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§0. Introduction

Let N be a connected compact Kéahler manifold, and Aut(N) the
group of holomorphic automorphisms of N. Then if ¢;(N)g < 0 or
c1(N)r = 0, the celebrated solution of Calabi’s conjecture by Aubin [2]
and Yau [19] asserts that N always admits an Einstein-K&hler metric.
In the case ¢;(V)g > 0, however, the existence problem is still open,
and moreover a couple of obstructions to the existence are known. For
instance, Futaki [7] introduced a complex Lie algebra homomorphism
Fy: HY(N,O(TN)) — C such that

(1) Fy =0 if N admits an Einstein-Kahler metric;
(2) Fny #0 for N in a fairly large family of compact Kahler mani-
folds (see also Koiso and Sakane [15]).

The purpose of this note is to give a systematic study of the ob-
struction Fiy from a viewpoint of symplectic geometry. For instance, we
relate it to the theorem of stationary phase of Duistermaat and Heckman
[4], [5]. Another key to our approach is the following (cf. §6):

Theorem 0.1. For any unipotent subgroup of Aut(N), the cor-
responding nilpotent Lie subalgebra of HO(N,O(T'N)) sits in the kernel
of Fy. Hence, if Fiy # 0, then N admits a nontrivial biregular action
of the algebraic group G,, (= C* as a complez Lie group).

Recall in particular that this theorem implies the identity

(0.2) P(g) = |det ¢(g)|” for all g € Aut(N),
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where ¥: Aut(N) — Ry, ¢: Aut{N) — GL¢(V) and v € Q are just
the same as in [10], so that v is 2- (L +n)~? or (1 + n)~! according as
the (complex) dimension n of N is even or odd. Moreover, taking the
infinitesimal form of (0.2), we obtain the identity Fy = v (detog¢). on
HO(N,O(TN)).

This note consists of rather independent seven sections including
the first two introductory ones, and was written as an addendum to
the preceding joint work [10] with A. Futaki. The author wishes to
thank him and also Professor S. Kobayashi for valuable suggestions and
encouragement.

§1. Notation and conventions

1.1. Throughout this note, we fix an n-dimensional complex con-
nected manifold X. Let |0*|? be the multiplicative sheaf over X arising
from the presheaf

U —{|f*; fe H(U,0%)}

with open subsets U of X. Then H(U,|0*|?) = {p € C®(U)g; ¢ >
0 and 8logp = 0}, where C®(U)R denotes the set of all real-valued
C* functions on U. Let Z be the set of all real d-closed C* (1,1)-forms
on X, and B the space of all /~180y with ¢ € C°(X)g. Put

HY'(X,R) := Z/B,

and by abuse of terminology, we say that w,w’ € Z are cohomologous, if
w — w' € B. Note that the following isomorphism is more or less known
(which I learned from Enoki and Tsunoda):

(1.1.1) H“Y'(X,R) = H'(X,0"/S%) (= H(X,|0**)).

By introducing somewhat new objects such as £, down below, we shall
here give a differential geometric treatment of this isomorphism. Let
¢ be an element of H*(X,|0*|?) represented by a Cech 1-cocycle {¢i;}
with respect to a sufficiently fine Stein cover X = U;c;U; . We then
have the corresponding R-line bundle £, over X such that the restriction
Ly, of L, over each U; is identified with U; x R by

U; xRz ['ClU;; (z,8) & s-e,

where e; is a local C base for L, over U; satisfying e;(z) = (;j(z) e;(z),
z € U;NUj. Let L7 be the dual R-line bundle over X. Then a C* section
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h of EE over X is called a norm for L, if h; :=< h,e; > is positive on
U; for each i € I. Note that any norm h for L¢ is locally written as
h;e; on U;, and the local data {h;};c; are characterized by the property
h; = (;; - h;. We now define the first Chern form ¢;(L;, h) for £, with
respect to h by
/—1 _
Cl(ﬁc, h) = 788 IOg h,’.

Then, given (, the (1,1)-form ¢;(L¢, h) is easily shown to define a com-
mon cohomology class in H**(X, R) (denoted by ¢; (L)) for all h. Con-
versely, for any real d-closed C* (1,1)-form w on X, we can write

/1.
wy, = ——00logh,, 1€l
|U: 27

for some h; € C*°(U;)r with h; > 0. Then by setting {(w);; := h;/h;,
we have an element ((w) = {{(w);;} of H*(X,|O0*|?), depending only on
w, such that {h;},c; form a norm h for the R-line bundle L¢(wy With

(1.1.2) W = CI(L{(w),h)-

Moreover, ((w;) = {(w2) whenever w; and w, are cohomologous. Hence,
denoting by [w] the cohomology class in H''(X,R) represented by w,
we have the inverse

(1.1.3) HY (X, R) - HY(X,10"),  [w] = ((w)

of the mapping: H*(X,|0*|%?) 3 ( — c1(L¢) € HY(X,R). This then
gives the isomorphism (1.1.1).

