Advanced Studies in Pure Mathematics 18-II, 1990
Kaihler Metrics and Moduli Spaces
pp- 85-103

On Tangent Sheaves of Minimal Varieties

Ken-ichi Sugiyama

In this chapter, we shall study the tangent sheaves of minimal vari-
eties, especially concentrating on the stability and an inequality between
Chern numbers of the sheaves. To begin with, we shall recall the history
of inequality between Chern numbers of minimal varieties.

Van de Ven [V] recognized, for the first time, the inequality ¢;(S)* <
8¢2(S) for a surface of general type S. And he also conjectured that a
surface of general type S should satisfy the inequality c;(S)? < 3ca(S).
Later, Bogomolov and Gieseker ([Bo], [G]) proved an inequality between
Chern numbers:

a(E) <

()
for an H-semistable vector bundle with rank r on a projective surface
S, where H is an ample divisor on S. Also Bogomolov obtained an
inequality c;(S)? < 4ca(S) for a surface of general type S. Afterward
Miyaoka [Mi-1] finally proved Van de Ven’s conjecture.

On the other hand, by virtue of Mumford-Mehta-Ramanathan’s re-
sults ([M-R]), one can easily see that, for an H-semistable vector bundle
with rank r on an n dimensional non-singular projective variety M, the
following inequality holds:

(0.1) {r=)er(B) - 20e3(B) } - H™* <0,

Related to this, Liibke [Lii] proved

(0.2) /M{(r — e (E) - 2re3(B)} A 8™ 2 < 0

for an Einstein-Hermitian vector bundle {F,h} over an n dimensional
Kahler manifold (M, $). Now one may ask the relation between stability
of vector bundles and Einstein-Hermitian metric. In fact, S. Kobayashi
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conjectured a ®-semistable vector bundle on a compact Kahler manifold
(M, @) should admit an Einstein-Hermitian metric. (The converse is
rather easy. See [Ko-S].) This conjecture was first solved by Donaldson
[D] under the additional assumption that M is projective. Later on, Yau
and Uhlenbeck [U-Y] completely solved the conjecture.

Now we go back to the tangent sheaves of varieties. In 1977-1978,
Aubin and Yau ([A], [Y]) proved that an n dimensional compact Kéhler
manifold M whose Ricci curvature is negative admits an Einstein-Kdhler
metric w. Therefore in particular, one has the inequality (0.2) for
the tangent vector bundle of (M,w). Combining Guggenheimer-Chen-
Ogiue’s results ([Ch-O]), Yau obtained a stronger inequality, so called
Miyaoka-Yau’s inequality:

(03) (=1 {ney(M)* —2(n+ Dea(M) } - x (M) <0,

Moreover he showed that the equality in (0.3) holds if and only if M
is covered by the unit ball in C™. Note that, when n = 2, this is nothing
but Miyaoka’s inequality. (Although Yau’s result requires the stronger
assumtion. )

In algebraic geometry, there is a very important class of varieties, so-
called minimal varieties of general type.(See Section 1 for the definition.)
All projective varieties whose canonical divisor is ample are contained
in this class. So it is desirable to obtain Miyaoka-Yau’s inequality for
any minimal variety of general type. And it will be very interesting to
study the structure of the varieties when the equality holds. Now we
want pose an conjecture which we shall discuss in this chapter.

Conjecture 0.4. Let M be an n dimensional minimal variety of

general type and

N—”—bM

its desingularization. Then
{nei(N)? —2(n+1)cy(N)} - u* K(M)" 2 <0,

where K(M) is the canonical divisor of M. Moreover if the equality
holds, the regular part M:eg should be locally isometric to the unit ball
in C™.

Related to this conjecture, many people obtained partial results. In
fact, in [Mi-2], for a minimal surface of general type S, Miyaoka showed
that if ¢;(S)? = 3¢a(S), K is ample. Therefore, combining Yau’s result
cited above, we obtain the desired results. Also, in [Mi-4], he obtained
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a refinement of the inequality. On the other hand, using the notion of
bounded geometry, R. Kobayashi [Ko-R] proved such an inequality and
he also characterized a quotient of the 2-dimensional unit ball in terms
of Chern numbers, which generalize, Yau’s results in the surface case.
Tsuji [Ts-1] showed that a non-singular minimal variety of general type
admits singular Einstein-Kéhler metrics. Later on Bando-R. Kobayashi
[B-K], and the author [Sg] independently refined Tsuji’s results. In fact,
the existence of singular Einstein-K&hler metrics on minimal varieties of
general type was proved (see Section 2). One may expect that, using
these results, it will be possible to obtain stability and Miyaoka-Yau
type inequality of Chern numbers as before. But since our metrics have
singularities, there are still difficulties to be overcome. In [Ts-2], Tsuji
proved Miyaoka-Yau type inequality and weak stability for non-singular
minimal varieties.

