
Advanced Studies in Pure Mathematics 18-11, 1990 
Kahler Metrics and Moduli Spaces 
pp. 395-457 

Yang-Mills Connections and 
Einstein-Hermitian Metrics 

Mitsuhiro Itoh and Hiraku Nakajima* 

Table of Contents 
Introduction 
Chapter I. Notation and Preliminaries 

§1.1. Yang-Mills functional and Yang-Mills connections 
§ 1.2. Self-dual connections 
§1.3. Einstein-Hermitian connections 
§1.4. Moment maps 

Chapter 2. Local Geometries of Moduli Spaces 
§2.1. Smooth structure on moduli spaces 
§2.2. Complex Kahler structure on moduli spaces 
§2.3. Hyperkahler structure on moduli spaces 

Chapter 3. Twistor Theory and Yang-Mills Connections 
§3.1. Yang-Mills connections on self-dual manifolds 
§3.2. B2-connections on quaternionic Kahler manifolds 

Chapter 4. Analysis for Yang-Mills Equations 
§4.1. A priori estimates for Yang-Mills connections 
§4.2. Removable singularities theorem 
§4.3. Examples of convergence of Yang-Mills connections 

Chapter 5. Existence Theorems for Yang-Mills Connections 
§5.1. Anti-self-dual connections on 4-manifolds 
§5.2. Einstein-Hermitian connections on stable vector bundles 

Chapter 6. Vector Bundles over Moduli Spaces 
§6.1. Universal connections 
§6.2. Determinant line bundles 

Received June 6, 1989. 
• Partially supported by Grant-in-Aid for Scientific Research (No. 63740017), 

Ministry of Education, Science and Culture. 



396 M.Itoh and H.Nakajima 

Introduction 

The Yang-Mills connections, which were originally introduced by 
theoretical physicist, have been studied from several points of view 
by many mathematicians. Twistor method of Penrose allowed Atiyah, 
Drinfeld, Hitchin and Manin [ADHM] to describe self-dual Yang-Mills 
connections on S4 in terms of holomorphic vector bundles on P3 (C) (see 
also [Wa], [AHS]). Through the study of Yang-Mills equations Uhlen­
beck [Uhl], [Uh2] obtained a priori estimates, the compactness theorem 
and the removable singularities theorem for Yang-Mills connections on 
4-manifolds. Using her results, Sedlacek [Se] observed the bubble-off 
phenomena which occur when the curvatures of a sequence of connec­
tions become concentrated. The existence of self-dual connections on 
4-manifolds which are not covered by twistor methods were given by 
Taubes [Tal], [Ta2]. These results led Donaldson to discover the link be­
tween the moduli space of self-dual connections and the topology of base 
manifolds. Then he obtained surprising applications to 4-dimensional 
topology [Dol], [Do3]. 

In algebraic geometry it is important to construct good moduli 
spaces for holomorphic vector bundles over algebraic varieties. For al­
gebraic curves, this was done by Mumford [Mu] using his notion of sta­
bility for vector bundles over curves. This stability was further gen­
eralized for higher dimensional algebraic varieties by Takemoto, Bo­
gomolov, Gieseker, Maruyama and Barth. Algebraic constructions of 
moduli spaces of holomorphic vector bundles in general cases were car­
ried out by Maruyama [Ma]. On the other hand Atiyah and Bott [AB] 
pointed out the relation between stable bundles and Yang-Mills connec­
tions on Riemann surface, which in particular allows them to calculate 
the cohomology of the moduli spaces by the Morse theory. Inspired by 
Bogomolov's work on the inequality for Chern numbers, S.Kobayashi 
introduced a differential geometric notion of Einstein-Hermitian con­
nections for arbitrary Kahler manifolds and showed that the existence 
of such connections on indecomposable holomorphic vector bundles im­
plies the stability of the vector bundles [Kbl]. (It was also shown by 
Lubke [Lii].) It was conjectured that the converse is true. For alge­
braic curves it had already been known to be true by Narasimhan and 
Seshadri [NS]. When the base manifolds are projective algebraic sur­
faces, it was obtained by Donaldson [Do2]. General cases are solved by 
Donaldson (Do4], Uhlenbeck and Yau [UY], which enables us to study 
moduli spaces of vector bundles by differential geometric methods. The 
first named author [It3] showed that when the base manifold is a Kahler 
surface, the moduli space of Einstein-Hermitian connections has a nat-
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ural Kahler structure. It was generalized to higher dimensions by Koiso 
[Ko], Kim [Ki], Liibke and Okonek [LO] and Cho [Ch]. 

Twistor theory was studied intensively by many mathematicians. 
For instance it was generalized by Salamon to quaternionic Kahler cases 
(see Berard-Bergery and Ochiai [BO] for a further generalization). Then 
he pointed out the correspondence of certain connections ( we call them 
B2 -connections according to Nitta [Nil]) on quaternionic Kahler man­
ifolds with holomorphic vector bundles on their twistor spaces. When 
the twister space is Kahler, Nitta [Nil], [Ni2] proved that the pull-back 
of B 2-connections to the twister space became Einstein-Hermitian con­
nections, and he studied the relationship between the moduli space of 
B 2-connections on a quaternionic Kahler manifold and that of Einstein­
Hermitian connections on the twistor space. 

The purpose of this paper is to give a survey of basic results on 
the Yang-Mills connections and Einstein-Hermitian metrics. In Chap­
ter 1, we fix notation and give some preliminary results. In Chapter 
2, we study local structures of various moduli spaces. In particular, 
they are smooth manifolds with natural Riemannian structure and if 
the base space are Kahler manifolds, they inherit the natural complex 
structure. Chapter 3 is devoted to review of the twistor theory on self­
dual manifolds and quaternionic Kahler manifolds. In Chapter 4, we 
state Uhlenbeck's a priori estimates for Yang-Mills connections [Uh3] 
which in particular enable us to prove a compactness theorem of moduli 
spaces for Yang-Mills connections over base manifolds of arbitrary di­
mensions (see also [Nall). As another application we have a simplified 
proof of the removable singularity theorem [Uhl] for Yang-Mills connec­
tion. In Chapter 5, two existence theorems for Yang-Mills connections 
will be given. One is Taubes' implicit function theorem [Tal], [Ta2] 
and the other is the existence result by Uhlenbeck and Yau [UY] on 
Einstein-Hermitian metrics over Kahler manifolds. Finally in Chapter 6 
we shall study the universal connections over moduli spaces and explain 
the relation between the determinant line bundles and the Donaldson's 
functional. 

We do not cover all the topics on Yang-Mills connections and Ein­
stein-Hermitian metrics. For instance, we cannot refer to the application 
of Yang-Mills connections to 4-dimensional differential topology. 

The authors wish to thank Professor T. Mabuchi, Doctors I. Enoki, 
S. Bando and T. Nitta for valuable discussions during the preparation 
of this work. 
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Chapter 1. Notation and Preliminaries 

§1.1. Yang-Mills functional and Yang-Mills connections 

In this section we prepare the notation and the preliminaries for 
Yang-Mills connections. For detail the reader should consult [FU], [La] 
(or Mogi-Itoh's book [MI] for the reader who reads Japanese). 

Let P be a principal G-bundle over an n-dimensional compact con­
nected oriented smooth Riemannian manifold (X, g ), where the structure 
group G is a compact Lie group. We denote by E the associated vector 
bundle P x P Rr of rank r for some faithful representation p: G --+ O(r ). 
We introduce two fiber bundles Aut(P) and Ad(P) associated with P. 
The first one Aut(P) is the bundle of automorphisms of P, i.e. 

Aut(P) = P Xu G, 

where u(s)(g) = sgs- 1 • A section of Aut(P) is identified with an au­
tomorphism of P covering the identity map. The space of sections of 
Aut(P) is called the gauge group and denoted by 9(P). The other bun­
dle Ad(P) is the vector bundle associated with the adjoint representation 
Ad: G--+ GL(g), i.e. 

Ad(P) = p XAd g, 

where g is the Lie algebra of G. We denote by nk(Ad(P)) the vector 
space of all smooth Ad(P)-valued k-forms (i.e. sections of A k(M) @ 

Ad(P)). We put a fiber metric ( , ) on Ad(P) by some Ad-invariant 
metric on g. This metric induces that on A k ( M) 0 Ad( P) which we also 
denote by ( , ). 

The bracket operation on the Lie algebra g induces bilinear maps 
[· /\ ·]: nk(Ad(P)) X n 1(Ad(P))---> f2k+1(Ad(P)) by 

[<p /\ 'I/J](X1, · · ·, Xk+z) 
1 

= k! l! L sgn(u)[<p(Xcr(l), · · ·, Xcr(k)), '1/J(Xcr(k+l), · · ·, Xcr(k+I))]. 
o-E:Eh+I 

We shall identify the connection A on P with the covariant differen­
tial operator v' A which acts on the space of all sections of E and Ad(P). 
Combining v'A with the Levi-Civita connection of (X,g), we have an 
induced connection (also denoted by v'A) on @kT*X@ Ad(P). Skew­
symmetrizing v' A, we define the covariant exterior differential operators 
dA: Qk(Ad(P))--+ Qk+l(Ad(P)) by 

k+l 
(dA<p)(X1, · · ·, Xk+t) = L(-l)i+t(v'A<p)(Xi; X1, ···,Xi,···, XH1). 

i=l 
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We denote by dA: f!k+ 1 (Ad(P)) _, nk(Ad(P)) the formal adjoint oper­
ator of dA. It can be written as 

n 

dA((t')(X1,···,Xk_i) = - 2)VA(t')(E;;Ei,X1,···,Xk_i), 
i=l 

where ( E 1 , · · · , En) is a local oriented orthonormal frame field of TX. 
Note that it does not hold dA o dA = 0, in general. In fact, we have 

dA o dA(t' = [RA I\ (t'j, 

where RA is the curvature form of A which is an element in n 2 (Ad(P)). 
Let A(P) denote the space of all G-connections on P. Fixing a con­

nection Ao, we can identify A(P) with n 1 (Ad(P)), since the difference of 
two connections is an Ad(P)-valued 1-form. Thus we can define Sobolev 
norms on A(P). The completion of A(P) with respect to such a norm 
becomes a Banach space (see [Dol], [FU], [La] for detail). 

We define a Yang-Mills functional YM: A(P) _, R+ by 

YM(A) = - [RA[ dV9 11 2 
2 X 

for A E A(P), 

Definition 1.1. A connection A is called a Yang-Mills connection 
when A is a critical point of the Yang-Mills functional YM, namely for 
any smooth family At ( -E: < t < E:) with Ao = A, it holds 

~YM(At)I = 0. 
dt t=O 

Examples of Yang-Mills connections are given in the next two sec­
tions. 

Proposition 1.2. A connection A is a Yang-Mills connection if 
and only if 

Proof. Let At ( -E: < t < E:) be a smooth family of connections with 
Ao = A. Then we have 
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where 

a= dd Atl . 
t t=O 

Hence 

Since an arbitrary Ad(P)-valued 1-form can be taken for a, this implies 
the assertion. Q.E.D. 

Since we have the Bianchi identity 

for any connection A, the connection A is a Yang-Mills connection if and 
only if it satisfies 

where ~A= dAdA + dAdA. 
Even if Xis not a compact manifold or the Yang-Mills functional is 

not necessarily finite, we say a connection A is a Yang-Mills connection 
if it satisfies dARA = 0. 

The gauge group Q(P) acts on the space A(P) from the right by the 
pull back of the connection. As a covariant differential operator acting 
on the section of E, the action is written as 

fort E r(E). 

The group Q(P), more precisely the completion of Q(P) by a suitable 
Sobolev norm, has a structure of an infinite dimensional Lie group with 
its Lie algebra n°(Ad(P)) and the action of Q(P) on A(P) is differ­
entiable (see [Dol], [FU], [Lal). Since the curvature of g(A) is given 
by 

Rg(A) = Ad(g- 1 )RA, 

we have IRAI JR9 (A)I· This shows that the Yang-Mills functional 
is invariant under the action of the gauge group Q(P). In particular, 
the space AYM(P) of all Yang-Mills connections on P preserved by the 
action of Q(P). (It can be proved directly that dARA = 0 if and only 
if d;(A)Rg(A) = 0.) The quotient space of AYM(P) by the action of the 
gauge group Q(P) is called by the moduli space of Yang-Mills connections 
on P and denoted by MYM(P). 
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§1.2. Self-dual connections 

When the dimension of the base manifold is equal to 4, there is cer­
tain reduction, called self-duality equation, of the Yang-Mills equation. 
Its solutions are called self-dual connections and intensively studied by 
Donaldson [Dol], [Do3] to give applications to 4-dimensional differen­
tial topology. As a differential equation with respect to the connection 
form, the Yang-Mills equation is the second order. On the other hand 
the self-duality equation is the first order and relatively simple. This 
is similar to the relation between harmonic maps and conformal maps 
between Riemann surfaces. 

Let *:A2{X) -+ A2{X) be the Hodge star operator of a 4-dimen­
sional compact oriented Riemannian manifold {X, g). In dimension 4, 
we have 

**=Id, 

so there is an eigenspace decomposition 

where A± is the ±1-eigenspace of*· Ifwe take a local oriented orthonor­
mal frame field ( E1, E2, Ea, E4) of T* X, then 

A± = span{E1 /\ E2 ± Ea I\ E4, E1 I\ Ea± E4 I\ E2, E1 I\ E4 ± E2 I\ Ea}­

The Hodge star operator* extends naturally to an operator on A2{X) ® 
Ad{P) by *®Id. For simplicity we denote it also by *· Just as above 
we have an orthogonal decomposition 

arid this induces a decomposition of the space of Ad{P)-valued 2-forms 

n 2{Ad{P)) = n+(Ad{P)) EB n-{Ad{P)). 

In particular, the curvature form RA decomposes into two components: 

{1.3) 

Definition 1.4. A connection A is called self-dual if RA = 0. 
Similarly A is called anti-self-dual if R1 = 0. 

We denote by M±(P) the moduli space of (anti-)self-dual connec­
tions on P which is the quotient space of the space of ( anti- )self-dual 
connections by the action of the gauge group. In Chapter 2 we shall show 
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that an open subset of M±(P) has a structure of a finite dimensional 
smooth manifold. 

Since the decomposition (1.3) is orthogonal, it holds 

So we have -11 +12 -12) YM(A) - - (IRA + IRA dVg. 
2 X 

On the other hand by the Chern-Weil theory, it holds 

21r2p1(E) = ~ r (IR!12 -1RAl2 )dvg 
2 lx 

where p 1 ( E) is the first Pontrjagin number of the bundle E which is 
a topological invariant, and independent of a connection A. Hence we 
have 

Proposition 1.5. On a compact oriented 4-dimensional Rieman­
nian manifold (X,g), (anti-)self-dual connections minimize the Yang­
Mills functional YM. In particular, they are Yang-Mills connections. 
If there exists at least one (anti-) self-dual connection on P, any other 
minimizer is also ( anti-) self-dual (respectively). 

