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Multiple Zeta Functions: An Example 

Nobushige Kurokawa 

We try to construct multiple zeta functions as follows. Let Zi ( s) be 
usual zeta functions for i = 1, ... , r : we assume that they are defined 
by Euler products and meromorphic on C of finite order with functional 
equations. Let mi : C ----> Z denote the multiplicity of zeros and poles 
of Zi ( s) so that we have the Hadamard expression 

Zi(s) = II (s - pyn,(P) 

pEC 

up to a factor exp(P(s)) for a polynomial P(s). Here we simplify the 
notation by omitting the usual exponential factor making the conver­
gence, since at the first level we are mainly interested in zeros and poles 
of (multiple) zeta functions. For more precise studies, it is better to con­
sider such a product via zeta regularized determinant (cf. [2a]). Now 
we define a "multiple zeta function" by 

Z1(s) Q9 • · • Q9 Z,,.(s) = II (s - (p1 + ... + p,,.)yn(pi,- .. ,Pr) 

p,EC 

where 

if all Ss(pi) ~ 0, 

if all Ss(pi) < 0, 

otherwise. 

It is not difficult to see that Z1 ( s) ® · · · ® Z,,. ( s) has an Euler product 
expression at least formally, but we must remark that the above "parity 
condition" is crucial to have a neat Euler product ( cf. [2b, p.336]). As 
noted in [2b] and [2c] these multiple zeta functions would be considered 
to be associated to multiple categories of Ehresmann ( or higher stacks 
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of Grothendieck). Instead of treating the general case, in this paper we 
examine the following simple example 

(r copies) 

for a positive real number M > 1 and r = 2, 3, ... , which may be called 
a multiple hyperbolic sine function. This case is directly related to the 
multiple gamma function fr(z) of Barnes [1] revivaled by Shintani [4] 
and Vigneras [5]. We see that in this particular case the above mentioned 

CX) 

Euler product expression is given by polylogarithm Lir(z) = I; z=m-r 
rn=l 

(cf. Lewin [3]). Symbolically speaking the following equalities hold: 

= f (- slogM)-l f (r slogM)(-l)r 
r 2· r +2. , ni ni 

which indicate functional equations under s ----+ -s corresponding to the 
functional equation of Lir(z) under z----+ z-1. 

To fix the notation we define (1-M18 ) ® · · · ® (1-M;8 ) for Mi > 1 
by the following Hadamard expression: 

=s II 
(n1 , ... ,nr)i(O, ... ,O) 

(-l)r-1 

X II p (- s ) 
n;>O r w(n1, ... ,nr) 

where 

( z2 zr) Pr ( z) = ( 1 - z) exp z + 2 + · · · + -;: 

and 

( ) . ( n1 nr ) 
w n1, ... 'nr = 2nz log M1 + ... + log Mr . 
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This definition is equivalent to the previous one up to the precise expo­
nential factor making the convergence. We show 

Theorem 1. For M > 1 and r = 2, 3, ... , we have 

1 
(1 - M-s)®r = exp(- ---Li (M-s) 

(21rit-l r 

- ~ 1 h (k-1) (slog M) Li (M-s) Q(s)) 
~ (21ri)k-l r 21ri k + 
k=l 

in R(s) > 0, where hr(T) = (T+r-1) · · · (T + 1)/(r-1)! is a polynomial 
belonging to Q[T] and Q(T) is a polynomial belonging to C[T] of degree 
r. 

We reduce (1 - M-s)®r to simpler functions. Let 

Then 

(1 - M-s)®r 

oo ( l M)h(n,r) ( l M)(-l)r-lh(n-r,r) _ IT Fe s og Po _ s og 
- 8 r 21rin r 21rin 

n=l 

smce 

We have 

h(n,r)= (n+~-l) = (n;~~l) =hr(n) 

and h(n - r, r) = hr(n - r) = (-1t-1hr(-n). Define 

for r = 2, 3, ... and put 
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II00 (z) ( z) sin(1rz) 
Fi(z) = Pi ;;: Pi -;;: = 1fZ • 

n=l 

r 

Then expanding hr(T) as I: c(r, k)Tk-l we have 
k=l 

r ( l M) c(r,k) 
= s IT Fk 8 og. · exp(R(s)) 

21rz 
k=l 

for a polynomial R( s) of degree at most r - 1. Thus, Theorem 1 is 
reduced to the following 

Theorem 2. For r = 2, 3, ... , we have 

(r - 1)! r-l (21ri)k . 
F (z) = exp( - --- '°' --zkLi _ (e-Z-rriz) 

r (21riy-1 ~ k! r k 
k=O 

1ri r ( r - 1) ! 1 ( ) ) +-z +-'---'---, r 
r (21riy-1 

in S'(z) < 0. 

