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§1. Introduction 

Let V be a compact topological 4-manifold homotopy equivalent 
to the 2-sphere S 2 . We say such a 4-manifold is a homotopy S2 • The 
boundary av of V is always a closed connected 3-manifold with the same 
integral homology and the same linking pairing as those of the lens space 
L(p, 1) for some p (~ 0). We say such a 3-manifold is a homology L(p, 1). 
For a fixed homology L(p, 1), M, the homotopy S2 's bounded by Mare 
classified up to homeomorphism by certain equivalence classes of some 
elements of H 1 (M; Z) ([3]). 

In this paper, concerning homotopy S2 's, we consider the following 
problems. 
(A) For a fixed homology L(p, 1), M, how many homotopy S2 's does M 

bound? Furthermore, how many of them admit smooth structures? 
(B) Give a lower bound for the genera of topologically locally flatly 

embedded surfaces in V representing the generator 'Y of H 2 (V; Z). If 
V is smooth, what is the necessary condition for 'Y to be represented 
by a smoothly embedded 2-sphere? 

(C) Let K be a tame knot in the boundary of V. Under what condition 
does K bound a topologically embedded flat 2-disk in V? If V and 
K are smooth and K bounds such a topologically embedded 2-disk, 
does K also bound a smoothly embedded 2-disk in V? 

(D) Does there exist a homotopy S 2 admitting more than one smooth 
structures? 
In [28], we considered problem (A) and showed that if Vis a smooth 

homotopy S2 satisfying a certain condition on the order of H 1 (av; Z) 
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such that the generator of H 2 (V; Z) is represented by a smoothly embed
ded 2-sphere, then every smooth homotopy 8 2 with the same boundary 
as V is homeomorphic to V. Furthermore we gave the exact number of 
homotopy 8 2 's bounded by the 3-manifold av. In this paper we con
sider smoothly immersed 2-spheres instead of embedded ones and give a 
similar result. More precisely, we show that if Vis a smooth homotopy 
8 2 satisfying a certain condition on the order of H 1 (av; Z) such that the 
generator of H 2 (V; Z) is represented by a smoothly immersed 2-sphere 
with relatively few double points, then the same results as above hold 
(§2). We note that, in some cases, this result can be applied to give 
a lower bound for the number of double points of smoothly immersed 
2-spheres representing the generator of H 2 (V; Z). 

In §3 we define some topological invariants for homotopy 8 2 's and 
use them to attack problem (B). First, we define a "Casson invariant" 
for a homotopy 8 2 using the extension of the usual Casson invariant for 
homology 3-spheres ([6]) to marked homology lens spaces ([4, 15]). We 
show that if the generator of the second homology group of a smooth 
homotopy 8 2 is represented by a smoothly embedded 2-sphere, then 
its Casson invariant modulo 2 must vanish. In fact, this is proved only 
using the well-known theorem of Rohlin. We do not know what essential 
properties of a homotopy 8 2 this Casson invariant reflects. Next we 
define Casson-Gordon invariants for a homotopy 8 2 ( cf. [7]) and use 
them to give a lower bound for the genera of topologically locally flatly 
embedded surfaces representing the generator of the second homology 
group of a homotopy 8 2 • In our case these invariants are the p-signatures 
of a certain knot in a homology 3-sphere. If a smooth homotopy 8 2 

consists of one 0-handle and one 2-handle, then it has already been 
known that a lower bound for the genera of such smoothly embedded 
surfaces is given by the p-signatures of the knot along which the 2-handle 
is attached to the 0-handle ([31]). In this paper, we extend this to general 
homotopy 8 2 's employing a method similar to that in [19]. 

In §4, we give a sufficient condition for certain tame knots in the 
boundary of a homotopy 8 2 to bound topologically embedded flat 2-
disks. We see that almost all knots satisfying a certain homological 
condition bound such 2-disks in the homotopy 8 2 • Furthermore, we give 
an example of smooth knots in the boundary of a smooth homotopy 8 2 

which bound topologically embedded flat 2-disks in the homotopy 8 2 

but never bound smooth ones. In the case of knots in the boundary of 
the 4-ball, the same examples have been found first by Casson and, after 
that, by several authors [8, 9, 18]. Our technique is similar to theirs in 
that we use the celebrated theorem of Donaldson [10]. 

As to problem (D), Akbulut [1] has recently found a compact homo-
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topy 8 2 with more than one smooth structures. In this paper we give 
an example of infinitely many open 4-manifolds homotopy equivalent to 
8 2 each of which admits at least 3 smooth structures (§5). 

Throughout the paper, all homology groups are with integral coef
ficients unless otherwise indicated. 

§2. Smooth homotopy 8 2 and immersed 2-spheres 

Definition. We say that a non-zero integer p satisfies property 
(#) if -1 is not a quadratic residue modulo p; i.e., if n 2 -=j. -1 (mod p) 
for every integer n. 

Lemma 2.1. Let IPI= 2ep~1 p? · · · p~r (e 2". 0, ei 2". 1) be the prime 
decomposition of Ip I- Then p satisfies property ( #) if and only if e 2". 2 
or Pi= 3 (mod 4) for some Pi· 

For the proof of Lemma 2.1, see, for example, the proof of Corollary 
3.11 in [28]. Note that, by Lemma 2.1, if Ip I= 0, 3 (mod 4) then p 
satisfies property ( #). 

Let V be a smooth oriented homotopy 8 2 • Define k+(V) (resp. 
k_(V)) to be the minimum number of positive (resp. negative) double 
points of smoothly immersed self-transverse 2-spheres representing the 
generator of H 2 (V). We call k+(V) (resp. k_(V)) the positive (resp. 
negative) kinkiness of V. Then our main theorem of this section is the 
following. 

Theorem 2.2. Let V be a smooth oriented homotopy 8 2 bounded 
by a homology L(p, 1), M, and let 'YE H 2 (V) be a generator. We assume 
p = l"f 2 I satisfies property ( #). Let E be the sign of "(2 . If 

{ 

(p-6)/4 

k,(V) <; r-1)/4 

then the following holds. 

(p: even) 

(p: odd, -I= 15, 21) 

(p = 15) 

(p = 21), 

(1) Every smooth homotopy 82 bounded by M is homeomorphic to V. 
(2) Every homeomorphism h: M---+ M acts on H 1 (M) by the multipli-

cation of ±l. 
(3) If p = 2ep~1p; 2 • • · p~r (e 2". 0, ei 2". 1) is the prime decomposition 

of p, then the number of homeomorphism types of homotopy 8 2 's 
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bounded by M is equal to 
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(e = 1) 
(e=0,2) 

(e ~ 3). 

Remark. Even when p does not satisfy property (#), part (2) of 
Theorem 2.2 does hold if the homeomorphism his orientation preserving. 

Before we prove Theorem 2.2, we describe some of its consequences. 
The proof will be given at the end of this section. 

Let K be a smooth knot in the oriented 3-sphere 8 3 • For an integer 
p, we denote by V(K;p) the smooth oriented homotopy 8 2 obtained 
by attaching a 2-handle to the 4-ball D 4 along the knot K with the~ 
framing. Furthermore we denote by M(K;p/1) the boundary 3-manifold 
of V(K;p). Note that M(K;p/1) is diffeomorphic to the 3-manifold 
obtained by performing the p/1-Dehn surgery on the knot K ([26]). 