To give examples of self-dual connections we consider the S0(3)­
bundle A+ and the connection 'v induced from the Levi-Civita con­
nection of the Riemannian manifold (X,g). It is well-known that the 
curvature operator R:A 2 (X)---+ A2 (X) can be written as a block matrix 
relative to the direct sum decomposition A 2 ( X) = A+ EB A -

R=(:. ~), 
where B E Hom( A+, A-) and A E End A+, C E End A - are self-adjoint. 
We have 

1 
tr A= trC = -S 4 , 

1 
A- -S Id= W+ 

12 
1 

C- -S Id= W_ 
12 

. I 
B = R1c- 4Sg 

(self-dual Weyl tensor), 

(anti-self-dual Weyl tensor), 

where Ric is the Ricci curvature and S is the scalar curvature. The 
curvature of A+ is given by the first row of the block decomposition of 
the curvature tensor. Thus we have the following: 
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Proposition 1.6 [AHS]. A 4-dimensional Rzemannian manifold 
(X,g) is Einstein if and only if the connection V on A± induced from 
the Levi-Ci vita connection is (anti-) self-dual. 

At the end of this section we remark the special feature of the Yang­
Mills functional in dimension 4. It is the conformal invariance, namely 
for G-principal bundles P ----> X and Q ----> Y, if f: P ----> Q is a bun­
dle map such that the induced map f: (X,g)----> (Y,h) is a conformal 
diffeomorphism, then 

YM(D) = YM(T (D)), 

where f (D) is an induced connection by the map f. As a corollary 
of the above we can say that D is a Yang-Mills connection if and only 
if f ( D) is a Yang-Mills connection. Moreover since the Hodge star 
operator * is conformally invariant, D is ( anti- )self-dual if and only if 

f ( D) is ( anti- )self-dual. 

§1.3. Einstein-Hermitian connections 

In this section we treat Einstein-Hermitian connections which are 
special solutions of Yang-Mills equation. For more details one can see 
S. Kobayashi's book [Kb2]. 

We assume that the manifold ( X, g) is Kahler with the Kahler form w 
and the structure group G of the bundle P is the unitary group U ( r). We 
denote by Ethe associated vector bundle and by H the fiber metric on E. 
Let m = n/2 be the complex dimension of X. We have a decomposition 
of the exterior algebra of the cotangent bundle of X: 

At(X) = L Ap,q(X). 
p+q=k 

For the vector bundles E and Ad(P) we have the similar decompositions 

At(E) = L Ap,q(E), 
p+q=k 

At(Ad(P)) = L Ap,q(Ad(P)). 
p+q=k 

The exterior differential operator dA decomposes according to the above 
decomposition 
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Similarly we have a decomposition of the curvature tensor RA 

Since A preserves the fiber metric H, we have 

R o,2 _ _ 1R2,o 
A - A· 

Definition 1. 7. A connection A is said to be an integrable con­
nection if it satisfies 

-2 
{)A= 0. 

It is easy to see that A is integrable if and only if R~ 0 = R~ 2 = 0. 
By the theorem of Newlander-Nirenberg (see [AHS]) a connection A is 
integrable if and only if there is a holomorphic structure on E such that 
8 A = 8. The holomorphic structure means precisely that there is a 
holomorphic trivialization 

EIU ==" u x er. 

Then the 8 part of the exterior differential operator is well-defined since 
the trivialization changes holomorphically. We shall identify the holo­
rnorphic structure with the 7J operator. If E has a holornorphic structure 
8, there exists a unique integrable connection A such that 7J A = 8. In 
fact, we can determine {)A from the formula 

8H(~, () = H(8~, () + H(~, 8A() for~,( E n°(E). 

For a connection A we define a mean curvature KA E n°(Ad(P))@C 
by 

m 

KA = trw RA= L, RA(Ei, Ei), 
i=l 

where ( E1, · · · , Em) is a local unitary frame field for the holomorphic 
tangent bundle T' X. 

Definition 1.8. We say an integrable connection A is an Einstein­
Hermitian connection when 

KA= >-.(E) Id 
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for some constant J\.(E). 

Using the Chern-Weil formula, we see that the constant J\.(E) is 
given by 

J\.(E) = ( 2~, IX f c1(E) I\ wm-1. 
rm-1.vo ix 

For a general connection A (not necessarily integrable), we have an iden­
tity 

m(m - 1) tr(RA I\ RA) I\ wm-a = (IR~1 12 - IKAl2 - 2IR~/l2 )wm. 

Then by the Chern-Weil formula, 

! r (IRAl2 - IKA - J\.(E) Id 12 - 4IR~/12 ) Wm 
2 ix 

is a topological invariant independent of a connection A. So we have 

Proposition 1.9. On a compact Kahler manifold (X,g), Ein­
stein-Hermitian connections minimize the Yang-Mills functional YM. 
In particular, they are Yang-Mills connections. If there exists at least 
one Einstein-Hermitian connection on E, any other minimizer is also 
an Einstein-Hermitian connection. 

We remark that for the holomorphic tangent bundle T' X the Levi­
Civita connection v' is an Einstein-Hermitian connection if and only if 
g is an Einstein-Kahler metric. 

We denote by MEH(E) the moduli space of Einstein-Hermitian con­
nections on E, the quotient space of the space of all Einstein-Hermitian 
connections divided by the action of the gauge group. In Chapter 2 it 
will be shown that an open subset of MEH(E) has a structure of a finite 
dimensional smooth manifold. 

On a Kahler surface (namely m = dime X = 2), there is a relation 
between Einstein-Hermitian connections and anti-self-dual connections. 
For a 2-form a the self-dual part a+ is given by 

Thus we have 

Proposition 1.10 [It2]. On a Kahler surface (X,g) a connection 
A on a bundle P is an Einstein-Hermitian connection if and only if 

R~ = RA - ! tr RA Id is anti-self-dual and tr RA is a harmonic form of 
r 

type (1, 1). 
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§1.4. Moment maps 

Atiyah and Bott [AB] pointed out that some properties of Yang-Mills 
connections over Riemann surface can be explained in the language of 
the moment map which is a familiar tool in symplectic geometry. Since 
their observation is also essential in our study of Yang-Mills connections 
in the following chapters, we briefly recall the notion of the moment map 
for an action on a symplectic manifold. For more details, one can see 
Guillemin and Sternberg's book [GS]. 

Let w be a symplectic form, namely a smooth non-degenerate closed 
2-form, on a manifold Y which may be infinite dimensional. A trans­
formation f of Y is called symplectic if f*w = w. Suppose that a Lie 
group G (which may be infinite dimensional) acts on Y from the right 
symplectically. Denote by g the Lie algebra of G and by g• its dual. We 
say a map µ: Y -, g• is a moment map for the action of G on Y when 
it satisfies 

(a) µ(y.g) = Ad;(µ(y)), 
(b) (a,dµy(v)) = w(ay,v) for a E g, v E Ty Y, y E Y, 

where Ad* is the coadjoint operator on g•, ay E TyY is the tangent 
vector defined by a E g through the action of G and ( , ) is the dual 
pairing of g and g•. 

Take c E g• which satisfies Ad; ( c) = c for all g E G and consider 
the quotient space µ- 1 (c)/G. We assume further more that µ satis­
fies the following conditions which imply that µ- 1 (c)/G has a manifold 
structure: 

(c) dµy:TyY-, g• is surjective for ally E µ- 1 (c), 
(d) the action of G on µ- 1 (c) is free and there is a slice Sy c µ- 1 (c) 

at each pointy E µ- 1 (c). 

Then the reduction theorem of Marsden and Weinstein states 

Proposition 1.11 [MW]. There is a unique symplectic form We 

defined on µ- 1 (c)/G such that 

where 1r:µ- 1(c)-, µ- 1 (c)/G is the natural projection and i:µ- 1(c)-, Y 
is the inclusion map. 

The typical examples of symplectic manifolds are Kahler manifolds. 
Suppose Y is a Kahler manifold, namely a complex manifold with a 
metric g whose Kahler form w is closed. When G acts on Y so as to 
preserve g and w ( and hence the complex structure) we have 
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Proposition 1.12 [HKLR]. The complex structure and the metric 
on Y descend to the quotient space µ- 1 (c)/G and the associated Kahler 
form coincides with We constructed in Proposition 1.11. 

Next suppose that (Y, g) is a hyperkahler manifold, namely it admits 
three almost complex structures I, J, K which are parallel and satisfy 
the quaternion relation IJ =-JI= K. Associated with these complex 
structures we have three Kahler forms w 1, w J, w K defined by 

w1(v, w) = g(Iv, w), WJ(v, w) = g(Jv, w), 

wx(v,w) = g(Kv,w). 

Suppose that the Lie group G acts on Y so as to preserve the metric 
g and I, J, K. Moreover we assume that there exists the hyperkahler 
moment map µ = (µ1, µJ, µx ): Y - g* © A3 which is the set of three 
moment maps µ1, µJ, µx associated with three Kahler forms w1, WJ, 
wx respectively. Then we have 

Proposition 1.13 [HKLR]. The hyperkahler structure (I, J, K) 
descends to the quotient space µ- 1 (c)/G. 

Now we explain the relation between the moment map and the con­
cept of stability defined in algebraic geometry [KN], [Ki]. 

Let Y again be a general Kahler manifold with a Kahler form w. 
Assume that there exists a holomorphic line bundle 71": L - Y having 
a metric and connection 'v with curvature -27rJ=Tw. Suppose that a 
reductive algebraic group Ge acts holomorphically on Y and there exists 
a lift of the action of Ge to L. We assume moreover that a maximal 
compact subgroup G c Ge acts so as to preserve the Kahler form w, 
the metric and connection on L. For a E g, ( E L we take a curve 
c:(-e:,e:) 3 t 1--t 7r(().exp(ta) in Y. Then s:(-e:,e:) 3 t 1--t e.exp(ta) 
defines a section of the induced bundle c* L. Differentiating with respect 
to the induced connection, we define µ(a,() E A by 

d'v j. s = 211"/=Iµ(a, ()(. 
t t=O 

In other words µ(a,() is defined by the following decomposition of the 
tangent vector ae E Te L defined by a E g through the action of G into 
the horizontal part and vertical part: 

ae = ai + 211"/=Iµ(a, ()(. 

Then µ(a,·) depends only on 7r(() and induces a function on Y. We 
have 
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Proposition 1.14 [GS]. The functionµ: Y-+ g* defined by 

(a, µ(y)) =µ(a,~) where 1r( ~) = y 

is a moment map. 

Proof. Let g E G, a E g and~ E L with 1r(~) = y. Let R 9 denote 
the diffeomorphism ~ E L f---+ ~-9 E L. Since G preserves the connection 
on L, 

gives the decomposition of Ad 9 -,(a)< into the horizontal part and ver­
,.g 

ti cal part. Hence we have 

(Adg-,(a),µ(y.g)) = (a,µ(y)). 

This shows that µ is equivariant. 
Next we check the equation (a, dµy(v)) = w(ay, v) for v E TyY- We 

take a map f: ( -€, c) -+ Y with i(o) = v and a parallel section 1/; off* L 
with 1/;(0) = ~- Define a map F by 

F:(-c,c) x (-c,c)-+ Y 

F(s, t) = f(s). exp(ta). 

Then 'l!(s,t) = 1/;(s).exp(ta) gives a section of F*L. Hence we have 

21rvCf_µ(a, 1/;(s))'f/;(s) = d'v I 'l!(s, t). 
t t=O 

Since 1/; is a parallel section, we differentiate the above to get 

21rA(a,dµy(v)) = d'v d'vl 'l!(s,t) 
S t s,t=O 

= R(v,ay) = -21rvCf_w(v,ay). 

Thus we have obtained (a, dµy(v)) = w(ay, v). Q.E.D. 

For the action of the complexification Ge, the vertical part of the 
tangent vector ze E Te L defined by z = a + Ab E gC = g EB vCf_g is 
given by 
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Let us introduce a function m: Y x Ge ---+ R measuring the distortion of 
the norm in L caused by Ge: 

for g E Gc,Y = 1r(O E Y. 

Fix a point y E Y and consider m(y, ·) as a function on Ge. Then for 
/=lb E j=Tg C gC 

: I m(y,exp(tj=Tb)) = -21rµ(b,l) 
t t=O 

for l E L with 1r(l) = y. Since m(y, ·) is G-invariant and Ge = 
G exp( j=Tg), the above calculation shows that dm(y, ·) = 0 if and only 
if µ(y) = 0. Namely the critical points of m are precisely the zeroes of 
the moment map µ. 

The most important case of this situation is when Y c cpn, L = 
0 ( 1) and G acts on Y via some representation G ---+ SU ( n + 1) with the 

complexification Ge ---+ SL(n + 1; C). Let Y C cn+t be the affine cone 
over Y. The manifold Y has a canonical Kahler metric g which is the 
restriction of the Fubini-Study metric on cpn. We denote the associated 
Kahler form by w. In this situation the moment map µ is given by 

where su( n + 1) * is identified with su( n + 1) by the inner product defined 

by (A, B) = tr(AB*) and y E Y c cn+t over y is considered as (1, n + 1) 

matrix. By definition y E Y is stable if and only if for any y E Y over y 
the orbit Gy is closed in cn+t and the stabilizer of y is finite ([MF]). 

There is a characterization of stability using the moment map: 

Proposition 1.15 [KN],[Kir]. The following conditions on y E Y 
such that the stabilizer of y is finite, are equivalent: 

( 1) y is stable, 
(2) there is a point y' in the orbit Gey which satisfy µ(y') = 0, 
(3) m(y, -): cc---+ R has a critical point. 

For an invariant set W c Y, all of whose points are stable, the sym­
plectic quotient µ- 1 (0) n W/G coincides with the quotient W/Gc. 

