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Some Observations concerning the Distribution 
of the Zeros of the Zeta Functions (I) 

Akio Fujii 

§1. Introduction 

Let Z ( s) be a zeta function which has nice properties like the Rie
mann zeta function ((s ). Let a0 be the critical point of Z(s) and suppose 
that the Riemann Hypothesis (R.H.) holds for Z ( s), namely, all the non
trivial zeros of Z(s) are of the form a0 + h with a real number 1 . The 
purpose of the present article is to find some of the characteristic prop
erties of the distribution of the zeros of ( ( s). We shall approach this 
problem by comparing it with the distribution of the zeros of Z( s) from 
the following three points of views. 

(A) To study the pair correlation of the zeros of Z(s ). Namely, to 
find an asymptotic law for the quantity 

·1 as T---, oo, 

0<1',-/~T 
0<-y-7'::; lo:71"~ 

2,,-

where I and 1' run over the imaginary parts of the non-trivial zeros of 
Z(s) and o: is a positive number. 

(B) To find an asymptotic law for the mean value 

1T (Sz(t + .6.) - Sz(t)) 2 dt as T---, oo, 

where Sz(t) = ¾ argZ(a0 + it) as usual and .6. > 0. 
(C) To find an asymptotic law for the sum 

L IZ(ao + i(, + .6.))12 as T---, oo. 
O<')'~T 
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As we shall see below (A),(B) and (C) are related each other. In 
particular, to study (A) and (B), it is inevitable to evaluate the following 
Montgomery's sum 

1 ( T ) ia(--y--·y') 
Fz(a) = Fz(a, T) = T L - w('Y- ')'1), 

- logT 21r 
2,r O<-y,-y'~T 

where a is real, T > T0 and w(t) = ~ 2 . 
4+t 

As a result, we shall realize that the distribution of the zeros of ((s) 
represent the most primitive, or genuine, feature. And that the distri
bution of the zeros of Z ( s) is of the same type as that of ( ( s) if Z ( s) is 
primitive, namely, it is not decomposed of the products of the ordinal 
zeta functions which have the Euler product expansion and the func
tional equation like ( ( s). Dirichlet £-functions and Ramanujan T-zeta 
function belong to this category. 

In general, roughly speaking, it might be that 

L -1 
O<-y,-y' ~T 

O<-y--y' ~ Io:~T' 
2~ 

T ~ - log T · { a linear combination of "Uniform distributions" 
27f 

+ a linear combination of "GUE distributions"}, 

where "Uniform distribution" is of the form 

U(a) = 1°' dt 

and "GUE distribution" is of the form 

It might also be that 

fr (sz (t + 21r~ )- Sz(t)) 2 dt lo log Z,r 

T ~ 2 x a linear combination of "GUE parts", 
7f 
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where "GUE part" is of the form 

with the Euler constant C0 • 

In particular, it might happen that even when the pair correlation of the 
zeros of Z(s) is not of GUE type, the mean value 

fr (sz (t + 21r~ )- Sz(t)) 2 
dt Jo log 21r 

is of GUE type. The simplest example might be the Dedekind zeta 
function of a quadratic number field. 

The contents of the rest of the present article is as follows. 

§2. 
§3. 
§4. 
§5. 
§6. 

Statements of the general conjectures 
Riemann zeta function 
Dedekind zeta functions 
Ramanujan T-zeta function 
Some other examples 

§7. Proofs of some theorems stated in the section 4 
7-1. Proof of Theorem 14 
7-2. Proof of Theorem 13 
7-3. Proof of Theorem 12 
7-4. Proof of Corollary 3 

References 

We always assume R.H. for Z ( s) in each section if we do not mention 
anything about it. 

The proofs of the other new results will appear in the subsequent 
articles. 

§2. Statements of the general conjectures 

We start with stating some conjectures concerning our problems (A) 
and (B). In the subsequent sections we shall see the background of the 
conjectures by describing the results and the conjectures for some special 
cases. 

Now suppose that Z(s) is of the form 
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with the primitive zeta functions Zj(s) of bj-type for j = 1,2, ... ,R, 
where we say that Zj ( s) is of brtype if 

z~ 
z1 (2ao - a+ it) ~ -bi log t 

J 

as t --+ oo for any a > 2aa. 

We rewrite Z ( s) as follows. 

Z(s) = G1(s)G2(s) · · ·GK(s), 

where we put 

II 
and we suppose that O < b1 :S b2 :S ... :S bK and that 

l 1T lim Tl l T Sz (t)Szn (t)dt = 0 
T----.oo og og O 1 

if and only if Zj(s) and Zn(s) belong to different Gh's. 
Let mh be the number, with multiplicity, of Zj(s) in Gh(S). We put 
further 

and 

A= mi+ m~ + • • • + m'i. 

Using these notations, our first conjecture on Montgomery's sum Fz(a) 
may be stated as follows. 

Conjecture 1. 

Fz(a) = 

Aa + (M2 + o(l))(g,:.)-2a logT + o(l) 

mfb1 + (A - mr)a + o(l) for b1 :Sa :S b2 

mfb1 + m~b2 + (A - mf - m~)a + o(l) for b2 :Sa :S b3 

uniformly in bounded intervals. 

Our second conjecture is concerned with the pair correlation of the 
zeros of Z(s). 
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Conjecture 2. For any a > 0, 

I: -1 
O<-y,-y'ST 

0<--y-')'' _s; lo:71"~ 
2~ 

= I_ logT · {(M2 - mibi - · · · - micbk )U(a) 
21r 

Our third conjecture is concerned with our problem (B). 

Conjecture 3. For any a > 0, 

fr (sz (t + 21r~ ) - Sz(t)) 
2 

dt lo log 27!" 

= ~ · { mfo(b1a) + · · · + micg(bKa) + o(l)}. 
7r 
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Conjectures 1 and 2 for ((s) were proposed by Montgomery [17] and 
Conjecture 3 for ((s) is the GUE part of the conjecture (19) proposed 
by Berry [l]. 

We do not dare to describe any conjecture concerning our problem 
(C) since only the mean values for ((s) and Dirichlet £-functions have 
been evaluated. 

§3. Riemann zeta function 

((s) is the zeta function from which we start and to which we return. 
We describe some of the known results and conjectures concerning this. 
In this section we omit writing suffix (. 

Montgomery [17] and Goldston-Montgomery [14] have shown the 
following theorem. 

Theorem 1. For any a in O ::; a ::; 1, 

F(a) =a+ 0( loglogT) + (1 + 0( 
logT 

log logT ))( I_ )-2a log I__ 
logT 21r 21r 

For a 2 1, Montgomery [17] has conjectured the following. 
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Conjecture 4. 

F(a) = 1 + o(l) for a~ 1, 

uniformly in bounded intervals. 

Theorem 1 and Conjecture 4 imply the following Montgomery's pair 
correlation conjecture. 

Conjecture 5. For any a> 0, 

T 
·1 = - logT · {G(a) + o(l)}. 

271" 

As is noticed by Dyson, the density function 

( sin 7rt) 2 
1- --

7rt 

in G(a) is exactly the density function of the pair correlation of the 
eigenvalues of Gaussian Unitary Ensembles (GUE). 

