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Non-Commutative Complex Projective Space

Hideki Omori, Yoshiaki Maeda and Akira Yoshioka

§80. Introduction

The concept of quantized manifolds has much interest from a geo-
metrical point of view. In fact, quantum groups [6] and non-commutative
tori [4] [12] are typical examples in this spirit. One approach to con-
structing quantized manifolds is based on the deformation quantization
introduced by Bayen et al [1]. This is the deformation of the Poisson
algebra of functions on a symplectic manifold via a star product.

However, deformation quantization providing only an algebraic de-
scription does not seem to describe the “underlying space” adequately.
From the geometric point of view, we want to construct something
like non-commutative manifolds which just represent the quantum state
space.

For this purpose, we introduced the notion of Weyl manifolds [10],
[11] as a prototype of non-commutative manifolds. A Weyl manifold
Wy is defined as a certain algebra bundle over a symplectic manifold
M with the formal Weyl algebra as the fiber. The star product given by
the deformation quantization is realized on a certain class of sections on
Wi, called Weyl functions. We present in this paper a non-commutative
complex projective space Wp, (c) as an example of a Weyl manifold.

There are two ways of constructing star products on P,(C). The
first is éntrinsic, and was initiated by Berezin [2], who gave a covariant
symbol calculus for certain operators acting on local holomorphic func-
tions on the 2-sphere and on the Lobachevskii plane, and defined the
star product on these spaces by using the symbol calculus. Moreno [9]
and Cahen-Gutt-Rawnsley [3] extended these ideas to Kaehler symmet-
ric spaces.
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The second construction, which is in fact the aim of this paper, is
extrinsic. We shall regard the ring of Weyl functions on P,(C) as the
subalgebra of all C*-invariant Weyl functions on C**! — {0}, where one
can define the star product and the Weyl manifold structure naturally.
In a forthcoming paper, we shall show that the two star products are
isomorphic by using the fact that dim H?(P,(C)) = 1. However, in this
paper we shall concentrate our attention to the extrinsic construction of
star products and Weyl manifolds.

Throughout this paper, we use the following convention on multi-
indices, unless otherwise stated: a, 8,7--- € N™™ha = (ay, -+, any1).
Denote 8, by 8; and 85, by 9;, and for o € N™*!, set 8 = 9 -+ - 971"
and 9% = 97" --- O, ete.

§1. Deformation quantization on P,{C)

1.1. Deformation quantization

Let (M,w) be a symplectic manifold, where w is the symplectic 2-
form on M. Let v be a (formal) parameter and let C[[v]] denote the
formal power series ring in v. Let C*°(M; C|[[v]]) be the set of the C[[v]]-
valued smooth functions on M. Any a € C°°(M;CJ[v]]) has a formal
sum expansion

(1.1) a= Zal(p)yl
1=0

where a; € C*(M;C). a € C°(M;CJ[V]]) of the form (1.1) will be
denoted by a = a(p;v). v is called a deformation parameter. Following
to Bayen et al [1], we introduce the star product *:

(D 1) * is an associative product on C*(M;CJ[]]).
(D 2) axb=ab+ %¥{a,b} (mod 1?).
where {, } is the Poisson bracket given by w.

(M,w) is called to be deformation quantizable if there exists a star
product on C*(M; C[[¢]]). It is known that there exists a star product
for any symplectic manifold (M,w) (cf. [10] and [5]), i.e. it is deforma-
tion quantizable.

1.2. The star product on C™*!

Let wg = 2\/1:1 l":ll dz; A dZ; be the canonical symplectic structure
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on C™"t1. To give a star product on C™"!, we introduce a following
integral transformation involving a real parameter h > 0 acting on holo-
morphic functions §(z) of C™*! (cf. [2], [9]):

(1.2) (Hzd)(z) = (Flh)m /C e, #eF =7 5N du(<, ),

where du(z’, Z') is the volume element on C™*!, and a(z, 2) € C*(C"*1)
must be chosen so that (1.2) makes sense (e.g., @ is a polynomial) and

@(z,9) is the analytic continuation of & from the diagonal of C"*1 x
Cn+1.

The operator in (1.2) has various expressions via non-holomorphic
coordinate transformations. For instance, (1.2) can be rewritten as

(Ha8)(2) = (m)nﬂ /Cn+1 a(2,2)e7 % 5(z + 2 )dp(, 7).

