if X is a compact strongly pseudoconvex CR
manifold of dimension 2n — 1 and n > 3, then there exist C*° functions
fi,.--, f~ on X such that each dyh; = 0 and f = (fi1,..., fnv) defines
an embedding of X in CV. Thus, any compact strongly pseudoconvex
CR manifold of dimension > 5 can be CR embedded in some complex
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Euclidean space. Using the theory of harmonic integrals over small balls
of special type, Kuranishi [Ku2] proved that any strongly pseudoconvex
CR manifold of dimension 2n — 1 with n > 5 can be locally CR embed-
ded as a real hypersurface in C*. For n = 4, Akahori [Ak] proved that
Kuranishi’s local embedding theorem is also true.

§2 Concerning the minimal embedding dimension in complex
Euclidean space

Let us first consider a compact strongly pseudoconvex manifold X
of dimension 2n — 1 where n > 3. As mentioned above, X can be CR
embedded in some CV. It is therefore of interest to study the minimal
dimensional complex Euclidean space in which X CR embeds. Our
starting point is the following two theorems.

Theorem 2.1. (Harvey-Lawson [HL], see also Yau [Y]) Let X
be a compact strongly pseudoconvex CR manifold of dimension 2n — 1,
n > 2, in CV. Then there exists a unique bounded complex analytic
subvariety V of dimension n in CN \ X such that X is the boundary
of V in the C*® sense. Further, V is smooth except at finitely many
isolated singular points.

Theorem 2.2. (Yau [Y]) Let X be a compact strongly pseudo-
convex CR manifold of dimension 2n — 1, n > 3, which is the bound-
ary of a Stein space V' with isolated singularities py,...,pm. Then for
1 S q S n— 2:

HPY(X) = EB HIPY(V, 08,

where Q) is the sheaf of germs of holomorphic p-forms on V. If py,...,
Pm are hypersurface singularities, then

0 p+qg<n—2 1<g<n—-2
dim H?4(X) = Zn— p+gq=n—-1n 1<g<n—-2
=1

0 ptg>2n+1 1<g<n-2
where T; is the number of moduli of V at p;.

Theorem 2.2 provides a solution to the Kohn-Rossi conjecture [KR]
that “in general, either there is no boundary cohomology (in degree
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(p,q), g # 0, n — 1) or it must result from the interior singularities”.
Moreover it provides us with obstructions to CR embedding:

Theorem 2.3. Let X be a compact strongly pseudoconver CR
manifold of dimension 2n — 1, n > 3. Then X cannot be CR embedded
i C™ unless all H»1(X) =0, 1 < g £ n— 2. Further, X cannot be CR
embedded in C"*! if one of the following does not hold:

(1) HPY(X)=0  for p+g<n—-2 and 1<g<n—2

(2) dim HP(X) = dim H? 7 (X) forp%’Ii,}:n—l,n and
1<¢,g<n-2

(3) HPYX)=0 for p+g>n+1 and <g<n-2

We next consider an interesting class of CR manifolds.

Definition 2.4. Let X be a CR manifold with structure bundle S.
Let o be a smooth S'-action on X and v be its generating vector field.
The S-action « is called holomorphic if L,T(S) C T'(S). It is called
transversal if v is transversal to S@® S in CTX at every point of X.

For a CR manifold X which admits a transversal holomorphic S-
action, the invariant Kohn-Rossi cohomology is defined as follows:

Definition 2.5. With the notation in Definition 2.4, consider first
the differential operator on k forms N : A¥(X) — A*¥(X) defined by
Nop =+/=1Lyp, ¢ € A*(X). Observe that N leaves invariant the spaces
AP9(X) and CP9(X), and commutes with the operators d and 8. Hence
N acts on the cohomology groups HP3(X). Now define the invariant
Kohn-Rossi cohomology by H?9(X) = {c € H?(X) : Nc = 0}.

For a compact strongly pseudoconvex CR manifold X of dimension
2n — 1, n > 3, which admits a transversal holomorphic S'-action, the
invariant Kohn-Rossi cohomology H P2(X}, for 1 < p+¢ < 2n—N—1, are
obstructions to CR embedding in CV. This is implied by the following
theorem:

Theorem 2.6. Let X be a compact strongly pseudoconver CR
manifold of dimension 2n — 1, n > 3, which admits a transversal holo-
morphic S'-action. Suppose that X is CR embeddable in CN. Then
HP9(X)=0forall1<p+q<2n—N—1.