Proof. By definition 

zr-l 00 
( z) ( z) logFr(z)=--+I:nr-l(log 1-- +(-1y-1 log 1+-

r-1 n n 
n=l 

r 1 k 

+ L k (;) (1 + (-l)k+r-1)). 
k=l 

(Notice that the term k r vanishes, so Pr(z) can be replaced by 
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Pr_ 1 (z) in the definition of Fr(z).) Hence 

F;(z) r-2 
--=z 
Fr(z) 

oo l ( l)r-1 + L nr-l(-- + _-__ _ 
n=l z - n z + n 

1 r (z)k-l +;:L ;: (1+(-l)k+r-1)) 
k=l 

r-l 1 2z 
-z -+ ( 

00 ) 

- z ~ z2 -n2 

= zr- 1ncot(nz). 

This function is holomorphic in 's(z) < 0 and finite at z = 0, so noting 
Fr(O) = 1 we have 

Fr(z) = exp (1oz ur-lncot(nu)du) 

where we take the integral on the line u = tz for O :S t :S 1. We denote 
the integral by I(z), and we calculate it. Since 's(z) < 0, fort > 0 we 
have 

cot(ntz) = i ( 1 + 2 t e-21rimzt) . 

By repeated integration by parts, for a E C - { 0} 

Hence 

J(z) = inzr 11 tr-l (1 + 2 f e-21rimzt) dt 
O m=l 

__ (r - 1)! rL-l (2ni)k kL· ( _21riz) ni r (r - 1)! 1"( ) 
- ( .) 1 k z lr-k e + z + ( .) _1 ', r . 2ni r- ! r 2ni r 

k=O 

Q.E.D. 
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Remarks. 
(1) According to Lewin [3, p.30] the above expression for F2 (z) was 

essentially obtained by Holder (1928): our F2 (z) is same to F(z) noted 
there, and using the double gamma function r 2 (z) of Barnes [1] (see 
Shintani [4] or Vigneras[5]) we have 

Similarly the essential part of Fr(z) is given by 

using the multiple gamma function rr(z). 
(2) In [4], Shintani studied an analogue of F2 (z) associated to a real 

quadratic number field. He conjectured the algebraicity of its values 
at z belonging to that field, and proved it in some cases. In our case 
it may be interesting to investigate whether F2 (z) is algebraic for each 
rational number z. (Here the "real quadratic field" is Q EB Q.) For 
example F2 (1/4) E Q is equivalent to I: (-l)(m-l)/2m-2 = 1rloga 

m:odd 

for an a E Q. In fact, as in the proof of Theorem 2, we see that for 
O<z<l 

( 1 ~ sin(21rmz)) F2 (z) = (2sin(1rzW exp - ~ 2 , 
21r m 

m=l 

hence 

It is also written as 

( 1) 1/8 ( 3 ) 1/8 , F2 4 = 2 exp 7r3 (Q(i)(2) = 2 exp(-3(Q(i)(-1)). 

In particular, the previous property is equivalent to (Q(i)(2) = ~3 loga 

or (~w/ -1) = -¼ log a. 

(3) We notice that the case of (1 - M1 8 ) ® • • • ® (1 - M;8 ) is not 
so simple. For example, let M, N > 1 and assume that log M / log N 
is irrational and liminf II mlogM/logN lll/m?: 1, where II x II= 

m-+oo 



min Ix - nl. Then 
nEZ 

Multiple Zeta Functions 

1 ~ 1 ( mlogM) (1 - M-s) ® (1 - N-s) =exp(----: L, - cot 7r--- M-ms 
2z m logN 

m=l 

1 Loo 1 ( nlogN) N-ns + - -cot 7r---
2i n logM 

n=l 

225 

1 1 
+ 2 log(l - M-s) + 2 log(l - N-s) 

+ Q(s)) 

in ?R(s) > 0 with a certain quadratic polynomial Q(s). The above dio­
phantine condition is satisfied if M (resp. log M) and N (resp. log N) 
are algebraic. Unfortunately, this result is beyond the scope of this pa­
per, and it is properly treated from a viewpoint generally accessible to 
Z1(s) ® · · · ® Zr(s). 

00 

(4) Infinite products of zeta functions such as TI ((s+m)a(m) for a 
m=O 

polynomial a(T) E Z[T] are expressed by using ((s)@rr(s). This exam­
ple is meromorphic on C, and it is investigated also from the viewpoint 
of [2d]. 

(5) Above calculations for Theorems 1 and 2 imply that the "gamma 
factor" of each Selberg zeta function is expressed as a product of multiple 
gamma functions generalizing the result of Vigneras [5]. 

(6) The "multiple sine function" Fr(z) (r?: 2) satisfies the following 
algebraic differential equation: 

= -7r2 zr-1 Fr(z)2. 

This fact seems to be remarkable when we recall that multiple gamma 
functions do not satisfy any algebraic differential equation according to 
Barnes. 
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