To compute asymptotic expansions, the class of admissible symbol func-
tions @ = a(z, z) should be enlarged to the so-called class of admissible

symbols of the form a(z, z;h) = Y &;(2, 2)h! (formal sum).

As in the computation of ¥.D.Ops, we have the product formula:

where
(14)
~ 1 n+l ~ —1| /|2
~(~ =N [ ~ ) I N\ |z—2 ’ o=t
é(a,b)(z,z) = (47rh) /Cn+1 a(z,2)b(7, z)em du(#', z").

Moreover, we may modify (1.2) to a so-called Weyl type integral trans-
formation of 3(z):

(1.5) "
(HY3)(2) = (‘/:1) /Cm a2 J; Z , z_l)e@l =% 5 du(2', 2),

47v

where 7 = v/—1h. By a computation similar to (1.3), we have for suitable
a,b e C=(C™; Cl]]),

(1.6) HYHY = HY

&v(a,b)’
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where after a non-holomorphic coordinate transformation (cf. Hérman-
der [7], p.374), we have

(1.7) &(@,b)(z2)
—1\ 2(n+1) )
— (\/—1) /Sz(nw @z +u, 7+ 0)b(z +v,2 — @)

2np

o Vo wa+9) gy, (u, @)dp (v, D).

Note that (1.7) has the asymptotic expansion

(1.8) & (a,b) ~ Y _&l(a,b)it,

l

where

l
(1.9) alab) = Y @agag’a - 82(—8,)Pb,

131
alspia P

so that é¥(d, ) can be viewed as an element of C®(C"*1; C[[7]]).

We now define a star product ¥ on C°(C"+1; C[[7]]) as follows: For
a,b € C=(C™; C[[7]]), we put

(1.10) ab = &(a,b)d,

where ¢(a, l;) is given by (1.9). In fact, the formula (1.9) can be applied
for any C™ functions @,b with the parameter 7 viewed as a complex
parameter. The restriction of ¥ to C°*°(C™*+! — {0}; C[[7]]) is denoted by
the same symbol. In the following, we denote by @[[7]] the topological
vector space C>®°(C"*+! — {0}; C[[7]]) with the C* topology. It has two
products; one is the natural commutative product, and the other is the
star product given above. It is a remarkable fact that the former - can
be expressed in terms of the star product:

(1.11) a.zzial S VDN ey a8)a(a2) (095,

13!
N

By (1.7), the both products on C™*! are invariant under the parallel
displacement and under the unitary group U(n + 1).
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1.3. C*-action on a[[7]]

For A € C* = C — {0}, we define an action p(\) on a[[7]] as follows:

Definition 1.1. For A € C*, and a € a[[7]],

(112) (P(N)@)(z 5 9) = (A2, A5 |A"D).

Set
(1.13) a[[7]] ={a € a[[7]] | p(A)a = a for all XA € C*}.
It is obvious that p()), A € C*, commutes with any T' € U(n + 1).

By (1.7), we have

Lemma 1.2. For any &,b € &[[7]] and A € C*, we have

(1.14) p(A)(@%D) = (p(N)a@)*(p(A)b).

1.4. A deformation quantization on P,(C)
In this section, using the product % in 1.2, we construct a star prod-
uct on P,(C) with the deformation parameter replaced by v.

Let P,(C) be the n-dimensional complex projective space equipped
with the standard symplectic structure w (cf. [8], p. 160) and let 7 :
Cntl {0} — P,(C) be the natural projection. Taking the deformation
parameter v, we put a[[v]] =C°°(P,(C); C[[v]]). For a € a[[v]], we define
a lift of a, denoting by 7*a as an element of a[[7]] by

(1.15) (m*a)(2,20) = a(p; 2| °0),  7(z) =p.

From Definition 1.1, we easily see that 7*a € da[[7]]°.

For any a € a[[7]]?, we put
(1.16) (c@)(p;v) = a(z, 5 |2°v), =(z) =p.

(1.16) is independent of the choice of z.
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Lemma 1.3.
veal[Z]]” — af[v]]

18 an isomorphism with 7* =id.

By this lemma, we can identify a[[7]]? with a[[v]]. By Lemma 1.2
and Lemma 1.3, we can project the product % onto P,(C). Namely, for
any a,b € a[[v]], we put

(1.17) ax b= (n"a*w*b).