By the lliemann-von Mangoldt formula, we see that 

-1= L -1 

0<7;-y' '5cT 
0<7-7' 5c lo:~'} 

2~ 

0<7'5cT 7-10:~'} <7'<7 
2~ 

T T 1a '°' ( 27ra ) =- log - dt - Li S 'Y - --T + O(T), 
271" 271" 0 log -2 0<7'5cT ,r 

because 

'°' 1 1T (( logT ) 2
) Li S('Y) = 271" 0 S(t) logtdt + 0 loglogT 

0<7'5cT 

1 T 1 . 1 logT 
T (( )2) =-[S1 (t)logt]0 - -1 S1(t)-dt+O l l T 

271" 271" 0 t og og 

-O logT (( )2) 
- loglogT ' 

S1 (T) being the integral f0T S ( t) dt which is O Clo~~:;T)2 ). 

Hence, Conjecture 5 is equivalent to the following one. 
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Conjecture 5 1• For any a> 0, 

~ ( 21ra) T T {1a (sin1rt) 2 
} ~ S "Y - --T- = - log - · -- dt + o(l) . 

log -2 21r 21r O 1rt 
O<,5,T 7r 

Concerning this kind of sum, we have shown in [9] and [10] the 
following theorem. 

Theorem 2. Suppose that a « TA with some positive constant 
A. Then we have 

L S("Y +a)« TlogT. 
O<,5,T, ,+a>O 

If we use this in the above argument, then we get the following 
consequence. 

Corollary 1. For any a> 0, 

O<,,,'5,T 
O<,-,'<~ 

-log-fn 

-1 = _!_log_!_ ( {° dt+O(l)). 
21r 21r lo 

We turn our attentions to our problem (B). We recall some of the 
basic results concerning the mean value of S(t). First, Selberg (20] has 
shown the following theorem. 

Theorem 3. For each integer k::::: 1, 

{T (2k)! 1 

Jo S(t) 2k dt = (21r)2kk?(loglogT)k + O(T(loglogTl-2). 

A short interval version of Theorem 3 has been shown by the author 
in [2] and [4]. 

Theorem 4. For O < b.. « l and for each integer k ::::: 1, 

1T (S(t + b..) - S(t)) 2 k dt 

(2k)! k k-1 
= (21r )2k k? (2 log(2 + b.. log T)) + O(T(log(2 + b.. log T)) 2 ). 

Theorems 3 and 4 were proved without assuming R.H. Under R.H., 
Goldston [13] has refined Theorem 3 for k = 1 as follows. 
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Theorem 5. 

1T T 
S(t) 2 dt =-2 loglogT 

0 21r 

T 1,00 F(a) +-2 ( - 2-da+Co 
21r 1 a 

00 
(1 1)1 + ~ ~ --+- -)+o(T), 

~ ~ m m2 pm 
m=2 p 

where p runs over the prime numbers. 

In fact, Goldston [13] has shown, under R.H., that 

Joo F(a) da 
1 a2 

is bounded. 

A short interval version of Theorem 5 has been shown under R.H. by 
the author in [9] and [10] (cf. also Odlyzko [18]). 

Theorem 6. Suppose that O < ~ = o(l). Then we have 

1T (S(t + ~) - S(t)) 2 dt 

T 1~!og frr 1 - cos(a) 
=-{ ---da 

7r2 o a 

+J,00 F(:) (1-cos(a~log_!_)) da}+o(T). 
1 a 21r 

We notice that 

1100 

F;:) ( 1 - cos (a~ log~)) dal ~ 2100 

F;:) da « 1. 

If we assume Conjecture 4, then we get the following result. 

Corollary 2 (Under Conjecture 4). For O < a = o(logT), we 
have 

fr (s (t+ 21r~ )-s(t)) 2 dt= ~(g(a)+o(l)). Jo log Z1r 1r 

The right hand side is nothing but the GUE part of Berry's formula 
(19) conjectured in [1]. 
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Finally, it is noteworthy that the density function 

( sin 1rt) 2 
1- --

1rt 

appears also in the coefficient of the main term of the following mean 
value theorem on the problem (C) due to Gonek [15]. 

Theorem 7. For lal :S 4~ log{,,, 

E 1, (~ + i ('Y + 1:7r~ ) ) 12 
O<"(~T g 2,r 

= 1- -- -log -+O(TlogT). ( ( sin 1ra) 2
) T 2 T 

1ra 21r 21r 

The author has refined this and evaluated the coefficients of the 
lower main terms as follows (cf. [6] and [7]). 

Theorem 7'. For O <a~ logT, 

_ ( (sin 1ra) 2
) T l 2 T -1--- -og-

1ra 21r 21r 

( 
sin21ra (' 21ra ) T T 

+2 -l+Co+(l-2C0)--+3r(-((l+i--T)) -log-2 21ra log 2,,- 21r 1r 

+ G(T, a)+ O(T!o log2 T), 

where G(T, a)(= O(T)) can be described explicitly. 

In closing this section, we notice that all these results on ( ( s) can 
be generalized to Dirichlet L-functions. We notice only the following 
theorem which corresponds to Theorem 7'. Let L(s, x) be the Dirichlet 
L-function with a primitive Dirichlet character x mod q 2:: 1. Let 'Y(X) 
run over the imaginary parts of the zeros of L(s, x). When q = 1, we 
suppose that L(s,x) = ((s). 
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Theorem 8. For O < L). « 1, 

L IL(~+i(,(x)+L).),x{ 
O<,(x)::,;T 

= (l _ (sin( t log~)) 
2
) cp(q) I_ log2 (qT) 

~ log 9.T.. q 2n 2n 2 271" 

+~log qT [cp(q) {-1 + Co - C1(q)-q-} 
7f 27f q cp(q) 

( ( )) sin(L).log ~) 
+ 1- 2Co Xo T 

.:).log f,;:-

cp(q) (L' . 1 ) + -q-?R y(l - z.'.).,xo) - il). ] 

+ G(T, L)., x) + O(T-fo log2 T), 

where xo is the principal character modq, Co(Xo) is the constant term 
of the Laurent expansion of L(s,xo) at s = 1, cp(q) is the Euler function, 

C1(q) = L µ~d) logd 
dlq 

and G(T, L)., x)( = O(T)) can be described explicitly. 

We notice that the remainder term O(T-fo log2 T) in the above the
orem is obtained under G.R.H. (Generalized Riemann Hypothesis) for 
all L(s, v), v being a Dirichlet character modq. 

In particular, we see that for O <a« logT and for any q ~ 1, 

L IL(~ +i (,(x) + 1:1r~) ,x)l 2 

O<,(x)::,;T g 271" 

~ (1- (sin(1ra))2) cp(q) I._log2T. 
na q 2n 

§4. Dedekind zeta functions 

We shall treat the simplest case, the Dedekind zeta functions of 
quadratic number fields. However, we shall treat a slightly more general 
zeta function 

Z(s) = L(s,x)L(s,'1/;), 
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where x is a primitive Dirichlet character modq ~ 1, 7/J is a primitive 
Dirichlet character modk ~ 1, L(s, x) and L(s, 1/J) are the correspond
ing Dirichlet £-functions. We may extend our results to the Dedekind 
zeta functions of the cyclotomic number fields, for example. 