Now we explain the relationship between Einstein-Hermitian con­
nections and the moment map. Let P be a principal U ( r )-bundle over 
an m-dimensional compact Kahler manifold (X,g) with Kahler form w. 
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We denote by E the associated hermitian vector bundle. We consider 
the space A( 1,1l(P) of all integrable connections on P which is a subman­
ifold of A(P) ~ r21(Ad(P)). (Strictly speaking we must take a certain 
open subset of A(1,1l(P) to avoid possible singularities in A(1,1l(P). See 
Chapter 2 for detail.) The £ 2-inner product 

(a,,[3) = - l tr(a /\ *f3) 

on r21(Ad(P)) induces a Riemannian metric on A(1,1l(P). The almost 
complex structure Jon X induces that on !11 (Ad( P)) and we also denote 
it by J. In fact, if we extend it to the complexification r21(Ad(P))@ C, 
it is given by 

Jo:= -.j=In:1,0 + .j=Iao,1, 

where o:1•0 (resp. o:0•1) is a (1, O)-form (resp. (0, 1)-form). Then 
A(l,l)(P) is a complex submanifold of r21(Ad(P)). Moreover the Rie­
mannian metric ( , ) is the Kahler metric and the associated Kahler 
form r2(·, ·) = (J·, ·) is given by 

n(a,/3) = - (m ~ 1)! l tr(a /\ /3) I\ wm-l for a, f3 ET A(1,1l(P). 

The action of the gauge group 9(P) on A(l,l) (P) preserves the met­
ric and the complex structure. The Lie algebra of 9(P) is n°(Ad(P)) 
and its dual is identified with n 2m(Ad(P)) by 

(a,,[3wm) = - l tr(af3)wm for a E n°(Ad(P)), f3wm E n 2m(Ad(P)). 

Then the moment map is given by 

In fact, the identity Rg(A) = Ad(g- 1 )RA shows that µ is equivariant. 
Next we check the equation (a, dµA(v)) = w(aA, v) for a E n°(Ad(P)), 
VE TAA(l,l) C r21(Ad(P)). We have 
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So for a E n°(Ad(P)) 

( d ( )) 1 ( ( ) m-1 
a, µA v = (m _ l)! Jx tr a dAv I\ w 

= - (m ~ l)! l tr(dAa I\ v) I\ wm-l 

= fl(dAa,v). 

Since the vector field on A( 1 ,1l(P) associated with a is given by aA = 
dAa, the above shows thatµ is the moment map for the action of Q(P) 
on A( 1,1l(P). 

The Einstein- Hermitian tensor is given by 

11R ml 1 m v-_._ A/\w - =-KAw. 
m 

Hence A E A( 1,1l(P) is an Einstein-Hermitian connection if and only if 

µ(A)= J=T,\(E) Id wm. 
m! 

Hence the moduli space MEH(P) can be described as a symplectic 

quotient µ- 1 ( J=I~(E) Id wm)/Q(P). This observation is essential in 
m. 

studying geometries of moduli space (see Chapter 2). Moreover the for-
mal analogy of stability and the function m is possible under certain 
conditions although the manifold and the acting group are infinite di­
mensional (see Chapters 5, 6). 

Chapter 2. Local Goometries of Moduli Spaces 

§2.1. Smooth structure on moduli space 

The moduli space of (anti-)self-dual Yang-Mills connections over a 
4-dimensional Riemannian manifold and the moduli space of Einstein­
Hermitian connections over a Kahler manifold are primarily dominated 
by elliptic complexes arising from infinitesimal deformations of (anti-) 
self-dual (resp., Einstein-Hermitian) connections. 

In this chapter we will extract from these complexes geometrical as­
pects of the moduli spaces and show by means of the moment map, a 
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familiar tool in symplectic geometry, that they inherit further a natu­
ral Kahler (resp., hyperkahler) structure provided the base manifold is 
Kahler (resp., hyperkahler). 

Since there is no essential difference between the situations of (anti-) 
self-dual connections and of Einstein-Hermitian connections, we focus 
on the moduli space of Einstein-Hermitian connections over a compact 
Kahler surface (X, g) for convenience' sake. 

Let P be a U(r)-principal bundle over X and E = P Xp er the 
associated complex vector bundle. Let A be an Einstein-Hermitian con­
nection on P, that is, an integrable connection with mean curvature 
KA = A(E) Id (A(E) is the constant depending only on E). Associ­
ated with this Einstein-Hermitian connection A there are the following 
complexes: 

dA d+ 

o-+ n°(Ad(P)) f11 (Ad(P)) 
A 

n+(Ad(P))-+ 0 -+ -+ 

1 l 1 
0-+ n°, 0 (Ad(Pf) 

8A 
n°, 1 (Ad(P)4=) 

8A 
n°, 2 (Ad(P)4=) -+ 0 -+ -+ 

first of which represents infinitesimal deformations of Einstein-Hermitian 
connections because of the Bianchi identity and the gauge action, where 
d! = P+ o dA and P+: A 2 ( X) -+ A+ is the projection. The lower complex, 
the twisted Dolbeault complex, is valid not only for Einstein-Hermitian 
connections but for integrable connections ([AHS], [Itl], [Kb2]). 

Then similarly as the de Rham complex the operators dA and d! 

(resp., 8 A) together with the L2-adjoint operators define the Laplacians 

..6.~ (resp., ..6.~i), (i = 0, 1, 2). Each kernel of the Laplacians Hi = 

Ker ..6.~ (resp., H1'i = Ker ..6.~i), the i-th harmonic space, is isomorphic 
to the corresponding cohomology group. Between these harmonic spaces 
we have isomorphisms over R ([Itl]): 

Ho 0 C ~ Ho,o, H1 ~ Ho,1 and H2 ~ Ho E9 Ho,2, 

last of which generalizes the formula in Kahler geometry; b+(X) = 
1 + 2p9 (X), where b+(X) is the number of positive eigenvalues of the 
intersection form of X and p9 (X) is the geometric genus of X. 

The unitary group U(r) has the nontrivial center Z which should be 
taken into account in the subsequent argument. Actually, the adjoint 
bundle Ad(P) decomposes as Ad(P) = Adc(P) EB Ad.(P) according to 
the decomposition of the Lie algebra u(r) = cE9.su(r), where Adc(P) = 
P XAd c is the rank one product bundle and Ad.(P) = P XAd .su(r) 
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in such a way that the covariant derivative dA reduces to the ordinary 
derivative d on the subbundle Adc(P). Then the above diagram splits 
as 

0----+ n° EB B0 
(d,dA) 

n1 EB B1 
(d+ ,d1) 

n+ EBB+----+ 0 -
1 1 1 

0 ----+ no,o EB co,o 
ca,aA) 

no,1 EB co,1 
(8,8A) 

110,2 EB co,2 ----+ 0 - -
where Bi = ni(Ad.(P)), c0 ,i = n°,i(Ad.(P)I!:} The harmonic spaces 
for the bundles Adc(P) and Ad.(P) decompose into H~ = Hi(X)EBH;,A 

and H'}/ = H 0,i(X) EB H~,'~, (i = O, 1, 2) where Hi(X) and H 0 ,i(X) are 
the ordinary harmonic spaces of X. 

Denote by AEH(P) the set of all generic Einstein-Hermitian con­

nections on P and by MEH(P) the moduli space AEH(P)/Q(P) of 
generic Einstein-Hermitian connections. Here an Einstein-Hermitian 
connection A is called generic _when H2,A = {O} and H;,A = {0}. 
More generally we say a connection A to be irreducible if the isotropy 
r A = {g E Q(P) I g(A) = A} consists only of constant gauge transfor­
mations taking values in Z. So, H2 A = {O} if and only if A is irreducible. , 

Proposition 2.1. The moduli space MEH(P) of generic Ein­
stein-Hermitian connections on P is a C 00 -manifold of dimension 
b1(X)+dim H;. It is actually written locally as a product of the de Rham 

cohomology group H 1(X) and the moduli space MEH,s(P) of generic 
Einstein-Hermitian connections on P with fixed trace curvature tr RA. 

The dimension of MEH,.(P) is computed by the Atiyah-Singer in­
dex theorem as 

dimlR MEH,s(P) 

=2{(2rc2(E) - (r - l)c~(E))[X] - (r 2 - 1)(1 - q(X) + pg(X))} 

where q(X) is the irregularity of X. 

This proposition is shown by using a slice lemma argument on gauge 
fixing condition and applying the Kuranishi method which integrates the 
non-linear Einstein-Hermitian equations along directions in H1. The 
slice lemma states [FU] that for any connection A there is a neigh­
borhood S of O in the kernel of dA: 111 ( Ad( P)) ----+ n° ( Ad( P)) being 
transversal to gauge orbits so that the quotient S /r A by r A represents 
a neighborhood of [A] in the orbit space A(P)/Q(P). 
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We let SEH be the intersection Sn AEH(P). Then any point [A] of 

MEH(P) has a neighborhood corresponding to the quotient SEH/I' A· 

Now let A be a generic Einstein-Hermitian connection. Then a con­
nection A+ a is Einstein-Hermitian if and only if 

(2.2) 

(2.3) 

+ 1 [ ] -dAa:• + 2p+ a. I\ a. - 0, 

dac = 0, 

where a:= a:c + a:. is the decomposition of a: E n1 (Ad(P)) ([Itl]). So, 
as the center part a:c and the trace free part a:. are chosen separately, 
the slice SEH is written exactly as a product SEJH x SpJH, where 

(2.4) 
S'im = { Ffa:Id Io: E H 1 (X), la:I < c}, 

(2.5) 

la.I < c:', dAa• = 0} 
and (2.2) holds · 

The isotropy r A acts trivially on the adjoint bundle so that SEH = 
S'im x SpJH precisely represents a neighborhood of [A]. 

Define a map which is a gauge analog of the Kuranishi map for the 
Kodaira-Spencer deformation theory of complex manifolds, as 

K = KA:f2 1 (Ad.(P))-+ f21 (Ad.(P)), 
(2.6) 

K(a.) =a.+ ½dtG~(P+[a. I\ a.]), 

where G~ is the Green operator associated to the Laplacian ~ ~. In this 
definition we should regard in mind the space f21(Ad.(P)) as a Banach 
space completed in a W1•2-norm. Then the Frechet derivative DK at 
a:. = 0 is the identity. 

The following is a key lemma for a local description of the moduli 
space. 

Lemma 2.7. A trace free one form a. satisfies dAa• = 0 and 
(2.2) if and only if K(a.) E H;,A and the harmonic part of P+[a. I\ a:.] 
vanishes in n+(Ad.(P)). 

This lemma is based on the elliptic complex arising from infinitesi­
mal deformations. So, since H: A= {0} for generic A, a neighborhood U , 
of 0 in H;,A is through K homeomorphic to the slice SEJH and moreover 



Yang-Mills connections and Einstein-Hermitian metrics 415 

it is seen that neighborhoods of the form S'pJH x Uc H 1(X) x H! A for 
' 

all A in AEH(P) yield a smooth manifold structure on MEH(P). 
We remark that each tangent space to MEH(P) is identified from 

(2.7) with the harmonic space H_1. 
The moduli space MEH(P) which turned out to be smooth admits 

a natural Riemannian structure. In fact, the Riemannian structure is 
defined on the moduli space by restricting the L2-inner product 

( a:, /3) = - l tr( a:/\ *f3) 

on fl 1 (Ad(P)) to each harmonic space H} (for more details especially 
on the curvature formula, see [It3], [Kol] or Chapter 6). 

We have in particular for the ( anti- )self-dual case 

Theorem 2.8. Let (X,g) be a compact connected oriented 4-di­
mensional Riemannian manifold and P a G-principal bundle over X ( G 
is compact and semi-simple). Then the moduli space of generic ( anti-) 
self-dual connections carries a smooth Riemannian manifold structure. 

§2.2. Complex Kahler structure on moduli spaces 

The next geometrical investigation on the moduli space is that 
MEH(P) is endowed with a complex manifold structure and also with 
a Kahler structure. Actually, as we will see in the following lemma, the 
moduli space of generic Einstein-Hermitian connections has an almost 
complex structure induced naturally from the complex structure of X. 

Lemma 2.9. The harmonic space H} is invariant under the ac­
tion of the almost complex structure J on fl 1(Ad(P)). 

See for the proof (Itl]. Here J is introduced as the endomorphism 
Jx © Id of A1 (X) © Ad(P) and Jx is the almost complex structure 
defining the complex structure of X. Remark that the almost complex 
structure J x which is an endomorphism of the tangent bundle TX nat­
urally induces an almost complex structure, also denoted by J x, on the 
cotangent bundle T* X by 

Jxa:(v) = -a:(Jxv) for a: ET* X, v E TX. 

As J preserves the L2-inner product, the naturally defined Riemannian 
structure becomes Hermitian on the almost complex manifold (MEH 
(P), J). 
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To assert the integrability of J we require the notion of simple in­
tegrable connection. An integrable connection is called simple when 
H~;~ = {O}, in other words, End(E} has no holomorphic sections other 

than constant multiples of the identity. We consider the set Ai1' 1)(P) 

of all simple integrable connections on P. While 9(P) fixes Ai1' 1)(P) 
invariant, we can enlarge the invariance group 9(P) complexifically. 
Actually the group of complex· gauge transformations 9(Pf = 
I'(X; P XAd GL(r; C)) which contains 9(P} acts in a twisted way as 

8 9 (A) = g- 1 o8Aog (see §5.2}. Then the quotient space Ai1 •1\P}/9(Pf, 
denoted by Mh 0 1(P}, parametrizes complex gauge equivalence classes of 

simple integrable connections. Denote by Mho1(P) the subset {[A] E 

Mho1(P} I H~;! = {O} }. It is open and dense in Mho1(P). Likewise the 
Einstein-Hermitian case the complex gauge version of the slice lemma 
and of the Kuranishi map associated to the twisted Dolbeault complex 
can be applied to obtain the following ((Itl]}. 

Theorem 2.10. The moduli space Mh 0 1(P} of simple integrable 

connections with H~;! = {O} is a complex manifold of complex dimen-

sion h0,1(X} + dimc.Mhol,s(P}, which has a local product structure of 

the abelian variety of X and a complex manifold Mhol,s(P}, where 

Mhol,s(P} denotes the subset {[A] E Mho1(P) with fixed trace curva­
ture tr RA}, 

The dimension of Mhol,s(P} is given as 

(2.11} - 1 -dime Mhol,s(P} = 2 <limR MEH,s(P). 

It should be remarked that Mh 0 1(P} may not be Hausdorff. 

Since 9(P} c 9(P)c and .AEH(P} C Ai1' 1)(P}, we get a canonical 
map 1/; between the moduli spaces by 

MEH(P} ~ Ai1•1l(P}/9(P} 

(2.12} 1P '\, t 

Then the map 1/; is shown to be injective by using the moment map 
due to Donaldson (see [Itl]}. Moreover the differential 1/;. of 1/;, between 
tangent spaces, is given by the canonical isomorphism Hi ----+ H~ 1 ; 

a = a' + a" f--+ a" 
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so that '¢ is an operi map of full rank and satisfies '¢* J a = A'¢* a . 