Consider the chart U, 11 = {p = 7(2) | zn+1 # 0} and the coordinate

map Pnt1 : Uny1 = ng1(Ung1) = C°, dns1(p) = w = (wy,---,wn),

where w; = z:i - (=1, ,n). Using these coordinates, the symplec-

tic structure w on P, (C) becomes (cf. [8] p. 160):

1 n
w|Un = (].+ w[z)E dwy A dwyg
A W Yo w22( | =
; 1=1

- Z u‘)ldwl/\wmdwm).

l,m=1

(1.18)

By (1.18), in these coordinates, the Poisson bracket {a,b} on P,(C) is

(1.19)
{a’ b}(w17 Tty wn)
= 2v _1(1 + ‘w!Z)[Z;;l(awla : 87T!zb - 87T1la' : 8wlb)
+ ) (wkBuy - 01035,b — TOs5, @ - 1D, b)]
k,l
On the other hand, since w; = w;{z1,- -, zn41), we have
(1.20)
1
Ozpir = T 4 Zwlawl, 0,,, = zn+1aw"‘ (m=1,---,n),
1
Bzppr = Zw,aﬁ,z, 8;, = —08g, (m=1,---,n).

Zn+1 Zn+1

By a direct computation using (1.20) and (1.10) and putting 2,41 =
1, zm=w(l=1,---,n), we have
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Proposition 1.4. (1.17) gives a star product * on P,(C), i.e. for
any a,b € C*°(P,(C)) we have

(1.21) axb=ab+ g{a,b} (mod »?).

§2. A Weyl manifold over P,(C)

Using the notion of Weyl manifolds given in [10, 11], we describe
the algebra a[[v]] more geometrically.

2.1. The formal Weyl algebra

Let W' denote the algebra with 2n + 3 generators {7, Z1,- -, Zp41,
Z1,+++, Zmy1} over C with the relations:

0,Z)=0 , [9,Z;]=0,

where |, | denotes the commutator [a,b]=ab — ba. For any a,b € WI,
the product is denoted by a * b; for any o, 3 € N™"*! we denote Z7* *
ok Zo e Z sk 200 by 794 2P where Z0=Z; % -+ x Z;, 7=

(277

Define the degree of the generators by d(9)=2, d(Z;) = d(Z;)=1
(1<i<n+1). Forl>0,let W(l) be the set of polynomials of degree
! and W(0) = C. Then

(2.2) W =@50W(l),  (direct sum).

Any element a € W' can be written as a finite sum Sap, a1 € W(l); a;
is called the [-th component of a.

Give W'= @lW(l) the direct product topology. Denote by W the
completion of W/; W is called the formal Weyl algebra with generators



140 H. Omori, Y. Maeda and A. Yoshioka

{8,741, Zns1, Z1, -+ Zny1}. The formal Weyl algebra W is isomor-
phic (as a vector space) to the formal power series ring C[[7,21, - -+, Zp+ 1,
Zy,+++y Zny1)]- If we replace Z;, Z; by (X; ++/—1Y;) and (X; — /—1Y})
respectively, then the algebra W is exactly the same as in [10]. We also
use the formal Weyl algebra W with 2n + 1 generators {v, Z1,- -, Z,,
Zhyo 2o}

2.2. Symmetric product
For a,b € W, define the symmetric product by

1
aob:§(a*b—|—b*a).

The above product is not associative but (W, o) is a Jordan algebra.
However, by the general formula

1
(2.3) (aob)oc—ao(boc)=Z[b,[a,c]],
and the fact that [Z;, Z,] is in the center of W, we have
(2.4) Zio(Zjoa)=Zj0(Zioa) (1<i,j<n+1),

where Z; = Z; or Z;. Thus, we may set

~

(Zio)l-a:?io(ZAio~~-(Zioa)---z,

! times
and
(Z0)*(Z0)° - a
(2.5) =(Z10)%1 -+ - (Zp410)**+1(Z10)P* -+ - (Zny10)P*1 - a,

where the right hand side of (2.5) is independent of the order of the Z;0’s,
and Z;0’s. Obviously, {#!(Z0)*(Z0)? -1 ;a,8 € N1} forms a linear
basis of W. W (k) is spanned by {#(Z0)*(Zo)? -1 : 2l + |a| + |8] = k}
(cf. [10], Lemma 1.2).