We denote by u(K) the unknotting number of a knot Kin 8 3 (for 
example, see [16]). Note that K bounds in the 4-ball a smoothly im
mersed self-transverse 2-disk with u(K) double points ([9]). Taking the 
union of this immersed 2-disk and the core disk of the 2-handle, we 
can represent the generator of H 2 (V(K;p)), for any p, by a smoothly 
immersed 2-sphere with u(K) double points; i.e., we always have 

k±(V(K;p)):::; k+(V(K;p)) + k_(V(K;p)):::; u(K). 

Then we obtain the following immediately. 

Corollary 2.3. Let K be a smooth knot in 8 3 and let p be an 
integer satisfying property {#). If Ip I~ 4u(K) + 6, then the following 
holds. 
(1) Every smooth homotopy 82 bounded by M(K;p/1) is homeomorphic 

to V(K;p). 
(2) Every homeomorphism h : M(K;p/1) ---+ M(K;p/1) acts on 

H 1 (M(K;p/1)) by the multiplication of ±1. 
(3) If Ip I= 2ep?p; 2 • • • p';,r (e ~ 0, ei ~ 1) is the prime decomposition 

of IP I, then the number of homeomorphism types of homotopy 8 2 's 
bounded by M(K;p/1) is equal to 

( 

(e = 1) 
(e=0,2) 

(e ~ 3). 
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This corollary shows that, for any knot K, if IP I is sufficiently large 
and satisfies property(#), then M(K;p/1) satisfies the above properties. 
This is the major difference between Theorem 2.2 and the result obtained 
in [28]; the latter is applicable only to slice knots. 

Let. a and b be relatively prime integers. Then we denote by T ( a, b) 
the left-hand (ab > 0) or the right-hand (ab < 0) torus knot of type 
(a, b). As a corollary of Theorem 2.2 we have the following. 

Corollary 2.4. Every smooth homotopy 8 2 bounded by the lens 
space L( 4n + 3, 4) ( n ~ 0) is homeomorphic to the handlebody 
V(T(2, 2n + 1); -(4n + 3)). 

Proof. By Moser [25], 8V(T(2, 2n + 1); -(4n + 3)) = M(T(2, 2n + 
1); -(4n + 3)/1) is homeomorphic to the lens space L(4n + 3,4). Note 
that the integer p = 4n + 3 always satisfies property(#). On the other 
hand, it is well-known that u(T(2, 2n + 1)) ~ n. Thus by the previous 
remark, k_(V(T(2,2n + 1);-p)) ~ n = (p- 3)/4. Since pis odd, the 
result follows from Theorem 2,2 unless p = 15. If p = 15, it can be 
shown that the number of homotopy 8 2 's bounded by L(15, 4) is 1 (see 
Example 2.8 of [28]). This completes the proof. 

In [28], we remarked that there are exactly 1401 homotopy 8 2 's 
bounded by the lens spaces L(p, q) with 2 ~ p ~ 100 and that among 
them there exist at least 701 homotopy 8 2 's which cannot admit any 
smooth structures and at least 274 homotopy 8 2 's admitting smooth 
structures. Using the above Corollary 2.4 and the technique used in 
the proof of Theorem 2.2, we can find, among the 1401 homotopy 8 2 's, 
additional 16 non-smoothable homotopy 8 2 's. We also note that, using 
the result of Maruyama [23], we can find additional 14 homotopy 8 2 's 
admitting smooth structures. 

Next we indicate how Theorem 2.2 can be applied to give lower 
bounds for the kinkinesses of a homotopy 8 2 • 

Definition. Let V be a homotopy 8 2 and let /5 E H 2 (V, 8V) 
be a generator. Then we define ,B(V) = 815 E H 1 (8V), where a : 
H 2 (V,8V)--. H 1 (8V) is the boundary homomorphism. Note that ,B(V) 
generates H 1 (8V) and is determined up to the multiplication of ±1. 

Remark. If H 1 (8V) is finite cyclic of order p, we always have 
lk(,B(V),,B(V)) = ±1/p, where lk: H 1 (8V) x H 1 (8V) --. Q/Z is the 
linking pairing of av. 

Theorem 2.5. Let V be a smooth homotopy 8 2 with H 1 ( 8V) finite 
cyclic of order p. Suppose there exists a homeomorphism h : av --. av 
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such that h*(j3(V)) = rj3(V) with r ¢ ±1 (mod p) and r 2 = 1 (mod p). 
Then we have 

(p+ 1)/4 (p: odd,=/-15,21) 
k (V) > { 

(p - 4)/4 (p: even) 

,; - 3 (p = 15) 

5 (p=21), 

where E ( = ±1) is the signature of V. 

If p satisfies property ( #), the above Theorem is a direct consequence 
of Theorem 2.2. The general case can be proved by the same method as 
in the proof of Theorem 2.2 below. 

As a typical example, we can obtain a lower bound for the kink
inesses of the homotopy S2 's obtained by attaching a 2-handle to the 
4-ball along some torus knots. 

Corollary 2.6. Let s and r be relatively prime integers greater 
than 1. Suppose that s 2 ¢ ±1 (mod rs+ c:) and that rs+ E divides 
s4 - 1, where c: = ±1. Then we have 

{ 

(rs+c:-4)/4 

(rs+c:+1)/4 
k_(V(T(r, s); -(rs+ c:))) 2: : 

(rs+ E : even) 

(rs+ c:: odd=/-15, 21) 

(rs+ c: = 15) 

(rs+ c: = 21). 

Proof. By Moser [25], 8V(T(r, s); -(rs+ c:)) is diffeomorphic to 
the lens space L(rs + c:, s2 ). Since s4 = 1 (mod rs+ c:), there exists a 
homeomorphism h : L(rs + c:, s2 ) ----+ L(rs + c:, s2 ) which acts on the first 
homology group by the multiplication of s 2 • Now the result follows from 
Theorem 2.5. 

Example 2. 7. There do exist r, s and c satisfying the condition 
in Corollary 2.6: For example, we have 

k_(T(2, 7);-15) 2: 3, 

k_(T(3,5);-16) 2: 3, 

k_ (T(3, 13); -40) 2: 9, 

k_(T(4, 13); -51) 2: 13. 

We also note that k_(T(a,b);p) .S (lal -l)(lbl -1)/2 for any p. 
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Using Corollary 2.6, we can obtain a lower bound for the unknotting 
numbers of certain torus knots. However, this lower bound is worse 
than the one obtained in [16]. There is a conjecture that the unknotting 
number of the torus knot T(a, b) is equal to (I a I -1)(1 b I -1)/2. We 
do not know whether there is a smoothly immersed 2-sphere in some 
V(T(a,b);p) representing the generator of H 2 (V(T(a,b);p)) with the 
number of double points strictly fewer than (I a I -1)(1 b I -1)/2. Note 
that if p = ±l, then there always exists a topologically locally flatly 
embedded 2-sphere or torus representing the generator of the second 
homology group (see Proposition 3.6). 

Now we proceed to the proof of Theorem 2.2. Our method is similar 
to that in [28]. 

Let X be a smooth closed I-connected oriented 4-manifold. Given 
a homology class ( E H2 (X), one can represent ( by an immersed 2-
sphere whose self-intersections are transverse. Define dt (resp. dZ) to 
be the minimum number of positive (resp. negative) double points of 
such immersed 2-spheres representing (. The following is a theorem of 
Kuga and Suciu which plays a key role in the proof of Theorem 2.2. See 
also the remark after Theorem 4 in [16]. 

