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The Maass Zeta Functions Attached to
Positive Definite Quadratic Forms

Fumihiro Sato

80. Introduction

Let m, n be positive integers with m > n. Put I' = SL(n,Z) and
take a lattice L in the space M(m,n;R) of m by n real matrices stable
under the action of I from the right. Denote by L’ the set of matrices of
rank n in L. In a series of papers ([M1], [M2], [M5]) Maass made precise
investigations of the following zeta functions:

_Q(z)¢(*xx)
(Q, ¢, L;s) Z det(frz) T4z

zeLl’/T

where Q(z) is a homogeneous polynomial of even degree d on V =
M(m, n) invariant under the action of SL(n) from the right and ¢(Y") is
an automorphic form of homogeneous degree 0 on the space of positive
definite symmetric matrices of size n with respect to the arithmetic sub-
group I'. According to his results, the zeta functions can be extended to
meromorphic functions in the whole complex plane and satisfy a func-
tional equation under s — m/2—s; however Maass’ functional equation
involves derivatives of the form

L(D,) (¢(*zz) det("zz)*),

where L (D,) is a certain differential operator obtained from @, and the
derivatives have not been calculated explicitly unless Q(z) is harmonic.

The aim of this paper is to present an approach to the Maass zeta
functions based on the theory of prehomogeneous vector spaces and to
obtain their explicit functional equation. In the present paper we restrict
our attention to the case where the automorphic form ¢ is a constant
function. The general case will be treated in a subsequent paper [S6]
(see also [S5]).
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Put G = SO(m) x GL{n). The group G acts linearly on the space
V = M(m,n) of m by n matrices via

x> kxg™! (k € SO(n),g € GL(n),z € V).
Then (G, V) is a prehomogeneous vector space with singular set
S = {z € V| det('zz) = 0}

and the Maass zeta functions can be viewed as zeta functions associated
with this prehomogeneous vector space.

Let R = C[M(m,n)]S%(") be the ring of SL(n)-invariant polynomial
functions on V.= M(m,n). To get an explicit functional equation of
the Maass zeta function, it is necessary to decompose the ring R into
direct sum of simple G-modules. Put

m

ng =min{n,m —n} and «= [?} .

Then simple components of R are parametrized by elements in the set

A:{(AO’)\)EZXZK, )\05/\15---5/\n0 (m0d2) }

)\02”'2)‘”0ZAno-f—l:”':)‘H:O

if m # 2n, and

A:{()\O’A)EZXZTL AOEAlE...E)\n (mod2)}

)\OZ"'Z)\TL—IZ|/\7LI

if m = 2n and hence k = n. We denote by R, » the simple component
corresponding to (Ag,A\) € A. Then our main theorem is the following:

Theorem. Let Q(z) be a polynomial in Ry, x ((Xo,A) € A) and
¢o(Y) be a constant function. Then

(i) ¢(Q,L;s) = ¢(Q,d0,L;s) has an analytic continuation to a
meromorphic function of s in C and the function

ﬁ (S_x\1+z‘+1) (S_A1+m—z'+1)
. 2 2
i=no+1 ’
o N—i—1 Ai+m—i+1
XE<S+—2 )(s—~——2 >C(Q,L,s)

is an entire function.
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(ii) Put
£(Q,L;s) = v(L)/?m™™

« IJ r(s- )HF( 2o @ ),

i=no+1

where v(L) = fVR/L dx and 0 = 0 or 1 according as Ay is even or odd.
Then the following functional equation holds:

V-1 (i Ai +o(n— n0)>> &(Q, L; s).

£(Q,L";m/2 — s) =exp (W

As mentioned above, the Maass zeta function can be viewed as a zeta
function associated with the prehomogeneous vector space (SO(m) X
GL(n),M(m,n)). However to control SL(n)-invariant functions ap-
pearing as coefficients of the zeta function, we need precise information
on the prehomogeneous vector space (B(m) x GL(n),M(m,n)), where
B(m) is the Borel subgroup of the special orthogonal group SO(m). In
Section 1 the structure of (B(m) x GL(n), M(m,n)) is examined. The
decomposition theorem of the ring R is due to Hoppe [H]. We give in
this section a simple proof of Hoppe’s decomposition theorem and make
a correction to Hoppe’s result in the case m = 2n.

Recall that the following are the facts lying behind the validity of
functional equations of zeta functions associated with prehomogeneous
vector spaces (cf. [SS], [S1]):

(1) local functional equations satisfied by complex powers of relative
invariants,

(2) integral representation of zeta functions as a kind of Mellin
transform of Theta series,

(3) the existence of the b-functions (the Bernstein-Sato polynomials
of relative invariants).

Since the general theory of zeta functions associated with prehomoge-
neous vector spaces developed in [SS] and [S1] can be applied to the
Maass zeta functions only when both Q(x) and ¢(Y") are constant func-
tions, it is necessary for our purpose to generalize these three facts to
the Maass zeta function ((Q, L;s). In Section 2 we give an integral
representation of the Maass zeta function. We prove in Section 3 a
generalization of local functional equations (Theorem 3.3) and give a
proof of the main theorem (Theorem 3.1), assuming a formula for gen-
eralized b-functions (Theorem 3.4). The determination of generalized
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b-functions corresponds to explicit calculation of L (D,) ((det'zz)™*).
Section 4 is devoted to a calculation of the local functional equation and
the b-functions of (B(m) x GL(n), M(m,n)), which plays a key role in
determining the explicit form of the functional equation of the Maass
zeta function.

In the study of the Maass zeta functions, we are often forced to
distinguish the cases m > 2n and n < m < 2n. The use of the castling
transform of prehomogeneous vector spaces allows us to reduce the case
m < 2n to the case m > 2n. In fact our argument in the present paper
relies heavily upon results on the castling transform in [SO].

When n = 1, the Maass zeta function is nothing but the Epstein
zeta function with spherical functions (cf. [E], [Si]). This special case
has been precisely examined in [S2] by the same method.

A general theory of zeta functions with polynomial coefficients,
which can be applied to the Maass zeta function {(Q, L; s), is developed
in [S4]. However, for the sake of selfcontainedness, we do not assume
the results in [S4], but only some basic knowledge on prehomogeneous
vector spaces, for which we refer to [SK, §4], [SS] and [S1].