Enoki [E] also got weak stability of tangent sheaves of minimal
Kdhler spaces. In [Mi-3], Miyaoka initiated a new notion B-semistability
and in order to obtain an inequality of Chern numbers for strictly min-
imal varieties different from Conjecture 0.4. Very recently, Tsuji [Ts-3]
showed the same inequality as Theorem 4.1 by an analytic method. We
shall prove Theorem 4.1 by a geometric method which uses stability of
a tangent sheaf of minimal varieties.

The contents of this chapter is as follows. In Section 1, we shall
explain terminologies and notations which will be used later. In Section
2, we shall show the existence of singular Einstein-K&hler metrics on
minimal varieties of general type, while Section 3 is devoted to overview
Enoki’s results mentioned above. In Section 4, using the results of Sec-
tion 3, we shall show an inequality of Bogomolov-Gieseker type for min-
imal varieties of general type. In Section 5, we shall give an example of
minimal varieties whose tangent sheaf is stable.

Although this chapter is written as survey, it contains some results
which have not appeared in literature. Complete proofs for these results
are given in [Sg| contained in this volume.

§1. Terminologies

Following [K-M-M], we shall explain terminologies of algebraic ge-
ometry. Let M be an n dimensional projective variety. For simplicity,
we always assume M is normal. We begin with the following notations.

Zp—1(M) := the group of Weil divisors, i.e. the free abelian group
generated by prime divisors on M.

Div(M) := the group of Cartier divisors on M.
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Pic(M) := the group of line bundles on M.

Note that we have a natural homomorphism Div(M) — Pic(M). Take
a compact curve C' on M. For D in Pic(M), we define the intersection
number (D - C) := degs(f* D), where f : C — C is the normalization
of C. An element of Z,_;(M) ® Q (resp. Div(M) ® Q ) is called a
Q-divisor (resp. Q-Cartier divisor). D in Div(M) ® Q is called nef if
(D - C) > 0 for any effective curve C.

Fact 1.1 (Kleiman’s criterion for ampleness). Let X be a projec-
tive variety. Then H in Pic(X) is ample if and only if there ezists a
positive number € such that (H - C) > € || C ||a for any effective curve
C, where || C || a is the volume of C with respect to an ample divisor A
on X.

Therefore if D in Div(M) ® Q is nef, D + €A is Q-ample for any
positive rational number ¢ and for any ample divisor A. Here H in
Div(M) ® Q is called Q-ample if mH becomes ample for a positive
integer m.

Definition 1.2. The canonical divisor Kpr on M is an element of
Zn—1(M) such that Op, (Km) = Qfy  , where M. is the regular
part of M. M is called Q-Gorenstein if the canonical divisor Kps is a
Q-Cartier divisor, i.e. if Op(rKjr) becomes invertible for some r in N.

Definition 1.3. M is said to have only canonical (resp. terminal)
singulariries if the following two conditions are satisfied.
(1) M is Q-Gorenstein
(2) there exists a desingularization p : N—M such that Ky =
p*Kp+ Y a;F; for a; € Q with a; > 0 (resp, a; > 0) for all ¢
where the E; vary among all the prime divisors which are exceptional
with respect to u.

When dimM = 2, M has only canonical (resp. terminal) singular-
ities if and only if M has only rational double or non-singular points
(resp. non-singular points).

Definition 1.4. Assume that M has only canonical singularities.
M is called minimal variety if Kpr is nef. Moreover if M has only
terminal singularities, M is called a strictly minimal variety.

Definition 1.5. We define the Kodaira dimension k(M) of M to
be k(M) := k(K ) where N is a desingularization of M. The canonical



On Tangent Sheaves of Minimal Varieties 89

ring of M is defined to be R(M) := R(N) := @,-_, H*(N,On(mKy)).
Then
trans.degc R(M) — 1, if R(M) #C

—00, otherwise.

k(M) := {
M is said to be of general type if k(M) = dimM = n.