Theorem 2.8 (Kuga [22], Suciu [30]). 
(1) Let X be a smooth closed oriented 4-manifold homotopy equivalent to 

8 2 X 8 2 and let ( and T/ be generators of H2(X) such that e = r,2 = 0 
and ( · T/ = l. If (=a(+ br, E H2(X) satisfies (2 -I-0, then we have 

where E is the sign of (2 and, for x E Q, [x] denotes the largest 
integer not exceeding x. 

(2) Let X be a smooth closed oriented 4-manifold homotopy equivalent 

to CP 2 #CP 2 and let ( and T/ be generators of H2 (X) such that 
e = 1,r,2 = -1 and ( · T/ = 0. If (=a(+ br, E H2(X) satisfies 
( 2 -=f-0, then we have 

e: • {(lal+lbl-2)(11al-lbll-1) [la 2 -b 2 l+3]} de; 2: mm 2 , 4 , 

where s is the sign of ( 2 • 

Proof of Theorem 2.2. Changing the orientation of V if necessary, 
we may assume V is positive definite (i.e., s = 1). Let V' be a smooth 
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homotopy S2 with 8V' diffeomorphic to M = 8V and let h : 8V' ---+ 8V 
be a homeomorphism. Changing h by an isotopy, we assume h is a 
diffeomorphism. Furthermore, we orient V' so that h is an orientation 
preserving map. Thus V' is not necessarily positive definite. We have, 
for some r E Z, h*(/3(V')) = r/3(V). We will show r = ±l (mod p). 
Then the part (1) of Theorem 2.2 follows from a result of Boyer [3]. 
Furthermore the part (2) is also proved if we set V' = V. Then the part 
(3) follows by the same argument as in [28]. 

Set X = V Uh (-V'), which is a smooth closed 1-connected 4-
manifold with H2 (X) ~ ZEB Z. X has the orientation induced from 
those of V and - V'. By [28], there are generators 0 and T of H2 ( X) 
with the following properties. 
(i) 0 is represented by a smoothly immersed 2-sphere with k+(V) pos

itive double points. 

(ii) 0 · 0 = p and 0 · T = r. 
Remember that 0 comes from the generator of H2 (V) and T is de

fined to be the "union" of the generator of H2 (V', 8V') and r times the 
generator of H 2 (V, 8V). 

Set t = T · T. Then the intersection matrix of X with respect to 0 
and Tis 

Q=(~~)-
Since Q is unimodular, det Q = pt - r 2 = ±1. Hence r 2 = =j=l (mod p). 
Since p satisfies property(#), r 2 = 1 (mod p). Thus detQ = -1 and 
the intersection form of X is indefinite. Hence, there are generators ( 
and rJ of H2 (X) with respect to which the intersection matrix of X is 
one of the following forms; 

(A) or 

(B) 

Case (A). Since Q must be of even type, p is even. Suppose 
0 =a(+ brJ (a, b E Z). Since p = 0 · 0 = 2ab is positive, we may assume 
a > 0 and b > 0, changing the orientations of ( and rJ if necessary. By 
Theorem 2.8, we have 

(2.1) dt 2 min { (a - l)(b - 1), [ab: 1]}. 
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On the other hand, by the hypothesis, we have 

(2.2) + p-6 
do ::; k+(V)::; -4-. 

Combining (2.2) with (2.1), we have 

(2.3) ab; 3 ~ min { (a - l)(b - 1), [ab: 1]} · 

Since (ab- 3)/2 < [(ab+ 1)/2], we have (ab- 3)/2 ~ (a - l)(b-1). This 
shows that a ::; 1 or b ::; 1. Then the same argument as in [28] shows 
r = ±1 (mod p). 

Case (B). Suppose 0 = af+ lrr/ (a, b E Z). We may assume a~ 0 
and b ~ 0, changing the orientations of ( and/or 'Tl if necessary. Note 
that p = 0 · 0 = a2 - b2 > 0. By Theorem 2.8, we have 

(2_4) d+ . {(a+ b - 2)(a - b - 1) [a 2 - b2 + 3]} 
0 ~mm 2 ' 4 . 

If p is even, we have 

(2.5) 
p-6 

dt::; k+(V)::; -4-. 

Combining this with (2.4), we obtain a+ b ::; 3 or a - b ::; 1. Since 
a ~ 0, b ~ 0 and a is prime to b, we have a - b = 1. This contradicts the 
fact that p = a 2 - b2 is even. 

If p = (a+ b)(a - b) is odd not equal to 15 or 21, we have, by the 
hypothesis, 

(2.6) 
p-1 

dt::; k+(V)::; -4-. 

Combining this with (2.4), we obtain 

(2.7) (a+ b - 4)(a - b - 2) :S 3. 

Note that a+ band a - bare odd and that a and bare relatively prime. 
Then we have a - b = 1 or (a, b) = (4, 1) or (5, 2). Since p = a 2 - b2 # 
15, 21, we have a - b = 1. When p = 15, we obtain 

(2.8) 
. {(a+ b - 2)(a - b - 1) } 

2~mm 2 ,4 
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and when p = 21, 

(2.9) . {(a+b-2)(a-b-1) } 
4 ~ mm 2 ,6 . 

Both inequalities imply a - b = 1. Thus when p is odd we always have 
a - b = 1. Then the same argument as in [28] shows r = ±1 (mod p). 
This completes the proof. 

Remark. When pis equal to 15 or 21, we cannot omit the special 
condition that k" (V) ~ 2 and k" (V) ~ 4 respectively. For example, con
sider V = V(T(2, 7); -15). Then k_(V) ~ 3 (cf. Example 2.7). However 
av= L(15, 4) admits a self-homeomorphism acting on H1 (L(15, 4)) by 
the multiplication of ±4. When p = 21, consider V = V(T(2, 11); -21). 
Then k_ (V) ~ 5. However av = L(21, 4) bounds the smooth homotopy 
82 , V(T(4, 5); -21), which is not homeomorphic to V. 

§3. Topological invariants for homotopy 8 2 and embedded 
surfaces 

Let M be a homology L(p, 1) (p > 0) ; i.e., Mis a closed oriented 
3-manifold such that H*(M) ~ H*(L(p, 1)) and lk(a, a) = -E:jp (mod 
Z) for some generator a of H1 (M) (c = ±1). We call such a pair (M, a) 
a marked homology L(p, 1). It is well-known that Mis obtained by (cp)
surgery on a knot K in some homology 3-sphere E so that the core of 
the surgery torus in M represents a. Define 

(3.1) .X0 (M, a) = pA(E) + (c/2)Ll'f<(l), 

where A(E) is the Casson invariant of the homology 3-sphere E ([6]) and 
LlK(t) is the normalized Alexander polynomial of K. For a fixed marked 
homology L(p, 1), E and K as above are not uniquely determined. How
ever, by results of Boyer-Lines [4] and Fukuhara (15], Ao(M, a) is an 
invariant of the marked homology L(p, 1), (M, a). We warn the reader 
that Ao here is p times the invariant defined in (4] or [15] and that Ao 
here is integer valued. Note also that if p = 1, i.e. if Mis a homology 3-
sphere, (3.1) with Ao(M, a) replaced by A(M) is nothing but the surgery 
formula for the usual Casson invariant. Therefore, Ao agrees with A for 
homology 3-spheres. 