We may notice that we have previously studied the distribution 
of the zeros of Z(s) in a comparative study of the zeros of Dirichlet 
£-functions [3] and [5]. Our primary problems have been: 

(i) Is there a coincident zero of L( s, x) and L( s, 1/J) if x =/ 1/;? 
(ii) To get a quantitative expression of the independence of the 

distribution of "Y(X) and that of "Y( 7/J) if x -1- 1/;, where "Y(X) or "Y( 7/J) run 
over the imaginary parts of the zeros of L(s,x) or L(s,1/;), respectively. 

Concerning these problems we have shown the following theorems. 

Theorem 9. If x =/ 1/J, then a positive proportion of the zeros of 
L(s,x) and L(s,1/;) are non-coincident. 

Theorem 10. Suppose that x -1- 1/J. Let <I>(n) be a positive in
creasing function which tends to oo as n -----t oo. We put 

f).n(X, 1/J) = n - m if "Ym(x)::; "Yn(1/J)::; "Ym+1(x), 

where "Ym (x) denotes the m-th non-negative imaginary part of the zeros 
of L(s,x). Then we have 

I!). ( al,) I 27f ✓log log n 
n X, '// > <I>(n) 

for almost all n > n 0 . 

We have obtained these as the consequences of the following mean 
value theorem in [5]. We put S(t, x) = SL(s,x)(t) and S(t, 1/;) = 
SL(s,,p)(t). 

Theorem 11. Suppose that x -1- 1/;. For O < !). « 1 and for each 
integer k ~ 1, 

1T (S(t + !)., x) - S(t, x) - (S(t + !)., 1/J) - S(t, 7/J)) )2k dt 

(2k)! k 
(21r)Zkk?(4log(2 + f).logT)) 

+ O(T(log(2 + f).logT))k-½). 
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Theorems 9,10 and 11 were proved without assuming any unproved 
hypothesis. 

We now describe our results on our present problems. We first 
notice the following theorem which expresses an orthogonality relation 
of S(t, x) and S(t, 'lj;). 

Theorem 12. 

+o ( ✓l:T)' 
where p runs over the prime numbers and we put 

and 

if X = 1P 
otherwise, 

b(q) = f br~q)' 
r 

r=2 

Fx,,;,(a) = Fx,,;,(a, T) 

1 (T)ia('"Y(x)--y(,J,)) 
= L lo L ~{ I: 2n w('y(x) - --y('lj;))}. 

21r g 21r O<-y(x),-y(,p):s;T 

This is a generalization of Theorem 5, where x = 'ljJ and k = q = l. 
Concerning Fx,,J,, we have the following result. 



Zeros of the Zeta Functions 249 

Theorem 13. For O :Sa :S 1, we have 

Fx,,;,(a, T) 

( T )-2
a ( 1 ) = 8x,,;, ·a+ - logT + O(r-2a) + 0 ~ . 

21r v logT 

This implies the following corollary which makes Theorem 12 mean
ingful. 

Corollary 3. 

According to Conjectures 1,2 and 3 described in the section 2, The
orem 12 implies the following conjectures. 

Conjecture 6. Suppose that x =/- 'If;. Then 

() { 
2a+(4+o(l))(~)-2alogT+o(l) 

Fz a= 
2 + o(l) 

uniformly in bounded intervals. 

Conjecture 7. For x =/- 'If; and for any a > 0, 

for O :Sa :S 1 

for l :Sa, 

T 
-1 = - logT{2U(a) + 2G(a) + o(l)}. 

27!' 
0<,,,':ST 

0<1-r' :S lo:1rr 
2-rr 

This says that the distribution of the zeros of Z ( s) for x #- 'If; might 
not be of genuine GUE type. 

Conjecture 8. For x =/- 'If; and for any a > 0, we have 

T ( )
2 21ra T 

{ Sz(t + --T) - Sz(t) dt = 2 · {2g(a) + o(l)}. Jo log 21r 1r 

In view of Theorem 13, Conjecture 6 is essentially the following. 
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Conjecture 6'. 

Fx,,i,(a) = Dx,,J, + o(l) for a:::: 1, 

uniformly in bounded intervals. 

Similarly, Conjecture 7 may be stated as follows. 

Conjecture 7'. For any a> 0, 

I: ·1 
O<"Y(X),-y'(,J,):ST 

oq(x)-"Y' ( ,J, )::; 1~;';j, 

Concerning Conjecture 8, we may state first the following theorem. 

Theorem 14. Suppose that O < ~ = o(l). Then we have 

1T (S(t + ~, x) - S(t,x)) (S(t + ~, v;) - S(t,v;)) dt 

_ T { 1Li.log ~ 1 - cos(a) 
- 7r2 Dx,,J, a da 

0 

+ 1= Fx:} a) ( 1 - cos ( a~ log ~)) da} 

+ 0 ( T ( ~ 2 + ✓l~g T)) . 

This is a generalization of Theorem 6, where x = v; and k = q = l. 
Thanks to Theorem 13, we have 

As a consequence of Theorem 14, we get the following. 
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Corollary 4. For x-/- 'ljJ and for O <A= o(l), we have 

1T (Sz(t + A) - Sz(t)) 2 dt 

T { 1~log !,, 1 - cos(a) = - 2 ----da 
w2 o a 

+ J,00 1
2 (1 -cos ( aA log I_)) 

1 a 2n 

· (Fx,x(a) + F,;.,,,;.,(a) + 2Fx,,;.,(a)) da} 

+ 0 ( T ( A 2 + yl:g T)) . 

If we combine Corollary 4 with Conjecture 6', we get 
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Corollary 5 (Under Conjecture 6'). For O < a = o(logT), we 
have 

( )

2 
T 2na T f Sz(t + --T ) - Sz(t) dt = 2 {2(1 + 8x,,;.,)g(a) + o(l)}. lo log 2-n- n 

Thus we see that Conjecture 8 is valid for a = o(log T) under Con
jecture 6'. 

Similarly, we obtain the following results which give some improve
ments of Theorem 11 for k = 1 either under G.R.H. or under G.R.H. 
with Conjecture 6'. 

Corollary 6. For x-/- 'ljJ and for O <A= o(l), we have 

1T (S(t + A, x) - S(t, x) - (S(t + A, 'l/;) - S(t, 'l/J)) )2 dt 

T { 1~log 2~ 1- cos(a) = - 2 ---'--'-da 
w2 o a 
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+ J, 00 ~ (1 - cos( a~ log '!_ )) 
1 a 21r 

· (Fx,x(a) + F,;,,,;,(a) - 2Fx,,;,(a)) da} 

+ 0 ( T ( ~ 2 + ✓l~g T)) . 

Corollary 7 (Under Conjecture 61). For x f= 'I/; and for O < a= 
o(log T), we have 

1T ~a ~a 2 
(S(t + --T 'x) - S(t, x) - (S(t + --T '1/J) - S(t, 1/J))) dt 

0 log 21r log 21r 

T 
= 2 (2g(a) + o(l)). 

7r 

Finally, we notice that we can show the following theorem which 
supplements Theorem 8 stated in the section 3. 