Theorem 2.13. The moduli space MEH(P) of generic Einstein­
Hermitian connections inherits a complex manifold structure with re­
spect to the almost complex structure J in such a way that'¢: MEH(P) 
-t Mho1(P) is a holomorphic embedding. 

See [Itl] for a proof on the anti-self-dual case which is available also 
to the Einstein-Hermitian case. 

In order to show that the Hermitian structure ( , ) on the moduli 
space is Kahler it suffices to verify that the fundamental form 11( ·, ·) = 
( J ·, ·) is closed. For this we make use of the idea of moment map ( see 
§1.4). 

We notice that n precisely coincides when regarded as a 2-form on a 

slice neighborhood with the symplectic form ( a, /3) r-> - l tr( a I\ /3) I\ w 

restricted to the tangent space '.I\AJMEH(P) ~ Ht 
Since the action of the gauge group 9(P) on A( 1,1) is not free, we 

must consider the quotient group G = 9(P}/U(l) where U(l) is consid­
ered as the group of the constant scalars of absolute value 1. Let g = 
n 1 (Ad(P))/u(l)beitsLiealgebra. Thendefineamapµ:_A(l,l)(P)-t g* 
by 

(2.14) 
(a,µ(A))= { tr(aRA)/\w+ J=T.X(E)tr(a)/\w 2 

Jx 2 

for a E g, 

where _A(l,l) (P) is for the moment the set of generic integrable con­
nections, i.e., integrable connections with vanishing H2,A and H;,A. It 
is seen that this is a moment map for the action of the group G, and 
µ(A) = 0 if and only if A is an Einstein-Hermitian connection. 

Since µ- 1 (0) is gauge invariant, we have the reduced phase space 
µ- 1 (0)/G giving the moduli space of generic Einstein-Hermitian connec­
tions. To apply the reduction theorem (Propositions 1.11, 1.12) to the 
canonical symplectic form we need to see the surjectivity of the differen­
tial dµ and the existence of a slice at any A E µ- 1(0). The differential 
dµA is written as 

(a, dµA(v)) = l tr(adAv) I\ w for a E g, v ET _A(l,l) C 111 (Ad(P)). 

It is then an easy exercise from the Hodge theory to see the equation 
dAv I\ w = </J@ w2 has a solution a E T _A(l,l) for all ¢ E n°(Ad(P)) 
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which is orthogonal to constant scalars. The action of the quotient 
group G = Q(P)/U(l) on µ- 1 (0) is free. 

On the other hand the slice lemma can be entirely applied to µ- 1 (0) 
(c .4(1 ,1>(P)) = { generic Einstein-Hermitian connections } in such 
a way that as before there exists a slice neighborhood S centered at 
A inside µ- 1 (0), which is diffeomorphic to a neighborhood of H1 and 
satisfies 

TA(µ- 1 (0)) = TA(G(A)) EB TA(S). 

So, the symplectic form ( a, /3) 1-t - l tr( a/\ /3) I\ w descends to be a 

closed form which is actually the form n. 
Thus we can summarize this as 

Theorem 2.15. Let (X,g) be a compact Kahler surface and P a 
C 00 U(r)-principal bundle over X. Then the complex structure and the 
Kahler structure on X naturally induce a complex manifold structure 

and a Kahler structure on the moduli space MEH(P). 

Remarks 2.16. 1) This theorem is also valid for the moduli space 
M_(P) of anti-self-dual connections and for the moduli space of 
Einstein-Hermitian connections over an m-dimensional Kahler manifold 
([It3], [Ki], (Kb2] and (Kol). 

2) The moduli space MEH(P) corresponds completely to the moduli 
space of stable, generic integrable connections which can be identified 
with the moduli of stable holomorphic bundle structure on the bundle 
E (§5.2). 

§2.3. Hyperkahler structure of the moduli space 

A Riemannian manifold ( X, g) is called hyperkahler if it admits al­
most complex structures Ix, Jx, Kx which are parallel and satisfy the 
quaternionic relations IxJx = -Jxix = Kx. So each tangent space 
is endowed with an H-vector space structure. A hyperkahler manifold 
has the holonomy group in a symplectic group and hence is a Rifci­
flat Kahler manifold. Moreover a hyperkahler manifold is a complex 
symplectic manifold, i.e., a complex manifold carrying a nondegenerate 
holomorphic 2-form. 

Let P be a U(r)-principal bundle over a compact 4-dimensional hy­
perkahler manifold (X,g). We regard (X,g) as a complex Kahler surface 
with respect to Ix. Let denote w1 , WJ, WK three Kahler forms associated 
with I, J, K. As in §2.2 the hyperkahler structure on X induces a hy­
perkahler structure I, J, K on the space A of all connections on P. Then 
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we define the hyperkahler moment mapµ = (µr, µ 1, µK): A-> g © R3 

for the action of G = Q(P)/U(I) by 

(a, µ1(A)) = ( tr(a:RA) t\ w1 + .j=IA(E) tr(o:) Aw}, ix 2 

(a, µ1(A)) = l tr(aRA) t\ WJ, 

(a:, µK(A)) = l tr(a:RA) t\ WK for a: E g. 

It is easy to see the connection A E A is an Einstein-Hermitian connec­
tion if and only if µ(A) = 0. Hence by Proposition 1.13 we have the 
following 

Theorem 2.17. Over a compact 4-dimensional hyperkiihler man­

ifold the moduli space MEH(P) is a hyperkahler manifold with respect 
to the natural almost complex structures I, J, K. 

See also [It2] for another proof using the Kuranishi mapping. 

The moduli space MEH(P) is a complex symplectic manifold and 
hence the canonical line bundle is trivial so that the first Chern class c1 

is zero. (See [Kb2] for the argument concerning the holomorphic analog 
of the moment map.) 

Chapter 3. Twistor Theory and Yang-Mills Connection 

§3.1. Self-dual connections on self-dual manifolds 

Self-dual connections on a special 4-manifold ( called self-dual man­
ifold) can be described in terms of holomorphic vector bundles on a 
complex manifold (called twistor space). Therefore we can study self­
dual connections using algebro-geometric methods. This procedure was 
carried out for S4 by Atiyah, Drinfeld, Hitchin and Manin [ADHM]. 

Let (X, g) be an oriented 4-manifold. Using the Hodge star operator, 
we have a decomposition 

Let 11": Z = S(A-) -> X be the unit sphere bundle of the vector bundle 
A - , which is a fiber bundle over X whose fiber is a 2-sphere. If we 
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identify 2-forms with skew-symmetric endomorphisms of TX, each point 
z E Z defines an endomorphism J = Jz of T.,X for x = rr(z) such that 

g(Jv, w) = -g(v, Jw) for v, w E T.,X 

J 2 = -Id. 

The Levi-Civita connection naturally induces a connection on A - , 
and hence we have a natural splitting of the tangent bundle of Z into 
the vertical and horizontal spaces: 

TZ =T"Z$Thz. 

Then we define an almost complex structure Jon TzZ by taking rr* Jz 
on Tzh Z ~ rr*T.,X and the standard one (as S2 ) on T" z. The almost 
complex manifold Z is called the twistor space of (X,g). We have 

Theorem 3.1 [AHS]. The almost complex structure J on Z is 
integrable if and only if the anti-self-dual Weyl tensor W_ of (X,g) 
vanishes. 

An oriented 4-manifold (X,g) is called self-dual if W_ = 0. 

Examples 3.2. 1) Consider the standard 4-sphere (S 4 ,9atd)- Since 
it is conformally flat, it is clearly self-dual. Its twistor space is the 3-
dimensional projective space P3 (C). 

2) The projective plane IP2 (C) with the Fubini-Study metric is self­
dual. Its twistor is the flag manifold F 1,2 = {(z,w) E P(V) x P(V*) I 
(w, z) = O} where Vis a 3-dimensional complex vector space. 

3) Consider the flat complex torus T 2 = C2 /1 4 • It is a typical 
example ofhyperkahler manifolds (see §1.4 for the definition). Its twistor 
space is a fiber bundle over IP1 (C) with fiber T 2 • 

The twistor space has a real structure r: Z --+ Z which is induced 
from the mapping z f-+ -z for z E A-. It is an anti-holomorphic involu­
tion which preserves each fiber. The restriction on each fiber S2 is the 
antipodal map. 

The twistor space has a natural Riemannian metric ( also denoted 
by g) induced from that of X. We have a natural Kahler form w defined 
by w(v,w) = g(Jv,w) for v, w E TZ, though it is not necessarily closed. 
When X is S4 or P2 (C), w is a Kahler-Einstein form of positive scalar 
curvature. 

We now consider a complex vector bundle E over a self-dual 4-
manifold X, a hermitian fiber metric h on E and a self-dual connection 
A on E. Let F = rr* E, and B = rr* A be the pull back of the bundle 
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and connection (respectively) on Z. The curvature form Rs of B is 
equal to 1r* RA, and it is easy to see Rs E !1~'1 (Ad(F)), namely that 
Rs is a (1,1)-form which is orthogonal to the canonical Hermitian form 
w. In particular, B is an integrable connection. Conversely if Rs E 

(!11•1 n 1r*D 2 )(Ad(F)), RA is self-dual. More precisely we have 

Theorem 3.3 [AHS]. We have a one-to-one correspondence be­
tween the gauge equivalent classes of self-dual connections on X and 
the isomorphism classes of holomorphic vector bundles F on the twistor 
space Z which satisfy the following: 

(1) F is holomorphically trivial on each fiber, 
(2) There is a holomorphic isomorphism u: r*F -+ F* such that 

u induces a positive definite hermitian structure on the space 
H 0 (z.,, O(F)) of holomorphic sections of F on each fiber by 

for fixed z E Z.,. 

Proof. We shall only show that a self-dual connections on X give 
rise to a holomorphic vector bundle on Z. The proof of the converse is 
left to the reader. 

For a self-dual connection A, the bundle F = 1r* E with a connection 
B = 1r* A is a holomorphic vector bundle. It has a hermitian structure 
induced from the one of E. 

Along each fiber P1 ( C) the pull back connection B is trivial, so its 
holomorphic structure is also trivial along each fiber. We have a natural 
isomorphism 

H 0 (z.,, O(F))-+ Fz 

defined by evaluation of a holomorphic section at a point z in the fiber 
Z.,. Thus we can identify the left-hand side with E.,. In particular we 
have a hermitian metric on H 0(z.,, O(F)) induced from the fiber metric 
on E.,. 

Let ( e1, · · · , er) be a local unitary frame of E. Then (/1, · · · , / r) 
with Ii = 1r* ei is a local unitary frame of F and constant along each 
fiber. We define an isomorphism u by 

u:r*Fz 3 fi(r(z)) f-+ Jt(z) E F;. 

It is standard to see u is holomorphic. For s1 = Li >..di, s2 = Li µdi E 
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H 0 (z.,, O(F)) we have 

(s1(z), s2(z)) = L Ai/ii= L <T(µif;(r(z)))Adi(z) 
i i 

Q.E.D. 

We remark that if the base manifold (X,g) is S4 or P2(C), then 
the pull back connection B on F is an Einstein-Hermitian connection 
with respect to the natural Kahler form on the twist or space Z ( see 
Proposition 3.10). 

Suppose a structure group G is compact and semi-simple. For a 
self-dual connection A on a G-principal bundle P we have the following 
complex (see Chapter 2): 

0 - n°(Ad(P)) ~ n 1(Ad(P)) S n-(Ad(P)) - 0, 

where dA = p_ o dA and p_: A2 - A- is the projection. Similarly as the 
de Rham complex, dA and dA together with the L2 adjoint operators 
define the Laplacian. Let Hi be the i-th harmonic space of the above 
complex. In our situation, since the center of G is zero-dimensional, 
Hi = 0 if A is irreducible. Moreover we have Hi = 0 if (X,g) has 
positive scalar curvature ([AHS]). 

Theorem 3.4 [AHS]. Let (X, g) be a compact self-dual 4-mani­
fold with positive scalar curvature. Let P be a principal G-bundle on 
X where G is a compact semi-simple Lie group. Then the moduli space 

X:L(P) of irreducible self-dual connections on Pis a C 00 manifold, and 
its tangent space at [A] is naturally isomorphic to H1. 

§3.2. B 2-connections on quaternionic Kahler manifolds 

Salamon [Sa] generalized the twister theory to higher dimensional 
manifolds called quaternionic Kahler manifolds. He pointed out the cor­
respondence between certain connections (we call them B 2-connections 
after [Nil)) and holomorphic vector bundles on the twister space. Nitta 
[Nil], [Ni2] studied further the relation between the moduli space of 
Ba-connections and that of holomorphic vector bundles on the twister 
space. 
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Definition 3.5. Ann= 4k(k ~ 2)-dimensional Riemannian man­
ifold (X,g) is called quaternionic Kahler if there exists a covering U; of 
X and three almost complex structures I, J and Kon Ui for each i such 
that 

(1) g is hermitian for I, J and Kon Ui, 
(2) K=IJ=-JI, 
(3) the subbundle of End(TX) spanned by I, J and K patches 

together on the intersection Ui n Uj, and is parallel with respect 
to the Levi-Ci vita connection V. (We denote by A; this vector 
bundle of rank 3.) 

We remark that a quaternionic Kahler manifold (X,g) is Einstein. 
Towards the end of this section we assume ( X, g) is a quaternionic 

Kahler manifold. We define three local 2-forms w1, WJ, WK and a 4-form 
n by 

wr(v,w) = g(Iv,w), 

WJ(v, w) = g(Jv, w), 

WK(v,w) = g(Kv,w) for v, w E TX, 

!1 = WJ + w} + WJ<-. 

Then n is globally well-defined, parallel (i.e. vn = 0), non-degenerate 
(i.e. nk -/-0) and called the fundamental 4-form of (X, g). 

Let H = C+ jC be the quaternion field. The symplectic group Sp(k) 

acts Hk on the left. We denote by j(k) the multiplication on Hk by j 

from the right. We consider the real structure of Hk 18) H1 defined by 

(3.6) for h E Hk, h' E H1 . 