Definition. Let V be an oriented homotopy 8 2 with H1 ( av) fi
nite cyclic of order p. Note that ( av, ,B(V)) is a marked homology L(p, 1). 
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Then we define °X(V) = Ao ( av, ;3(V)), which we call the Casson invari
ant of V. "X(V) is a topological invariant of V. 

Remark. If av is a homology 3-sphere, then "X(V) = A(aV). 
In general, however, "X(V) is not an invariant of av. For example, denot
ing by Uthe trivial knot in S 3 , we have "X(V(U; 5)) = 0 and "X(V(T(2, 3); 
-5)) = -1, though aV(U; 5) ~ aV(T(2, 3); -5) ~ L(5, 1) ([25]). 

The first result of this section is the following. 

Theorem 3.1. Let V be a smooth homotopy S2 with H 1 ( av) fi
nite. If the generator of H2 (V) can be represented by a smoothly embed

ded 2-sphere, then "X(V) = 0 (mod 2). 

Remark. If Vis diffeomorphic to a handlebody V(K;p) for some 

knot Kin S 3 , then "X(V) mod 2 agrees with the Arf invariant of K. In 
this case, the above result has already been known ([2]). 

Proof of Theorem 3.l. Suppose Sis a smoothly embedded 2-sphere 
in IntV which represents the generator of H 2 (V). We denote by N(S) 
the tubular neighborhood of S. Then it is easily seen that the 4-manifold 
Y = V-IntN(S) is a homology cobordism between av and L(p, 1) 
(~ aN(S)). Furthermore, if a E H 1 (L(p, 1)) is the homology class 
corresponding to ;3(V) E H 1 (aV) through the homology cobordism Y, 
then a is represented by the core of the surgery torus of M(U;p/1)(~ 
L(p,1)), where U is the trivial knot in S 3 ; hence, Ao(L(p,1),a) = 0. 
Then Theorem 3.1 follows from the following Proposition 3.2. 

Proposition 3.2. The Casson invariant Ao modulo 2 for marked 
homology L(p, 1) is a homology cobordism invariant; i.e., if Y is a 
smooth homology cobordism between the homology L(p, 1) 's M 0 and M1 

and if ao E H1 (Mo) and a1 E H1 (M1) correspond through this homology 
cobordism Y, then >-o(Mo, ao) = Ao(M1, ai) (mod 2). 

Remember that, for homology 3-spheres, the Casson invariant mod
ulo 2 is the Rohlin invariant, which is a homology cobordism invariant. 

Proof of Proposition 3.2. We may assume p 2: 2. Let Ki (i = 0, 1) 
be a smooth knot in Mi representing ai E H 1(Mi)- Let W be the 4-
manifold obtained by attaching two 2-handles ho and h1 to Y along K 0 

and K 1 in such a way that aw consists of two disjoint homology 3-
spheres E 0 and E1. Denote by Kf C Ei the knot which is the boundary 
of the cocore of the 2-handle hi (Figure 1). Then Mi is obtained by 
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y 

Figure 1 

the ( ±p )-surgery on the knot KI. Furthermore the core of this surgery 
torus in Mi corresponds to Ki which represents O:i E H 1 (Mi)- Hence 
>.o(Mi, a:i) = p>.(~i) ± (1/2)Ll~;(l). Let Ji E H2(W, aw)(~ H2(W)) be 

the homology class represented by the cocore of the 2-handle hi- Since 
Y is a homology cobordism, there is a 2-chain c in Y with boundary Ko 
and K 1 . Denote bye E H2 (W) the homology class represented by the 
2-cycle which consists of the cores of hi and the 2-chain c. Then (Ji, e) 
are generators of H 2 (W, aw)~ H2 (W) ~ZEB Z. Furthermore we have 
Ji· Ji= ±p, Jo· Ji= 0, Ji· e = ±1 and ±pe =±Jo± Ji. Hence, 

1 
e · e = 2 (±Jo ±Ji)· (±Jo ± Ji) 

p 

1 
= 2(±p±p). 

p 

Since this must be an integer, we have 

{ (A) 
(B) 

e · e = 0 or 

e · e = ±1 and p = 2. 

Case (A). The homology class Jo + Ji E H2 (W, aw) ~ H2 (W) is 
characteristic and we can represent it by a smoothly embedded annulus 
A by tubing the cocores of ho and h 1 . 

When pis even, W is spin and its signature is zero; hence, >.(~o) = 
>.(~1 ) (mod 2). Thus, for the proof of Proposition 3.2, it suffices to 
prove 

(3.2) (mod 2). 
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Note that A(Ei) + (1/2)..:1~-:(1) is equal to the Casson invariant of the 

homology 3-sphere E~ obtained by (+1)-surgery on KI in Ei. Let X 
be the 4-manifold obtained by attaching two 2-handles hfi and h~ to W 
along KI with the (+1)-framing. Note that ax consists of the homology 
3-spheres Efi and E~. Denote by S' the smoothly embedded 2-sphere in 
X which consists of the annulus A and the cores of hfi and h~. Note that 
[S']E H 2(X) is characteristic and that [S']2 is equal to the signature of 
X. Then using the same method as in [21], one can deduce A(Efi) = 
A(ED (mod 2). This shows the equality (3.2) holds. 

Case (B). The homology classes Jo, Ji E H2(W, aw)~ H2(W) are 
both characteristic. Let Xi be the 4-manifold obtained by attaching a 
2-handle h~ to W along KI with the (+1)-framing. Denote by Si the 
smoothly embedded 2-sphere in Xi consisting of the cocore of the 2-
handle hi and the core of the 2-handle h~. Note that [Si] E H2(Xi) is 
characteristic and that [Si]2 is equal to the signature of Xi. Thus, by 
the same argument as in Case (A), we have 

Hence, 

(3.3) 

(3.4) 

A(Efi) = A(E1) 

A(Eo) = A(ED 

(mod 2) and 

(mod 2). 

A(Eo) + !.,1~, (1) = A(E1) 
2 0 

(mod 2) and 

(mod 2). A(Eo) = A(E1) + !.,1~, (1) 
2 1 

Adding (3.3) and (3.4) shows 

2A(Eo) + !..:1~, (1) = 2A(E1) + !..:1~, (1) (mod 2). 
2 0 2 1 

This completes the proof of Proposition 3.2 and hence Theorem 3.1. 

Remark. There is a smooth homotopy S2, V, such that :X(V) = 0 
(mod 2) and yet the generator of H2 (V) cannot be represented by a 
smoothly embedded 2-sphere. For example, consider V = V(T(3, -11); 
34). A computation shows :X(V) = 40. However the generator of H2 (V) 
cannot be represented by a smoothly embedded 2-sphere (see [28] or 
Example 3.5 below). 

Remark. Let (M,o:) be an oriented marked homology L(p, 1). If 
pis odd, the Rohlin invariant µ(M)( E Z/16Z) of M is defined and it 
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is a homology cobordism invariant. It can be shown, using the method 
similar to that in the proof of Proposition 3.2, that 

8>.0 (M, a)= µ(M) - (p- l)p - lk(a, a) (mod 16), 

where lk(a, a)= ±l/p. 

Next we define the Casson-Gordon invariants for a homotopy S2 . 

In our case, they are essentially the p-signatures of a certain knot in a 
homology 3-sphere. 