1.2. By a log-harmonic R-line bundle over X, we mean a C* R-line
bundle £ over X written in the form £ = £, for some ( € H*(X,|0*|?).
Now, let p: £L — X, p': L" — X be arbitrary log-harmonic R-line bun-
dles over X. Then by abuse of terminology, a diffeomorphism g: £ — £’
is called log-harmonic, if the following conditions are satisfied:

(1) There exists a holomorphic automorphism § of X such that the
identity § o p = p’ o g holds.

(2) For each z € X, the restriction gj,-1(z): p~'(z) — p~1(gz) is
an R-linear isomorphism.

(3) g(ei)/e} € H(5(U:) N U, |0%?), foralli,j €I,
where {e;} (resp. {e}}) are the local bases for £ (resp. L) as
defined in 1.1.
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Furthermore, £ and £’ are said to be equivalent (denoted by £ ~ L'),
if there exists a log-harmonic diffeomorphism g: £ — L’ such that the
corresponding automorphism § of X is idx. By setting

Picg(X) := {all log-harmonic R-line bundles over X}/~,
we have (see (1.1.1), (1.1.2), (1.1.3) above):
HY'(X,R) 2 HY(X,|0*?) 2 Picg(X),  [w] < ((w) < [L¢w))s

where [L¢(.)] € Picr(X) is the class represented by L¢(,). For a log-
harmonic line bundle £ over X, let Z, denote the set of all real d-closed
C* (1,1)-forms on X in the cohomology class ¢;(£). We then set

H/ : the set of all norms for £,

8¢ :={w € Z;; w is nowhere degenerate },

ESe = {w € S;v/—1081log(w™) = rw for some 7 € R},
EK, :={w € ES¢; w is a Kéhler form }

where elements of £S5, (resp. £K) are called Einstein symplectic (resp.
FEinstein-Kdhler) forms on X. Note that, in view of (1.1.2), the mapping

H, - Z,, h — ¢;(L,h),

is surjective. Moreover, for elements h;, hy in H, the identity ¢; (£, h;)
= ¢1(L,hy) holds if and only if hy /hy € H°(X,|0*|?). Hence, when-
ever X is compact, h is uniquely determined by ¢; (L, h) up to constant
multiple. Finally, a positive real C*® (n,n)-form Q on X is called an
Einstein volume form if (v/—1881log Q)™ = rQ for some r € R. We put

€ : the set of all Einstein volume forms on X.

Obviously, £ is nonempty if there exists a log-harmonic line bundle £
over X with £S5, # ¢.

1.3. Let X = U;cr U; be a sufficiently fine Stein cover, and L a
holomorphic line bundle over X with transition functions 6;; (i,j € I).
To this L, we can naturally associate the Cech cohomology class {6;;} €
HY(X,0%). Put ¢ := {|6;;*} € H(X,|0*|?), and denote by Lg the
corresponding R-line bundle £; over X. Let H be the set of all C*
Hermitian (fibre) metrics of L over X, and for each h € Hy, let ¢1(L, h)
be the first Chern form for L with respect to . We then have the map

ordg: L — L, £ ordg(f) :=¢-£
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such that, for each h € H,, there exists a unique norm (denoted by hg)
for Lg satisfying the following conditions:

(1) h(L,£) = hr(ordgr(f)) (= hr(£- 1)), te L.

(2) The mapping Hr 3 h— hg € Hp, is a bijection.

(3) c1(L,h) = c1(Lr, hr).

If L = K%', then we have a natural identification of H with the space
of volume forms on X. Moreover, in this case, the cohomology class
a((Kx')r) € HVY(X,R) will be denoted simply by ¢; (X)g.

1.4. From now on, until the end of this note, we fix an arbitrary
log-harmonic R-line bundle £ over X with Sy # ¢. Consider more-
over a complex Lie subgroup G of the group Aut(X) of holomorphic
automorphisms of X such that the natural G-action on X lifts to a
quasi-holomorphic G-action on £, where an action of G on L is said to
be quasi-holomorphic, if the following conditions are satisfied:

(1) Each element g of G induces a log-harmonic diffeomorphism of
the R-line bundle £ (cf. 1.2).