Notation. We denote by Z, R and C the ring of rational integers,
the field of real numbers and the field of complex numbers, respectively.
For an affine algebraic variety X defined over a field k, X}, stands for the
set of k-rational points of X. The space of rapidly decreasing functions
on a real vector space V is denoted by S(V). The space of compactly
supported C*°-functions on a C°°-manifold M is denoted by C§°(M).
We denote by 1, and 00™™) the identity matrix of size n and the m
by n zero matrix, respectively. We often denote the zero matrix simply
by 0, if its size is obvious from the context. The superscript (m,n) of
a matrix A = A™™ indicates that the matrix A is of m rows and n
columns. We write simply A(™) for A(™™)  For a real number a, we
put sgn(a) = a/|al. The real part of a complex number z is denoted by

R(2).

§1. Structure of certain prehomogeneous vector spaces

Let m, n be positive integers with m > n. We put ng = min{n,m —
n}, kK = [m/2] and § = 0 or 1 according as m is even or odd. Then
m = 2k + §. For a nondegenerate symmetric matrix Y (™), let G =
SO(Y) x GL(n) and V = M(m,n). We consider the representation p
of G on V defined by

p(h,g)x = hxg™! (h € SO(Y),g € GL(n),z € M(m,n)).
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Proposition 1.1 ([SK; §5, Proposition 23]). The triple (G, p, V)
is a reqular prehomogeneous vector space with singular set

S={zx eV |det(zYz)=0}.

The prehomogeneous vector space (G, p, V) is defined over the field
Q (yi;;1 <t < j < m) generated by the entries of Y. In this section we
consider (G, p, V) as a prehomogeneous vector space defined over C and
it is convenient to take the matrix

as Y. Real structures of (G, p, V) enter into the picture in Sections 2, 3
and 4. In Sections 2 and 3 we consider the real form of compact type,
for which Y = 1,, and in Section 4 the real form of split type, for which
Y =J.

Put
A x *
B(m) = 0 1, = € SO(J)| A € Trig(k) ¢,
0 0 A!

where Trig(x) is the group of nondegenerate upper triangular matrices
of size k. Then the group B(m) is a Borel subgroup of SO(J). Every
element b of B(m) can be written as

b b1 ’U)bg
A
(A € Trig(n)),
tAfl
—27 Lyl
—ty (veCr),
L
B
0 (B € M(x),'B = -B).
1e

Also put P = B(m) x GL(n). We denote the representation of P on
V obtained from p by restricting it to P by the same symbol p. If it
is necessary to indicate the dependence on n, we use the superscript (n)
such as P p(®) V() ete.
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Proposition 1.2. The triple (P,p, V) is a regular prehomoge-
neous vector space.

Proof. The triple (P~ p(m=n) v(m=n)) ig equivalent to the
castling transform of (P, p(™ V(")) Hence, by [SK, §2, Proposition
7] and [SO, Lemma 1.5], it is enough to prove the proposition in the case
m > 2n. Consider the point

1,
(k—n+6,n)
o = o e€V.
1,
o(x—n,m)

Then, by an elementary calculation, it is easy to see that every element
of the isotropy subgroup P, of P at z is of the form

U™ 0 o(n.1) o™ 0
(11) (bl ( 0 A(K_")> b2 (,U(K,—n,l) b3 0 B(K-n) 7U )

+1 '
where U = € M(n), A € Trig(k—n), B € M(k—n),
+1
‘B =—B and v € C*~". Hence

P, = {£1}" xB(2(k — n) +6)
and
dim P — dim P, = (k? + k6 +n?) — {(k — n)? + §(x — n)}
= (26 4+ §)n = mn = dim V.
This shows that the triple (P, p, V) is a prehomogeneous vector space

(cf. [SK; §2, Proposition 2]). The regularity of (P, p, V) follows directly
from the regularity of (G, p, V). Q.E.D.

Now we shall determine the singular set and relative invariants of
(P,p, V).

For a symmetric matrix T' we denote by d;(T) the i-th principal
minor, namely the determinant of the upper left i by ¢ block of T'. Using
the block decomposition

xgn,n)

xr = y(éyn) € V)
zgn,n)
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we define rational functions Py(z), ..., Py, () by

Py(z) = det(*zJx),

Pi(z) = Po(z) . di(zz(fzJx) " Hizy) (1<i<ng—2),
Po(z) o dpg—1(z2(fzJz) " i2s) if m # 2n,
Pro-1(z) = { Po(z) ¢ —1t ;
Po(a) " dpo—1(z2(*zJz) H2g) - if m = 2n,

Poo(z) = (Po(x) « dng (w2('zz) 22)) /7.

Note that P, (z) is equal to the determinant of the matrix formed by
the first (resp. last) n rows of x5 (resp. z), if m > 2n (resp. m < 2n).
Then it is easy to check the first part of the following proposition:

Proposition 1.3. (i) The functions Py(z),..., Py () are rela-
tive invariants of (P, p, V) and the rational characters xy, ..., X, cor-
responding to Py(x), ..., Pn,(x), respectively, are given by

Xo(b,g) = det(g) 2,

x;(b,g) = det(g)"%. (a1 -+ a;) "2 (1<i<ng—2),
) det(g)™2.(ay -+ apya—1)"2 if m # 2n,
Xn0—1( ' g) = { det(g)~ 1 (ay 'a”ng—l)_l ., if m=2n,
Xno (b,g) = det(g)~ ! (a1 a’"o)_1
for g € GL(n) and
ay * *
b= by (A)ba()bs(B) € Blm) with A=| o - ,

(ii) They are irreducible polynomials and the singular set Sp of
(P, p, V) is given by

Sp:Lj{$€V|H-(x)=O}.
=0

To prove the second part of the lemma, we need some preliminaries.
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Lemma 1.4. The relative invariants Po(z),. .., Pno(x) are poly-
nomials.