Let K be a smooth knot in an oriented homology 3-sphere I: and 
let L be a Seifert matrix of K. For a positive integer p, set Wp = 
exp(21ry'-l/p). Then we define aK(w;) (r = 1, 2, · · · ,P - 1) to be the 
signature of the Hermitian matrix (1 - w;r)L + (1 - w;)LT, where LT 

is the transpose of L. It is well-known that aK(w;) are invariants of K 
and they are called p-signatures of K. Note that they are independent 
of the orientation of K, while they depend on the orientation of I: in 
general. If we change the orientation of K, its Seifert matrix becomes 
LT and the signature of the corresponding Hermitian matrix does not 
change. 

Lemma 3.3. Let Lli (i = 0, 1) be a compact oriented contractible 
topological 4-manifold and let Ki be a tame knot in the homology 3-sphere 
8Lli. Let¼ be the oriented 4-manifold obtained by attaching a 2-handle 
to Lli along Ki with the ( ±p )-framing (p ~ 0). If Vo is orientation 
preservingly homeomorphic to V1, then when p > O, 

and when p = 0, 

G'K 0 (w;) = G'K 1 (w;) for every q > 0 and l :::; s :::; q - l. 

Proof. We prove the case of p > 0. When p = 0, the proof is 
similar. We may assume¼ are positive definite. Orient Ki arbitrarily 
and let ai E H1(8¼) be the homology class represented by a meridian 
loop of Ki. Let h : Vo ---+ Vi be a homeomorphism. By the restriction 
h\8V 0 , we identify 8Vo and 8V 1 and denote it by M. We may assume 
that, by this identification, a 0 = ai in Hi ( M), changing orientations 
of Ki if necessary. Define the homomorphism cp : Hi (M) ---+ Z/pZ by 
cp(ai) = 1 (1 E Z/pZ is the generator). Let Li be a Seifert matrix for 
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Ki, Then by [7, Lemma 3.1], 

(3.5) crr(M, cp) = sign¼ - sign((l - w;;r)Li + (1- w;)Lf) 

2r(p- r) 
(i = o, 1), 

p 

where crr(M, cp) is the Casson-Gordon invariant of M associated with cp 
and r. Note that in [7] everything is assumed to be smooth. However, 
their method is easily extended to the topological category, since the 
G-signature theorem holds also in the topological case (see [32]). Since 
sign Vo= signVi, we have CTK0 (w;) = CTK1 (w;) by (3.5). 

Definition. Let V be an oriented homotopy 8 2 with H 1(8V) iso
morphic to Z/pZ (p ~ 0). Then by [3], V is obtained by attaching a 
2-handle to a compact contractible 4-manifold Ll along some tame knot 
K in the homology 3-sphere 8..:1 with the (±p)-framing. If p > 0, we 
define 

crv(w;) = crK(w;) (1 ~ r::;; p- 1), 

which we call the p-signatures of V. Similarly if p = 0, we define, for 
every q > 1, 

crv(wi) = crK(wi) (1 ::;; s::;; q - 1). 

By Lemma 3.3, this is well-defined. 

As the equation (3.5) in the proof of Lemma 3.3 shows, the p
signatures of a homotopy 8 2 are essentially the Casson-Gordon invari
ants of the boundary 3-manifold. 

Next we use these invariants to attack problem (B) in §1. 

Definition. Let V be a homotopy 8 2 • We define g(V) to be the 
minimal genus of topologically locally flatly embedded surfaces repre
senting the generator of H2 (V). 

Remark. Even if V itself is not smooth, Int V admits a smooth 
structure (see [14, §8.2]). Thus the generator of H 2 (V)(~ H 2 (IntV)) is 
always represented by a locally flatly embedded surface. 

Theorem 3.4. Let V be a homotopy 8 2 with H 1 (8V) finite cyclic 
of order p (p > 0). Then for every prime power d dividing p, we have 

2g(V) ~I crv(wd) I (s = 1, 2, .. ·, d - 1). 

Remark. This lower bound has already been known for the case 
that V consists of one 0-handle and one 2-handle and the embedded 
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surfaces considered are smooth ([31]). In this case, when H1(aV) is 
infinite cyclic, the above inequality holds for all prime power d. We do 
not know whether Theorem 3.4 also holds for V with H1(aV) infinite 
cyclic. 

Proof of Theorem 3.4. We may assume V is positive definite. Let 
F be a topologically locally flatly embedded surface in Int V of genus 
g = g(V) representing the generator of H2(V). There exists a d-fold 

cyclic branched covering 1r : V --. V branched along F such that the 

d-fold covering 7f I av : av - av corresponds to the homomorphism 

r.p : H1(aV) --. Z/dZ defined by r.p(,B(V)) = 1. Let .T : V --. V be 

the canonical covering translation. Define Es C H 2 (V) © C to be the 

wd-eigenspace of T* : H 2 (V) © C --. H 2 (V) © C (note that <! =id). 

Furthermore define cs(V) to be the signature of the restriction to Es of 

the intersection pairing on H 2 (V) © C. Then by the definition of the 
Casson-Gordon invariants [7], 

. - 2ps(d-s) 
a-s(aV, r.p) = s1gnV - cs(V) - d2 · 

Combining this with [7, Lemma 3.1] and the definition of p-signatures, 
we have 

cs(V) = a-v(w,t)-

Since I cs(V) I::; dimcEs, it suffices to show that dimcEs = 2g. 
It is easily verified, using a method similar to that in [19, §4], that 

dimcH2(V) © C = 2g(d -1) + 1 

(note that dis a prime power by the assumption). It is well-known that 
Eo = 1r*(H2(V) © C). Hence, 

d-1 

LdimcEs = 2g(d-1). 
s=l 

Using this equation and the linear algebra together with the assumption 
that dis a prime power, we easily deduce dime Es= 2g (s = 1, 2, · · ·, d-
1). This completes the proof. 

Example 3.5. Consider V = V(T(a,b);p), where ial, lbl~ 2 and 
p =I-0, ±1. Then the generator of H2 (V) cannot be represented by a 
topologically locally flatly embedded 2-sphere since the p-signatures of 
the torus knot T(a, b) do not vanish. Remember that if pis even, the 
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p-signature ar(a,b) ( -1) is the usual signature of the torus knot T( a, b ). 
Thus the lower bound for the 4-ball genera of torus knots given in [29] 
is also valid for g(V(T(a, b);p)) if pis even. 

Definition. For a homotopy 8 2 , V, we denote by K 8 (V) ( E 

Z/2Z) the Kirby-Siebenmann obstruction to extending the product 
smooth structure on &V x R across V x R. 

If &V is a homology 3-sphere, Theorem 3.4 gives no restrictions on 
g(V). In that case, we have the following. 

Proposition 3.6. Let V be a homotopy 8 2 with &V a homology 
3-sphere. Then g(V) = 0 if µ(&V) = K8(V) and g(V) = 1 if µ(&V)-/
K8(V), where µ(&V) is the Rohlin invariant of &V. 