Let us write (Hk 18) H1 )R the corresponding real form. It is known that 
(X,g) is quaternionic Kahler if and only if its holonomy group is con­
tained in Sp(k)Sp(I) = Sp(k) x Sp(l)/Z 2 • Hence we have a reduction of 
the frame bundle of the tangent bundle TX to a principal Sp(k)Sp(l)­
bundle P. Then the tangent bundle TX can be regarded as the associ­
ated vector bundle 

Let Z be the unit sphere bundle of A;, and 1r: Z --+ X be the pro­
jection. We call Z the twistor space of the quaternionic Kahler manifold 
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(X,g). The Levi-Civita connection V induces a connection on Ai and 
also a splitting of the tangent bundle 

into the vertical and horizontal subspaces. Each point z E Z is identified 
with an almost complex structure al+ bJ + cK on T,,-(z)X where a2 + 
b2 + c2 = 1. Since T:, Z is identified with T,,.(z)X via the map 1r*, we 
have a natural almost complex structure on T:, Z. The vertical subspace 
T; Z also has a natural almost complex structure induced from that of 
the fiber S2 • Combining these, we have an almost complex structure on 
T Z. Then we have the following: 

Theorem 3.7 [Sa]. The almost complex structure on the twistor 
space Z of a quaternionic Kahler manifold is integrable. 

The twistor space Z has a natural real structure r: Z -+ Z as in the 
self-dual case. It is an anti-holomorphic map preserving each fiber. We 
can define a natural Riemannian structure on the twistor space Z as in 
self-dual case. It is a Kahler-Einstein metric if (X, g) has positive scalar 
curvature. 

As before we identify the space Skew(T.,X) of skew-symmetric en­
domorphisms ofT.,X with A2T;x for x EX. So we consider (Ai)., as a 
subspace of A2T;x. Let (B2 )., be the centralizer of (A2)., in Skew(T.,X). 
Namely 

A E (B 2 )., ~AI-IA= AJ - JA = AK - KA= 0. 

We have an orthogonal decomposition of the bundle A 2T* X: 

where A~ is the orthogonal complement of B2 EB Ai. 
Now let ( E, H) be a Hermitian vector bundle on ( X, g). 

Definition 3.8 [CS],[Nil]. A connection A on (E, H) is called B2 -

connection if its curvature form RA has its value in Ad(E) ® B 2 • (In 
[CS] it is called self-dual connection.) 

We denote by MB 2 (E) the moduli space of B2 -connections on E. 
The definition of B2-connections is a natural generalization of that of 
self-dual connections on 4-manifolds. It was shown in [CS] that there 
exist constants c1, c2 and C3 with O < c3 < -c 1 < c 2 such that for a 
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general connection A 

where RA = R 1 + R 2 + R3 is the decomposition of the curvature according 
to the decomposition A 2T* X ~ B 2 EB A; EB Ar Since the left-hand side 
is a topological invariant, we find 

Proposition 3.9 [CS],[Nil]. If A is a B 2 -connection, it is a 
Yang-Mills connection. In fact, it minimizes the Yang-Mills functional. 

When the manifold (X,g) has positive scalar curvature, its twistor 
space has a natural Kahler metric. In this case we have 

Proposition 3.10 [Nil]. When (X,g) has positive scalar cur­
vature, there is a natural bijective correspondence induced by 1r* be­
tween a B 2 -connection A on a bundle (E,H) and a Ricci-fiat Einstein-

Hermitian connection B = 1r* A on the pull back bundle (E, ii) = 
(1r* E, 1r* H) satisfying the following: 

( 1) B is trivial along each fiber, 
(2) B commutes with the real structure T. 

Moreover the natural mapping 

is injective. 

The proof is similar to the self-dual case. The key point is the 
observation that the pull backs of 2-forms with value in B 2-part are 
orthogonal to the Kahler form, so lie in n~·1(Ad(E)). 

For an integer r with r ~ 2, define A~ by Ar(Hk)• ©c sr(H 1 )*, and 
Bf by its orthogonal complement. Then A~ and Bf admit real forms 
Ar and Br respectively induced by the real structure (3.6). Hence we 
have a decomposition Ar(Hk © H1 )»;! = Ar EB Br. Since the cotangent 
bundle T* X is the associated vector bundle P Xsp(k)Sp(l) (Hk © H1 )»;!, 
we have a corresponding decomposition 

Now we consider the moduli space M 82 (E) of B 2 -connections. First 
we study its tangent space. Let n+(Ad(E)) be n°(Ar © Ad(E)). We 
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have the following elliptic complex ([CS], [Nill) 

where d! = P+ o dA and P+ is the projection to Ar 0 Ad(E). As in §2 
we consider the i-th harmonic space H~. We say a B 2-connection A is 
generic if it satisfies H1 = 0 and Hi = 0. 

Theorem 3.11 [Nil]. The moduli space MB 2 (E) of generic B 2 -

connections on E is a C 00 -manifold and its tangent space is isomorphic 
to Hl. 

Now we assume (X, g) has positive scalar curvature. As remarked 
in the above the twistor space has the natural Kahler-Einstein form 

w. Recall that the tangent space of the moduli space MEH(E) of 
generic Einstein-Hermitian connections at [B] = [1r* A] is isomorphic to 

H1 ( Z, Ad( E)) ( we write base spaces and bundles of cohomology groups 
precisely to avoid the confusion). We have the natural map 

1r*: Hl(X, Ad(E)) --+ H1(Z, Ad(E)). 

This map is the differential of the map 1r*: MB 2 (E) --+ MEH(E), and it 
is shown in [Ni2] that this map is injective. In §2 we define a Riemannian 

structure ( , ) and an almost complex structure J z on H1( Z, Ad( E)) 
by 

(o:,/3) = l (o:,/3)dV 

Jzo: = (J 0 Id)o: for o:,/3 E H1(Z, Ad(E)), 

where J is the almost complex structure of z. If we fix x E X, we have 

f (1r*(o:),Jz1r*(/3))dV = 0 
frr- 1 (x) 

for o:,{3 E T;X 0 Ad(E),,. Thus it holds (1r*cx,Jz1r*/3) = 0 for cx,/3 E 

Hl(X,Ad(E)). Namely the inclusion map 1r*:MB 2 (E)--+ MEH(E) is 
totally real. 

Since E = 1r* E is trivial on each fiber of 1r: Z --+ X the real structure 
T induces a bundle map ( also denoted by T) which makes the following 
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commutative diagram: 
T 

E---+E 

l l 
T 

z-z 
Then r induces a mapping ( also denoted by r) 

MEH(E) - MEH(E) 

[B] ~ [r*(B)]. 

Since r: Z - Z is anti-holomorphic, the above map r is also anti­
holomorphic. Moreover it is easy to see r is an isometry with respect to 
the metric ( , ) induced from the £ 2-inner product. Since 1r*(A) com-

mutes with T (3.10), 1r*(Mn 2 (E)) is fixed by r: MEH(E) - MEH(E). 
Thus we have 

Theorem 3.12 [Ni2]. The natural map 1r*: Mn 2 (E) - MEH(E) 
induced by the pull-back gives a totally real embedding and its image 

is fixed by the real structurer. Moreover we have dimRMn 2 (E) = 
dimc.MEH(E). 

See §4.5 for examples of B2-connections. 

Chapter 4. Analysis for Yang-Mills Equations 

§4.1. A priori estimates for Yang-Mills connections 

In this section we shall state Uhlenbeck's a priori estimates for Yang­
Mills connections [Uh2], [Uh3]. They relate to a compactification of the 
moduli space. In dimension n ~ 4 the analytical treatment for the Yang­
Mills equation was established by Uhlenbeck in [Uhl], [Uh2]. In fact, 
she derived C0-estimates of the curvature, and hence higher derivatives, 
under the assumption that the Ln/ 2 norm of the curvature is small. But 
in dimension n > 4 this is not a natural condition. The natural condition 
is that the normalized £ 2 norm of the curvature is small. Under this 
condition the estimates for Yang-Mills type equation (including lower 
order term) were obtained in [Uh3]. They were used in constructing 
Einstein-Hermitian connections on stable bundles in the joint work of 
herself with Yau [UY]. For the pure Yang-Mills equation a simpler theory 
was obtained by the second named author [Nal). 
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Let BT ( x) be a metric ball in an m-dimensional Kahler manifold 
(X,g). Suppose that Tis smaller than the injectivity radius of (X,g), 
and the following estimates hold for some positive constants Ko at y E 
BT(x) 

(4.1) 
l9i1(y) - biyl ~ Kod( x, y )2 , 

8 
l[)zk9iy(Y)I ~ Kod(x,y), 

where (9;y) is a metric tensor in holomorphic normal coordinates on 
BT(x). The constant Ko depends on the curvature of g. We assume 
that Kor 2 ~ 1/2. It is satisfied if we take sufficiently small r. 

We fix a U( r )-principal bundle P and the associated complex vector 
bundle E with the fiber metric H. Let A be an integrable connection on 
a bundle E over BT(x). Suppose a connection A satisfies the equation 

for some KE n°(Ad(P)) © C. 
As a partial differential equation, the Yang-Mills equation is not 

elliptic because of the invariance of the Yang-Mills functional under the 
action of the gauge group. In order to get an elliptic equation, we must 
take a good local trivialization. Via a local (unitary) trivialization it 
can be written as 

EIBT(x) ~ BT(x) X er 
D=d+A, 

where d is the product connection on BT ( x) x er and A is a u( r )-valued 
1-form. Changes of local trivialization can be done by a composition of 
a maps: BT(x)--* U(r). The connection form A changes as 

Definition 4.2. A local trivialization EIBT(x) ~ BT(x) x er is 
called a Coulomb gauge for a connection D, if the connection form A 
satisfies 

d* A= O, 

where d* is the adjoint operator of the product connection d. 

We write the two equations d* A= 0, KA= Kand the integrability 
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of A in terms of A: 

{ 
d* A= 0 

(dA + [A, A])2 ' 0 = 0 

trw(dA + [A, Al)= K. 

Then this is a first order elliptic system on A. So we can apply the 
standard theory for elliptic equations to get a priori estimates on A. 

Thus the remaining problem is when can we take Coulomb gauges for 
a connection D ? It was answered in [Uh2]. Fixing a local trivialization 
P[Br(x) ~ Br(x) x U(r), finding a Coulomb gauge is equivalent to 
solving the following equation on s: Br(x)---+ U(r): 

d*(s- 1 ds + s- 1 As)= 0. 

We remark that this equation coincides with the harmonic map equation 
when A= 0. 

Theorem 4.3 [Uh2],[Uh3]. There exists cm = cm(m, r, Ko7 2 ) > 0 
such that if 

( 4.4) 

then there exists a unique local trivialization ( up to constant rotation of 
the fiber) in which d*A = 0 on Br(x), VJA = 0 on 8Br(x) (where v 
is the normal vector field on 8Br(x)), and it holds 

r IVAJmdVg + ( r [A[2mdvg) 
112 ~ C r IRA[mdVg, 

j BT(x) j BT(x) j BT(x) 

where C = C(m, r, K0 7 2 ). 

We remark that this theorem holds for general connections. We do 
not require them to satisfy the equation KA = K. 

The following theorem is the main result of this section. 

Theorem 4.5 [Uh3]. Suppose an integrable connection A on a 
vector bundle E of rank r over Br(x) satisfies KA= K for some KE 
n°(Ad(P))@ C. Then there exists c = c(m, r, K 0 7 2) > 0 such that if 

7 2 -m[[RA[[P(BT(x)) + 7 2 sup [K[ ~ c, 
BT(x) 

then for p > 2 

72p-Zm[[RA[[L•(BT; 2 (x)) ~ C(7 2-m[[RA[[£2(BT(x)) + 72 sup [K[), 
BT(x) 
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where C = C(m, r, K 0 r 2 ,p). 

We should remark that each term appeared in the above (e.g., 
r 2-mJJRAIIL2(BT(x))) is invariant under the scale change (X,g)-+ (X, cg) 
for a positive constant c. 

From Theorem 4.3 and Theorem 4.5 we obtain a compactness result 
of moduli spaces of integrable connections with a universal bound of 
Einstein-Hermitian tensor. 

Theorem 4.6. Let { A;} be a sequence of integrable connections 
on a bundle E -+ X such that 

for some constant R. Then there exist a subsequence {Aj} C {A;}, a 
sequence of gauge transformations { ,j} and a compact set S C X with 
finite (2m - 4)-dimensional Hausdorff measure H 2m_ 4 (S) < oo such 

that ,J(Aj) converges to A00 weakly in wf;{(X\S) for all p > 1 where 
A 00 is an integrable connection on EJX \ S. 

The proof is standard and given in [Se], [Sc], [Na]. 

§4.2. Removable singularities theorem 

In this section we shall prove the removable singularities theorem for 
Yang-Mills connections on 4-manifolds [Uhl]. The proof given here is 
same as that for the removable singularities theorem for Einstein metrics 
proved by the second-named author in the joint work with Bando and 
Kasue [BKN]. The key of the proof is Yau's trick [SSY] (see [Na3] for a 
survey of Yau's trick appeared in other situation). 

Theorem 4.7 [Uhl]. Let A be a Yang-Mills connection on a bun­
dle P over the punctured ball B* = B \ {O} in IR4 • If A satisfies 

then the bundle P and the connection A are extended smoothly to the 
whole ball B. 

We only show that the curvature RA is bounded on B*. The re­
mainder of the proof is standard ( cf. [Uhl], [FU]). 
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Lemma 4.8. Let RA be the curvature of a self-dual connection. 
Then for 8 = 1/2 we have 

where (VRA,RA) is a I-form defined by (VRA,RA)(v) = ('v'vRA,RA) 
for a tangent vector v. 

Proof. We use the index notation for tensors. Let R = RA. We 
may suppose 1-form (V R, R) = ~ii(V pRij, R;j) is non-zero only if p = 

1. From the Schwartz inequality we have 

where V 1 R means a contraction by 8 / 8x 1 • Since R is self-dual, we have 
V R = *V R. Hence we have 

IV1Rl2 = 2(IV1Rd 2 + IV1R2412 + IV1R3412) 

=2(IV2R13 - V3R12l2 + IV2R14 -V4R12l 2 + IV3R14 - V4Rd 2) 

~4(IV2Rd 2 + IV3R12l2 + IV2R1412 

+ IV4R12l2 + IV3R1412 + IV4R1312) 

~2(IV2Rl 2 + IV3Rl2 + IV4Rl2), 

where in the second equality we have used the Bianchi identity. So we 
get 

Q.E.D. 

Corollary 4.9. If A is a Yang-Mills connection, then 

for some C. 

Proof. First suppose RA is self-dual. By Weitzenbock formula, we 
have 

for some constant C. On the other hand by Lemma 4.8, we get 
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Combining these we obtain 

!iJRAJl-6 

~- (1 - 8)(1 + 8)IRAl-l-OIVIRAll 2 + (1 - 8)l'v RAl2IRAl 1 - 6 

- CIRAl2-6 

~ - CIRAl 2- 6-

This shows the conclusion in case of self-dual connections. In gen­
eral case, we decompose RA = R! + R-;;_. The above discussion shows 

!iJR!J 1 - 5 ~ -CIRAJIR!J 1- 0 , and !iJR-;;_J1- 5 > -CJRAIJR-;;_J1 - 0 . 

