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Abstract.

The diameter of the set of poles on Riemannian manifolds of
nonnegative sectional curvature is estimated by a constant defined
by Maeda. We study the constant for elliptic paraboloids and show
that our estimate is sharp.

§1. Introduction

Let M be a noncompact complete Riemannian manifold. In [2]
M. Maeda defined a constant d,(M) which describes how M expands at
infinity. For a point p of M let S;(p) = {g € M ; d(p,q) =t} denote the
metric sphere centered at p with radius ¢ > 0 and D;(p) the diameter
diam S;(p) of Si(p). He defined

2
do(M) = lim sup D—tizz)—

t—o0

and showed that do does not depend on the choice of p and the distance
between two poles does not exceed d, (M) if M is of nonnegative sectional
curvature, where a point g of M is said to be a pole if the exponential
mapping exp, : TyM — M is a diffeomorphism. In this paper we shall
improve his estimate as follows:

Theorem 1.1. Let M be a noncompact and complete Riemannian
manifold of nonnegative sectional curvature. Then the distance between
two poles does not exceed d,(M)/8.

Received March 12, 1991.
Revised May 29, 1991.



322 K. Sugahara

The distance of two poles of an elliptic paraboloid defined by
z2/ap + 23 /ay = 2z

with 0 < ap < aj goes towards dg/8 as ag — 0. Hence our estimate is
sharp.

We note that elliptic paraboloids are Liouville surfaces. So, by de-
forming elliptic paraboloids through Liouville surfaces, we can construct
various surfaces of nonnegative curvature with two poles and d, < oo.

On the other hand, M. Tanaka [4] studied the poles on surfaces of
revolution and showed that the center of revolution is the only pole if
and only if d, is finite. Hence we conjecture

Conjecture 1.2. If the constant d,(M) is finite for a Riemannian
manifold M of nonnegative sectional curvature, then the number of poles
of M is finite or at most two.

In §2 we shall give a proof of Theorem 1.1. In §3 we shall study the
behavior of geodesics on elliptic paraboloids using the elliptic coordinates
to show that two umbilic points are the poles. In §4 we shall give the
exact value of dy for an elliptic paraboloid and show that our estimate
is sharp.

§2. The proof of Theorem 1.1

In this section let M denote a Riemannian manifold of nonneg-
ative sectional curvature and all geodesics of M are assumed to be
parametrized by arc length.

Lemma 2.1. Letv:[0,00) — M be a ray emanating from p, i.e.,
71[0,t] is minimizing for any t > 0. Let a : [0,s] — M be a geodesic
from ~4(t,) to q and 6 the angle —(t,) and &(0) make. Then

to — scosf < d(p,q).

Proof. First we assume that o is a minimizing geodesic. Topono-
gov’s comparison theorem for a triangle Avy(to)~(t)q with t > o implies

d(g,7(t))* < d(g,7(to))? + d(+(2), 7(to))*
— 2d(g,7(t0))d(¥(2), y(to)) cos(m — 6)
=82+ (t —to)? + 2s(t — to) cos O
= ((t —to) + scosf)? + s(1 — cos? §).
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Hence we get

s2(1 — cos? 6)
d(g,7(t)) + ((t — to) + scos )

d(g,v(¢))— ((t—to) +scosb) < = O(1/t).

If d(p,q) < to — scos@, then there is a positive constant € such that
d(p,q) < to — scosf — ¢. Hence we get

t =d(p,7(t)) < d(p, q) + d(g,7(t))
< (to—scosf —e€)+ (t —tog+ scos8) + O(1/t)
=t—e+0(1/t) <t
for large ¢, which contradicts the assumption that v is a ray.

If o is not minimizing, then we divide « into minimizing arcs ¢/|[s;—1,
sl (i=1...k) with 0 =59 < 81 < ... < s = s. We consider a poly-
gon ¥(t)&(sg)...@(sg) in the two-dimensional Euclidean space which
corresponds to y(t)a(sp) . .. a(sg) with

d(3(8), &(si)) = d(v(t),a(si))  (E=0...k)
d(a(si—1),a(s;)) = d(a(si—1),a(s;)) i=1...k).

Then Toponogov’s comparison theorem implies that the polygon is con-
vex. Therefore we easily get

tl_i)nolo{t —to + scosf — d(afs),y(t)}
= tl_i}g{lf —to + scosf — d(a(s),¥(t))} > 0.

Hence the assertion is clear.