Proof. Let P = CP 2 - IntD 4 and Q = Ch- IntD 4 , where Ch 
is the Chern manifold ([12]). Furthermore let Ll be the contractible 4-
manifold bounded by &V ([12]). Then by [3] Vis homeomorphic to P qLl 
if µ(&V) = K8(V) and Q qLl if µ(&V) -/- K8(V), where q denotes the 
boundary connected sum. Since Pis homeomorphic to a D 2-bundle over 
8 2 , the generator of H 2 (P qL'.l) is represented by a locally flatly embedded 
2-sphere. Furthermore, Ch is homeomorphic to V(T(2, 3); l)UL'.l', where 
Ll' is the contractible 4-manifold bounded by M(T(2, 3); 1/1). Thus the 
generator of H2 ( Q qL'.l) is represented by a locally flatly embedded torus. 
Hence, g(V) = 0 if µ(&V) = K8(V) and g(V) :S 1 if µ(&V)-/- K8(V). 

Next we show that g(V)-/- 0 if µ(&V)-/- K8(V). Suppose g(V) = 0 
and let 8 be a locally flatly embedded 2-sphere in Int V representing 
the generator of H 2 (V). By [13], 8 has a neighborhood N (c IntV) 
which is a 2-disk bundle over 8. Note that &N is homeomorphic to 
8 3. Set Ll" = (V- IntN) UaN D 4 . Then µ(&V) is equal to the Kirby
Siebenmann obstruction of Ll", which in turn is equal to K 8(V). This 
contradicts the assumption that µ(&V) -/- K8(V). This completes the 
proof. 

In Theorem 3.4, only the p-signatures of the form av(w;D with d 
a prime power are handled. For the general p-signatures, we have the 
following. 

Proposition 3.7. Let V be a smooth homotopy 8 2 with H 1(&V) 
finite cyclic of order p. For an integer d (> 0) dividing p, suppose - -
H 1(&V; Q) = 0, where &V-----+ &Vis the d-fold cyclic covering associated 
with the homomorphism <p: H1(&V)-----+ Z/dZ defined by 1.p((J(V)) = 1. If 



318 0. Saeki 

the generator of H2 (V) is represented by a smoothly embedded 2-sphere, 
then 

av(w;i) = 0 for 1 :::; s :::; d - 1. 

Remark. Suppose V is obtained (topologically) by attaching a 2-
handle to a contractible 4-manifold Ll along a knot K in the homology 

3-sphere 8..1. Then H 1(8V; Q) = 0 if and only if LlK(wd) =J: 0 for 
1 :::; s :::; d - 1, where LlK(t) is the Alexander polynomial of K. In 

particular, if dis a prime power, we always have H 1 (8V; Q) = 0. 

Proof of Proposition 3. 7. Let S be a smoothly embedded 2-sphere 
in IntV representing the generator of H 2 (V) and let Y = V- IntN(S), 
where N(S) is the tubular neighborhood of S. Then Y is a smooth 
homology cobordism between av and L(p, 1). Let rp' : H 1(L(p, 1)) -+ 

Z/ dZ be the homomorphism defined by composing the isomorphism 
H 1 (L(p, 1)) -+ H 1 (8V) induced by Y and the homomorphism 
rp: H 1 (8V)-+ Z/dZ. Then by Matic [24] and Ruberman[27], 

cr1(8V, r_p8 ) = cr1(L(p, 1), r_p18
) (1:::; s:::; d - 1). 

Since cr8 (8V,rp) = cr1(8V,rp8 ) and crs(L(p,1),rp') = cr1(L(p,l),rp 18
), we 

have cr8 (8V, rp) = cr8 (L(p, 1), rp'). Combining this with [7, Lemma 3.1], 
we obtain 

crv(w;j) = 0 (1:::; s:::; d - 1) 

(see also the proof of Theorem 3.1 in this section). This completes the 
proof. 

In [4], Boyer-Lines extended the Casson invariant for homology 3-
spheres to homology lens spaces. Furthermore, they gave a relation 
of this invariant to the Casson-Gordon invariants. Using this result, 
Theorem 3.1, and Proposition 3.7, we have the following. 

Proposition 3.8. Let V be ans-definite (s = ±1) smooth homo

topy S 2 satisfying the condition on H 1(8V; Q) as in Proposition 3.7 for 
d = p. If the generator of H2(V) is represented by a smoothly embedded 
2-sphere, then 

12p.\(8V) = -E (p - l)(p - 2) (mod 24), 
2 

where ,\( 8V) is the Boyer-Lines' Casson invariant for the homology lens 
space av. 
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Remark. l2p>.(aV) is always an integer ([4, Theorem 2.8]). 

Proof of Proposition 3.8. Suppose Vis obtained (topologically) by 
attaching a 2-handle to a contractible 4-manifold L1 along a knot Kin 8.1 
with ( sp )-framing. Let a E H1 ( av) be the homology class represented 
by a meridian of K. Then by [4, Proposition 2.23], 

1 1 
p>.(aV) = >-o(av, a)+ 8a(K,p) + 8T(aV), 

where 
p-1 

o-(K,p) = I:o-K(w;) 
r=l 

and 
p-1 

T(av) = I: o-,.(av, cp). 
r=l 

(Here, cp: H1 (aV)--+ Z/pZ is the homomorphism defined by cp(,B(V)) = 
1.) By Theorem 3.1, we have >-o(aV, a)= 0 (mod 2) and by Proposition 
3.7, a(K,p) = 0. Furthermore, by the proof of Proposition 3.7, we have 
a,.(aV, cp) = o-,.(L(p, s), cp'); hence, 

Thus, 

(p-l)(p-2) 
T(aV) = T(L(p,s)) = -s----. 

3 

8p>.(aV) = -s (p - l)(p - 2) (mod 16). 
3 

Multiplying 3/2 gives the result. 

§4. Knots in the boundary of a homotopy 52 

Definition. Let V be a homotopy 5 2 and let K be a tame knot 
in av representing ,B(V) E H 1 ( av). We say K is a boundary knot if 
there is a topologically embedded proper flat 2-disk D in V such that 
aD =Kand D represents the generator of H 2 (V, av). Here, a properly 
embedded 2-disk Dis fiat if it is the core of an embedded open 2-handle 
D x R 2 in V with (D x R 2 ) n av= aD x R 2 . 

Definition. Let K be a tame knot in a homology L(p, 1), M, with 
lk([K], [Kl) = ±l/p (p > O,p -=/ 2). Let E be the homology 3-sphere 
obtained by a surgery on K such that the coefficient of the corresponding 
surgery by which M is obtained from E is an integer. Note that E 
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depends only on Mand Kif p 2: 3. Then we denote by µ(K)(E Z/2Z) 
the Rohlin invariant µ(E) of E. Note that, when p = l, µ(K) is still 
well-defined, though Eis not. When p = 2, µ(K) cannot be defined. 

Our first result of this section is the following. 

Proposition 4.1. Let V be a homotopy 8 2 with H 1 (aV) finite 
cyclic of order p. Suppose K is a tame knot in av representing ,B(V) E 
H1 (aV). Then we have the following. 
(1) When p is even, K is always a boundary knot. 
(2) When p is odd, K is a boundary knot if and only if µ(K) = K8(V). 

Proof. First, we construct an embedded flat 2-disk bounded by K. 
Set M = av and let X be the 4-manifold obtained by attaching a 2-
handle ho to M x [O, 1] along K x { 1} in such a way that ax consists 
of M and a homology 3-sphere E. By [12], there exists a contractible 
4-manifold Ll with aLl = E. Denote by V' the 4-manifold XUE Ll. Note 
that V' is a homotopy 8 2 with av'= M. By [3] and the hypothesis on 
µ(K) = µ(E), we see that there is a homeomorphism h: V ---t V' such 
that hlaV = idM. Since h(K) bounds in V' an embedded flat 2-disk 
( the core of the 2-handle h0 ), K also bounds one in V. 