Note that, for any two non-singular projective varieties Ny and N;
birational to each other, the canonical rings R(N;) and R(N,) are iso-
morphic, and therefore Kodaira dimension of M is well defined, i.e.
k(M) is independent of choice of desingularizations. We shall often use
the following two facts.

Fact 1.6 ([K-M-M, Corollary 0-3-5]). Let M be a minimal variety
of general type. Then there exists an effective Q-divisor Dy such that
Kpr — 6Dg is Q-ample for all § in Q with 0 < § < 1.

Fact 1.7 ([K-M-M, Corollary 3-3-2]). Let M be a minimal variety
of general type. Then its canonical ring R(M) is a finitely generated
algebra over C. Thus the canonical model Mcay := ProjR(M) of M ez-
i5t5. RimKcy |t M — Mcan for m > 0 gives the canonical morphism onto
M_.n which in the case of dimM = 2, it is nothing but the contraction of
(—2)-curves. Moreover it is well-known that Mcay is a normal projective
variety with only canonical singularities and its canonical divisor Ky,
s ample.

§2. Construction of degenerate Einstein-Kéhler metrics

In this section, we shall construct degenerate Einstein-K&hler met-
rics on canonical varieties. Let M be an n dimensional compact projec-
tive algebraic manifold and E = ), E; effective divisors on M. Assume
that the following condition is satisfied.

Assumption 2.1. There ezist positive numbers a; (1 < ¢ < N)
so that Kpr — ZilaiEg s ample.

Let h; be a Hermitian fibre metric of the line bundle [E;]. Then,

by the assumption (2.1), a C* d-closed real (1.1)-form wg in 2wcy (Kpr)
exists on M such that

N _
WR — Zizla“/—laa log h;
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is positive definite everywhere on M. From [Y], there exists a Kéihler
metric G on M such that /~1831logdet G = wg and therefore

wq := v/ —1091logdet G — Z,N:IGN —18dlogh;

is positive definite everywhere on M. Let s; be the non-zero holomorphic
section of [E;] whose the divisor is just F;. Now we consider the equation:

N
det[G(a);j + w5l = [[ Il s: 3 e* det G

i=1

where
we = V=130;;Gla)5dz A dzj,

and
U5 1= 31'8;.

Let ¢ be a C™ solution of (2.2) on M\U;E;. Then it is easy to see
that @, := w, + v/~108¢ is an Einstein-Kihler metric on M\U;FE;. In
order to solve the equation the equation above, we consider the following
perturbed equation:

N
(22)  det[G(a); +uaz) = [[(1 si Iy, +8)** e det G

i=1

It is known by Yau (for instance, see [Y, Theorem 4]) that the equation
(2.2) always has the unique C'*™ solution ¢s for any positive number 4.
We shall show that a subsequence of {¢s}s>¢ converges to a C* function
on M\U; E; with respect to certain norm as é goes to 0. Firstly, we shall
obtain a lower bound for ¢s;. In what follows, C; always denotes a
positive number which depends only on {a;}. Let fix a positive number
§ and z¢ a point of M such that ¢s(zo) = infar #s. From the definition
of ¢s, we have

det(G(a)i3)(20)< det(G(a)iz + b5.i5)(0)

2

= 1L I, +8)7% (z0)ef (o) det G(xo)-

1

I\

Therefore, we see

N

¢5(z0) 2 Log{ T T (Il si |15, +6)7* (zo) det(G (a))(zo)/ det G(w0)}

i=1

> —Ch.
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Hence we have the following lemma.
Lemma 2.3. For any 0 < § < 1, we have infpr ¢p5> — Cy.

Next we shall obtain an upper bound for ¢s. We set

(2.4) Y5 = g5 + leai log | s |l -

Then 95 is a C* function on M\U;E; which is bounded above, and
s is —o0 on U; F;. Since, on M\U; E;,

G(a);; + ¢5.5; = 0:0; logdet G + 9.3,

we have
N
det(0;0; log det G + v5.;5) = H(H si |5, +6)* || s ||_2“ ¥s det G.
i=1

Now fix 0 < § < 1, and choose yo so that ¥5(yo) = sup,, ¥s. Since
V—108015(y0) <0, we get

det(d;8;1og det G)(yo)
> det(a-a—»log det G + 95.45)(v0)

Hus,uh +0)" |

Hence sup,, 95 <C; for a certain positive number C;. Now, from (2.4),
we have

8i I52% (yo)e¥*(¥o)det G(yo).