Theorem 15. For x f= 1/J and for O < ~ « 1, we have 

L /L(~+i('Y(1/J)+~),x{ 
0<1 (,p)'::o_T 

= '!_ log2 (qT) 'fJ(q) 
27r 27r q 

+-log--- -1+-log - +Co-C1(q)-T qT 'P(q) { 1 (k) q 
1r 27r q 2 q 'P( q) 

L' } +~L(l-i~,X"P) 

+ G(T, ~, X, 1/J) + O(Tfo log2 T), 

where G(T,~,X,1/J)(= O(T)) can be described explicitly. 

We notice that the remainder term O(Tfo log2 T) in the above the
orem is obtained under G.R.H. for all L(s, 1/Jv), v being a Dirichlet char
acter modq. 
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§5. Ramanujan T-zeta function 

Let T(n) be the Ramanujan T-function defined by 

00 00 

for lzl < 1. 
n=l n=l 

Let Z ( s) be the Ramanuj an T-zeta function defined by 

Z(s) = ~ T(n) 
L.., ns 
n=l 

13 
for ~s > 2 . 
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It is well known that Z(s) can be continued analytically to the complex 
plane and is entire. It has a functional equation of the form 

(21r)-sr(s)Z(s) = (21r)-C12-slr(12 - s)Z(12 - s). 

It has an Euler product expansion of the form 

Z(s) = II (1 - T(p)p-s + pll-2s)-l 
p 

II (1 -8)-1 (1 - -8)-1 = - O!p . p . - O!p . p ' 
p 

where p runs over the prime numbers, I ap I = p ¥ and ~s > \3 . Z ( s) 
has and is expected to have other nice properties like ( ( s). However, as 
we shall see below, the precise statements of theorems and conjectures 
must be slightly modified. 

Concerning Montgomery's sum, we can show the following theorem. 

Theorem 16. For any a in O ~a~ l, we have 

( T )-2
a ( 1 ) Fz(a)=a+(4+o(l)) - logT+O ~. 

21r vlogT 

For a ~ l, the following conjecture might be expected. 

Conjecture 9. 

F (a)= { a+o(l) 
z 2+o(l) 

uniformly in bounded intervals. 

for l ~a~ 2 

for a~ 2 

Conjecture 8 and Theorem 16 might suggest the following conjec
ture. 
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Conjecture 10. For any a> 0, 

T 
-1 = - logT · {2G(2a) + o(l)}. 

21r 

For the mean value theorem on Sz(t + ~) - Sz(t), we can show the 
following theorem. 

Theorem 17. For O < ~ = o(l), we have 

1T (Sz(t + ~) - Sz(t)) 2 dt 

T 11 1 - cos(a~log {) = -{ 1r da 
7r2 o a 

+ 100 
: 2 (1-cos(a~log!))Fz(a)da} 

+ 0 ( T ( ~ 2 + Jl~ T)) . 

If we assume Conjecture 9 on Fz(a), then we get a more precise 
result on Sz(t + ~) - Sz(t) as follows. 

Corollary 8 (Under Conjecture 9). 

we have 

21ra 
For O < ~ = --T- = o(l), 

log 21r 
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§6. Some other examples 

Example 1. Z(s) = ((s + ¼)((2s). 

In this case we have ao = i, 
M=l-1+1·2=3 

and 
A= 12 + 12 = 2. 

1 . 
We may express an orthogonality relation of arg (( 2 + it) and 

1 
arg(( 2 + i2t) in the following form. 

1T T { 3 00 1 Joo F ( ) } S(2t)S(t) dt = --2 - L L ;i_ - 4 da + o(l) , 
o 21r 2 m2p2m 1 a m=l p 

where we put 

. (" ') 
1 ( T ) ia 2--Y 'Y 

F1(a) = F1(a, T) = T ~{ L - w (- - 'Y') }, 
-logT 21r 2 
21r O<td-5.T 

'Y and 'Y' running over the imaginary parts of the zeros of ( ( s) and 

Joo F1 ~a) da « l. 
1 a 

In particular, this implies that 

for (S(t + t) - S(t)) 2 dt 

T 
= 2 loglogT 

7f 

T 00 
( 1 1) 1 00 1 + -{2Co + 2 '°' '°' -- + - - + 3 '°' '°' 3 21r2 6 6 m m2 pm 6 6m2p,m 

m=2 p m=l p 

Joo F(a, 2T) + F(a, T) - 2F1 (a) d ( )} + 2 a+ol, 
1 a 

where F(a, 2T) and F(a, T) are F(a, 2T) = Fc,(a, 2T) and F(a, T) = 
Fc,(a, T), respectively. This should be compared with Theorem 6 in the 
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section 3, where the shorter intervals are considered. We can evaluate 
F1 (a) for O ~ a ~ l and we conjecture that 

F1 (a) = o( 1) for a 2 1. 

Now Conjecture 1 in the section 1 suggests that 

{ 
2a+ (9+o(l))C!,;.)-2alogT+o(l) 

Fz(a)= l+a+o(l) 

3 + o(l) 

for O ~a~ l 

for 1 ~a~ 2 

for 2 ~ a, 

uniformly in bounded intervals, while we can show that 

( T )-2a 
Fz(a) = 2a + (9 + o(l)) 27!" logT + o(l) for O ~a~ l. 

Conjecture 2 suggests that 

T 
-1 = - logT · {4U(a) + G(a) + 2G(2a) + o(l)}, 

27r 
0<1',-y' <T 

0<1'-1'' < -2~a 
-log{:; 

where 'Y and 'Y' run over the imaginary parts of the zeros of Z(s) as in 
the statement of Conjecture 2. Thus if 'Y and "(1 run over the imaginary 

parts of the zeros of ( ( s), there might be no pair correlation of 'Y and ½ 
in such a sence that the distribution of the pairs is uniformly distributed. 

Example 2. Z(s) = (k(s). 

In this case A = k2 and M = k. Our conjectures stated in the 
section 2 coincide with the trivial consequences of the conjectures on 
((s ). 

Example 3. The zeta function attached to the Maas wave forms 
can be treated in a similar manner. 

Example 4. Selberg zeta functions do not belong to the category 
in the section 2 unless we shall generalize the framework. Since the 
eigenvalues of the Laplace-Beltrami operator are the zeros of Selberg zeta 
function, we cannot conclude anything on their distribution from the 
present context. Nevertheless, as we have noticed in [8], the eigenvalues 
of the Laplace-Beltrami operator on L 2 (the complex upper half plane 
/r) for any principal congruence subgroup r = r P of level p a prime > 2 
are not GUE distributed in the context of [8]. 
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§7. Proofs of some theorems stated in the section 4 

7-1. Proof of Theorem 14 

257 

In this subsection we shall prove Theorem 14 and suppose that x 
and 7/J are primitive characters modq ;:::: 1 and k ;:::: 1, respectively. We 
shall use the following lemma which is a generalization of Goldston's 
explicit formula [13] for S(t). 