Conversely, suppose p is odd and K bounds in V a topologically 
embedded proper flat 2-disk D in V which represents the generator 
of H 2 (V, av). Then there exists a closed neighborhood N of D in V 
homeomorphic to D 2 x D 2 . Denote by B the closure of V - N. Note 
that aB is a homology 3-sphere and that µ(K) = µ(aB). Then it 
is easily shown that B is a homology 4-ball. Thus V is obtained by 
attaching a 2-handle N to B. By [3], K8(V) is equal to µ(aB) = µ(K). 
This completes the proof. 

Remark. There exists a knot in the boundary of a homotopy 8 2 , 

V, which is not a boundary knot but bounds in V an embedded flat 
2-disk. For example, consider the knot K in av(U;p) as in Figure 2, 
where U is the trivial knot and pis odd. Then it is easily seen µ(K) = l. 
(To see this, observe that µ(K) is equal to the Rohlin invariant of the 
homology 3-sphere obtained by the surgery along the framed link in 8 3 as 
in Figure 3. Then we can apply a formula of Kaplan [20, Theorem 4.2].) 
Since the Kirby-Siebenmann obstruction of V(U;p)(= V) vanishes, K 
is not a boundary knot by Proposition 4.1. However, K bounds in Va 
smoothly embedded 2-disk. This can be constructed as follows. There 
is a smoothly immersed 2-disk D' in D 4 with one self-intersection such 
that aD' = K. D' intersects in V the smoothly embedded 2-sphere 
S ( the union of the core of the 2-handle and the cone over U in D 4 ) 
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u 

KC<IV(U; p) 

Figure 2 

p 

Figure 3 

transversely in one point. Piping 8 and D' along an arc on D' which 
connects the self-intersection point of D' with the intersection point of 
D' and 8 as in Figure 4, we obtain the desired embedded 2-disk D. Of 
course, D does not represent the generator of H 2 (V, 8V). 

Next we give an example of knots in the boundary of a smooth homo
topy 8 2 which are boundary knots but never bound smoothly embedded 
2-disks. 

Definition. Let K be a smooth knot in the boundary of a smooth 
homotopy 8 2 , V. Then we denote by k( K) the minimal number of 
double points of smooth properly immersed self-transverse 2-disks in V 
bounded by K. Following [17], we call k(K) the kinkiness of K. 
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V 

V 

Figure 4 

Let n and l be odd integers with n, l 2 3 and set p = l(nl + 2) 
and q = nl + l. Note that p and q are relatively prime integers. 
Set V = V(T(p, q); -pq). Note that by [25], &V is diffeomorphic to 
L(p, q)#L(q,p). Set r = q2 - q - l and let m1, m2, · · ·, mr be the 
r oriented knots in &V represented by the meridians of T(p, q) (see 
Figure 5). Here we make the orientation convention [mi] = -;3(V) 
in H 1 (8V). Let K' be any knot in &V obtained by performing the 
oriented band connected sum operations to m 1 U m 2 U · · · U mr be
tween distinct components (r - 1) times. Note that [K'] = -r;3(V) 
in H 1 ( &V). Since q2 = 1 ( mod p), there is a diffeomorphism h' : 
L(p, q) ___, L(p, q) which acts on H 1 (L(p, q)) by the multiplication of 
q. Set h = h'#id : L(p, q)#L(q,p) ___, L(p, q)#L(q,p). It is easily 
seen that h acts on H 1 (8V) by the multiplication of -r (note that 
H 1 (8V) ~ H 1 (L(p,q)#L(q,p)) ~ Z/pZffiZ/qZ ~ Z/pqZ). Note that 
r 2 = 1 (mod pq). Then we denote by K the smooth knot h(K') in &V. 
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Note that K represents ,B(V) E H 1 (8V). 

,-pq 

Figure 5 

Proposition 4.2. The knot K bounds in V a topologically embed
ded proper fiat 2-disk. However, 

In particular, K cannot bound in V any smoothly embedded 2-disks. 

Proof. Since pq is even, K is a boundary knot by Proposition 4.1. 
Now set X = Vo Uh (-Vi) (Vo= Vi = V, h: 8Vi --+ 8V 0 ), which is 

a smooth closed I-connected 4-manifold with H 2 (X) ~ ZEB Z. Let D 
be a smoothly immersed self-transverse 2-disk in V0 (~ V) bounded by 
K with k(K) double points. Let Si be the topologically embedded (not 
locally flat) 2-sphere in ¼ which consists of the core of the 2-handle of 
¼ = V(T(p, q); -pq) and the cone over T(p, q) in D 4 • Furthermore let S2 

be the smoothly immersed 2-sphere in X which consists of the r cocores 
of the 2-handle in Vi corresponding to m1 U m 2 U · · · U mr, the (r - 1) 
bands used to make K', and the immersed 2-disk D. Note that S2 is a 
smoothly immersed 2-sphere with k(K) double points. Furthermore let 
TE H2(X) be the homology class represented by the union of the cocore 
of the 2-handle of V0 , the r cocores of the 2-handle of V1 and a 2-chain 
in 8Vo = h(8V1) connecting their boundaries (note that h*(r,B(Vi)) = 
-,B(Vo)). Then by [28], 0 = [S1] and T generate H 2 (X). Furthermore 
[S2] = T + j[So] for some integer j. 
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It is easily seen that the intersection matrix of X with respect to 
the basis 0 and T is 

Q _ (-l(nl + l)(nl + 2) n2l2 + nl - 1) 
- n 2 l2 +nl-1 -n(nl-1) · 

(T · T = -n(nl - 1) is the consequence of the fact that detQ = ±1 and 
that I l(nl + l)(nl + 2) I> 2.) Furthermore Q is isomorphic to the form 

(~ ~)-
Thus there are generators l and 'T/ of H2(X) with l · l = T/ • T/ = 0 and 
l · T/ = l. Furthermore, we may assume 

0 = l(nl + 1\- (nl + 2)'T/ and 
2 

1- nl 
T = - 2-t + nry. 

Then we have 

[S l [ ( n[ + 1) c ( [ ) 
o = 2 c,, + n + 2 'T/· 

Thus 

[S2] = T + j[So] 

{ 1 - nl l( nl + 1) } = - 2- + 2 j l + {n + (nl + 2)j}ry. 

Set 

1 - nl l (nl + 1) . 
a = -- + ---J and 

2 2 
/3=n+(nl+2)j. 

By Theorem 2.8, the number of double points of S2 (= k(K)) is greater 
than or equal to 

min{ (lal -1)(1/31-1), [la/3~ +l]}. 

Since both I a I and I /31 attains its minimum when j = 0, we have 

k(K) 2: min { ( nl; 1 - 1) (n - 1), [ n(nl -/) + 2]} 

= [n(nl-/)+2]. 
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This completes the proof. 

Remark. The smooth knot K' = h- 1 (K) does bound in V a 
smoothly embedded 2-disk. Thus h : av -t av does not extend to 
a self-diffeomorphism of V. In fact, it is easily seen that h does not 
extend even to a self-homeomorphism of V. 

We end this section by posing a problem. 

Problem. Is there a smooth homotopy 8 2 , V, such that some 
l E 71"1 ( av) cannot be represented by any knot which is the boundary of 
a smoothly embedded 2-disk in V? 