Lemma 2.5. ¢s<C; — Zilailog | si ||, for any 0 <§<1.

Note that
log || s: I}, € L' (M, G(a)). .

By (2.3) and (2.5), we have
/ |ps|dVa(a) < Cs
M

for a certain positive number (3. On the other hand, since

WG(a) \/—185(]5,5
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is a Kéhler form on M, we have A¢s+n > 0, where A is the normalized

Laplacian of G(a). Let G(z,y) be the Green’s kernel function of A
under the Neumann’s condition, and set

~ 1
= ——— dV, .
@5 1= @5 Voo (M) /M #5dVG(a)

Choose a positive number C4 so that G(z,y)+ Cy > 0 on M xM. Then

o~

Bs(x) = — /M (e, 9)A%(y)dVe a)
. /M{G<x,y> L C ARV )
< n‘/J‘M{G(J:’y) + C4}dVG(a).

Hence we obtain the following lemma.

Lemma 2.6. There exists a positive number Cy such that

supps < Cs for any 0< <1
M

Now, following Yau’s argument, we obtain the second order estimate
for (}55.

Lemma 2.7. There exists a positive number Cg depending only
on {a;} such that

| @5 llc2a) < Co

and that
N
Ca I si a8 < &5 < Cog,
i=1
where
gg:i}' = G(a);; + P55
and where

gﬁ- = G(a),;.

Now use [G-T, Theorem 17.14] and regularity theorem for elliptic
operators, we finally obtain the following theorem.
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Theorem 2.8. There exists a unique
¢ € COO(M \ U,’E,’) n CZ_Q(M)
such that, on M\ U;E;, wa-++/—108¢ is a Kdhler form and that satisfies

det(G(a); + ¢.;3) = H | s HZ“’ e?detG.

Moreover {¢.;;} are bounded.

Corollary 2.9. There exists a d-closed real positive current of type

(1'1)7

N
ﬁ & Cl(KM — Za,-E
i=1
such that (M \ U;E;) is a C* Binstein-KGhler metric and that

lim det¥(z) = 0.

z—U; B;

Next, we shall give examples which satisfy the assumption (2.1).

Example 2.10. Let X be a canonical variety i.e. X is a minimal
variety whose canonical divisor is ample. And let p : Y — X be a
Hironaka’s desingularization. By the definition, the canonical divisor
Ky of Y is expressed as Ky = p*Kx + >, ai;E;, where the E; varies
all exceptional divisors for u, and a; is a non-negative rational number.
It is well-known that there exist positive rational numbers ¢; such that
p*Kx — Y .(a; + 8c;)E; is ample for any sufficiently small §. Then, by
(2.9), we get an Einstein-K&hler metric ws for any § on X,.,.

Example 2.11. Let X be a nonsingular minimal variety of general
type. Then, by (1.7), there exists an effective divisor Eq such that
Kx — aFE, is ample for any sufficiently small positive rational number
a. Therefore, by (2.9) again, we obtain a C*° Einstein-Ké&hler metric on
X\ Es.

It is not so hard to see that, in the example (2.10), there exists
Hermitian fibre metric h; of E; and that there exists a Kihler metric g
on Y such that

V/—1801ogdet g — 3" (a; + 6c;)/~183 log h;
is positive definite everywhere for any 0 < § < 1. Now repeating the

previous arguments (although we need some modifications), we obtain
the following theorem.
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Theorem 2.12([B-K],[Sg]). In Ezample 2.10, the Einstein-Kdhler
metrics {ws} converge to a Einstein-Kdhler metric wy which is C* on
Xreg- Moreover wy defines a d-closed positive (1.1)-current by the integral

<UJO,(P> = / wo N
Y

for a C*® (n—1.n—1)-form ¢, and wy is a representative of c; (p* Kx)
as a current.

§3. Stability for tangent sheaves of minimal varieties

In the present section, we shall overview Enoki’s results which states
the tangent sheaves of minimal varieties are stable in some sence. We
begin with the definition of stability. Let X be a non-singular projective
variety with dimension n and £ be a torsion-free coherent sheaf on X.
Let H be an ample divisor on X. £ is said to be H-semistable if, for
any coherent subsheaf S of £, the inequality of the first Chern class

1
e e(S) H < —— ¢y (€) - H

(3.1) < %@

holds. Here rk denotes the rank of a sheaf. One can generalize the

definition of stability for a nef divisor. Let D be a nef divisor. £ is said

to be D-semistable if an inequality
1

(3.2) ——c(S) D" <

rk(S) a(8)- D

1
rk(€)
holds arbitrary coherent subsheaf & of £&. Now, Enoki’s result is as
follows.