By the above fact, we may introduce a new product ® defined by
(Zo)* 10 (Zo)P -1=(Z0)*™P .1,  qa,8€ N,

We denote Z; on and (Zo)*-1 by ZiQZj and (Z©)“ respectively. The
following are easily seen:
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(W, ®) is a commutative, associative topological algebra over C.

(W, ®) is isomorphic to the algebra C[[,Z1, - - * ,Zn+1,21,* * * yZn+1]]-

~ o~
o o

2.3. Localization of the algebras d[[7]] and a[[V]]

Let U and U be open sets of C**! — {0} and P,(C) respectively.
By formula (1.8) and Definition (1.17), the *(resp. *)-product can be

restricted on U (resp. U) and then extended to C°(U;C[[7]]) (resp.
C>(U; C[[V]])). If n(TU) = U, then 7* and ¢ given in (1.15) and (1.16)
can be also restricted on U and U, wich are denoted by (7, Ly Tespec-
tively. In particular, for any a,b € ay[[v]],

(2.6) ax b= 15(njaxnyb).
The algebra (C°°(U; C[[7]]), %) (resp. (C=(U;C[[v]]), *)) with the C>-
topology is denoted by @y [[7]] (resp. ay|[[v]]).

Given an open set U ¢ C™t! — {0}, we consider the trivial bundle
W =U x W 5 U. Define 2n + 2 smooth sections ¢;, {; on Wy by:
(27) Ci(Z,Z) =z; + Z;, @-(z,i) =2¢+Zi, (z=1,,n+1)

For f € dz([#]], we define a section f#((,() € I'(Wy) by
1
alp!

f# is called the Weyl continuation of f € dg[[P]]. Let F(Wy) be the
algebra of f# for f € az[[7]] where the product is defined pointwisely
on W.

We have shown in [10]:

(28) f#(¢,0)(2,2) =Y —=(0°9°f)(2,2)- 2°© Z°, a,BeN".

Proposition 2.1. F(Wy) is naturally isomorphic to ag([7]] as an
algebra.

2.4. Main results

We now introduce systems of local generators:

Definition 2.2. Let U and U = 7(U) be open sets of C*t! — {0}
and P, (C) respectively. A (2n + 3)-tuple {wo; W1, - - -, Wan42} of a5 [[7]]
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(resp. (2n + 1)-tuple {wo; w1, -+, wan} of ay|[[v]]) is called a system of
local generators for ag[[7]] (resp. ay[[v]]) if they satisfy

(L 1) Wo (resp.wyp) is in the center of a;[[]] (resp. ay{[v]]).

(L 2) The closure of the algebra generated by {wo; Wy, - -, Want2} (resp.
{wo; w1, -+, won}) coincides with az[[7]] (resp. ay([V]])-

We now consider this definition on each chart (Uj, ¢;) of P,(C).
Namely, for each [ = 1,2,---,n+ 1, let U = {z = (21, 2n41) €
C*t — {0} | 1 # 0}, Ui = n(0y), and ¢y : Uy — ¢1(U;) = C™. Then,
é1(p) = (2., —f—;, ey fl;lil—) with p = 7(2) gives the local coordinate

of P,,(C). For simplicity, we set 7} = 77, and ¢ = ¢,

Definition 2.3. A collection of systems of local generators {w(()l),
uP, e uld, §l) e v,(ll)} for ay,[[V]] foreach I = 1,---,n+1 is called

1 ’

a (system of) Weyl coordinates on P, (C) associated with {(Uy, ¢;)} if for
any Ilm=1,---,n+1

(C1) mrw (l) = 7r,*nw((]m) on ag,g, [[7]] if UyNUn #0

(C2)
[ @ (l)] 0, [w(l) v(l)]:m [w 0 (l)]_o

Wp ™ Uy 17u

l 1 { l
0" =0, W 0] = —ws;.

n eac N U Uy "y un,v sty Un mod VvV are
C 3) On each Uy, N Uy(# 0), u{® F) o® ¥ mod

R-valued C* functions of (u1 Do ug), v%l), ,vr(f)).

In §3-4, we shall prove the following:

Theorem 2.4. There exists a system of Weyl coordinates on
P,(C) associated with {(U;, ¢1)}. (cf. Theorem 4.5.)