Proof. By [SO; Lemma 1.2], it is enough to prove the lemma in
the case m > 2n. Then ny = n. It is obvious that Py(z) and P,(z)
are irreducible polynomials. Denote by x3 the square matrix of size n
formed by the first n rows of z3. For i =1,...,n — 1, put

fz(a:) = di(.'Eg(t.’L‘JQ:)_lt.’Eg).
Then we have

fi(z) = det(zz (‘e Jx) " Yiez) . d_, (23 (e Jx)z3t)
Pn (‘Z')2 * — —
= Po(.’l,‘) . dn-i(th 1(%‘]'17)1'3 1)’
where d7,_,(T') stands for the determinant of the lower right n—¢ by n—1

block of a symmetric matrix 7. Since every entry of the matrix P,(z) .
2(n—i—1)-

x5! is a polynomial of the entries of x5, the function Py(x) P, (z)
fi(z) is a polynomial. On the other hand

Po(z) fi(x) = di(Po(x) » z3(fxJx) " a3)

is a polynomial. Hence Py(z)fi(z) is a polynomial for s =1,...,n — 1.
This shows that P;(z) (1 < i < n—1) is a polynomial, unless m = 2n
and i = n — 1. Now assume that m = 2n. Then we have

Fros(&) = i <1 (Po(o)z; Yo + 21 (Pale); ).

Hence
Po1(z) = di ((Pu(x)z3 )21 + &1 (Pa(z)23 1))
and P,_1(z) is a polynomial. Q.E.D.
For A = (A1,...,As) € Z", we define a rational character x, of
B(m) by

X (b1(A)ba(v)b3(B)) = ay ™ - --a .
Then any rational character x of P = B(m) x GL(n) is of the form
X(h7 g) = X,\O’,\(h7 g) = Xx(h) . det(g)_)‘

for some A € Z* and Ay € Z. Let X,(P) be the multiplicative group
of rational characters of P corresponding to some relative invariants of
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(P,p, V). By (1.1), [SK; §4, Proposition 19] and [SO; Lemma 1.2], we

have

MEAN== Ay, (mon)}

Xp(P) = {X)\O,A Aigt1 =+ =Ae =0

We denote by Py, the relative invariant corresponding to Xapa €
X,(P), namely the rational function satisfying

P)\o,)\(p(bv g)l‘) = X)\O)\(b’ g)P)\o,)\(x) ((b7 g) € P)

Recall that Py, » is determined by (Mo, A) uniquely up to nonzero con-
stant multiple ([SK; §4, Proposition 3]). Put

X,(P)t = {XAD,A € X,(P) 1 Py, risa polynomial} .

Let R be the ring of polynomial functions on V invariant under the
action of SL(n) from the right:

R = {Q(z) € CM(m,n)]| Q(zg) = Q(z) (g € SL(n)) } .
We consider the ring R as a left G-module via
((h,9) . P)(z) = P(p(h,9)"'x)  (h€SO(J),g € GL(n)).

Then a relatively P-invariant polynomial function is nothing but the
highest weight vector of a rational representation of G contained in R.
The highest weight corresponding to Py, is X;()l’ - It is known that the

character X;\Ol  of P is a highest weight of some rational representation
of G if and only if

{)\12-'-2)\520 when m is odd,

(1.2) .
AL > 2 Aeo1 2 |Ax| when m is even.

Therefore we obtain the inclusion relation
X,(P)*t c {XAO,A € X,(P)| X satisfies (1.2)} .

Lemma 1.5. Put

B . M=M= = Ay, (modz)
A—{(Ao,)\)GZXZ )\02"'2)\710.>_’\n0+1:".:)‘“:0
or
B n )\OE)‘liz)\n (m0d2)
_{(AO,)\)EZXZ N




418 F. Sato

according as m # 2n or m = 2n (= 2k). Then

Xo(P)* = {x5y 11 (0, ) €A}

Proof. Let Py, (z) be a polynomial relative invariant. Then A
satisfies the condition (1.2) and we obtain

no—1 An
o= Fapere [ mr
Ao, A Fn % Xg‘"_1+)‘")/2 (m — 2n).

This implies that there exists a nonzero constant ¢ such

nog—1 An,
Pya=c I I Pi(’\’ Aer1)/2 i Ny (m # 2n)
i=0 PO A2y — o),

Note that the exponents of Pi,..., P, are non-negative integers. As-
sume that A\g < Ay. Then, since P, is irreducible, Py divides some
P; (1 < i < ng). This is impossible. Hence Ag > A;. This shows the
inclusion relation

X,(P)* C {Xko,kl (Ao, A) € A}.

The opposite inclusion relation follows immediately from the expression
above of Py, » as a product of Py,..., Pp,. Q.E.D.

Now we can complete the proof of Proposition 1.3.

Proof of Proposition 1.3 (ii). Let Q(z) be a prime divisor of P;(x).
Then it is also a relative invariant {(cf. [SK; Section 4, Proposition
5]). As is shown in the proof of Lemma 1.5, Q(z) is a product of
Polz), ..., Ppo(x). This can occur only when Pj(z) is irreducible. An
elementary calculation shows that

V':V—Cj{xevm(x):o}

=0

is a single P-orbit. This proves Proposition 1.3 (ii). Q.E.D.
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Let Ry, be the subspace of R spanned by {(, g).Px, 2| (h,g) €G}.
Every polynomial in R, ) is homogeneous of degree A\gn. Put

* _ P )\15)\25"'5)\7,,0 (mod2)

A“{AEZ M > > Ay 2 g1 == Ag =0 (M7,
_ n )\15/\255An (m0d2) _
_{,\EZ M > > Aot > (m = 2n).

For A = (Aq,...,Ac) € A*, put Ry = Ry, ». Then
R)\O,)\ = Po(x)(Ao#)\l)/ZR/\ (()\O,)\) c A)

By the relation between relatively P-invariant polynomials and high-
est weight vectors of simple G-modules contained in R, Lemma 1.5 can
be translated into the following Proposition:

Proposition 1.6. The decomposition of R into direct sum of sim-
ple G-modules is given by

R= @ R)\O’,\:@ @ P(](.’E)l.R)\.
(Ao, A)EA =0 A€A~

Let Py (D,) be the differential operator with constant coefficients
satisfying

Py (Dy) exp (tr("yJz)) = Po(y) exp (tr(yJz)).

Proposition 1.7. The space @, 5. R is characterized by the
differential equation Py (D) Q(z) = 0, namely,

D Rr=1{Q(z) € R | Py (D:) Q(z) = 0}.

AEA*

Proof. The proposition is an immediate consequence of the for-
mula for the b-function of (P, p, V), which will be proved in Section 4
(Theorem 4.2, see also Theorem 3.4 (ii)).

Remark. Propositions 1.6 and 1.7 are due to Hoppe ([H; Satz 7,
Korollar 7.1], see also [M6]). However Hoppe’s result contains a slight
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inaccuracy, which results from that he missed the fact that, when m =
2n, Py(z)fn—1(z) can be divided by P, (x).