Let p; and p2 be poles of M and a = d(p;,p2). Let y1,72 : [0,00) —
M be two rays with 71(0) = p1, 71(a) = pa, 72(0) = p; and 72(a) = p
Let ¢ = 71(t), 2 = 72(t + a) and v = d(q1,¢2). Then v < D, ()
because d(p1,q1) = d(p1,92) = t. Let ¢ be the middle point of a min-
imizing geodesic between ¢; and go. Let 8; = Zp1giq (i = 1,2). Then
Toponogov’s comparison theorem for a triangle Ap;gaq implies

(2.1) d(p1,q)% < t? 4+ v?/4 — tv cos b5.
And from Lemma 2.1, we get
(2.2) t— (v/2)cos by < d(p1,q)

(t+a)—vcosby < d(p2,q1) =t —a.
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Hence we have
2a < v cosfy.

Since limsupv?/t < d, < 0o, we may assume the left side of (2.2) is
positive. Therefore (2.1) combined with (2.2) yields

(t — (v/2) cos 61)% < 2 +v? /4 — tv cos B,
which is reduced to
(2.3) v? cos? @) — 4tvcos by + 4tvcosfy —v? < 0.
Toponogov’s comparison theorem for a triangle Apagiq gives
(2.4) d(p2,q)? < (t —a)® +v%/4 — (t — a)vcosb;.
And from Lemma 2.1 we get
(2.5) (t+a)— (v/2)cosby < d(ps,q).
Hence (2.4) combined with (2.5) yields
((t+a) — (v/2)cos62)? < (t — a)® + v?/4 — (t — a)vcos by,
which is reduced to
v? cos? 0y — 4(t + a)vcos by + 4(t — a)v cos @) + 16at — v < 0.
Deleting v? cos? 6, , we get

4(t — a)vcos by + 16at — v?
4t +a)

< wvcosbs.

We substitute this inequality to (2.3). Then (2.3) becomes

2 o Batv 16at? — 2tv? — av?
v°cos” 01 — cosf; + <0.
t+a t+a
Deleting v2 cos? 6,, we get
2t 2
(2.6) 2t — ﬂ— < wvcosh.
8at

Applying Toponogov’s comparison theorem to a triangle Apsqiq2, we
get

(t+a)? < (t—a)® +v*—2(t—a)vcosb;
4at < v? —2(t — a)vcosb;.
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Substituting (2.6) to this inequality, we get

4at < v* —2(t - a) (gt_(ﬁga;z)_v?)

dat +4t(t—a) <v? |1

Dividing both sides by ¢? and letting ¢t — 0o, we get

do

4< =

—_ 2a’
ie.,

do

a< —.

- 8

§3. Geodesics on elliptic paraboloids

H. von Mangoldt studied the behavior of geodesics of hyperboloids
in [3] and stated that his method could be applied to show that two
umbilic points of an elliptic paraboloid are the only poles. In this section
we study the behavior of geodesics of elliptic paraboloids and prove his
assertion. Our argument mainly relies on [1, §3.5]. Let us consider an
elliptic paraboloid

M = {(zo,x1,22) € R ; x5 /ap + 23 /a1 = 2z2}

with 0 < ag < a;.
We introduce the elliptic coordinates (u1,uz2) €]ag,a1[x]a1, oo[:

22 = ao(ao - u1)(a0 - Uz)
0 a1 — aop
al(al — ul)(al — ’ug)
G — a4
Uy + Uz —a@p —ay
3 .

Note that u; = uy = a; corresponds to the umbilic points

a; —a
(£4/@ov/a1 — ag,0, —1—2—0)

and the distance between two umbilic points of M is equal to

w—a  fu
ag aop

22 =

o =

Va1 — ag/a; + aglog
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The first fundamental form is expressed in the elliptic coordinates as

follows:
ds? = (—u1 + ug)(Urdu? + Uadul),

where ‘
(—1)*u;
U; = —fﬁ 5 fus) = 4(ao — ui) (a1 — us).
For a real number v, ag < v < a; or a; < -, we consider a coordinate
change

duy = v/ —uy +7y/Ur duy £ \/ug — v/Uz duy
(3.1) VUL VU

-
duy =

d’ng .
Y

du; F
VUt ! VJug —

Then

ds? = du? + (—uq 4 ) (u2 — v)dub?.
From this expression of the first fundamental form, we see that w}-
parameter curves are geodesics. Hence we get

Theorem 3.1 ([1, Theorem 3.5.5]).  In the elliptic coordinates geo-
desics of M are characterized by

Vo T ey

together with the condition E(u,4) = const, where E = ds?/2 is the
energy function. Here v is a constant with value in |ag, a1[ or ]az, ool.

:07

The constant +y is called the parameter of the geodesic.