Lemma 1. Suppose that x ;:::: 4, t ;:::: 1 and t =f. --y(x). Then we 
have 

S(t,x) =~ (2_ L A(n)x(n)_ f (logn)) 
7r folog n nit log x 

n:<::x 

+ 2_ L h((t---y(x)) logx)-8(x)x½g(x,t) + 0 (-\-) 
7r --y(x) t log x 

=A(t, x) + B(t, x) - 8(x)x½ g(x, t) + 0 (-1-2-) , say, 
tlog x 

where we put 

and 

J(u) = 1r2u cot (7r2u) , 
g(x, t) = 2_~ { r= x-it u du} ' 

7r lo ((½-it)logx)2 -u2 )sinhu 

h(v) = sinv r= 2 u 2 _dhu 
lo u +v sm u 

8(x) = { ~ if q = l 

if q =f. l. 

Using this lemma with x = ( ~) (3 with O < (3 ::; 1, we get 
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s = 1T (S(t + A, x) _ S(t, x))(S(t + A, 1P) - S(t, 1P)) dt 

= 1T (B(t + A, x) - B(t, x))(B(t + A, 1P) - B(t, 'lf)) dt 

-lr (A(t + b., x) - A(t, x)) (A(t + b., 1P) - A(t, 1P)) dt 

+ J T (A(t + A, x) - A(t, x) )(S(t + A, 1P) - S(t, 'lf)) dt 

+ JT (S(t + A, x) - S(t, x)) (A(t + A, 1P) -A(t, 1P)) dt 

+ 0 (log: T + 8(x)8(1P)+ + (o(x) + 8(1P)) lVX) 
log x log x ogx 

=S1 + S2 + S3 + S4 

+ 0 (log: T + 8(x)8(1P)+ + (o(x) + 8(1P)) lVX)' 
log x log x ogx 

S4 = 1T S(t, x){2A(t, 'lf) - A(t - A, 1P) - A(t + A, 1P)} dt 

J, l+A 

-
1 

S(t,x){A(t,1P)-A(t-A,'lf)}dt 

{T+c,. 
+ Jr S(t,x){A(t,1P)-A(t-b.,1P)}dt 

= 1T S(t,x){2A(t,1P)-A(t-A,1P)-A(t+A,1P)}dt 

O (A logT VX) 
+ log log T log x 

=3_8' { ~ A(n)'lf(n) f (logn) (1 - cos(Alogn)) 
1r L,; yin log n log x 

n::;;x 

· f T S(t, x)e-itlogn dt} 

+ O (A log T VX ) . 
log log T log x 

say. 
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Here we use the following lemma whose proof will be given in the 
subsequent paper. 

and 

Lemma 2. For an integer n 2: 1, we have 

1T cos(tlogn)S(t,x) dt 

=21 lnin) TS(x(n)) 
7T' n ogn 

1 logT Jn 
+ 0(-vnloglog(3n) + nioglogT --- + -

log log T log n 

1T sin(tlogn)S(t,x)dt 

=2_ A(n) TS( ~x(n)) 
271' fologn i 

logT ) 
loglogT 

+ 0( 'nloglog(3n) + niogl~gT ~ + vn ~) 
V '" log log T log n log log T · 

Using this lemma, we get 

S4 =3_S{ ~ A(n)1ji(n) f (logn) (1 - cos(~ logn))} 
7T' ~ vn log n log X 

n::;x 

· [2_ )n(n) T(S(x(n)) - iS(~x(n))) 
271' nlogn i 

1 log T Jn log T 
+0(fo,log log(3n) +nioglogT---+ -- ----)] 

log log T log n log log T 

O (~ log T ,Ix) 
+ log log T log x 

=3=_S{i ~ A2(n)'lj;(n)x(n) f (logn) (1 - cos(~logn))} 
71'2 ~ nlog2n logx 

n::;x 

X X 
+ 0(1 ( ) loglog(3x) + 2 og 3x log (3x) 

,/x logT 1 
+ -----(xioglogT + ~)). 

log x log log T 

logT 

loglogT 
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Similarly, we get 

S3 =~~{i L A2(n)x(~)~ f (logn) (1 - cos(~logn))} 
n 2 nlog n logx 

n::ox 

x x logT 
+ O(log(3x) loglog(3x) + log2 (3x) loglogT 

y'x logT 1 + -----(xloglogT + ~)). 
log x log log T 

Thus we get 

T '°' x(p)'l/J(p) logp ) 
S3 + S4 =2 2~{ ~ ---!(-. -)(1 - cos(~logp) } 

n p logx 
P::OX 

X X 
+ 0( 1 ( ) loglog(3x) + 2 og 3x log (3x) 

y'x logT 1 + -----(xioglogT + ~)). 
log x log log T 

We next evaluate S2 . 

logT 

loglogT 

. ~(L A(n)'l/J(n)_ (n-iA _ l)J (logn) dt} 
ynlognn't logx 

n::ox 

=-1 ~{ L L A(m)A(n)x(m)'l/J(n) 
2n2 y'rnri,logmlogn 

m::oxn::ox 

. (m-iA _ l)(n-iA _ l)f (logm) f (logn) J,T _l __ dt} 
logx logx 1 (mn)it 
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__ 1 !Jr{ L L A(m)A(n)x(m):;;;(n) 
2n2 ,/mn log m log n 

m:5cxn:5cx 

. (m-ii:> - l)(n-ii:> - l)l (logm) l (logn) !T (!?'._)it dt} 
logx logx 1 m 

T °'"' l 2 (logp) - ( ) = - 2 1R{ L., -1 -1 - (xl/J)(p) 1- cos(~logp) } 
7f p ogx 

p:5cx 

O(T °'"' _1_. 2(~l r)) 0( loglog(3x)) + L., 2 sm ogp + x ( ) . prr 2 log 3x 
pr:5cx, r:2':2 

Since 

we get 

=2:._!lr{ °'"' x(p)~ (21 (logp)- 12 (logp)) (1 - cos(~logp))} 
7r2 L., p log x log x 

p:5cx 

X X 
+ 0(1 ( ) loglog(3x) + 2 og 3x log (3x) 

logT 

loglogT 

,/x logT 1 2 + -----(xioglogT + ~) + T~ ). 
log x log log T 

If we put 

L (x~(p) = 8x,,J., · loglogY + C(x:;;;) + rx,,J.,(Y) 
P:5c'Y 

with some constant C(x:;;;), then for any positive constant A 
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Using this we see that 

L x(p)~ (21 (logp) - 12 (logp)) (1 - cos(~ logp)) 
p logx logx 

p"5cx 

Thus we get 

=bx,'P · {-1(3 ~ ( 1 - 10~)) 2 
( 1 - cos (a~ log~)) da 

+ 1(3 ~ ( 1 - cos ( a~ log ~)) da} 

=I._15 .,. • {- ff3 ! (1 - l( ~ )) 2 (1 -cos (a~ log I_)) da 
71'2 x,"' Jo a /3 2n 

+ 1(3 ~ ( 1 - cos (a~log ~)) da} 

+ 0 ( T ~ 2 + lo; T log log T) . 
We are left to evaluate S 1 . 

S1 =21T B(t,x)B(t,'l/;)dt- JT B(t+~,x)B(t,'lj;)dt 

-1T B(t+~,'l/;)B(t,x)dt+O(~log2 T). 
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As in pp.158-160 of [13], we get an evaluation of a typical integral 
as follows. 