Take a W € GL(m,C) such that J = WW. For A € A*, put

Ra={QW™'z)|Q(z) € R\}.

Then

(1.3) R= @ GB (det zx)!
1=0 XA~
gives a decomposition of R into simple SO(m)-modules. Put

K = S0(m) = {k € GL(m)g |k = 1,,}

and
Ko = { ('Bl &) = SO(m)‘ ki € SO(n), ks € SO(m—n)}.

Let C(K/Ky) (resp. L?(K/Ky)) be the space of continuous functions
(resp. measurable functions square integrable with respect to the nor-
malized K-invariant measure) on K/Kjy. Define a mapping o : Ry —
C(K/Ko) by

(1.4) A(Q)(F) = QUkao), 70 = (1(;) |

We denote the image a(R)) by H,. Since R, is a simple SO(m)-
module, the mapping o : R) — H) is an isomorphism and H) gives
an irreducible unitary subrepresentation of K of L?(K/K,). Moreover
we have the following proposition:

Proposition 1.8. The irreducible decomposition of the regular
representation of K on K/Ky is given by

L*(K/Ko) = €D H».

AEA*
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-

§2. Integral representation of the Maass zeta functions
2.1. We consider the R-structure of (G, p, V) such that
G =Ggr =K xGL(n,R) and Vg =M(m,n;R).

Put
GL(n,R)" = {g € GL(n,R)| det(g) > 0}

and
Gt = Gi{ =K x GL(n,R)*.

Put I' = SL(n,Z) and let L be a lattice in Vg stable under the I'-action
from the right. Set

V' = Vg — Sg = {x € Vg |rankz = n}

and
L'=LnV.

The set V' is a single G*-orbit.
For a homogeneous polynomial @Q(z) in R of degree d, the Maass
zeta function is defined by the Dirichlet series

¢(Q, Ly s) Z Q(x)(det txz) =4/

zel’/T

which is absolutely convergent for R(s) > m/2 (see Corollary to Propo-
sition 2.3 below).
We also consider the local zeta function

®(Q, f;s) = / /(det tex)s =2 m2Q(z) f(z)de  (f € S(VR),s € C),

where dz is the standard Euclidean measure on Vg = M(m, n; R). The
integral ®(Q, f;s) is absolutely convergent for R(s) > 0 and has an
analytic continuation to a meromorphic function of s in C.

Let m be an irreducible unitary representation of the compact Lie
group K. Denote by H, the representation space of m equipped with
hermitian inner product { , ).

In order to obtain an integral representation of the Maass zeta func-
tion, we introduce the following End(H,)-valued integral:

Zolf,Lis) = /G | 8et0) w8 3 Sol iy (€ S(Va),

ceLl’!
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.

where dg is a Haar measure on GL(n,R)" and dk is the Haar measure
on K so normalized that the total volume of K is equal to 1.
As in the previous section, put

Koz{(’f)l 1?) GK' kleSO(n),kzeSO(m—n)}
2

and gy = <0(m1_"n’n)>. Then one can find a (kz,g.) € Gt such that

p(kz,95)T0 = x for any = € V', since V' is a single Gt-orbit. The
isotropy subgroup G} of G at z is given by

k 0
+ 1 -1 -1

~ K.

k1 € SO(n), ks € SO(m — n)}

Let du, be the Haar measure on G; normalized by f o+ dpz = 1. The

measure w(z) = (det ‘zz)~™/2dx on V' is GT-invariant. We normalize
the Haar measure dg on GL(n, R)* so that the following integral formula
holds:

F(k,g)dkdg
G+

(2.1)
= /,w(y) /G+ F((kye)gyz)h) dus(h)  (F € LY(@)),

where (kyq, gyz) is an element of GV satisfying

p(kyzagyz)x =Y.

Lemma 2.1. The integral Z,(f,L;s) is absolutely convergent for
R(s) > m/2.

Proof. We may assume that s is a real number and f is everywhere
non-negative. Since the absolute value of any matrix coefficient of 7(k)
is not greater than 1, any matrix coefficient of Z,.(f, L; s) is majorized
by Zz,(f,L;s), where mg is the trivial representation of SO(m). By a
routine calculation based on (2.1), we have

Z7|'0 (fa L; 3)

> (det'zz)~* { / /(dettxm)s_m/z f(:z:)da:}.

zeL/ /T
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The first factor of the right hand side is the zeta function considered by
Koecher [K] and is absolutely convergent for R(s) > m/2. It is obvious

that the second factor of the right hand side is absolutely convergent for
R(s) > m/2. This proves the lemma. Q.E.D.

Put
Hﬂ',O = {U € H, | W(k)'l) = (k € K(])} .
By the irreducibility of m, we have dim Hr o < 1. When dim H,p =1,

the representation 7 is called of class 1 (with respect to Kp). The
projection pr of H, onto Hy o is given by the integral

pr:/ 7(ko)dko,
Ko

where dkg is the normalized Haar measure on Kj.
We define an End(H )-valued function ¢, on V' by setting

¢x(z) = m(ky) 0 pr (x e V).

Since the coset k. Ky is uniquely determined by z, the function ¢, does
not depend on the choice of k.

Lemma 2.2. Assume that R(s) > m/2.
(i) The integral Z.(f, L;s) vanishes unless 7 is of class 1.
(ii) If 7 is of class 1, then

2u(1.36) = { [ (dettaz)* 200 0) ) da

o Z ¢ (x)* (det'zz) ™% 3,

zeL'/T
where ¢.(z)* is the adjoint operator of ¢ (z).

Proof. Note that, for R(s) > m/2, the integral Z.(f, L;s) is abso-
lutely convergent and the following calculation is justified by the Fubini
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theorem. By the identity (2.1), we obtain

(= 5 [ (ER) st [ sttt

z€L’)T

= % [ () s a) cprentic o)

z€L’/T

~{ [ et s nt ope ()

o Z (det'zz) " prom(k; ")

zeL’/T

Since 7 is unitary, we have pron(k; ') = (w(k.) o pr)*. Hence we get

Zu(, ) = { [ (@ tyy)séw(y)f(y)w@)}

o Z b (x)* (det 'xx)~*

zeLl' /T

If 7 is not of class 1, then pr is the zero-map and hence Z,(f, L; s) = 0.
Q.E.D.