By this theorem, we can construct an algebra bundle over P,(C)
with the formal Weyl algebra W of 2n + 1 generators as fiber. Namely,
on each Ul we consider a trivial algebra bundle 7; : U; x W — Uj. Since
{w(l), , cee ug), vy), ceey vﬁf%} can be viewed as C'*°-sections of
Wy, thls trivializes the bundle Wy,. Moreover, we can patch the Wy,
together. This gives a Weyl manifold over P,(C) introduced in [9, 10].
Using the notation of [9, 10] on Weyl manifolds, we have
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Theorem 2.5. The algebra (a[[v]],*) = (C®(P,(C);C|[V]]), *)
gives a Weyl manifold Wp_ (cy over P,(C). In particular, a[[v]] is iso-
morphic to F(Wp, (c)), where F(Wp, (c)) is the set of all Weyl functions
on P,(C).

§3. Properties for a[[D])?

3.1. Several operations on al[7]]

Note that the natural product - can be defined on a;[[7]] for any
open set U C C™*! — {0}. We use the notation (d;[[7]], ) when we
consider a;[[7]] as a commutative algebra. We can introduce a partial
derivative 85 on a[[7]] and dg[[7]] as follows: for any element a € ag[[7]]
with the form a = Y~ ;7! where a; = a;(2, 2) is C,

(3.1) OSa= Z(@ial)ﬂl, ;o = Z(éial)f/l, dza = Zlalﬂlfl.
We introduce the differential operators Ly and Ly on ag{[7]] by

(3.2) Lod = 200;6+ » (2 -0; + 2 - 8;)a

and

(3.3) Lia=Y_ v=1(z- 0 —z-8)a,

for a € ag[[7]].

Lemma 3.1. Lo and Ly are deriwations of (a3 ([7]],-): i.e. for any
a,b € (ag([7]], ),

(3.4) Li(@-b) = Ly(@) -b+a- Lg(b) (k=0,1).

Note that L; can be rewritten as

(3.5) Lia =[] (= ~Ladma),

where r = (2|2 = 1 E?:ll 2iZ;.
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Remark. In general, for @, bée ag[[7]], the equality
[@,b-& = [a,b]-¢+b-[a,d
does not hold.

Let U be a conic open set in C"*! — {0} and put ag[[7]]? =a[[7]]° N
az[[7]]. A characterization of a;[[7]]® by Lo and  is given as follows:

Proposition 3.2. a;[[7]]? ={a € ag([#]] | Loa =0, [r,a] = 0}.

Proof. For a real parameter ¢t and @ € ag[[7]], consider curves
t— p(et)a, p(eV~1t)a. Taking the derivatives at t = 0, we get

- (3.6) €')a |¢=0= Lod,

gl
d V=1t\~ ~
3.7 pn (e }a |t=0= L1a.

Since Lor = 2r and Lo = 20, we have formally Lg(%’l") = 0. This
implies [Lo, L1] = 0, which gives Proposition 3.2. Q.E.D.

Using Lemma 3.1 and Proposition 3.2, we have

Corollary 3.3. Let U be a conic open set in C*t1 — {0}.
(1) ag[[2]]? is closed under the --product.
(2) For any T € U(n + 1), we have

(@) T(r)=r,  [T,Lo] =0,

(b) Targ[[Z]]” = ag([#)*.

3.2. Inverse of r

Since r # 0 on C™*! — {0}, it has the inverse % for the --product.
To obtain the inverse r—! for the *-product, we first assume that r—! is
a function f(r) of r and solve the equation 7%f(r) = 1. By the product
formulas (1.9) (1.10), we have

raf(r) = () + (1) + 5 ) =1
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Setting f = Y ;2 i, we have

an  {#0=(3) (@& 278) ()

faiy1 = 0.

By (3.8), ™! has the form

_ 1 n—17v (n-1)3(n-3),o
-0 A VRSV et S SR Y
’ r{ + 2 (r) 2 2 (7')
(3.9)
(n—=1)3(n—3)5(n—75) U4
+ 2 2 2 ('r') +t
On the other hand, ef;’;’_l = %(ﬂr'li)m, t € R, in the ¥-product,

satisfies the differential equation

(3.10) %gt(r) = or tigi(r), go(r) =1.

Multiplying both sides of (3.10) by r, we have

D0+ P2 + Lol ()7} = aulr).

By setting gi=3 o, #'g{"(r), we can compute "' in the form
sk aktF(2)!, where apy = . Comparing coefficients of t*, we see
that

(3.11) = Z am,l(g)l (m=1,2,--).
I=m

Since (3.11) can be solved conversely with respect to (2)!, we see that

Y is written as a function of r—*.