1T B(t + t:,,., x)B(t, '1/J) dt 

1 J+oo = 7r2 L _
00 

h((t + t:,,. - 'Y(x)) logx)h((t - 'Y('I/J)) logx) dt 
O<-y(x) ,'Y( ,p) :ST 

+ O(log3 T) 

1 
21 L k(('Y(x)-'Y('I/J)-t:,,.)logx)+O(log3T), 

7r og X O<-y(x),-y('l,b):ST 

where we put 

{ 
( ...l.. - .,,.2 cot(1r2u)) 2 

k(u)= 2u 2 
1 

4u2 

and k(u) is the Fourier transpose of k(u). 
Thus we get 

for lul::::; 2~ 

for lul > 2~ 

2 
21 L k(('Y(x) - 'Y('I/J)) logx) 

7r og X O<-y(x),-y('l,b):ST 

1 
2 '°' k(('Y(X) - 'Y('I/J) - t:,,.) logx) 

1r logx ~ 
O<-y(x),'Y( ,p) :ST 

2 
1 L k(('Y('l/J) - 'Y(X) - t:,,.) logx) 

1r log x 
O<-y(x) ,'Y( ,p) :ST 

+ O(log3 T). 
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We notice first that 

L k(('Y(x) - "f("P) - ~) logx)(l - w('"Y(x) - '"Y('I/J))) 
O<')'(X),y(,J,,):ST 

« L Min(l, (( ( ) ( ~ ~)l )2 ) 
o<,,(x),,,(,t,):ST '"Y X - '"Y "P - ogx 

h(x) - '"Y('I/J)) 2 

4 + h(x) - '"Y('I/J)) 2 

where we have used the following lemma which can be proved as in 
pp.99-100 of [10]. 

Lemma 3. Suppose that a « TA with some positive constant A. 
Then we have 

L S('"Y(x) + a, '1/J) « TlogT. 
O<,,(x):ST, ')'(x)+a>O 

We notice second that 

L k(('Y(x) - "f("P) - ~) logx)w('"Y(x) - '"Y('I/J)) 
O<')'(X) ,I'( ,j,,) :ST 

= l+oo k(u) L e(-u('"Y(x) - '"Y("P) - ~) logx) 
-oo O<')'(x),')'(,J,,):ST 

· w('"Y(x) - '"Y('I/J)) du 

1+00 
= k(u) L e(-u('"Y(x) - '"Y("P)) logx) 

-oo O<')'(X) ,I'( ,j,, ):ST 

· w('"Y(x) - "f('I/J))e(u~logx) du. 



Zeros of the Zeta Functions 

Hence, we get 

2 1+00 S1 = 21 k(u) ~ e(-u('y(x)-,'(~))logx) 
1r ogx 00 ~ 

- D<-y(x),-y(,t,)sT 

· w('y(x) - 'Y(~)) du 

1 1+00 - 21 k(u) L e(-u('Y(x)-'Y(~))logx) 
7r og X 00 

- O<-y(x),-y(,p)ST 

· w('y(x) - 'Y(~))e(u~logx) du 

1 1+00 - 21 k(u) L e(-u('Y(~)-'Y(x))logx) 
1r ogx -= 

O<-y(x),-y(,p)ST 

+ O (~2TlogT) 
logx 

· w('y(~) - 'Y(x))e(u~logx) du 

1 1+00 
21 k(u) L e(-u('y(x)-'Y(~))logx) 

1r ogx 00 
- 0<-y(x) ,-y( ,t, )ST 

· w('y(x) - 'Y( ~ ))(1 - e( u~ log x)) du 

1 1+00 - 21 k(u) L e(-u('y(~)-'Y(X))logx) 
7r og X CXJ 

- 0<-y(x),-y( ,t,) ST 

· w('y(~) - 'Y(x))(l - e(u~logx)) du 

+ O (~2TlogT) 
logx 

T log T 100 a ( T ) = 4(3l 1r k(-(J)Fx,t,(a) 1-cos(a~log-) da 
7r og X o 21r ' 27r 

+ 0 (~2TlogT) 
logx 

265 
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=- - 1- -cot(-) T {1/3 l ( 1ra 1ra ) 
2 

7r2 o a2 2/3 2/3 

·Fx,,t,(a) (1-cos(a~log;)) da 

+ i1 
a~ Fx,,t,(a) ( 1 - cos (a~ log;)) da 

+ 1= :2 Fx,,t,(a) ( 1 - cos (a~log ;)) da} 

+0(~2r~)-
Using Theorem 13, we get 

T 11 
l ( T ) + 2 8x,t, - 1-cos(a~log-) da 

7f ' /3 a 21r 

T 1,= l ( T ) + 2 2 Fx,t,(a) 1-cos(a~log-) da 
7f 1 a ' 21r 

+o ( ~2r~) +o ( ✓1~gT). 
Combining all of our evaluations and taking (3 = ½, we get 

LI. I T T 1 og 2 .,. 1-cos(a) 
S = 7f2 {8x,,t, a da 

0 

+ 1= :2 (1-cos(a~log;))Fx,,t,(a)da} 

+ 0 ( T ( ~ 2 + ✓l~g T)) . 
This proves our Theorem 14 as described in the section 4. 
For completeness, we shall give a proof of Lemma 1 below. 
By evaluating the integral 

1 lc+i= L' Xz-s 
I=-. -(s,x)--dz 

21ri c-i= L z - s 
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for c > Max(a, 1), in two ways, we get for x > l, x -/= pn and for 
s -/= -a - 2n, s -/= p, 

L' A( n )x( n) xl-s xP-S +oo x-a-2n-s 

-(s,x) = - '°'-'----'----'-------'--+8(x)- - '°'-+ I:--, 
L ~ n s l - s ~ p - s a + 2n + s 

n~x p n=O 

where a= a(x) = ½(1- x(-1)). 

Thus we get 

xib(x)-t) 1 x-it(l - 2a) 
- (1 - 2a) L ------ - 8(x)x 2 --~---'-

-Y (½ - a-)2 + (r(x) - t) 2 (a - it)(l - a - it) 

+oo -a-2n 
1 ·t L X + ---• 1 2 

x 
2 

( - a) n=O (a+ 2n +a+ it)(a + 2n + 1 - a+ it)" 

By the functional equation of L(s, x), we get fort 2: 1, 

L' 
's(y(l-a+it,x)) 

L' 
='s( y(a + it, x)) 

1 r' 1 1 r' 1 
+ -'s(-(-(a +it+ a)))+ -'s(-(-(1 - a+ it+ a))) 

2 r 2 2 r 2 

L' (ia- 1 1) ='s( y(a + it,x)) + O t 2 • 
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We notice also that 

1 ·t X 
---i 1 2 I 

+oo -a-2n I 
x 2 

( - er)~ (a+ 2n +er+ it)(a + 2n + 1 - er+ it) 

Hence, we get 

( 
xih(x)-t) ) 

- (1- 2cr)'s ~ (½ - cr)2 + h(x) - t)2 

, !°' ( x-it(l - 2cr) ) 
-u X x2:s 

() (cr-it)(l-cr-it) 