2.2. An irreducible unitary representation 7 of K is contained in
the regular representation of K on L?(K/Kj) if and only if 7 is of class
1 with respect to Ky and then the multiplicity of 7 is equal to 1. For 7
of class 1, take a unit vector vy in Hy . Then the mapping

q:H, — Lz(K/Ko)
v — q(vik) = (v, m(k)vo)

gives an embedding of H, and the image q(H,) coincides with H) for
some A € A* (cf. Proposition 1.8). In this case we write m = 7.

Composing the mapping ¢ with the inverse mapping of a defined by
(1.4), we define a K-isomorphism Q : H — R, by

Q(vsz) = aH(g(v;k))(z) (v € Hr),
namely, Q(v; z) is the polynomial in R satisfying

Q(v; kxo) = (v, m(k)vo).
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Proposition 2.3. Let 7 = my (A € A*) be an irreducible unitary
representation of SO(m) of class 1. When R(s) > m/2, the following
identity holds for any v,w € Hy:

(Zx(f, L s)v,w) = ((Q(v; %), L; 5) « &(Q(w; %), f3 ).

Proof. For xz,y € V', we get
(@ (Y) ¢ () v, w) = (Dx(z)"v, r (y) W)
= (prom(ky) v, prom(k,) " w)
= (m(ks) v, v0) (v, (ky) " w)
= Q(v; kox0) Q(w; kyo).

Since Q(v;z) and Q(w;z) are SL(m)-invariant polynomial of homoge-
neous degree A\n, we have

o — Qi) Qlwiy)
B o) o) = T et

Now the lemma follows immediately from this identity and Lemma 2.2.

Q.E.D.

Remark. By the decomposition (1.3), it is sufficient for the descrip-
tion of analytic properties of the Maass zeta functions to consider the
case where @(z) is in R for some A € A*. Conversely, since the form of
the functional equations of the Maass zeta functions depend on A (see
Theorem 3.1 below), it is inevitable to consider the decomposition (1.3).

Corollary to Proposition 2.3. For any homogeneous polyno-
mial Q(z) in R, the Maass zeta function {(Q, L;s) is absolutely conver-
gent for R(s) > m/2.

§3. Functional equations

3.1. For a lattice L in Vg, let L* be the lattice dual to L:
L*={ye Vg|tr('yz) e Zforallz € L}.

The following is the main theorem of the present paper:
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Theorem 3.1. Let Q(z) be a polynomial in Ry (A € A*). Then
(i) ¢(Q, L;s) has an analytic continuation to a meromorphic func-
tion of s in C and the function

ﬁ ( _A1+i+1) (S_)\l—f-m——i—l—l)
, s 2 2
i=ng+1
o N—i—1 Mt+m—i+1 '
x | | (s+ —-—5———> (s—f) - ¢(Q, L;s)

is an entire function.
(i) Put

£(Q, Ly s)
=o(L)Y? 7~

xlﬂﬁ F(s—— )Hr( Z+1).C(Q,L;s),

where v(L) = fVR/L dz and 0 = 0 or 1 according as Ay is even or odd.
Then the following functional equation holds:

/=1 (Z Xi+o(n— no))> £(Q,L;s).

§(Q,L7;m/2 — s) = exp (

3.2. The proof of the theorem above is based on the functional
equations satisfied by Z.(f, L;s) and ®(Q, f;s). First let us consider
the functional equation satisfied by Z.(f, L; s).

For f € S(Vg), define the Fourier transform f of f by setting
f(y) = . f(z)exp (271'\/—1 tr(tym)) dz
R

Proposition 3.2. Suppose that f € S(VR) satisfies the condition
(3.1) f(z) = f(z) =0 for any x € Vg such that rankz < n.

Then Z.(f, L;s) has an analytic continuation to an entire function of s
and satisfies the functional equation

Zna(f,L;s) = v(L) " Ze(f, L*; m/2 — ).
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Proof. . Put
Z,T(f,L;s)z/m/F det(g)>*n(k) > f(p(k, g)z) dk dg
det g<1 zeL’
and
Z (f, Lys) = /G+ o det(9) 7> (k) Y f(p(k, g)z) dk dg.
det g>1 zEL’

Since ZF(f,L;s) is absolutely convergent for any s € C, the integral
Z¥(f,L; s) represents an entire function of s. By the Poisson summation

formula,
> Flolk, 9)z) = (det g)™ (L) Y f(p(k,'g™")

€L yeL*

we have the following identity for any f satisfying the condition (3.1):
Z; (£, L;s)
= o) [ detle) PR Jlollg o) dbdg

det g>1 yeL*nVv’

— o) [ det(@P wE) Y (plig)o) dkdg

det g<1 yeL*NV’
=o(L) ' ZY(f, L*;m/2 — ).
Therefore
Za(fL;s) = ZY(f, L; s) + Z7 (f, L; 9)
= ZH(f,L;s) +o(L) 7' Z1 (f, L*;m/2 — 9)
=o(L) ' Z,(f,L*;m/2 - s).

This proves the proposition. Q.E.D.

Remark. Let fo be a function in C§°(V'). Put

0
D, = = .
( oy );11’;"’;?
Then the functions

det "Dy Dy) fo(z) and det ("zz) ﬁ)(w)
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satisfy the condition (3.1) in the proposition above (cf. [SS; p.169, Ad-
ditional remark 2], [S1; Lemma 6.2]).

3.3. The local functional equation satisfied by ®(Q, f;s) is given
in the following theorem:

Theorem 3.3. Let o be as in Theorem 3.1. Let Q(z) be a poly-
nomial in Ry. Then the following functional equation holds for any
f S S(VR)

(Q, f;5)
= exp (—)\lnw —1) g 2nstn(m—2)/2 Hsinw (S — -—'————)\1 tmois 1)

2 ! 2
=1

y H P(S_i—a—l)r<s_m—i+a—l)
i=ng+1 2 2
XHF( Z+1)F(s—%> ®(Q, f;m/2—s).

The proof of Theorem 3.3 is based on the following theorem, which
will be proved in Section 4.

Theorem 3.4. For Q(z) in Ry (A € A*), let Q(D,) be the differ-

ential operator with constant coefficients satisfying

Q(Ds) exp(tryz) = Q(y) exp(tr ).