The proof of Theorem 2.6 contains two main parts. The first part
depends heavily on the work of Lawson-Yau [LY], which provides us with
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topological restrictions on X. In particular it can be shown that the de
Rham cohomology groups H*(X) =0 for 1 < k < 2n — N — 1. The sec-
ond part follows Tanaka’s differential geometric study on the 8; cohomol-
ogy groups [T]. The existence of the vector field v with [v,I'(S)] c I'(S)
entails a formalism analogous to Kahler geometry linking the various
cohomology groups via harmonic forms. The details of the proof of
Theorem 2.6 are contained in [LuY2].

For 3 dimensional compact strongly pseudoconvex CR manifolds,
global CR embedding in complex Euclidean space may fail and much
work has been done recently on this phenomenon. See for example
[BIE], [BuE], [L]. We only remark that as a consequence of the global
invariants to be discussed in the next section, we find obstructions to CR
embedding in C3, assuming that the 3 dimensional strongly pseudocon-
vex CR manifold is CR embeddable in some CV to begin with. These
obstructions provide us with numerous examples of such 3 dimensional
CR manifolds not CR embeddable in C3.

§3 Concerning invariants of compact strongly pseudoconvex
CR manifolds

As a first step towards the difficult classification problem of compact
strongly pseudoconvex CR manifolds, it would be useful to understand
the following notion of equivalence which is weaker than CR equivalence.

Definition 3.1. Assume that X;, Xo are compact strongly pseu-
doconver CR manifolds of dimension 2n — 1, n > 2, which are CR em-
beddable in some CN1, CV2 respectively. X1, X are called algebraically
equivalent if the corresponding varieties Vi, Vo, which are bounded by
X1, Xy in CN1, CM2 qgccording to Theorem 2.1, have isomorphic singu-
larities Y1, Ya, i.e., (V1,Y1) & (Va,Y2) as germs of varieties.

Thus, for n = 2, we are restricting ourselves to embeddable compact
strongly pseudoconvex CR manifolds. It is not difficult to show that CR
equivalence implies algebraic equivalence.

In case a compact strongly pseudoconvex CR manifold X of dimen-
sion 2n — 1 embeds in C**t!, n > 2, it is the boundary of a complex
hypersurface V' with isolated singularities pi,...,pm. In this case, an
Artinian algebra can be associated to X as follows.

Definition 3.2. With the above notation, let f; be a defining
function of the germ (V,p;), 1 < i < m. Then the C-algebra A; =
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Ont1 / ( fis g—;%,. in) is a commutative local Artinian algebra called

B
the moduli algebra of (V,p;). The moduli algebra is independent of the
choice of defining function. We associate to the CR manifold X the

Artinian algebra A(X) = @ A;.
=1

By the work of Mather-Yau [MY] on isolated hypersurface singular-
ities, it can be shown that the associated Artinian algebras are complete
algebraic CR invariants in the following sense.

Theorem 3.3. [LuY3] Two compact strongly pseudoconvez real
codimension 8 CR manifolds X;, Xo are algebraically equivalent if and
only if the associated Artinian algebras A(X,), A(X2) are isomorphic C
algebras.

We remark that there are Torelli type examples in which the Ar-
tinian algebras A(X;) associated to a family of compact strongly pseu-
doconvex real codimension 3 CR manifolds X; suffice to distinguish
CR equivalence. For example, in the family X; = {(z,y,2) € C? :
28+ 9% + 22 +tzty = 0 and |z|2 +|y|2 + |2|? = £2} where £ > 0 is a small
fixed number and ¢t € C with 4¢2 + 27 # 0, X;,, X, are CR equivalent
if and only if A(Xy,), A(X:,) are isomorphic C algebras.

For the rest of this section, we consider embeddable 3 dimensional
compact strongly pseudoconvex CR manifolds. By taking resolutions of
the singularities of the subvariety V bounded by such a CR manifold X
in complex Euclidean space, numerical invariants under algebraic equiv-
alence may be defined, as follows.