3.3. The center of a[[7]]°.

Put v = Z € d[[7]]. Then we have:

(N

Proposition 3.4. v = ¥ satisfies the following:

T
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(a) v e af[7]],
(b) [, f] = 0 for any f € a[[7]]7.

Proof. Since [r,d[[#]]?] = {0} by Proposition 3.2, we have [r~1,
a[[#]]?] = {0}. Thus [f(r~'),a[[7]]?] = {0}. By Proposition 3.2, we
obtain (b). Moreover, since [£,7] = 0 and Lor = 2r, we have £ € a[[7]}*.

Q.E.D.

By Proposition 3.4, we may use v = % as a deformation parameter
of a[[v]]. However, note that there is no general rule for determining
deformation parameters as one may replace % by #r~!. If we choose
pr~1 as a deformation parameter, then the expression of *-product on

a[[v]] is changed.

§4. Manifold structures on a[[v]]

4.1. Local generators of a[[v]]

It is impossible to find generators of a[[v]] with respect to which any
element of a[[v]] has a unique expression. Instead, we can localize a[[]]
on open subsets to have convenient expressions for its elements. On the

open set U, = {z € C"™ — {0} | 2,4, # 0}, consider

(4.1) ag,,, [P ={aeag  [[P]| p(Na=a,x e C"}.

Note that on ﬁn+1, ﬁ and 2—111+_1 are well-defined. Thus, setting

2 _ 2 .
w; = ) W; = — (7':17'”7n)7
Zn+1 Zn+1

3| ™

(4.2) v=

y

we have v, w;, W; € a7, [[7]}°. By Lemma 1.3, we can identify v, w;, w;

with elements of ay, , [[V]].

For f € ag, .. [[7]]°, we may write f= leofl(z,z)ﬁl. Since f is
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invariant under p( ) we have
~ s 1 ~ L
f(z,Z;V)=(p< )f) (2,2 D)
Zn+1
p z z v
(43) :f ( y > 2)
Zn+1 “n+l |Zn+1 |

_Zfl <zn+1 Zn+1> (|Zn:1’2)[ <§>l

= Z fl(w, ’LD)I/
!

where fi(w,w) = fl(w,'w)(%(l + |w|?))!. This gives:

Theorem 4.1. f ¢ ag, .. [[7]]? if and only if there exists f €
C™®(Upny1; Cl[V]]) such that f = LE/A

4.2. Commutation relations for Weyl coordinates

We compute the commutation relations for {2, wq, -+, wp,
Wi, -y Wyt O0 Ppi1(Ung1). Using (1.9) and Proposition 3.4 (b), we
easily have

Lemma 4.2. Foranyi,j=1,---,n,

(4.4)

By Lemma 4.2 and the polynomial approximation theorem, the
commutative algebra of the C][[v]]-valued holomorphic functions on
&nt1(Upt1) (resp. anti-holomorphic functions on ¢p41(Uny1) ) is iso-
morphic to the subalgebra of F(Wy, . (v,,,)) whose element has the

form f# = f(v,wy,---,w,)¥# (vesp. f# = f(v, @1, -, w,)%).
By Theorem 4.1, we may call {v,wy, -, wp, @1, -, Dy} the homo-

geneous complex Weyl coordinateson Wy (v, ,,)- By a careful compu-
tation, we have the following commutation relation:
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Proposition 4.3.
(4.5)

[wi, @;] =v(1+ > _ widy) - (65 + wyDx)
=1

— (w1 + > wmy))® - (26;x + 3lw;y)
=1

+ A+ Y wiw)) (@85 + Slwyig) — -
=1

4.3. Local trivialization on ay, ., [[V]].

As seen in 4.2, it seems not so simple to write the commutation
relations for {v,wq, -+, wy, W1, -, Wn}. By a change of generators, we
can give a structure on ay, ., [[v]] simpler than (4.5). However, we have
to use a non-holomorphic transformation here.

Let H= ——2X—— € ay, +11[7]], where the square root is given
A/ 1+ )  wiw

in the --product.

Lemma 4.4. Forany jk=1,---,n,

(46) [H-w;,H wy| =[H-w;,H - w] =0 (mod v?),
[H - wj, H - W] = 2¢/— 1w (mod v?).

Proof. By the product formula (1.9),

H-wj=H+w; (modv) (v= E/—)
r

Hence
[H-wj, H- wg) = [H*wj, H*wg] (modv?),etc.