Then we have

® Q(Dy) (det zz)” = ba(s)Q() (det ta::c)sw/\l ;
where
n A1 .
5) =27 H H($+Z;J)

it=ng+1 j=1
no [ (A1+X:)/2

i+ 1 (A—2X;)/2 m—i+1
ity W O R
=1

j=1 j=1

and

(ii) det (thDz) (Q(m) (det t:m:)s) = 6:(5)Q(x) (det tmm)s~1 ,
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where
oo H" i—1 i—2
1—77,0—{-1
no . .
)\1—>\1‘ 1—1 >\1+>\2 m—1—1
X I I <s+ 2 + 2 ) (s—i— 2 + 2 )

Remark. Local functional equations and b-functions attached to
representations on polynomial rings, which are similar to Theorem 3.3
and Theorem 3.4 (i), have been previously considered in [RS] for regular
prehomogeneous vector spaces of commutative parabolic type. For a
general theory of such an extension of local functional equations and b-
functions, see [S4]. Recall that for usual zeta functions associated with
prehomogeneous vector spaces, b-functions determine the gamma factor
of the functional equations and the location of (possible) poles of zeta
functions (see [SS], [S1]). In the present case, as is seen in the proof
of Theorem 3.3 below, the function by(s) determines the gamma factor,
while the proof of Theorem 3.1 shows that 8)(s) controls poles of zeta
functions.

Proof of Theorem 3.3. First we consider the case where A= (0,...,0)
and Q(z) is a constant function. In this case, we may assume that
Q(z) = 1 and then write simply ®(f;s) instead of ®(Q, f;s). By [SS,
Theorem 1], we see that ®(f;s) satisfies a functional equation of the
form

<I>(f; s) =v(8)®(f;m/2 — s),

where ~v(s) is a meromorphic function with an elementary expression in
terms of exponential functions and the gamma function. The function
v(s) can easily be determined by using the formula

/ (det txa:)SAm/z e~ tr(22) g

n 1 o
=7T—ns+mn/2HF <$_Z 5 >/1"(ﬂ_2z_il_s>
=1

Now we consider the general case. It is easy to see that

Q@) f(z) = (=2nv=T) ™" (Q (D2) f) (@)
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Therefore, by the functional equation for A = (0, ..., 0), we obtain

(Q, f; 5)
= (=27 "D) " @ ((Q(D2) )5 — M/2)
_ (_27[_\/—3)-)\1"7T~2n(s—)\1/2)+n(m~2)/2 ® (Q (D.) f: m -|2- M S)

S M+m—i—1 M +i—1
XHSIHTF(S——T)F<S——-2—>

i=1
—5—=1
XF<S_M+4m2;)_

By integrating by parts, we have from Theorem 3.4 (i)

2 (QUa) £: 5 = 6) = (417" (/2= ) B(Q. fim/2 =)
This proves the theorem. Q.E.D.

Proof of Theorem 3.1. As in the remark following Proposition 3.2,
let fo be a function in C§°(V’) and put

f(z) = det (tDsz) fo(z).

For a Q(z) in R, take v,w € Hr, such that Q(v;z) = Q(z) and
Q(w;xz) = Q(z). Then, by Proposition 2.3 and Proposition 3.2, the
function

C(Qast)@(Q’fa S) =< Zﬂ-(f,L;S)U,U) >

is an entire function. By integrating by parts, we have from Theorem
3.4 (ii)
(Q, f;5) = Ba(s — (M + m)/2) (Q, fo;s — 1).

We can choose an f; so that ®(Q, fo; s — 1) # 0. Hence the function
Ba(s — (M +m)/2)¢(Q, L; s) has an analytic continuation to an entire
function. This proves the first part. By the functional equation of
Zx(f, L;s) in Proposition 3.2, we obtain

(@, L; 8)®(Q, f;5) = v(L)¢(Q, L*;m/2 — s)®(Q, f;m/2 — s).
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Hence it follows from Theorem 3.3 that
v(L)¢(Q, L*;m/2 — s)
— exp (M— ”‘1) s nn=2/2 (), L)

2

oo Mt+m—i—1
X U —

HSIH?T(S 2 )

=1

2 i—o—1 m—i+o—1
X rNfs—-—|r{s-———
I (-5 r (- =)
i=no+1

Y N —i+1 Ai+m—i—1
X I — | T - - ).
[Ir (s+ 25 )r (o 2=

Using the formula I'(s)T'(1 — s) = m/sin(ws), we can easily rewrite the
identity above into the form given in Theorem 3.1 (ii). Q.E.D.

§4. Local functional equation and the b-function of (P, p, V)

In this section we retain the notation used in Section 1. Consider
the standard R-structure of (P, p, V):

Pr = B(m)r X GL(n)g, Vg = M(m,n;R).

We identify the vector space dual to V with V itself via the symmetric
bilinear form

(z,y) = tr(*yJzx).
Then the representation p* of P contragredient to p is given by
p*(b,9)y = p(b,'g ")y = by'g.

Then P,...,P,, are relative invariants of (P,p*, V) and the corre-
sponding rational characters are given by

X5 (b, g) = det(g)?,

X; (b, g) = det(9)? . (a1 -+ a;) ™ (1<i<ng—2),
det(g)?. (a1 any—1)"2 if m # 2n,
Xno-1(b,9) =
© det(g)« (a1 Ang—1)"1 v g if m = 2n,

X5, (b,g) = det(g) - (a1 - - an,) ™"
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for g € GL(n) and

ay *

b= by(A)bs(v)ba(B) € B(m) with A= € Trig(k).

Hence we obtain

*—1
Xo = Xg
X =xg T2, (1<i<ng-—2),
(4.1) Xs—z . X:;O_l if m # 2n,

Xn -1 = _ .
¢ X; I.X;‘m_l if m = 2n,

*—1_ %

Xno = XO Xno
and
(42) det p(b, g) = det(g) ™™ = xg/".