( x½-er I 11) (x-½ I 11 (x-a 2)) +o -t- (T-2 +o -t- (T-2 -t-+x- · 

Now fort 2: 1 and ti- 'Y, 

1 ( [ 00 L' ) S(t,x)=-:;;:'s h -y;(cr+it,x)dcr 

1 _ 1 ( A(n)x(n) 100 ("'-)er - ("'-) 1-er ) =-x 2 's ~ . n , n, dcr 
7r L...., n•t ' er-- --er < - X 2 - x2 

n_x 2 
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-1= (1-20-) d) 
1 1 (J" 

½ ((½ - a-) 2 + (,(x) - t)2)(x""-2 - x2-"") 

. [= (1 - 2a-) do- ) 
h (a- - it)(l - a- - it) 2sinh((o- - ½) logx) 

+o --( 1 ) 
t log2 x 

='J (~ L A(n)x(n) f(logn)) 
· 7r ynlog n nit log x 

n::o;x 

+ ~ L h((t-,(x)) logx) -8(x)x½g(x,t) + 0 (-\-) 
7r ,y(x) t log x 

=A(t, x) + B(t, x) - 8(x)x½ g(x, t) + 0 (-1-2-) , say, 
tlog x 

269 

where the functions f, g and hare introduced in the statement of Lemma 
1. This proves Lemma 1. 

7-2. Proof of Theorem 13 

We start with the following formula which can be proved as above. 
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For 1 < er < 2 and x 2:: 1, 

xi-y(x) 

C(x,x,t,a) = L (l-a)2 +h(x)-t)2 
-y(x) 2 

x-½ { x 1-a+it (X a+it} 
= - 2a _ 1 ~ A(n)x(n) (;) + ~ A(n)x(n) ;) 

x½-a+it 

+ 2a -1 logT 

+ 0 -- + - - + x-2 + 8(x)x 2 T- 2 ( 
x½-a x-½ (x-a ) , ) 

2a -1 T T 

=D(x,x,t,a) +E1(t,a) +E2(x,t,a), say, 

where we put T = itl + 2. 

We put x = ( ~) °' with O :c::; a :c::; 1. We notice first that 

1T 3 3 
C(x, X, t, - )C(x, 'ljJ, t, - ) dt 

o 2 2 

L xib(x)--y(,J,,)) 1+00 dt 
O<-y(xb(w)ST -oo (1 + h(x) - t)2)(1 + ('-y('ljJ) - t)2) 

+ O(log3 T) 

L xi('Y(x)-,(,t,)) 21r 

o<,(xb(w)ST 4 + h(x) - 'Y(1P))2 

+ O(log3 T). 

Hence, we get 
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1 1T 3 3 =-2W{ D(x, X, t, - )D(x, 'lj;, t, - ) dt} 
7r O 2 2 

1 1T 3 3 +-2W{ D(x,x,t,-)E1(t,-)dt} 
7r O 2 2 

1 1T 3 3 + -2W{ E1 (t, -)D(x,'lj;,t, -)dt} 
7r O 2 2 

1 1T 3 3 + -2W{ D(x, X, t, -)E2 ('lj;, t, -) dt} 
7r O 2 2 

1 1T 3 3 + -2W{ D(x, 'lj;, t, -)E2(X, t, - ) dt} 
7r O 2 2 

+2:.2 {TIE1(t,~)1 2 dt+2:_2 {T E2(x,t,~)E2(1P,t,~)dt 
1r lo 2 1r lo 2 2 

+ o(for jE1(t, ;)j jE2(x, t, ;) + E2(1P, t, ;)j dt) 

=U1 + U2 + U3 + · · · + Us, say. 

Here we use the following lemma which can be proved by modifying 
the proof of Lemma 7 in Goldston-Montgomery [14]. 

3 
Lemma 4. Suppose that Z::~=2 A(n)la(n)I < oo, T :s; 8 :s; 1 and 

A(n) > 0 is a continuous function such that A(u) :::::;; A(u') whenever 
u:::::;; u' and a(n) « A(u) for integers n 2: 1. Then we have 

[ f f;A(n)a(n)n''i' dt 

= (T + 0(8-1 )) f A2 (n)la(n)l 2 + 0(8T 1= A 2 (u)udu). 
n=l t5-l 
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X 1 X 3 
Using this lemma with A(u) = Min((- )- 2 , (-)2), we get 

u u 

· Min ( (;)-1
, (;)3) 

+ O ( x-18-1 t A2(n). Min ( (;)-l, (;)3)) 
+ O (x- 18T1Max(x,.5-') u 2 du)+ 0 (x- 18T f 00 x: du) 

,5-1 X }Max(x,8- 1 ) U 

1 1" 2 -=-T-~ A (n)(x'lji + X'll')(n)n 
4xn x 

n::;x 

+ -4 1 Tx3 L A2 (n)(x'"ii + x'lji)(n)~ 
XJl' n 

n>x 

+ O(Min(8Tx, 82Tx2 )) 

=~ 8x,,;., logx + 0 (rexp (-AJlog(3x))) 

+ O(Min(8Tx, 82Tx2 )) + 0(8-1 log(3x)), 

where A is some positive constant. 
Here we choose 

and 

Then we get 

U1 =~ 8x,,J., logx + 0 (rexp (-AJlog(3x))) 

+ O(Min(T½ x½ log½ (3x), r½ xi logi (3x ))). 
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U U -2 '"'A( ) ;;;::;-logT '"'A(n) logT 
2, 3 <<x ~ n yn-1- + ~ -3--1-

< ogn n2 ogn 
n_x n>x 

1 

«x- 2 logT. 

By Schwartz inequality, we get 

T 
U4 « -✓logx + 8('1/J)T✓logT. 

X 

Similarly, we get 

T 
Us «-✓logx + 8(x)T✓logT. 

X 

U6 =~ (log2 T+O(logT)). 
21rx 

T ~ U1 « 2 + (8(x) +8('1/J)) - +8(x)8('lf;)x. 
X X 

Us«~ logT + (8(x) + 8('1/J))x-½. 
X 

Combining all of our evaluations we get 

~{ 
0<--y(x) ,'Y( ,/; )-:;_T 

T T 2 T T 
=-8x,;, logx + --2 log T + 0( 2 logT) + 0(--Jlogx) 

21f ' 21fX X X 

+ O(T exp ( -A✓log(3x))) 
1 1 1 1 2 2 + O(Min(T2x2 log2(3x),Taxa loga(3x))) 

+ 0(8(x)8('lf;)x) + 0((8(x) + 8('1/J))T✓logT). 

This proves our theorem as described in the section 4. 

7-3. Proof of Theorem 12 

273 

Our proof of Theorem 12 goes pararel to the proof of Theorem 14 
given in the subsection 7-1. We shall use some of the notations used 
there. 