Theorem 3.3 ([E, Theorem 1.1]). Let X be an n dimensional
minimal variety and p :' Y — X a desingularization of X. Then the
tangent sheaf Ty of Y is p*Kx -semistable.

Remark 3.4. In his paper, Enoki proved the theorem in much more
general situation. But for the later purpose, it is only enough in this
form.

We give an outline of the proof of Theorem 3.3. Let & be a Kahler
form on Y. By the definition, we have Ky = pu*Kx + Y, a; E; where a;
is a nonnegative rational number and F; is an exceptional divisor for u.
We write L = 3 ;0;E; and L = aLy with Ly is an effective divisor and



On Tangent Sheaves of Minimal Varieties 95

a > 0. Fix a hermitian metric || - ||* and a holomorphic section s of [Ly]
which defines the divisor Ly. For each € > 0, define

Y(L,e€) := +/—180log || s ||2* —/—18dlog(]| s ||? +e€)°.

For real (1.1)-forms ¢ and ¢ we mean by ¢ < 9 that ¢ — 9 is negative
semidefinite everywhere. We need two lemmas.

Lemma 3.5 ([E, Lemma 3.1]). ~(L,¢) < x®, where x. > 0 is
uniformly bounded and x. — 0 in L'-sence as ¢ — 0.

Lemma 3.6 ([E, Lemma 3.2]). For each ¢ and t, there is a Kdhler
form ¥(e,t) on'Y with the following properties:

(1) (e, t) —t® represents 2mey (p*Kar) and

V~1Ric(¥(e,t)) = —¥(¢,t) — y(L,€) + t

(2) ¥(e,t) remains bounded on'Y as € — 0 whenevert is fived.

Let S be a coherent subsheaf of the tangent sheaf 7y with r :=
rank(S) > 0. Then S defines a holomorphic subbundle SC7y outside
the analytic subset W(S) of Y. Using Lemma 3.5, Lemma 3.6, Gauss-
Codazzi’s equation and the arguments of [Ko-S, (6.14) in p.23], and of
[Ko-S, p.172-p.182], we have

2
2T [ ol (S) A B(e, ) <—/ er(Ty) A B(e, )"~
.

Y
- = —)/ ®AT(e, )"
1 n—1
+ = 7(-[” 6) A \I’(E,t)
nJy
+ l/ xe® A T(e, )" !
TJy

By Lemma 3.5 and (2) of Lemma 3.6, the last term tends to 0 as ¢
goes to 0 ; the other terms are independent of ¢ ( they depend only on
cohomology classes of ® and ¥(e,t) ). On the other hand, since

/ Y(L,€) A (e, )"~ Za1 ;) 2n(p Kx +t3)"~
Y

and since E;’s are exceptional, fi, ¥(L,e) A ¥(e,t)" ! goesto 0 ast — 0.
Now let t — 0, and we complete the proof.
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84. An inequality between Chern numbers

In the present section, we shall give an outline of a proof of an
inequality between Chern numbers of a minimal variety of general type.
Our main theorem is as follows. For details, see [Sg].

Theorem 4.1. Let M be an n dimensional compact minimal va-
riety of general type, and p: N — M an arbitrary resolution. Then we
have an inequality between Chern numbers:

{(n —1)e1 (Tw)? — 2nca(Tw)} - (0" Kpr)™ 2 < 0.

Theorem 4.1 and [Mi-3, Theorem 6.6] imply the following result.

Corollary 4.2. Let M be an n dimensional compact minimal va-
riety which is smooth in codimension 2. Then, for an arbitrary desin-
qularization u : N — M, we have the same inequality between Chern
numbers of N as in Theorem 4.1.

Remark 4.3. When p* K is cohomologous to zero, one can obtain
a stronger result. Namely let M be an n dimensional compact minimal
variety and g : N — M a desingularization. Assume that p*(Kpz) is
cohomologous to zero. Then we get

{(n = 1)e1(Tw)? = 2nea(Tw)} - (w*H)* 2 < 0.
for any ample divisor H on M.