Corollary 3.2 (cf. [1, Corollary 3.5.6]). Denote by (T1M)’ the
open and dense subset of the unit tangent bundle Ty M formed by those
unit tangent vectors which are tangent to a geodesic with parameter 7y,
v €lag,a1] or v €lai,oo[. Define F : (T1M) — R in elliptic tangent
coordinates (u,u) by

F(u, u) = (—u1 -+ u2)(U2U]_/l:L% -+ uledg).

Then F is a first integral of the geodesic flow on TYM. And if u(t) =
(u1(t),u2(t)) i3 a geodesic parametrized by arc length with parameter -y,
then F(u(t),u(t)) = 7.

If we denote by p(X) the angle between X € (TyM) and the u;-
parameter line through T X, then we may also write

F(X) =u1(tmX) sin? u(X) + uz(rar X) cos? u(X),
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where Tar : Ty M — M denotes the canonical projection.

We now go to the co-geodesic flow ¢; on the cotangent bundle T* M.
The cotangent coordinates (u,v) are related to the tangent coordinates
(u, %) by
(&

S 7 _ .
U g (u)’U] (—u1 + ’Uq)Ui, ¢

1,2.

The functions E, F correspond to the following functions on (T*M)":

1 1 1
E*(u,v) = ———— [ —v% + —o?2
( ) 2(~U1 +u2) (Ul 1 U, 2
* 1 U2 o UL o
F = (Z2,24 T2y,
(’LL,’U) (_ul +’lL2) (Ulvl + U2v2)

Theorem 3.3 (cf. [1, Theorem 3.5.7]). For v €lag,a1[ or v €
lai, 00| the ¢y-invariant set {F* = v} in the total unit cotangent space
T M consists of two embedded 2-dimensional cylinders which we denote
by T

We distinguish the cases vy €|ai,00] or 7y €]ag, a1] as type I and 1I,
respectively.

The flow lines on the cylinder T,f: of type 1 correspond, under the
projection 75, : TYM — M, to geodesics which monotonously wind z,-
azis, while descending to tangent to a uy-parameter line {us = v} then
ascending to xo = oco. The cylinder of Type 1 corresponds, under T3,, to
{(u1,u2) 5 a0 < up < ay,y < upl.

The flow lines on the cylinders of type II correspond, under Ty, to
geodesics which oscillate between the two uz-parameter lines {uy = v}.
The cylinder of type II corresponds, under 75, to {(u1,u2) ; ap < ug <
v, 01 < ug}t.

As v goes towards ag, the cylinders T,;b become degenerate, i.e., we
get two embedded curves given by the unit tangent vectors to the curve
Mn {.Z‘l = O}

Proof. Let

u1 = ag cos® Y1 + a1 sin? 1

(3.2)
uz = aj + Y3

with (11, 12) € R/2m X R. Then equations 2E* = 1 and F* =~ yield

v} =Ui(y —w1) 5 v5 = Uz(uz — ).
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For the cotangent coordinates (¥;, ¥2) corresponding to (1, %2) we get
8u1

U, = vlg",b_l = 2(a; — ap)v siny cosy
ou
\1’2 = ’Uza—dﬁ = 2U2¢2.
Hence
U2 = (y—
(3.3) 1= (r—wn

W3 = (uz — 7)uz/(uz — ao).

With u; = u;(1;) as in (3.2), we get ¥; = U, ().

Consider now type I, i.e., a1 < 7. Then ¥y = Uy(1p3) describes a
simple non-closed curve in the (i, ¥2)-plane. ¥; = ¥y(v) yields two
non-closed curves in the (41, ¥;)-plane, one with ¥; > 0, the other with
¥, < 0, since ¥q(e)1) is always # 0. However, in T¥M, ¥1 = Uy (¢1),
11 € S, describes two closed curves, since the (u,v) are periodic in ;.
Thus, Ty M N {F* = v} consists of two embedded cylinders.

The discussion of type II, i.e., ag < v < a1, is similar.

Let P(t,y) = (—t)(v — t)(ag — t)(a1 — t). For v €|ap,a;| define
wo = (wlz,wzg) with

dt w —4/
o VP(t,7) 2 v P tv

For Y E]Gl, OO[ define wy, = (wlz,wgz) with

—t(y—1t)

. a1 —t
=4 —dt
VP(t,7) i /ao VP(t,7)

In each case, put —ws; : woy = w(’y).

Theorem 3.4 (cf. [1, Theorem 3.5.10]).  The geodesic flow on each
of the invariant cylinders T$ in appropriate coordinates, is equivalent
to the linear flow of slope w(v) on the flat cylinder.