Thus
[H-w;, H-wy] = H*[w;, 0g|+ H - [w;, H|wg + [H, @) - H-w;  (mod v?).

By these equalities and (1.11), we obtain the formulas (4.6). Q.E.D.
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Setting

1 )
& = gH wj+ H-wy), 1f == (H -w;—H-@) (1<j<n),

2\/—
and using the last lemma yields

{ €60 =lnfonf] =0 (mods?)

4.7
(47) [;’,nk = —vé; (modr?).

In particular, {€7,&}= {n],n;}=0, and {&}, 7} }=—8;x. The following
theorem may be called a quantized Darboux theorem:

Theorem 4.5. There exist {1, -+ ,€n, M1, , M € Gu,,, [[V]] such
that

[€:,&5] = [ms,m;] =0

(&, n;] = —véij, wherev =

ﬁltz

Proof. (cf. [11], 3.4 Lemma) Set

[ " //] _ I/2a(2) +u a(3) .

2 3
[nz771]]—V2 £L—})—zn+]+y a(n—{)-zn-{-j_*—“.’

[f:/,ﬁg] V51,] +V2 7(,2,2+j +oe

By the Jacobi identity, we have

(4.8) S {GaD =0 (1<ijk<2m),

(i,3,k):cyclic

where (C1, -+, Con) =(&1, -+, &l m{, -, nl). Define a 2-form w’ on ¢y,

n+1

n+i,n+j n+i,j
1<4,5<n

1
W= 3 Z (a(2) dx; ANdzj — 2a% dx; A dy; + a( )dyz A dy;),

where & = z; + O(v), 0 =y + O(v) and z1, -+, Zp, Y1, -, Yn IS &
symplectic coordinate system on ¢y 41(Un+1). Then (4.8) implies dw’=0.
Since ¢p+1(Uns1)= C™ is 2-connected, there exists ' = >~ (bsdzs +
bn+sdys) such that w'=dé’.
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Consider
{ & =& +vbny
n; =mn —vb;.
Rep]-aCing ( £I7 T Zy 7’1/1 e 777;{) by (61’ e 1{47,1 77{[1 Tt ’77;7,)’ we see that
[g'{a 5_;] = [77:7 77_;] =0 modv?
[¢,mf] = —véi; modv®.
Repeating this procedure for v3,0*, - - - finishes the proof. Q.E.D.
Note that (wq,---,wy,) in 4.3 is a complex local coordinate system of
P,(C) and hence (¢7,---,&/n!,---,nY) is a real local coordinate system

of P,(C). Since & = &/, 7, = 1 mod v in the above proof, Theorem
4.5 implies also Theorem 2.4.

Using v,£1, - ,¢n M1, -7 Obtained above, we may define the ®-
product on ay, _, [[v]] by the same manner as in 2.2. Let B¢, be the clo-

sure of the space of all polynomials of the form ) aq3&* OnP, ass € R.
It is a ®-subalgebra over R of (ay,,,, [[V]], ®), and (B¢ 5, ©) is isomorphic
to the algebra (C*°(U,41;R),). Via this isomorphism, we can regard
&1y €y My - *5Mn as coordinate functions on Uy, ;.

Since ¢y 41(Ups1)=C", we have
Corollary 4.6. (ay,,,[[V]],*)= F(Wcr)

Since U, 11 can be replaced by any Uj, this result shows that a[[v]] is
obtained by patching F(Wc-)’s, and hence a[[v]] can be regarded as the
space of certain sections of a Weyl algebra bundle Wp, (c) over P,(C).
The coordinate transformations are given by isomorphisms

Yo+ FWen_ry) — F(Wen_q3)
with ¥y ;(v)=v, where C" — {k}=C" — {& = 0}.

Remark 1. The ®©-product defined on ay,,, may not equal the
usual --product.

Remark 2. By Lemma 3.2 of [10], ¥}, ; are given as the pull back of
pre-Weyl diffeomorphisms ®;: Wen_ (13 — Wen_(x), where Wen (1)
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=(C™ — {k}) x W. Thus, strictly speaking, we should call the obtained
Weyl algebra bundle Wp, (c) a pre-Weyl manifold.

It is, however, possible to correct Wp, (c) to a genuine Weyl manifold

defined in [10] by the same procedure discussed in [10, §5]. This proves
Theorem 2.5.
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