Adding these, we find !iJRAJ1- 5 ~ -CIRAJ 2- 0 • Q.E.D. 

Combining the above differential inequality with the following ana­
lytical lemma, we immediately get the boundedness of RA on B*. 

Lemma 4.10 cf. [BKN, Lemmas 5.8, 5.9]. Suppose positive fun­
ctions f E £ 2 and u E Lq(q > 2) satisfy !iu ~ -Ju on B*. Then u is 
in LP for any p E (1, oo ). If f E Lq (q > 2), then u is bounded on B*. 

For our proof the precise value for 8 is not important. It is sufficient 
to prove Lemma 4.8 for some 8 > 0. But it becomes important when we 
study the decay order of IRA(x)I as Jxl--; oo in the exterior region R4 \B. 
For instance for the Einstein metric we have a better estimate 8 = 2/3 
using more symmetries of the curvature tensor of Einstein metric than 
that of self-dual connection (see [BKN]). Then the decay order becomes 
O(JxJ-6 ), though we have only O(JxJ-4 ) for Yang-Mills connection. 

§4.3. Examples of convergence of Yang-Mills connections 

In this section we shall give examples of convergence of Yang-Mills 
connections. The results in this section were obtained by Doi and Okai 
[DO] and Nitta [Ni2] independently. Other examples of convergence will 
be given in the proof of Theorem 5.9. 

Let L be the tautological quaternionic line bundle on the quater­
nionic projective n-space IP'n(H). We consider E the orthogonal comple­
ment of Lin the trivial bundle IP'n(H) x ~+ 1 . We denote by Ms 2 (E) 
the moduli space of B 2 connections on E. Then we have 

Theorem 4.11 [DO],[Ni2]. The moduli space Ms 2 (E) is isomor­
phic to the space SL(n+l,H)/Sp(n+l). 

When the dimension n = 1, the above theorem was shown by Atiyah, 
Hitchin and Singer [AHS]. 
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The homogeneous space SL(n + 1, H)/ Sp(n + 1) is identified with 
the set of positive definite quaternionic Hermitian matrices 

P = {h E SL(n + 1, H) \th= h, h > O}. 

We can consider a compactification of this set. 

Theorem 4.12 [DO],[Ni2]. A compactification of the moduli space 
Mn 2 (E) is given by 

P = {h E M(n+ l,H) \th= h,h ~ O,h =I= O}/R+. 

Suppose a sequence {hi} c 'P converges to h00 E 'P in the usual 
topology for the homogeneous space. Then the corresponding connec­
tions Ai converges to A 00 outside the set 

where x is a representative of x in Hn+i. Hence we have 

and the equality holds if and only if ranklHI h00 = 1. 

Chapter 5. Existence Theorems for Yang-Mills Connections 

§5.1. Anti-self-dual connections on 4-manifolds 

Existence results of anti-self-dual connections on 4-manifolds which 
are not covered by twister methods were obtained by Taubes [Tal], [Ta2]. 
In this section we shall give the outline of the proof of his results. For 
details the reader should see the original papers. 

We prepare the notation. Let P be a principal SU(2)-bundle over a 
compact oriented connected 4-dimensional Riemannian manifold ( X, g) 
with c2(P) = k. We denote by b+ the dimension of the space Hi(X) 
of closed self-dual 2-forms on (X, g). We take an L2-orthonormal basis 

{wn}!~1 for Hi(X). Let ,r: p+ ---. X denote the orthonormal frame 
bundle associated with the vector bundle of self-dual 2-forms A +(x). 
Each point y E p+ defines a linear isomorphism, also denoted by y 
between A+(x) and R3 • Define the space F(k) by 
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where the permutation group :Ek acts by the interchange of factors. We 
define a map h: F(k) - R3b+ by 

k 

h(p) = (L >.: Yi (wn(xi)) ):~1 for P = (Yi, Ai)i~1, 
i=l 

where Xi = 1r(yi)- Using the map h, we can give a sufficient condition 
for the existence of anti-self-dual connections on P as follows. 

Theorem 5.1 [Ta2] (see also [Do3]). If there exists p E F(k) such 
that 

(1) h(p) = 0, 
(2) dhp:TpF(k) - R3b+ is surjective, 

then there exists an anti-self-dual connection on all principal SU(2)­
bundles P - X with c2 (P) = k. 

As applications of the above theorem, we have a sufficient condi­
tion for the existence of anti-self-dual connections on P under certain 
relations between c2 (P) and b+ 

Theorem 5.2 [Ta2]. If the following relation between c2(P) and 
b+ is satisfied, then there exists irreducible anti-self-dual connection on 
P: 

(1) c2 (P) ~ max(½b+, 1) when b+ =I 2, 
(2) c2(P) ~ 4 when b+ = 2. 

In the following we give an outline of the proof of Theorem 5.1. Fix 
a connection Ao E A(P). Any connection A E A(P) can be written as 
A= Ao+ a: for some a: E Q1 (Ad(P)). Then A is anti-self-dual if and 
only if a: satisfies 

(5.3) 
1 

d+ a:+ -[a:/\ a:]++ R+ = 0 
Ao 2 Ao 

where"+" means the projection to the self-dual part n+(Ad(P)). Since 
the equation (5.3) for a: is not elliptic, we write a: = d.Ao u for u E 

n+(Ad(P)) and replace (5.3) by 

(5.4) d:iadAo U + ~[d.Ao U I\ dAo u]+ + Rt = 0. 

The idea to solve the equation (5.4) is to use the implicit function the­
orem. The elliptic operator d:ia dAo has discrete spectra consisting on 
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nonnegative eigenvalues { ,\;}. If we can take a connection Ao so that 
the certain norm of R1a is sufficiently small in comparison with the 
first eigenvalue ,\ 1 , we can expect to find a connection near Ao which 
is anti-self-dual using the implicit function theorem for the operator de­
fined by the left-hand side of (5.4). We shall construct A0 to be close 
to the trivial connection in a certain sense. For the trivial connection, 
the kernel of d+d*: n+(x)---+ n+(x) corresponds to the space of closed 
self-dual forms. So when b+ = 0, we can use the implicit function theo­
rem directly [Tall, [FU], [Na2]). But if b+ > 0, this proof does not work 
directly. Hence we divide the equation (5.4) into the two equations: 

(5.5) d1adAo u + II~(Ao)( ~[dAo u I\ dAo u]+ +Rt) = 0, 

(5.6) 
1 

IIE(Ao)( 2[dA0 u I\ dA0 u]+ +Rt)= 0, 

where IIE(A 0 ): n+(Ad(P)) ---+ n+(Ad(P)) is the L2-orthogonal projec­
tion to the sum of the eigenspaces of the operator dt dAo for eigenvalues 

less than E > 0, and IIE(Ao)J_ = Id-IIE(A 0 ). If we choose suitably 
E and Ao, the equation (5.5) has a unique solution u in the image of 
IIE(Ao) which is close to 0. Hence the problem is reduced to solving 
the equation (5.6). In order to find a solution of (5.6), we introduce a 
family of connections N parametrized by a finite dimensional manifold. 
When the connection A0 varies in N, the left-hand side of (5.6) defines a 
section of a certain vector bundle over N. Thus the problem is to find a 
zero set of this section. Roughly speaking an element of N corresponds 
to points where the curvature of the connection concentrates and radii 
which represent how concentrates the curvature. 

Recall that on S4 we have a principal SU(2)-bundle Po with c2 (P 0 ) 

= 1 and a family of anti-self-dual connections A>. for ,\ > 0 defined by 

A>.(x) =Im(,\;~ ~=l2 ) for x E S 4 \ { oo} ~ H, 

( ,\2y,dy) 
A>.(Y) = Im 1 + ,\2IYl2 for y = x- 1 E S4 \ {O} ~ H, 

with the transition function x/lxl E Sp(l) on H\ {0}. The curvature of 
A>. is given on H by 

..\2dx I\ dx 
R>.(x) = (..\2 + lxl2)2. 

Let 1r: F(X) ---+ X be the orthonormal frame bundle over X with the 
structure group SO( 4). A point f E F(X) defines an orientation pre-
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serving isometry ( denoted also by /) from R4 to T.,X for x = 1r(f ). 
Composing with the exponential map at x we have a map exp 1 = 
expof:R 4 --+ X for each f E F(X). Let i(X) be the injective radius of 
X. 

Let >.0 = i(;J'. For a positive integer k and >. E (0, >.o), we define 

an open subset N 1(k,).) in It(F(X) x (0,>.)) by the following; z = 
(Ii, Ai)f=1 E N1 ( k, >.) if and only if 

(i) d(z) := mini,ci dist(1r(fi),rr(fi)) > 0, and 

(ii) Ai ~ 614 d2 (z) for each i. 

Fix a cut-off function /3: [0, oo) --+ [0, 1] such that 

(i) f3(r) = 1 on [0, 1], 
(ii) f3(r) = 0 on [2, oo), 

(iii) ld/31 ~ 2, 
(iv) f3 is monotone decreasing. 

For x E R4 and r > 0, set f3r(x) := /3( l:.l ). 
r 

For each z = (Ji, >.i)f=1 E N1 we shall construct a principal SU(2) 
bundle Pz and a connection Az. First for a point x in a small ball 
B 3 .JXi(1r(fi)) we define a map F to S4 by 

F(x) = y 
- /32 ./>., (y) 

where we identify S4 with R4 U { oo }. We pull back the bundle Po --+ S4 

and a connection AA, by the map F on B 3 .JXi(1r(fi)) on each i. Since 
B 3.JXi(1r(fi)) \ B 2.JXi(1r(fi)) is mapped to the north pole of S4, we can 
extend the bundle and the connection to the whole X as the trivial 
bundle and the trivial connection on X \ LJ:=1 B3 .JXi(1r(fi)). We denote 
by Pz and A,. the bundle and the connection respectively. 

Since c2 (Pz) = k for all z, all the bundles Pz are topologically the 
same. We denote this by P. Choosing an identification 9z : P--+ Pz we 
have a map 

ir:N1(k,>.o)--+ A(P)/9(P) 

z f-> [g;(Az)]. 

An orthonormal frame f E F(X) naturally induces an orthonormal 
frame p(f) E F+ for A +(X). This gives the bundle maps P+= F(X) --+ 

F+ and P+= It(F(X) x (0, >-o)) --+ It(F+ x (0, >-o)). It is easy to 



Yang-Mills connections and Einstein-Hermitian metrics 437 

see the map W factors through.N 2 (k,Ao) = p(.N1 (k,Ao)). Obviously a 
permutation of the factors of z = (Ii, Ai)f=1 changes nothing. We denote 
by N(k, Ao) the quotient of .N2(k, Ao) by the permutation group :Ek. 

Now we study properties of the connection Az constructed above. 
First the connection Az is almost anti-self-dual, namely IIR!, IILP is 
small. Secondly we can estimate eigenvalues of d!, d'.A. as follows. Let 
E0 ( X) be the half of the lowest nonzero eigenvalue of d+ d*: n+ ( X) 
-> n+(x). For n = 1, · · ·, b+ and a = 1, 2, 3, we take an orthonor-

mal basis {wn © ua}:~ 1;=1 for Hi(X) © .su(2), where Ua E .su(2) is 
considered as the parallel section of the trivial bundle X x .su(2). By 
the construction of the bundle Pz, u a can also be identified with a section 
of Ad(P) over X \ {1r(fi), · · ·, 1r(fk)}. Then we set 

k 

Wz;n,a := rr(l -(J,/y;; O exp:,;1 )Wn (8) O"a, 

i=l 

which is an Ad(P)-valued 2-forms. The basis {wz;n,a}:~1;=1 is nearly 
orthonormal and satisfies 

for some constant C. If we take A sufficiently smaller than c- 1 E0 (X), 
there exist exactly 3b+ eigenvectors of d!, d'.A. with eigenvalues smaller 

than CA for y = P+(z) E N(k, >.), and the linear subspace spanned by 

{wz;J,a} J;;;1;=1 coincides with Im(Ilc>.(Az)). 
Estimating the R!, carefully, one can show by the implicit function 

theorem technique 

Proposition 5.7 [Ta2, Theorems(3.2),(4.7)]. Fork > 0 and O < 
E ~ E0 (X), there exists O < A = A(E, k) ~ Ao such that for each 
y = P+(z) E N(k, A) there exists a unique solution u = Uz of the equation 
(5.5) which satisfies ITE(Az)(u) = 0 and 

IIVA,d'.'..t,ullL2 + lldA,ullP ~ CoE(Az), 

lldA, uliL2 ~ C(E(Az)IIR!, 11£4/3, 

where C = C(k, E, X), and 

(E(Az) := E-l/ 2 {1 + E + IIR!, llis)112, 

DE(Az) := II Rt 11£2 + (E(Az)JJRA, 11£4/s(l + IJRA, 11£4)-
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Moreover the projection ITE(Az) has the constant rank 3b+ and the image 
. . h. t o3b+ th h { } b+ 3 ZS ZSOmorp ZC O n TOUg Wz;n,a n=l a=l • 

In particular if b+ = 0, Proposition 5.7 implies the existence of an 
anti-self-dual connection on P with c2 (P) = k ~ 1. 

We define the map <I>: N(k, A) -+ R3b+ by 

where image(IIE(Az)) is identified with R3b+ by Proposition 5.7. Then 
P(y) equals to zero if and only if the connection Az is anti-self-dual. 

It is difficult to prove that P has a zero on N(k, A) directly. But 
one can prove that h' = P - h is small in comparison with h. Hence if 
h has a zero and its differential at a zero does not vanish, then we can 
prove that P must have a zero by using the implicit function theorem in 
the finite dimension. In fact, we have [Ta2, Proposition 5.4] 

l<e(y) - h(y)I:;; O(m~Af 12) . 
• 

This estimate can be proved by studying the behavior of Az for P+(z) E 

N(k, A) when A tends to 0. 

§5.2. Einstein-Hermitian connections on stable bundles 

The moduli space M'Jm(P) of irreducible Einstein-Hermitian con­
nections over a Kahler manifold is identified with the moduli space 
of stable holomorphic bundles. Half of this assertion was proved by 
S.Kobayashi [Kbl]; namely that the holomorphic structure associated 
to an irreducible Einstein-Hermitian connection is stable. To prove the 
converse one must solve a nonlinear partial differential equation of ellip­
tic type. Using the continuity method the most essential part is to derive 
estimates under the assumption that the bundle is stable. It was done 
by Uhlenbeck and Yau [UY]. Donaldson [Do4] also proved that when 
the base manifold X is projective. See also [LY] for a generalization to 
non-Kahler manifolds. 