For n = (7717 vt 777”0) 6 {_—_}:1}”0 2 pUt

sgn Py () = Niy1 - 7o (0<i<ny—2)
Vy,={aeVa e (m # 2n)
sgn Pp,—1(x) =
Mo SEN-Pp, () (m = 2n)
We have

Ve—Spr= |J Vi
ne{x1}mo

Define the local zeta functions of (P, p, V) by the integrals
@, (f;50,8) = @5(f; 50581, ,8n,)

no—1

- [ R@i I] R

X | P ()]0 (50 P (2))° f() dz

(f € S(Vr), (s0,5) € C™*! e {£1}™,e = 0,1) , where s}, = sp, OF
(8no—1 + Sny)/2 according as m # 2n or m = 2n. Then @ (f; so,s) are
absolutely convergent for

(si—8i41)/2

R(sng) =0 (m # 2n)

(4.3) %(50)>0v%(51)2”'2%(8"°_1)2{|§R(s )| (m=2n)
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and have analytic continuations to meromorphic functions of (sg,s) in
Crott,

Define the Fourier transform f of f € S(Vg) by
F) = | @ exp (2myTer(y)) ds

Theorem 4.1. The following functional equations hold for any
fe S(VR):

05 (fis0,8) = Y T (50,8)®5. (f; —m/2 — 50 — 51, 5)
n*e{x1}mo0

(e=0,1, n e {+1}™),

where

— n—ng
F;m* (so’ 5) — (2 exp (671'\/ )) (27T)'n(250+(m+1)/2)_"0(Sl+1/2)

1-
X H S1I17T(S[)—|—Z+ ) (289 +1)

i=no+1
sl—l—sz m—1+1
+ 2

xHF(so-i-
Y (HVZ) exp < \/2— LY - (s0, )),

ve{£1}no \i=1

n°5 no 1—1 ng
L;f'l* (S(), HVz Zl/i an + Z 77;(
i=1 Jj=1

j=it1
ng .
s1—8 i+1
+ Z {nno—i—f—l Ung—i+1 (So + = 5 -+ 2 )
i=1
% s1+8; m—1+1
+ n; v | S0+ 5 + 5

and § =1 or 0 according as m is odd or even.

For (Mg, A) € A, let Py, A{D;) be the differential operator with con-
stant coefficients satisfying

Py A (D) exp(tr(zJy)) = Pag a(y) exp(tr(zJy)).
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Then there exists a polynomial by, x(so, s) satisfying

(4.4)

n0~1
Proa(Dz) (Po(m)s" I1 A@E2. B, (1’)5:“’)
i=1
= bxo,A (50, 8) Pag A (%)
no—1
x Po(w)SO—/\o H H(I)(Si-5i+1)/2 .Pno(a:)s’:O,
i=1
which is called the b-function of (P,p, V) (see e.g. [S1; Lemma 3.1]).
By Theorem 4.1 and the expression of the b-function in terms of the
coefficients of the local functional equation (cf. [S1;(5-8)], [SO; Lemma
3.1]), we can easily calculate by, r(so,s).

Theorem 4.2. For (X, A) € A, we have

n )\0 . .
i
broalsos) =2%" T ] (SO T3 j)

i=no+1 j=1
ng [ (Mo+Xri)/2 .
81— 8; 1 +1 .
<[4 11 <30 e —J)
i=1 j=1
(Ao—Xi)/2 .
s1+8 m—i+1 |
< 1l (so Tyt _J>
=1

Proof of Theorem 3.4. Since Q(z) € R, is a linear combination of
K-translates of Py, (W ™'z), we may assume that Q(z) =Py, x(W ~1z).
By (4.4), we have

no
——
b)\(s) = b,\h,\(s,O, PN ,0),
ﬂ/\(s) = b2,g(53 )‘15 LRI a)‘no)a
where 0 = (0,...,0) € A*. Hence Theorem 3.4 is an immediate conse-

quence of Theorem 4.3. Q.E.D.

Proof of Theorem 4.1. By (4.1), (4.2), [S1; Theorem 1] and [SO;
Lemma 2.2], a functional equation of the form

@;(f;so,s) = Z L5 o (50, 8) @5 (f; —~m/2 — 80 — 51, 5)
n*e{£1}mo
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holds for any f € S(Vr). By [SO; Theorem 2], if m < 2n, then we have

n—1
e (s0,8) =T ,-(50,8)« [] Tre(2so+m—1i),
i=m—n

where
Facte) = e gimarap (46) [ (1=24e)

and fim* (so0,s) are the coefficients of the functional equation for
(P(m—n) plm=n) yv(m=n)) Hence it suffices to consider the case m > 2n.
Then n = ng. To calculate the coefficients I'; . (50, 5), we may assume
that f € C§°(Vr — Sr) and (s, $) satisfies the condition (4.3). To give
a parametric representation of V,,, we introduce the following notation:
Alt(n) = {A e M(n,R) A = —A},
Sym(n),; = {T € M(n;R)|T = YT, sgnd;(T)

= JI ma<i<n),

j=n—i+1

where d} (T) is the determinant of the lower right ¢ by ¢ block of T. Any
element z in V,, can be written uniquely as follows:

T+ A— 2-1tp — tD2D1
D,
T = b C,
1n
D,
where T € Sym(n);,A € Alt(n),b € M(6,;R), D1, D; € M(k ~
n,n;R),C € GL(n;R). Then we have

Py(z) = 2" *(det C)2d}_,(T) 0<i<n—-2),
(det C')? (m > 2n),

Pn—l(-’E) = 2dT(T) X { detC (m = 271)

P,(z) =detC
and

dz = 2"=D/2 | det C|™ ™ dT dA dbdD; dD, dC.
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Here dT',dA, db,dD,dDy and dC are the standard Euclidean measures
on the matrix spaces. Hence

q’eyrl (f? So, S)

— 9a(s0,8,n) / | det C| 25051t =" 5o (det C)*

x | det T3 H |ds,_;(T)|(#=2+1)/2 f(2) dT dA dbdDy dD> dC,
where
detT T € Sym(n)¥),
gy, {147 (0 € Symiay)
0 (T ¢ Sym(n);),
ey, = [ 1EDL (e symy),
t K 0 (T ¢ Sym(n);‘;) ,
and
( ) = nso+ = Sy 1
a(sg, s,n) = nsg 5 nsy ;sz—l-n(n ) -
For
bt (xi(n),x;(n,n—n)’ y*(n,é)’ x;(n)7 x:(n,n—n)) (z* € Vg),
we have

(z*,z) = tr("z*Jx)
= tr(z3(T + A)C) + tr(y*bC) — tr(323 B C)
+tr(z3 D1C) + tr(z}C) + tr(z5 D2 C) — tr(z} *D2 D, C).