Definition 3.4. Letn: M — V be a resolution of the singularities
Y of V such that the exceptional set A = n~1(Y) has normal crossing,
i.e., the irreducible components A; of A are nonsingular, they intersect
transversally and no three meet at a point. According to Artin [Ar], there
ezists a unique minimal positive divisor Z, called the fundamental cycle,
with support on A, such that Z- A; < 0 for all i. For any positive divisor
D = 3Y"d;A;, let Oy (—D) be the sheaf of germs of holomorphic func-
tions on M wvanishing to order d; on A;, let Op = Op/Op(—D) and

2

let x(Op) = Y. (—1)'dim H (M, Op). It can be proved that ps(X) &

1 - x(0z), pa(X) def sup(1l — x(Op)) where D ranges over all positive

divisors with support on A and pg(X) 4f dim H? (M, O) are defined in-
dependent of the resolution w and are invariants of X under algebraic

equivalence. The detailed proofs are contained in [LuYY]. We refer to
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Pr(X), pa(X) and py(X) as the fundamental genus, arithmetic genus
and geometric genus of X respectively.

The following facts are known
e 0 Spf(X) Spa(X) Spg(X)
o pi(X) =0 pa(X) =0 py(X)=0.

Further numerical invariants under algebraic equivalence are given

by mz(X) € Z - Z, g(X) = dim HO(M — A4,Q%)/H(M,0Y), x(X) &

K-K+xr(A) and w(X) ¥ KK +dim H' (M, Q'), where Q! is the sheaf
of germs of holomorphic 1-form on M, xr(A) is the topological Euler
characteristic of A and K is the canonical divisor on M. These invariants
are defined independent of the choice of the resolution n. Since K is a
divisor with rational coefficient, x(X) and w(X) are in general rational

numbers.

Using the above invariants, one may attempt a rough algebraic clas-
sification of embeddable 3 dimensional compact strongly pseudoconvex
CR manifolds. In particular,

Definition 3.5. An embeddable 3 dimensional compact strongly
pseudoconver CR manifold X is called a rational (resp. elliptic) CR
manifold if pa(X) =0 (resp. pa(X)=1).

If X is a rational or an elliptic CR manifold embeddable in C* and
My is the minimal good resolution of the subvariety V bounded by X in
C3, then the weighted dual graph for the exceptional set of My is com-
pletely classified. The same also holds for those X embeddable in C? and
has py(X) = 1. With the weighted dual graphs classified, the topology
of the embedding of the exceptional set in My is well understood.

As an application, one obtains obstructions to embedding in C* for
the above three classes of CR manifolds when their weighted dual graphs
fail to have the required forms. For example, a rational CR manifold
whose weighted dual graph is not a direct sum of the graphs Ay, Dy,
Eg, E7, Eg is not embeddable in C3.

Similarly in view of the following theorem, one obtains numerical
obstructions to embedding in C3 for those CR manifolds failing the con-
ditions in the theorem.

Theorem 3.6. Let X be a compact strongly pseudoconver 3 di-
mensional CR manifold embeddable in C3. Then

(1) x(X) and w(X) are integers.
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(2) 10pg(X) +w(X) > 0.
(3) Ifpa(X) =1, then x(X) > —3.

(4) If X admits a transversal holomorphic S*-action, then 6py(X) +
x(X) > 0.

The proof of Theorem 3.6 is contained in [LuY1], [LuYY]. We re-
mark that (4) depends on the Durfee conjecture which is solved by Xu
and the second author in [XY].

It is interesting to note that there are compact strongly pseudocon-
vex 3 dimensional CR manifolds with arbitrarily large minimal embed-
ding dimensions. For any positive integer N, take any 2 dimensional
strongly pseudoconvex complex manifold with maximal compact ana-
lytic set A which is a smooth rational curve having self intersection
number —N. The corresponding weighted dual graph is hence —N. On
blowing down A, one gets a 2 dimensional rational singularity (V,p).
The minimal embedding dimension of (V,p)is —A-A+1=N+1. Let
X be the intersection of V' with a small sphere centered at p. Then the
minimal embedding dimension of X is N + 1.

Work is in progress on determining the weighted dual graph associ-

ated to X as above, in terms of the CR manifold X intrinsically. This
however is a difficult problem.
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