Let ( X, g) be an m-dimensional compact Kahler manifold with 
Kahler form w. We fix a principal U(r)-bundle P, the associated C 00 

vector bundle E and a fiber metric H 1 ( ·, ·) on E. An integrable con­
nection A on E ( see Definition 1. 7) defines a locally free sheaf which is 
denoted by O(E, 8 A). 
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Definition 5.8. We say a locally free sheaf £ is stable (in the 
sense of Mumford-Takemoto) if for every coherent subsheaf F with O < 
rkF < rkE, µ(:F) < µ(E) whereµ is defined by 

µ(F) = _kl f c1 (det:F) Awm- 1 . 
r :F lx 

Similarly £ is semistable if µ(F) ~ µ(£) for all F. An integrable con­
nection A is said to be (semi)stable if the associated locally free sheaf 
CJ(E, 8A) is (semi)stable (respectively). 

Let Ast be the set of all stable integrable connections on P. The 
action of the gauge group 9 = Q(P) on Ast is extended to an action of 
its complexification gc c r( X; End E) by 

- -1 -
8g(A) =g o8Aog, 

8 * 8 *-1 g(A) = g o Ao g 

where g* is the adjoint of g with respect to the metric H 1(·, ·). If g 

preserves H1 (·, · ), namely g E 9, then we have g* = g- 1 and 

Denote by Mst the quotient space Ast/ gc. It parametrizes isomorphism 
classes of stable holomorphic structure on P. The following theorem 
is the formal analog of Proposition 1.15 which is proved in the finite 
dimensional case. 

Theorem 5.9 [Kbl],[Lii],[UY],[Do4]. There is a natural bijective 
correspondence between the moduli space M,t of stable holomorphic 
structures on P, and the moduli space M'1H of irreducible Einstein­
Hermitian connections on P. 

As observed in Chapter 2, the above correspondence is in fact holo­
morphic. The advantage of M°eH is its natural Kahler metric. For 
example one can compute the curvature (see [It3]). 

We shall restrict our concern to the existence of an Einstein-Hermi­
tian connection on gc_orbit of a stable integrable connection. For the 
proof of the converse the reader should see [Kb2]. We shall review the 
proof of Uhlenbeck and Yau [UY]. See their paper for detail. 

Let A be a stable integrable connection on P. We want to find a 
complex gauge transformation g of P such that 

Ki(A) = 0, 
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where Ki(A) is the traceless part of Kg(A), namely Ki(A) = Kg(A) -

>-.(E) Id for some constant >-.(E) depending on the topological structure 
of E. By multiplying a unitary gauge transformation of E, we may 
assume that g is a positive self-adjoint endomorphism. 

Before starting the proof of Theorem 5.9, we explain the identifica­
tion between the quotient space gc /9 and the space 1{ of fiber metrics 
on E. The complex gauge group gc acts on 1{ as follows; for a metric 
H E 1{ and a complex gauge transformation g E gc, a new metric g.H 
is given by 

for v, w EE. 

For two metrics H and H', we take an endomorphism h by 

H'(v, w) = H(hv, w). 

In terms of local trivialization, it is given by h = H- 1 H'. Then H 
and H' are related by H' = h- 1 / 2 .H. Thus the action of gc on 1{ is 
transitive. Therefore 1{ is identified with the quotient space gc / 9 where 
9 is the stabilizer at the fixed metric H 1 E 1{. 

It is more convenient for our purpose to write the equation in terms 
of fiber metrics rather than complex gauge transformations. Fixing a 
metric H 1 , we define an endomorphism K(H) of Eby 

where h = H11H, g = h- 1 / 2 . Then the equation Ki(A) = 0 turns out 
to be 

(5.10) K(H) = 0. 

To solve the equation (5.10), we consider the following equation with 
parameter: 

(5.11) K(H) + t log H 11 H = 0. 

Since the endomorphism h = H11 H is self-adjoint with respect to the 
metric H 1 , we can diagonalize h in the form Li fie; 0 ei. Then log h is 
defined by Li log /i e; © ei. 

Let T = {t E (0, 1] I (5.11) has a solution at t}. First we observe 
that we may assume 1 ET. In fact, by changing the background metric 
H 1 to H'(·,·) = H 1 (expK(H 1 )·,·), the equation (5.11) is rewritten as 

K(H) + tlog(K- 1 H) = K(H) + t log( exp(-K(H 1 ))H 11 H) = 0 
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and this has a solution H = H 1 at t = 1. 
The plan of our proof is as follows. First we shall show that T is 

both open and closed, which implies (0, 1] = T. Next we shall study 
the behavior of the solution Ht of (5.11) as t----> 0. Then we shall prove 
that, if A is a stable integrable connection, Ht converges to H 0 , which 
is a solution of (5.10). In other words, we shall show that, if Ht does 
not converge, there exists a subsheaf of O(E, 8 A) which contradicts the 
stability condition. 

By a conformal change of the metric we may assume that tr(K1) = 
O, where the trace is taken over E (KA is an endomorphism of E). Then 
any solution of (5.11) for each t satisfies det H 11 H = 1. 

Now we prove the openness of T. We define the inner product on 
EndE by 

(f,g) = tr(fg*), 

where g* E r(End E) is the adjoint of g with respect to the metric 
H 1. This inner product induces an LP-norm on the space of sections 
of End E. For p > 2m and j E N, let Wi,P(X; End E) be the Sobolev 
space of endomorphisms on E whose derivatives up to order j are in LP. 
We consider the submanifold if?i,P = {h E wi,P(X;EndE) I his positive 
and self-adjoint with respect to the metric H 1 }. Its tangent space is 
given by wi,P = {11, E wi,P(X; End E) I '¢ is self-adjoint with respect to 
Hi}. We define a smooth map P: [O, 1] x if?2 ,P ----> \[to,p by 

P(t, h) = (K(H1h) + tlog h)h- 1 • 

Suppose that for some t > 0 we have a solution P( t, h) = 0. Then the 
linearization of P at ( t, h) defines a linear elliptic operator 8P. We have 

((8P)'¢1, 1/J2)£2 

= - (trw 8A(h- 18A('¢1 h- 1)h)h- 1, '¢2)£2 + t((8log)h'1/ll · h- 1, '¢2)£2 

= (h-1/2 /h( '1/11 h-1 )hl/2' h-1/2{} A( '!/J2h-l )hl/2) £2 

+ t((8log)h'1/ll · h- 1, '¢2)£2, 

where (8log)h is the differential of log at h. Then a direct calcula­
tion shows that ((8P)·, ·)£2 defines a positive definite symmetric bilinear 
form. This implies that 8P is an isomorphism, and hence T is open. 

Next we prove the closedness of T. This will be proved by a priori 
estimates. Let Ht (a < t < b) be a smooth I-parameter family of 
solutions of (5.11). A direct calculation shows ([UY, Lemma(2.4)]) 

- tr(K1 log ht) ~ (-~O + t) I log htJ2 
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- a2 
where ht = H11 Ht, D = L gaf3 _13• By the maximal principle, we 

a,{3 OZ°'OZ 
have 

(5.12) 
1 

sup I log htl ~ - sup IK11-
x t X 

In particular, if t ~ a > 0, we have a bound of log ht independent of 
t (possible depending on a). By the elliptic estimates [GT, Theorem 
8.17], we also have 

(5.13) sup I log htl ~ C1 (II log hti1L2 + sup IK11) 
X X 

for some constant C1 independent oft. 
By differentiating the equation (5.11) with respect tot, we get 

(5.14) 

where ht= !ht. Put Ot == Ad(h; 112 ) o 8A o Ad(hi 12 ) and 

8t = Ad(hi 12 ) o 8A o Ad(h; 112 ). Then 1/;t := h;112 ht h; 112 satisfies 

Hence 

Dl'I/Jt 12 - 2 tr( 1/;t log ht) 

=l8t'l/Jtl2 + l8tt/Jtl2 + tRetr { (t5log)h,ht(h;-1ht + hth;-1 )} 

> 2 - 2 2> =l8t'l/Jtl + l8tt/Jtl + tl?/Jtl = 0. 

By the elliptic estimates [GT, Theorem 8.17], we have 

(5.15) 

for some constant C2 independent oft. On the other hand, integrating 
(5.14), we get 

(5.16) 
l l8t?/Jtl2 ~ -2 l tr(?/Jtloght) 

~ c £ lt/Jtl2 + c- 1 £ I log hti3 
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for E > 0 which will be specified later. Since O(E, 8A) is simple (i.e. 
End E has no holomorphic sections other than constant multiples of the 
identity), there exists a constant C3 such that 

l 1/12 ~ C3 l IBA/12 

holds for any trace-free section f of End E. We can substitute h-;_-1 kt 
for fin this inequality, since <let ht = 1 implies tr(h-; 1 kt)= 0. Thus 

fx 11Ptl2 = l lh-;1 ktl 2 

~ Ca fx 18A(h-;_-1 kt}l2 =Cal l8t1/ltl2 , 

Taking e = 1/2Ca in (5.16), this inequality together with (5.15) and 
(5.16} gives an estimate 

(5.17) 

provided that 

(5.18) 

for some constant M independent oft > a whenever a > 0. The estimate 
(5.18) gives an upper bound of supx I log htl by (5.13), and then using 
the equation (5.14), we have {[UY, Proposition 3.2]) 

llhtllw2,P ~ Cs{M){llhtllw 2,p + 1) 

for some constant C5 (M) depending on M. Integrating the above in­
equality, we get 

llhtllw2,p ~ C6{M)(llh1 llw2,P + 1) 

for some constant C6 (M). In particular, for t > a > 0 the inequality 
{5.12) yields the estimate of llhtllw2,p independent oft, and hence T is 
closed in {0, 1]. Moreover, even if a = 0, the metric Ht converges to a 
solution of {5.10) as t-+ 0, whenever we have {5.18). 

Now we study the limiting behavior of the solution Ht as t -+ 0. We 
rewrite the equation again in terms of the complex gauge transformation 

9t = h-;112. We find 

{5.19) 
Ki,(A) = tg-;_-1 o log ht o 9t 

= t log ht, 
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since 9t = h; 112 commutes with log ht. By (5.13), we have 

for some constant C7 independent of t. Since 

is a topological invariant independent oft, we also have 

for some C8 • Thus the conditions in Theorem 4.9 are satisfied for the 
sequence of connections {gt(A)}. Hence for any sequence { ti} converging 
to O there exist a subsequence {ti} and a sequence of unitary gauge 
transformations { Uj} such that (giui )(A) converges outside a singular 
set S of finite 2m - 4 dimensional Hausdorff measure, where we write 9i 
for 9t;· We denote by A= the limit integrable connection on X\S. Since 

the endomorphism giui gives a holomorphic section of O(E, 89 ,u,(A))*@ 

O(E, BA), Bochner's formula [Kb2, Chapter 3 (1.8)] shows 

Dl9jUjl 2 ~ - tr(KA9jUj Kg;u;(A)(9jUj)*) 

~ -Cgl9jUjl2 

for some constant C9 independent of j. This implies 

(5.20) 

We take a positive constant ai such that 

Then llai(9jUj)llw1,2 is uniformly bounded, and hence (taking a subse­
quence if necessary) we see that ai (gjUj) converges to an endomorphism 
g of O(E,8A 0J to O(E,8A) over X \ S. Take a compact subset K of 
X\S with vol(X\K) ;;; 2J10 • Then the estimate (5.20) implies 

1 
llaj(9jUj)IIL 2 (K) ~ 2. 

Since the convergence is strong in £ 2 on K, this implies the limit g is a 
nonzero endomorphism. 



Yang-Mills connections and Einstein-Hermitian metrics 445 

We first assume rk(Im g) = r, where the remaining case O < rk(Im g) 
< r will be treated later. Then g gives an isomorphism between 
O(E,8A=) and O(E,8A)- Since I det(a;g;u;)I = a;, this implies that a; 
is bounded from below by a positive constant. Thus we have a uniform 
c0-estimate independent of j both for 9i and g11, and hence log h;. 
Since ti is an arbitrary sequence converging to 0, this means that we 
have the estimate (5.18) uniformly in t. So Ht converges to a solution 
of (5.10), as required. 

Now we assume O < rk(Img) < r. By the sheaf extension theorem 
[Si], the sheaf Img can be extended to a subsheaf of O(E, 8A) on the 
whole X. Then for contradiction, we shall show that µ(Img) ~ µ(E) in 
view of the stability of O(E, 8A)- Since Img is a torsion-free sheaf, it is 
a locally free outside an analytic subset of codimc ~ 2 in X. Hence by 
replacing S if necessary, we may assume that Ker g defines a subbundle 
of E over X \ S. Then as a C 00 -vector bundle, Img is identified with 
Ker 91. CE over X \ S and carries a metric induced by that of E. We 
compute c1 (Im g) via the Chern-Weil formula using this metric. 

S. t ( )* 2 -1 2 mce a;g;u; converges o g, a;g;u; a;g;u; = a;u; 9;Ui converges 
tog* g. The endomorphism g* g does not vanish on Ker 91. = Im(g* ), and 
therefore t; log( aJu,;-1 h;u;) converges to O on Ker 91.. Thus on Ker 91., 

Kg;u;(A) = t;u11 log h;u; 

= t; log( a;u 11 h;u;) - 2t; log a; Id 

converges to c Id for some constant c. By the assumption, a; tends to 0, 
and hence c is nonnegative. We induce respectively connections VKerg 

on Ker g and V Ker 9 .1. on Ker 91. from the connection VA=. We have the 
following expression of the curvature RA=: 

RKer g - /3* I\ {3 8 Af3* 
-8 Af3 RKer g1. - f3 I\ {3* ), 

where {3: Ker g -, Ker 91- is the second fundamental form of Ker g in E, 

namely so that f3e = VA= e - V Ker 9 e for e E r(Ker g ). Since tr(/3 /\ {3*) 
is a positive current, we have 
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This implies 

2m1r l ci(Img) /\w=-I = l tr(KKerg1-)w= 

2:':2m1r-- c1 (E)/\w=-. rkimg I 1 

- r X 

But this contradicts the stability of O(E, BA)- Note that, though 
tr(RKer 9 1-) is only defined outside S, it can be extended on the whole 
X as a current. Because the positive current tr(,6 /\ ,6*) on X \ S can be 
also defined on the whole X by [Ha]. Moreover this procedure does not 
affect the computation, since H 2 (X; R) ~ H 2 (X \ S; R). 