Put e[z] = exp(2ny/—1z). The Fourier inversion formula applied to the



Maass Zeta Functions
integrals with respect to dz} and dD; yields the identity
¢:](f’ 50, S)
— ga(s0,s,n) / | det C!250+31+m_" sgn(det C)¢

x | det |2 H |d%_;(T)|(+=*=+1)/2 4T d A dbd D, dC
=1

x/dw}‘dmgdy*dzg /{/f [(z*, z) ]dx4}dD1

— gatsoam) / | det G20 +#++m* sgn(det C)°

n—1
x | det T[20 H |d%_;(T)|(+==+1)/2 4T d A dbdD, dC
=1

/.f $17$2ay :113,1‘3 D2))

x e[tr(z}(T + A)C) + tr(y*bC) — tr(z3(b)C)
+ tr(z}C) + tr(z3 D2C)] dx day dy™ dxs.

437

Changing the variables x},z3,y*, C,b into zj(z — x5Ds), x3x5, T3y",

Cz3™!,bC™1, respectively, we obtain
Q;(f’ 50, S)

= gnte0) [ |aet O (et )
n—1

x |det 7[5 TT Ids—i(T)| >+ dT dAdC
=1

X /|detx§|_2s°—51_" sgn(det 23)°

x e[tr((T + A+ z})C)] da] dal dzs dD,

</ {/ f (i = 25Dz, 25,47 1, Dz)ws)e[by]dy}

e[—1b6'C 1) db.



438 F. Sato

For a nondegenerate real symmetric matrix Y of size n, it is known that
/ e[uYu] e['uv] du
=2""2|detY| /% e [Lsgn(det V)] e [~ LY ~1v]

(cf. [W; n°14, Theorem 2]). If § = 1, namely m is odd, then this formula
implies that

/ {/f(t(x’l‘ — 23 Do, x5, y*, 1, 'D2) 'z} )e[by*] dy*}e [~%th'1tb] db
= |det C| | det C5| "% [3(—1)"sgn(det C,))
x [ 5@t~ m2Da 28,07, 10, Do)l (COT O

where Cs; = %(C + C). Note that, if m is even, the corresponding
integral does not appear. Hence we obtain

q);(fa S0, S)

(si—sit1)/2
7

n—1

_ 2&(807s,n)/.detT|fIO H |dE_(T)
=1

x | det C|?*0Fs1+m=% 5on(det C)¢| det Cs| /% € [3(—1)"6sgn(det C;)]

X {/Idet a:§|_250_31_" sgn(detz3)‘e [%ty*(CCS_”C)y*]

x f (=} — 23D2, 25, y*, 1, 'D2)'z3) dx} dzh dzh d Dy dy*}
x e[tr(T + A + 2%)C)] dT dA dC.

Put

T* = H(o} +2}), A" = }(z} - }) and Co = 1(C — 0).
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Then we have

(bf](f7 S0, S)

n—1
= getosmentnt) [ deei T] laz (1)
=1

(si—si+1)/2
n

x | det C|25oF51Tm=* son(det C)° | det Cs| 7%/ e [L(~1)"6 sgn(det Cy)]
X {/ | det 3| 72071~ " sgn(det z3)° e [$%*(Cs — CuC; ' Ca)y”]

x f(H(T*+ A* — 23Dy, x5, y*, 1, 'D2)'z3) dT* dA* dal dx dDy dy*}

eltr((T + T*)Cs) + tr((A + A*)C,)]dT dA dC, dC,.

Since

/| det C|?%0F51+m=*F gon(det C)° e [%ty*(CaCs_lca)y*] dcC,

// FO(T* 4+ A* — 23Dy, x5, y*, 1, ‘D) '3) eftr ((A + A*)C, )] dA* dA
= g~ n(n=1)/2 | det C’s]2so+s‘+m_” sgn(det C, )¢
X / FO(T* + A* —wng,m;,y*,1n,tD2)t:L'§)dA*,
Alt(n)

we obtain

®;(f7 50, S)
n—1

= getmemnv- 072 [qentiie [T lds(T)
=1

(si—si41)/2

n

x | det G, |20 +51+m/2 g (det C, ) e [3(~1)"6sgn(det Cy)]
X {/|det x| 2o 1 " gon(det 23)° e [%ty*C’sy*]

x f ({(T* + A" = 23 Ds, 35, y", 15, 'Ds)z}) dT* dA* day dcy dD, dy*}

x e[tr((T + T*)C,)] dT dCs.



440 F. Sato
For v = (v1,...,vm) € {£1}", put
Sym(n),
= {TGM(n;RHT:tT, sgnd(T)=vy---v; (1 gign)},

where d;(T) is the determinant of the upper left ¢ by ¢ block of T'. Also
put

I'r(z;€) = (2m) "*e[ez/4]T(2).

Lemma 4.3 ([S3;Theorem 3.2]). We have

n

/ TT i)
Sym(n);; ;=1

= % @ [ T s

% §(T)dT

ve{£1}n Sym(n)n ;—1
where
f@) = [ fyelus(rryar,
2= (21,...,20) = (Zn-1,...,21,—(n+1)/2 — 2y — - — 2,,)
and

—n(n— 1
You(2) =277 UMEL 2 mVjJ
1<i<j<n
n—i+2

5 S TiVs).

x [ITr(zi+ -+ 20 +
i=1
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Using the lemma above twice, we obtain
@7 (f; 50, 8)

_ petsosn) Y (H) [(—

ve{£1l}n \i=1

Sp—1 — Sn 51 — 82
X’)/.,h,, 2 ye ey 2 , S0

n—1
X / | det CS'SO+(31+3"+m—n_1)/2 H Id ](Si_si+1)/2
Sym(n),

5 ﬁ w]
i=1

{/]detx | 7201 =Mgon(det 23)° f } [tr(T*C5)] dCs

_pelesm Y (H) [ I=1

nre{£1}™ ve{£1}n \i=1

Sp—1 — Sp 81 — 82
X Yo ) IR 2 » S0

S1 — 82 Sn—1 — Sn s1+sp,+m—n-—1
leun

S
9 ’ ’ 2 70+ 9

/|detT* —so—s1—m/2 H |dx_,(T™* l(sz—sﬁ—l)/Q

x | det x| 201" ™ son(det z3)¢ f(x*) dz*.

It is easy to check that this identity coincides with the functional equa-
tion in Theorem 4.1. Q.E.D.

Remark. One can obtain an analogous result to Theorem 4.1 over
p-adic number fields. In the case n = 1, Theorem 4.1 as well as its
analogue over p-adic number fields has been proved in [S3; Theorem
3.6].
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