In order to prove Theorem 4.1, we consider a more general situation.
Let M be an n dimensional compact Q-Gorenstein projective variety and
4 : N — M a birational morphism from an n dimensional non-singular
projective variety NV to M. Let E be a holomorphic vector bundle of
rank r on NV, and H an ample divisor on M. Assume that E is p*H-
semistable. Then we obtain the following proposition.

Proposition 4.4. We have an inequality between Chern numbers
of E
{(r —1)ey(BE)? = 2rcy(B)} - (w*H)* 2 <0.

Now Theorem 4.1 follows from Theorem 3.1 and Proposition 4.4.

Proof of Theorem 4.1. By Fact 1.8, for a sufficiently large integer
m, there exist an n dimensional compact projective variety Z with only
canonical singularities such that Kz is ample, and a proper birational
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morphism & : M — Z defined by the linear system |mK |, which
satisfies Ky = ®*(Kz). We consider the commutative diagram:

identity
_
Ll
$
M — Z

By definition of minimal projective variety, we have
Ky=p'Ky+ Y 0B

for non-negative rational numbers a;, where E; is exceptional for u.
Therefore

Ky =9"Ky -{-Za,’Ei,

and by Theorem 3.1, Ty is ¥*(K z)-semistable. Hence, by Proposition
4.4, we obtain

{(n - 1)er(Tw)? = 2nea(Tw)} - (¥*Kz)" "2 < 0.
Note that ¥*(Kz) = p*(K ), and we finish the proof. Q.E.D.
In the rest of this section, we shall give an outline of the proof of
Proposotion 4.4. See [Sg] for details.
Lemma 4.5. The torsion free sheaf p.E is H-semistable.

Combining Lemma 4.5 and [Mi-3, Theorem 2.5 and Corollary 3.6.
(see also Remark 2.6)], we have the following proposition.

Proposition 4.6 (see also [Mi-3, Lemma 4.1]). For sufficently
large integers mi,...,my—1, let choose a general smooth complete in-
tersection curve C of |m;H| ’s so that C C M \ M;, where M; is an
analytic subset of M with codimension 2 such that p is biholomorphic
on N\ p~}(M;). We set

C:=ptc(=0).
Then for any divisor with deg D > 0, we have

H(C,Sym"™ E(~tc;(E) — D))
= H°(C,Sym™ E*(~tc;(E*) - D)) =0



98 K. Sugiyama

for every positive integer t. Here Sym denotes the symmetric tensorial
power.

For sufficiently large integers my,...,m,_;, choose a general com-
plete intersection surface X of |m;H|’s so that X N M is a set of finite
points and that S := p~'X is a compact smooth surface.

Lemma 4.7. For any non-zero effective divisor D, we have

H°(S,Sym™ E(~tc;(E) — D))
= H%(S,Sym™ E*(~tc;(E*) — D)) =0

for every positive integer t.

Lemma 4.8. Let things be as in Proposition 4.7 and L a fized
Cartier divisor. Then the dimension

B°(C,Sym™ E(—tc;(E) + L))

and
RY(C,Sym™ E*(~tc;(E*) + L))

are bounded by a polynomial of degree r — 1 in t.
Proposition 4.9. The dimensions
h%(S,Sym™ E(~tc,(E))

and
h°(S,Sym™ E*(—tci(E*) + Ks))

are bounded by a polynomial of degree r — 1.
Proof. Consider the exact sequence
0 — H(S,Sym™ E(—tc;(E) — C))
—s HY(S,Sym™ E(—tc,(E)))
— H%(C,Sym" E(—tc;(E))).

Then, by Lemma 4.7 and Lemma 4.8, we obtain the first statement. On
the other hand, since

Ks=p"Kx + ZaiEi
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where FE; is the exceptional divisor of g [s: S — X, and since
C N (U;E;) = ¢ for a sufficiently general member C of | m;H |’s,

Sym™ E*(~tc (E*) + Ks — C) |5
= Sym™ E*(—tci(E*) + p*(Kx —miH)) | & -

Let choose a positive integer m; so that m;H — K x is ample. Then, by
Proposition 4.6 and Lemma 4.7, we get

H(S,Sym™ E*(~tci(E*) + Ks — C)) = 0.
Now consider the exact sequence

0 —s H°(S,Sym™ E*(~tc,(E*) + Ks — C))
— H°(S,Sym™ E*(—tci(E*) + K5s))
—s HY(C,Sym™ E*(—~tc;(E*) 4+ K5)).