Chapter 6. Vector Bundles over Moduli Spaces 

§6.1. Universal connections 

In this section we shall investigate vector bundles having connec­
tions, called universal bundles and universal connections, over moduli 
spaces. In [Do3] the universal bundles were used to define new invari­
ants which play very important roles in studying the differential topology 
of base manifolds. Here we shall study the universal bundles from a view 
point of differential geometry. 

Let A be the space of all irreducible connections on a G-principal 
bundle P over a compact connected oriented Riemannian manifold (X, g) 
(G is compact and semisimple). Since the stabilizer of each connections 
is the center Z( G) of G, the action of the gauge group y on A induces a 
free action of Yo = y / Z ( G) on A. The slice lemma [FU] states that for 
any connection A E A there is a neighborhood S of O in the kernel of 
dA: n 1 (Ad(P)) _, n°(Ad(P)) being transversal to gauge orbits. Then 
the quotient space 13 = A/ Yo has a natural structure of an infinite di­
mensional differentiable manifold such that A _, 13 is a principal bundle 
with the structure group Yo- The adjoint bundle Ad(A) of A _, B is 
given by A Xg 0 n°(Ad(P)). Moreover we have a natural connection on 
this bundle defined by the splitting of the tangent space at A E A: 

TAA=VA+1iA, 

where VA is the vertical subspace defined by { dA(x I a E n° ( Ad( P))} 
and 1iA is the horizontal subspace defined by {,6 E n 1 (Ad(P)) I dA,6 = 
O}. Its connection form w: TA _, n°(Ad(P)) and the curvature form 
Rw E n 2 (B; Ad(A)) are given as follows (see [It4]): 
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Proposition 6.1. 

w(a) = GA(dA.a), 

Rw(a,/3) = -2GA({a,/3}), 

for a E TAA ~ !11 (Ad(P)), 

for a, /3 E T[A]B ~ 1iA, 

where GA is the Green operator on n°(Ad(P)) and{·,·} is the bilinear 
operation defined by 

{a,/3} = Ll 1[ai,/3 1] 
i,j 

for a= I: aidxi, /3 = I:/3idxi (g;1 is the metric tensor). 

Now we introduce a universal bundle with a natural connection fol­
lowing [AS]. Suppose Z(G) = 1, for simplicity. The gauge group 90 acts 
freely on the product P x A and gives a principal G-bundle 

P = P X g0 A --+ X X B 

by taking a quotient. Its adjoint bundle Ad(IP') is Ad(P) Xg 0 A. The 
space P x A has a natural Riemannian metric invariant under G x g. In 
fact, for (p, A) E P x A we have an inner product on T(p,A)p x A such 
that 

(a) The decomposition T(p,A)p x A= TpP EB TAA is orthogonal, 
(b) The metric on TpP is defined by ones on G and X using the 

decomposition induced from the connection A, 
(c) The restriction to TAA ~ !11 (Ad(P)) is given by the L2-inner 

product. 

This metric descends to a G-invariant metric on P and the orthogonal 
complement to orbits of G defines a uni.versa! connection A on P. This 
connection A can be reformulated by the above connection w on A --+ B 
as follows. Let 71": P --+ X be the projection and ev.,: n°(Ad(P)) --+ 

(Ad(P))., the evaluation map at x. At [p, A] E P = P xg A the connec­
tion form A is given by 

AIT[p,A]p =po ev., o wlTAA + AITpP• 

where x = 7r(p) and p: n°(Ad(P))., --+ g is the differential of the trivi­
alization P., ~ G such that p is mapped to the unit element e E G. A 
direct calculation shows that A is well-defined and coincides with the 
above definition. In particular, the restriction of the connection A to 
X x {[Al} is isomorphic to A. The formulas for the curvature form 
RE n 2 (X x B; Ad(P)) are as follows: 
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Proposition 6.2. At each point (x, [Al) the curvature form R is 
given by 

R(v,w) = RA(v,w), 

R(o:,v) = o:(v), 

R(o:,,B) = -2ev,, GA({o:,,B}) 

for v, w E T,,X, o:, ,BE T[A]B '=='= 1iA, 

where Ad(P)(:.,,[A]) is identified with Ad(P).,. 

The above formulas enable us to compute the Chern class of the 
universal bundle P via the Chern-Weil theory (see [AS] for details). 

Remark 6.3. If X is a Kahler manifold, the connection A is an 
integrable connection when P is restricted to X x MEH· This can be 
proved by showing that the curvature form R is a (1, 1)-form via the 
above formula ([It4]). 

Next we compute the curvature of the moduli space M_ of anti­
self-dual connections. Let X be a 4-dimensional compact Riemannian 
manifold and A be an anti-self-dual connection on a G-principal bundle 
over X. Consider the operator DA defined by 

(For the notation see Chapters 1, 2.) Let .M_ denote the moduli space 
of generic anti-self-dual connections which is a subset of B. The con­
nection w on the Q-principal bundle A --+ B induces a connection, 
denoted by v', on the associated vector bundle (with infinite rank) 

£ = A Xg Q1 (Ad(P)). Since Coker DA = 0 for [A] E .M_, Ker DA 

forms a subbundle of the restriction of£ to .M_. Moreover Ker DA is 
isomorphic to the tangent bundle T .M_. Let v' be the induced connec­
tion on Ker DA and (j be the second fundamental form, namely 

where ~ is a section of Ker DA and o: E '.fiAJ .M_. Then we obtain 

Proposition 6.4. 
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where a o l = ({a,0, [a/\ t]+) E (n° EB n+)(Ad(P)) and GA is the 
Green operator on !11 (Ad(P)). 

Using Propositions 6.1 and 6.4, we can compute the curvature R of 
the connection V 

Proposition 6.5. 

(R(a,f3)l, TJ) = -2([GA({a,f3} ),l], TJ) 

- (GADA(a o l), GADA(/3 o TJ)) + (GADA.(/3 o l), GADA.(a o 17)) 

The above formula coincides with [It3, Theorem 5.1] which is ob­
tained by using the Kuranishi map. 

§6.2. Determinant line bundles 

In [Do2], [Do4] Donaldson defined a functional on the space of her­
mitian metrics on a holomorphic vector bundle in order to prove the 
existence of Einstein-Hermitian metrics on stable bundles. As explained 
in [Do4, § 1] the functional can be viewed as the distortion of the norm on 
the determinant line bundle caused by the action of the complex gauge 
group. Such a norm on the determinant line bundle was introduced 
for Riemann surface by Quillen, in Riemannian geometry by Bismut 
and Freed [BF], and in complex geometry by Bismut, Gillet and Soule 
[BGS]. The distortion of the norm is calculated in [BGS]. In this sec­
tion we shall explain the relation of the determinant line bundle to the 
Donaldson's functional using the result of [BGS]. 

In order to define the Donaldson's functional we recall the notion 
of Bott-Chern forms [BC]. See [Do2] or [BGS] for the proof. Let X be 

a complex manifold. We denote by dx = aX + ax the usual exterior 
differential operator on nt Let P be the subspace of !le spanned 
by forms of type (p,p), p ~ 0 and P' c P the subspace spanned by 

forms represented as aXa. + ax f3 for some C 00 forms a, /3. Let E be 
a C 00 -vector bundle over X and we suppose that E has a holomorphic 
structure 8. Let H be the set of hermitian metrics on E. Each metric 
H E H defines a unique connection A on E such that H is parallel with 
respect to AH and 8AH = 8. (As in §5.2 we fix a holomorphic structure 
and change hermitian metrics instead of changing integrable connections 
on a vector bundle with a fixed hermitian metric.) By the Chern-Weil 
theory the cohomology class of the Chern character ch(E) is represented 
as 

A tr(exp--RH) 
27r 
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where Rs is the curvature form of the connection As. The Bott-Chern 
form ch(H, K) is a double transgression of the Chern character forms. 
In fact, we have the following. 

Proposition 6.6. There exists a map ch: 1i x 1i -----> P / P' which 
is characterized by the following properties: 

(1) ch(H, H) = 0, cb.(H, K) + cb.(K, L) = cb.(H, L), 

(2) If Ht is a smooth family of metrics, then 

d - -1 d A 
-d ch(Ht, K) = - tr(Ht -d Ht exp --Rs,), 

t t 271" 

(3) Rax axch(H,K) = tr(exp J=T Rs)-tr(exp J=T RK), 
27r 27r 27r 

Now we define Donaldson's functional. We assume moreover that 
X is an m-dimensional compact Kahler manifold with the Kahler form 
w. Let Qp(H, K) be the (p-1,p -1)-form component of ch(H, K). We 
set 

F(H, K) = l c1Q1(H, K)wm - c2Q2(H,K) !\ wm-l 

where c1, ca are constants given by 

C1 = l c1(E) !\wm-l, C2 = r l Wm. 

Then Proposition 6.6 implies 

Proposition 6. 7. If Ht is a smooth family of metrics, then 

where Ks, is the Einstein-Hermitian tensor of A s ,. In particular, H 
is a critical point of F( ·, K) if and only if the integrable connection As 
associated with H is an Einstein-Hermitian connection. 

Suppose that the Kahler manifold X is moreover a projective alge­
braic manifold with an ample line bundle L -----> X. We fix a metric on L 
with c1.1rvature -21rJ=Tw where w is the Kahler form on X. Then for­
mally the double transgression of the Chern character forms associated 
with the virtual vector bundle 
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is given by 

(6.8) 

Here for a negative integer m and a vector bundle V, EBmV means 
-(EB-mV). Remark that c1 and c2 are integers in this case. 

Now we change the viewpoint and fix a hermitian metric H on E 
and move integrable connections. Let A(l,l) be the space of integrable 
connections on a hermitian vector bundle (E, H) over X. Then A(l,l) 

(rigorously we must take a certain open subset to avoid the possible 
singularities) is a complex submanifold of A ~ n1(Ad(E)) and has a 
Kahler form 

(We remark that this differs from the Kahler form defined in Chapter 
2 in the multiple by a positive constant.) Let p 2 :A(l,l) x X - X be 
the projection to the second factor. The universal bundle IE = pi(E) 
over A(l,l) x X has the tautological connection A which is trivial in the 
A(l,l) directions and equal to p;(A) on {A} x X. As in §6.1 we have the 
formulas for curvature form !Fil E S12 (A x X; Ad(E)) as follows: 

(6.9) { 
!Fil(v, w) = RA(v, w) 

!Fil(o:,v) = o:(v) 

!Fil(o:,,8) = 0 

for v, w E T,,X, 

for o: E TAA( 1 ,ll, v E T,,X, 

for o:, ,8 E T AA, 

where TAA(l,l) is considered as a subspace of S11 (Ad(E)) in the second 
identity. 

For each A E A( 1,1 ) we have an elliptic complex 

We denote by Hi the i-th cohomology group of the above complex. 
Then we consider the determinant line: 

Bismut and Freed [BF] (see also [BGS]) showed that LA forms a line 
bundle as A varies and defined a metric and connection on it using the 
zeta function regularization. (It is not at all obvious that ,CA forms a 
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line bundle since the dimensions of H~ may change as A varies.) The 
curvature form of the Bismut-Freed connection is given by 

{ }
{2) 

21rJ=l l ch(E)Td(X) , 

where (·)(2) means the 2-form component. This is a refinement of the 
index theorem for families since the cohomology class of the above form 
is negative of the first Chern class of the index bundle. Moreover the 
determinant line bundle .C is a holomorphic line bundle over A{1,1). 

We now use the construction of Bismut and Freed to get a line 
bundle whose curvature form gives the Kahler form non A{1,1). 

Proposition 6.10. The curvature of the Bismut-Freed connection 
on the determinant line bundle P of the virtual bundle 

F = Elf2 ((E E9 E*) 0 (L - L*)m-l) EB-c, (E 0 (L - L*)m) 

is given by -21rJ=ln where n is the Kahler form of A(1,1). 

Proof. The curvature of Bismut-Freed connection on P is given by 

21rJ=l (l ch(F)Td(X)) (
2
) 

=2m1rJ=l (l C2C1 (L)m-l (ch(E) + ch(E*) Td(X))) (
2
) 

- zm+1c11rJ=l (l c1(L)mch(E)Td(X)) (
2
) 

=2m C27r A ( r wm-1 tr( AR/\ AR)) (2) 

ix 27r 21r 

- zm+1c11rJ=l (l wmtr(~R)) (
2

) 

By the curvature formula (6.9) the second term vanishes and 

for a, j3 ET A{l,l). Hence the curvature form of Pis given by -21rJ=ln. 
Q.E.D. 
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Since the gauge group (J acts on the bundle E and hence on F, 
the action on A( 1 ,1) has a lift to P. For I E Lie(()) = n°(Ad(E)) we 
decompose the associated vector field 7 on P into the horizontal part 
and vertical part with respect to the Bismut-Freed connection: 

Then by Proposition 1.14 the map µ given by 

µ:A(l,l) --+ Lie(())* ~ n 2m(Ad(E)) 

(,,µ(A))= µ(,,l) for 1r(O = A 

is a moment map for the action on the symplectic manifold (A(l,l), n). 
As in §5.2 we complexify the action of the gauge group to get the 

action of the complex gauge group gc on A(l,l) as 

!'.l • !'.l •-1 
Ug(A) = g OVA O g , 

where g* is the adjoint of g with respect to the fiber metric on E. The 
action of 9c on A(l,l) also has a lift to an action on P, then we introduce 
a function M: A(I,l) x 9c --+ R measuring the distortion of the norm in 
P caused by (Jc (see §1.4): 

for g E (Jc,A = 1r(l) E A(l,l)_ 

Then we have a formula 

dd I M(A, exp(t/=I,)) = -21r(,, µ(A)) 
t t=O 

for I E (}. Under the identification of gc /(} with the space 1i of hermi­
tian metrics the complex gauge transformation g E 9c corresponds to 
the metric 

H'(l,rJ) = H(g-Il,g-lrJ). 

The effect on the norm of the determinant line bundle caused by the 
change of the hermitian metric is calculated in [BGS, III, Theorem 1.23] 
and given by 

M(A,g) = l cb.1\H,H')TdX 

= _zm l (c1Q1(H,H')wm - c2Q2(H,H') /\ wm-l) 

= -zmF(H,H') = zmF(H',H), 
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where we have used the identity (6.8). Hence we have 

(,,µ(A))= _ _!:_ dd I M(A, exp(tJ=I 1)) 
27r t t=O 

2m-l d I = --- - F(Ht,H) 
7r dt t=O 

2m-21 = -- 2 tr (')'(c2KA - 2m1rc1 Id)) wm, 
m1r X 

where H 1 is the metric corresponding to the complex gauge transforma­
tion exp(tJ=I 1 ). This implies that 

which coincides with the moment map defined in §1.4 up to the multiple 
of a positive constant. 
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