274 A. Fujii 

Using Lemma 1 with x = (~ )/3 with 0 < /3 ~ 1, we get 

s = for S(t, x)S(t, 1/J) dt 

= lr B(t,x)B(t,1/J)dt- lr A(t,x)A(t,1/J)dt 

+ lr A(t,x)S(t,1/J)dt+ lr A(t,1/J)S(t,x)dt 

log2 T x VX 
+ 0(-2- + 8(x)8(1/J)-4- + (8(x) + 8(1/J))-2-) 

log x log x log x 

=81 + S2 + S3 + S4 

log2 T x VX 
+0(-1 - 2-+8(x)8(1/;)-1 4 +(8(x)+8(1/J))-1 - 2-), say. 

og x og x og x 

S4 =!:.S'{ L A(n)'ljJ(n) f(logn) · 1T S(t, x)e-itlogn dt} 
1r Jnlogn logx 1 

n$;x 

X X 
+ 0(1 ( ) loglog(3x) + 2 

logT 

loglogT og 3x log (3x) 

-,/x logT _1_ +-----xloglogT). 
log x log log T 

Similarly, we get 

X X 
+ 0(1 ( ) loglog(3x) + 2 og 3x log (3x) 

logT 

loglogT 

-,/x logT _1_ 
+-----XloglogT). 

logx loglogT . 
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We next evaluate S2. 

82 =-1 R{ L L A(m)A(n)x(m)-ip(n) 
271"2 < ,/mri,logmlogn 

m_xn:::;x 

. f(logm)f(logn) J,T _1 __ dt} 
logx logx 1 (mn)'t 

_ _ 1 R{ L L A(m)A(n)x(m)~(n) 
271"2 ,/mri, log m log n 

m'.5:x n'.5:x 

= _ -3::.._R{ L A2 (n)(x~)(n) f 2 (logn)} + O(xloglog(3x)). 
271"2 n log2 n log x log(3x) 

n'.5:x 

Hence, we get 

Since 

X X 
+ 0( 1 ( ) loglog(3x) + 2 og 3x log (3x) 

logT 

loglogT 

fa logT _1_ + -----xioglogT). 

log x log log T 

L A2 (n)(xf)(n) ( 2!(logn) _ f 2 (logn)) 
nlog n logx logx 

n'.5:x 
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( ( 1) 1) [1 (f(u) - 1)2 

= Dx,,t,{loglogx +Ca+~ log 1- p + p - la u du 

- "! + " (x~)(pr)} 
~P ~ prr2 
p)q p,r?.2 

+ (l - 6 ) ~ A2 (n)(x~)(n) + O(loglogx), 
x,,t, ~ nlog2n logx 
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we get 

S2 + S3 + S4 

=Ox,,f; 2~ 2 {log log x +Co+ L (log ( 1 - t) + t) 
p 

- [1 (f(u) - 1)2 du - '°' ! + '°' (x~)(p,.)} 
Jo u ~p ~ prr2 

Plq p,r?.2 

+ (1 - /5 )_!_R{ ~ A2 (n)(x~)(n)} + 0( _I_ log logx) 
x,,f; 2n2 ~ nlog2 n logx 

X X 
+0( 1 ( )loglog(3x)+ 2 og 3x log (3x) 

logT 

loglogT 

y1x logT _1_ + __ ----X log log T). 
log x log log T 

We shall finally evaluate S1. 

1 
S1 =-- '°' k(('y(x) - 'Y(V')) logx) 

1r2 logx ~ 
O<--y(x),--y(,f;)'.':'.T 

+ 0(log3 T) 

T 1= a T =~/32 k(-(3)Fx ,;,(a) da + 0(-1 -) 
21r O 21r ' ogx 

T 1/3 l ( a ) 2 T 11 1 =-8 ,,. - 1-f(-) da+-8 ,,. -da 
21r2 x,.,., o a (3 21r2 x,.,., /3 a 

T 1= 1 T + - 2 2 Fx,,;,(a)da+ 0( ~)-
21r 1 a ylogT 

Combining all of our evaluations and taking (3 = ½, we get Theorem 
12 as described in the section 4. 

7-4. Proof of Corollary 3 

We shall prove that 
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In fact, the argument below proves at the same time that 

We put G(a,x,t) = C((~)a,x,t, ~)- Then 

2 1 1T Fx,,;,(a) =- T T R{ G(a, X, t)G(a, 'lj.;, t) dt} 
1r 2 71" log 2 71" o 

+ O(log2 T) 
T 

1 1 1T 2 
=- T T IG(a, X, t) + G(a, 'l/J, t)I dt 

1r 2 71" log 2 71" o 
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- ~ T 1 T { fr IG(a,x,t)l 2 dt+ fT IG(a,'lf.;,t)l 2 dt} 
7r 2n log 2n lo lo 

+ O(log2 T) 
T 

1 1 1T 2 
=- T T IG(a,x,t)+G(a,'lj.;,t)I dt 

7r 2n log 2n o 

1 log2 T 
- 2{Fx,x(a) + F,;,,,;,(a)} + 0( ~ ). 

Thus we get 

1 Joo 1 ( T ) =- - 2 1-cos(a~log-) Fxx(a)da 
2 1 a 21r ' 

1 Joo l ( T ) -- 2 1-cos(a~log-) F,;,,;,(a)da 
2 1 a 21r ' 

1 1 Joo 1 ( T ) + - --- - 1 - cos ( a~ log - ) 
1r L log L a2 21r 

2n 2n 1 

· 1T IG(a, X, t) + G(a, 'l/J, t)l 2 dtda 
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Hence we have only to prove that 

1 1 1= I ( T ) I =-~-~ - I - cos ( a~ log - ) 
1r .I log .I a2 21r 

27!" 27!" l 

· 1T IG(a, X, t) + G(a, 'lj;, t)l 2 dtda 

is bounded, since we see by Goldston's argument in [13] that 

and 

Now 

1 ex:, 1 Jr+l 1T 
I «Tl TL 2 

2 (I - la - rl) IG(a, X, t) + G(a, 'lj;, t)l 2 dtda 
og r=l r r-½ o 

« t /2 J~: 1 
(1- la - rl) (Fx,,µ(a) + ~{Fx(a) + F,µ(a)}) da 

log2 T 
+ ------;y-

1 = 1 

= L log .I L r2 
21r 21r r=l 

l ( ( T) ir(-y(x)-,y(,j;)) ( T )-ir(-y(x)-,y(,j;))) 
· { 2 I: 21r + 21r 

O<,y(x),,y(,f;)$T 

(
sin('Y(x);,y(,J;) log~)) 2 

. ,y(x)-,y(,J;) 1 .I w(,-y(x) - ,y('lf;)) 
2 og 21r 
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1 (T)ir(1,(x)-,'(x)) 
+- I: -

2 27!" 
O<,(x) d (x):ST 

( 
sin( ,(x)-,' (x) log I._)) 2 

,(x)-~(x) 1 j_rr w('Y(x) - 'Y'(x)) 
2 og 2rr 

1 ( T )ir(,(,;,)-,'(,;,)) 
+- I: -

2 27!" 
0<,( ,f, ),,' ( ,f,) :ST 

+ 0(1) 

00 1 
«I:2 « 1, 

r 
r=l 

since 

(
sin( ,(x)-,(,f,) log I._)) 2 

L ,(x)-~(,f,) lo j_1r w('Y(x) - 'Y("P)) « TlogT 
O<,(x),,(,f,):ST 2 g 2rr 

and 
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(
sin('(x)-,'(x) log I._)) 2 

L ,(x)-,\x) j_1r w('Y(x) - 'Y'(x)) « TlogT. 
O<,(x),,'(x):ST 2 log 21r 

We remark that the last two inequalities can be derived using Theorem 
13 and the formula (3) of p.182 of Montgomery [17]. 
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