Proof. Let «y €]ag, a1]. The differentials du}, duj in (3.1) determine
functions uf(u1,uz), uj(u1,uz) on T, ie.,

Ul
ullz/ 1/—’u,l+’y\/U1dU1:i:fau12\/’Uzz—")’\/UZdu2;
ao

Uug \/_2

d
U1 F ﬁET_

o =/ VU
2 ao V_u1+7
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Denote by T,, the flat cylinder R?/Zw,. Then the functions v’ = u’(u)
give a transformation from Tf to T,,. The geodesic lines go into the
u}-parameter lines.

The case v €]ay, 00[ is treated in exactly the same manner.

Theorem 3.5 (cf. [1, Theorem 3.5.16]).. The flow-invariant set
{F* = a1} N T} M is formed by those flow lines which, when projected
into M, yield the geodesics which pass through the umbilic points. And
the umbilic points are the only poles of M.

Proof. Solve equations
(3.49) E*=1/2; FF=a;

at a point p € M which does not lie on the zgzy-plane. Since (3.4) is
equivalent to

(3.5) U2 = (ay —uy)ug 5 93 = (ug — ar)uz/(uz — ag),

we see that there are four solutions of the equation in Ty M. On the
other hand there are at least four geodesics between p and the umbilic
points even if we take the directions of geodesics in consideration. If
v # a1, the equations (3.3) and (3.5) have no common solutions. Hence
each solution of (3.5) corresponds to a geodesic between p and an umbilic
point and there is only one geodesic between p and each umbilic point.
Therefore umbilic points are poles. From Theorem 3.3 we easily see any
geodesic half-lines with F* 5 a; are not rays.

§4. The constant d, for an elliptic paraboloid

In this section we give the exact value of the constant d, for a
paraboloid M in R? defined by an equation

.’Eg/ao +x%/a1 = 2.7)2

with 0 < ap < a; in §3.

Let M(t) = {(zo,z1,22) € M ; x5 =t} and let p = (0,0,0),go(¢) =
(v2a0t,0,t) and ¢; () = (0, v/2a1t,t). Let £o(t) (resp. £1(t)) denote the
distance between p and go(t) (resp. g¢1(t)) along M N {z; = 0} (resp.
{zg = 0}). Then

Li(t) = ,/t2+—+—1

2t
o Tl
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And
d(p, M(t)) = £o(t).

Let £o(t) = £1(t'). Then the metric circle Sg,;)(p) is located between
two planes {z2 =t} and {z2 = t'} and

(4.1) |diam Sy, (1) (p) — diam M ()| < 2(41(t) — £1(t)).

2diam M (t)
L 4.1. lim ———
emma oo length M(£)

Proof. Let ¢ be a minimizing geodesic of M from go(t) to —qo(t).
Let t; = minzy and t; = v/2a1t5. Let
c

Cy = {(zo,z1,22) € M ; 2y =t; and x3 <t}

Cy = {(zg,z1,22) € M ; 25 =3 and z, > 0}
Since c satisfies 7 o ¢ < ¢1 and z3 0 ¢ > t3 (cf. §3),
length(c) > length C; (i = 1,2).

‘We note

R ) 27
length M (t) =v/2t \/Zzo sin? @ + a4 cos? 0 d,
0

t 2t 2t
length Cy =\/t2+a—;—+a—110g’w/—+ —+1
t 2t 2t
B+ 22— Zllog ',/ 2 4 —2+1I
ai ai

1 2w
length Cz =4/ 52/ \/ao sin? @ + a4 cos? 6 db.
0

If limsupty/t = 1, then

H,OP length M () msup length M ()
t
> lim sup 2length Cy -1

t—oo  length M(t)

Suppose limsup#,/t < 1. Then

1
length C; ~ const.t > const.\/t ~ 3 length M (t).
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as t — oco. Hence

1
diam M (t) > length(c) > length C; > 3 length M (¢)

for large ¢, which contradicts diam M (t) < %length M(t).

Since £;(t) — £1(') ~ const.logt and diam M(t) ~ const.\/t as t —
00, the inequality (4.1) combined with Lemma 4.1 yields

diam Sg, 1) (p)

Lemma 4.2. lim =1.

t—oo diam M (t)
From Lemma 4.2 we easily get
2

1 2
Proposition 4.3. d,(M) = 3 (/ Vagsin? 0 + a; cos? 0 dG) .
0

Hence the distance between two umbilic points goes towards

a; = llIIl0 d0/8

ag —

as ag — 0, so the estimate in Theorem 1.1 is sharp.
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