If V admits a handlebody decomposition without 3-handles, every 
l E 7r1 (aV) is so represented ([11]). Thus if the problem above is af
firmative, the homotopy 8 2 needs a 3-handle in any of its handlebody 
decomposition. Note also that if l represents ±J3(V) in H 1 (aV), then, 
by Proposition 4.1, l can be represented by a knot which bounds a topo
logically embedded flat 2-disk in V. 

§5. Exotic open homotopy 8 2 

For an integer p, let D(p) denote the D 2 bundle over 8 2 with euler 
number p. D (P) is a (compact) homotopy 8 2 • Our result of this section 
is the following. 

Proposition 5.1. Let l and m be relatively prime odd integers 
greater than 2. Then the open 4-manifold IntD( 4lm) admits at least 2 
smooth structures other than the canonical one. 

To prove Proposition 5.1, we need the following. 

Lemma 5.2. Let a and b be relatively prime integers and set ( = 
a~+ b77 E H2(8 2 x 82), where~ = {*} x [82] and 7J = [82] x {*} 
are the standard generators. Then ( can be represented by a smoothly 
immersed 2-sphere in 8 2 x 8 2 with simply connected complement and 
with (I a I -1 )(I b I -1) double points. 

Proof. We may assume a~ 0 and b ~ 0. If (a, b) = (1, 0) or (0, 1), 
the assertion is trivial. Hence, we may assume a ~ l and b ~ l. We 
construct a desired immersed 2-sphere by the "standard" method. Take 
distinct (a+ 1) points x 0 , x 1 , · · ·, Xa E 8 2 and distinct (b + 1) points 
Yo, Y1, ···,Yb E 8 2. Set R = (Uf= 1 { xi} x 8 2) U (uj= 1 8 2 x {Yi}) and 
X = 8 2 x 8 2 - R. Here, we orient { xi} x 8 2 and 8 2 x {yj} so that R 
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represents (. Note that X = (8 2 - { x1, · · ·, Xa}) X (8 2 - {y1, ···,Yb}). 
Set z = (xo,Yo) EX and define a1,a2,··· ,aa,/31,/32,···,/3b E 7r1(X,z) 
as follows. Connect x 0 and a point near to Xi (i = 1, 2, ···,a) by an 
arc in (8 2 - { x 1 , · • ·, xa}) x {y0 } as in Figure 6. Then ai is represented 
by a loop in (8 2 - {x1,···Xa}) x {y0}(c X) which starts at x 0 , goes 
along the arc toward xi, goes around Xi once counterclockwise, and 
goes back to x0 along the same arc. /3i can be defined using an arc in 
{xo} x (8 2 - {Y1, ···,Yb}) in a similar way. Note that a1a2 · · · aa = 
/31/32 · · ·/3b = 1 and that 7r1(X,z) ~< a1, · · · ,aa I a1 · · · aa = 1 > X < 
/31, · · · , /3b I /31 · · · /3b = 1 >. 

Figure 6 

Next we do the "smoothing operations" to Rat (x1, Y1), (x1, Y2), · · ·, 
(x1, Yb), (x2, Y1), (x3, Y1), · · ·, (xa, Y1) as follows. Set (D4, B) = (D 2 x 
D 2 ,D 2 x {O} u {O} x D 2 ) (8(D4,B) = (8 3 ,Hopflink)). Furthermore 
let A' be the annulus embedded in 8 3 as in Figure 7 and denote by A the 
properly embedded annulus in D 4 which is obtained by pushing IntA' 
into IntD 4. Note that 8(D 4 ,A) ~ 8(D 4 ,B) and that 7r1(D 4 - A) ~ 
Z. The smoothing operation at a double point q of R means that we 
replace (D4 (q),D 4 (q) n R) ~ (D4,B) by (D4,A) or -(D4,A), where 
D 4 ( q) is a sufficiently small 4-ball in 8 2 x 8 2 centered at q. Here we 
choose (D4, A) or -(D4, A) so that the orientation is consistent with 
that of R. Denote by 8 the immersed oriented surface which results 
from the (a+ b - 1) smoothing operations. It is easily seen that 8 is 
an immersed 2-sphere representing ( with (a - l)(b - 1) double points. 
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Furthermore, by van Kampen's Theorem we see that Jr 1 (S2 x S2 - S, z) 
is isomorphic to 7r1 (X, z) with additional relations O:i = /3;1 ( ( i, j) = 

(1, 1), (1, 2), · · ·, (1, b), (2, 1), (3, 1), ···,(a, 1)). Thus Jr 1 (S2 x S2 - S, z) 
is generated by a:1 and we have the relations 0:f = a~ = 1. Since a 
and b are relatively prime, we see that the complement of S is simply 
connected. This completes the proof. 

Figure 7 

Pmof of Proposition 5.1. Set 

( 1 = ~ + 2lmTJ 

(2 = 2~ + lmTJ 

(3 = 2l~ + mrJ. 

A' 

By Lemma 5.2, (i is represented by a smoothly immersed 2-sphere Si in 
S2 x S2 with simply connected complement with the number of double 
points equal to 

{ 

0 

lm-1 

(2l - l)(m - 1) 

(i = 1) 
(i = 2) 

(i=3). 

Let Bf be a 4-ball in S 2 x S2 which avoids double points of Si such that 
(Bf, Bf n Si) is the standard disk pair. Then by [5], C is represented 
by a Casson handle which has Si- IntBf as its first stage core; i.e., (i 
is represented by¼= Bf U CHi, where CHi is a Casson handle which 
is attached to Bf along the trivial knot. Since C Hi is homeomorphic to 
D 2 x R 2 by [12], ¼'=Int¼ is homeomorphic to IntD(4lm) (note that 
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(f = 4lm). Note that V/ has the smooth structure as an open set of 
8 2 x 8 2 and that V{ is diffeomorphic to IntD(4lm). 

Next we show V/ are mutually non-diffeomorphic. Let k(V;,') be 
the minimum number of double points of smoothly immersed 2-spheres 
representing the generator of H2 (V;,'). Note that k(V/) is an invariant of 
the smooth manifold v'.;'. By the construction of ¼', we have 

k(V{) = 0 and 

k(V;)::; lm- l. 

On the other hand by Theorem 2.8, 

k(V;) ~ lm - 1 and 

k(V;} ~ min { (2l - l)(m - 1), [ 2zm2+ 1]} 

=lm, 

since V/ are submanifolds of 8 2 x 8 2 representing (i- Hence, k(V{), k(V;) 
and k(V£) are all distinct. Thus ¼' are not diffeomorphic to each other. 
This completes the proof. 

In [22], Kuga showed that D 2 x R 2 has infinitely many smooth 
structures. Our method above is similar to Kuga's. 

We conjecture that for a given positive integer N, there exists an 
open homotopy 8 2 admitting at least N smooth structures. This con
jecture is true if, in Theorem 2.8 in §2, d( = (lal -l)(lbl -1). 

Remark. Akbulut [1] has recently found a compact homotopy 82 

with at least two smooth structures. The generator of the second ho
mology group of this homotopy 8 2 can be represented by an embedded 
2-sphere which is smooth with respect to one of the smooth structures, 
while it can never be smooth with respect to the other smooth struc
ture. Thus the interior of this homotopy 8 2 also has at least two smooth 
structures. We note that this open homotopy 8 2 is not homeomorphic 
to the interior of a D 2 bundle over 8 2 . 
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