Then, by Lemma 4.8, we obtain the second statement Q.E.D.

Now Proposition 4.4 easily follows from the argument of [Mi-3, The-
orem 4.3] which uses Riemann-Roch theorem.

85. A criterion for stability

Let M be an n dimensional compact projective algebraic variety
with only canonical singularities whose canonical divisor K is ample,
and g : N — M a Hironaka’s resolution of singularities. Then, by
Enoki’s results, the tangent sheaf Ty of N is u* K pr-semistable and it is
easy to see that 7y admits the unique filtration of coherent sheaves

0=8CS& C --C& =1y

such that S;/8;_; is a torsion free sheaf of positive rank, u* K s-stable
and that

1 1
2) - *K n—1 - = T - *K n—1
”—'rk(si){cl(s ) (0 Eum)" 7} = —{e(Tw) - (0" Km)" 77}
for any . We call such a filtration as p* K pr-stable filtration of Tyy. Using
the same argument as in Section 3, we can prove the following theorem.
Note that we sometimes consider the regular part M., of M as an open
subset of N via g. For proofs of the following results, see [Sg].
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Theorem 5.1. M., admits a C* Einstein-Kdhler metric ¥ and
there exists a holomorphic vector bundle S; on M.y such that

(8i/Si-1)u., = O(Si)
and that T)V orthogonally decomposes
IN=851® -85,

on M,., with respect to 4. Moreover, for any point T of M., there
exists an open neighborhoodU of x such that (U,%) is isometric to the
direct product of Einstein-Kdhler manifolds

(U,7) = (U1, 71) % - -+ x (U, ¥e)-

Here U; 1s a complez submanifold of U characterized by Ty, = S;|v, and
¥i = 4|U;.

Next we shall give an example of a projective variety M with
desingularization p : N — M whose tangent sheaf Ty is p* K s-stable.

Let (B,w) be an n dimensional complete simply connected K&hler
manifold with Ricw = —w and we assume that

Isom({B,w) := {all biholomorphic maps which preserves w}

acts B transitively. Let I" be a discrete subgroup of Isom(B,w) and we
assume that I" satisfies the following condition.

Condition 5.2. The quotient variety M := B/T" is compact. And
let Iy := {y € I'|y(z) = z}. Then cardinality of I'y is finite.

It is easy to see that (5.2) implies the following lemma.

Lemma 5.3. Let Fr:= {x € I'|y(z) =z for certain v #1id €
I'}. Then, for any element « of Fr, there exists an open neighborhood
U of z and a nowhere vanishing holomorphic n form ny on U which is
I'; -invariant.

From (5.3), it follows codimFr > 2, and M has only canonical
singularities. Moreover M is a V-manifold and K s is ample. Let y be a
point of the singularities of M and z € 7—*(y) where 7 : B — M be the
natural projection. We choose an open neighborhood W of z so small
that there exists a I -invariant holomorphic n form nyw on W and we
set V:= (W), nv := m.qw. Let p: N — M be a Hironaka’s resolution
of singularities. Since g*ny is square integrable, p*ny can be extended
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to a holomorphic n form on x~!'(V) and we denote it u*ny again (for
instance, see [L]). Since

Ky =p"Ky+ ZaiEi

for certain non-negative integers a;, u*ny vanishies along the exceptional
divisor E; with order a;. We denote > ;0:E; = aF for certain non-
negative rational number a and for a non-zero effective divisor E. Let s
be the section of [E] whose divisor is E. Then we have

W =f s[5 2"

on M..,. Here we denote m,w by w again and f is a C* function on
M, satisfying
cl<f<c

for a positive number C. Let wj be the Einstein-K&hler metric which we
have constructed in Section 2. Then we have the following proposition.

Proposition 5.4. wy =w on M.
Combining (5.1) and (5.4), we obtain the following result.

Corollary 5.5. If Ty is not u*Kpr-stable, (B,w) is isometric to
the direct product

(B,w) = (By,w1) X -+ x (Bg,wy)

where t < 2. Therefore, in particular, if (B,w) is irreducible, Ty is
w* K pr-stable.

Remark 5.6. About the uniqueness, we can obtain more general
statement as follows. Let (M,w) be an n dimensional compact Kahler

V-manifold with Ricw = —w. Then wy = w.
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