(2) Let {e;;i € I} be the local bases for £ as defined in 1.1. Then
for each ¢,j € I, the functions g(e;)/e; (g € G) are, wherever
defined, written in the form |w;;;4|* for some holomorphic func-
tions w;j;4 (9 € G) depending holomorphically on g.

In this note, we fix such a lifting once for all, and look at the left G-action
GxH, - Hg, (g,h) — g-h:=(g7!)*h,

where ((g71)*h)(£) := h(g~! - £) for all £ € L. Let g be the complex Lie
subalgebra of H°(X,O(T X)) associated with G in Aut(X). For each
Y € g, we define the corresponding real vector field Yr on X by

Vr:=Y+.

Let J be the complex structure of X, and put Great := {Vr;Y € g}
Then by sending V € g to VR € @rear, we have the complex Lie algebra
isomorphism (g, v/—1) = (great, J) with ¥ = 2(Vr — v/—1J - Vr). Now
for each (V,h) € grear x H, we define a C* section Vh for £* by
Vh :

(exp(tV))*h ( (exp(~tV)) - h).

Zatzl) zatzo

Denote by £ ®g C the complex line bundle on X obtained as the com-
plexification of £. Note then that

(1.4.1) Yhi= (Ve ~ V71T Yr)h,
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is a global C'* section for LQrC. If X is compact, we can further define
a C-linear map Tz p: g — C by

(142) Tgyh(y) = ‘/;(h_l(yh) Cl(ﬁ,h)n, Ye g.

Then by (1.4.1), the corresponding real and imaginary parts are written
in the form
1

5 /X b~ (Ygh) c1 (£, h)™,

v

2 Jx

Re(Ten(Y)) =

Im(Tzn(Y)) = h™Y((J - Yr)h) e (L, h)".

Now, just by the same argument as in Donaldson [3; Proposition 6] (see
also [17; Appendix A] ), both Re(T; ) and Im(7T,n) (and therefore
T, n) are independent of the choice of h in H;. (Hence, T, p is often
denoted by T,.) We later study this independence from quite different
viewpoints (cf. §5).

1.5. In this note, by IV, we always denote a compact complex con-
nected manifold with a holomorphic line bundle L over it. Here in 1.5,
we further set X = N, and assume that £ is quantized by L, i.e.,

(1) £ =L, and
(2) the natural G-action on X lifts to a holomorphic bundle ac-
tion on L in such a way that the mapping ordg: L — L is
G-equivariant.
Then by (3) of 1.3, the identity (1.4.2) and its real part are written in
the form

TC,hR(y):/ hﬂl(yh)cl(l’vh)n7

N

Re(Tepa(V) = 5 [ A7 0A) ex(L )" = ()u(9),

for all h € Hy and Y € g, where (¢1).: g — R is the Lie algebra homo-
morphism defined in [10; §1]. We now assume that £ is anticanonically
quantized, i.e., L is quantized by the anticanonical line bundle L = K ;,1
on which G acts naturally. Throughout this note, we denote such £ by
A (i.e., A:= (K5")g). Then for each w € Sy (cf. 1.2), let Fy,: g — C
be the C-linear map defined by

Fro(Y) = /N Vfu) o™,
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where f,, € C°(N)g is such that

V=180 log(w™) — 27w = /—185f,,.

Note that, for w as above, there exists an element h of H 1 (unique up to
constant multiple) such that ¢;(L,h) = w. Then by the same argument
as in Futaki and Morita [12; Proposition 2.3] (see also [17; Appendix
Al]), we obtain:

(1.5.1) Tane(Y) = Fnuw(Y), YVEeg.

Since Ty = T'4,n does not depend on the choice of h in H 4 (cf. 1.4),
the identity (1.5.1) implies that Fy ,, is also independent of the choice
of win S4. Hence, Fy, is often written as Fy (which is nothing but
the one in the introduction). Thus, Fy = T4 if S4 # ¢ (where Ty is
defined even when S4 = ¢, though Fy is not). Later, we shall give a
nontrivial example of an Einstein non-Kéahler symplectic form (cf. § 3),
and show the following slight generalization of a theorem of Futaki [7]:

Theorem 1.6. The C-linear map T4 (= Fn): g — Cis a complez
Lie algebra homomorphism, i.e., T4 vanishes on [g, g]. Moreover, if £
is nonempty, then T 4 = 0.

This theorem, of course, includes the important case G = Aut(NV), and
is valid even for the case where S 4 is empty (though in our actual proof
for the former half of 1.6, we assume S4 # ¢ for simplicity).

§2. Poisson brackets for complex manifolds

Throughout this section, we fix an element w of S (cf. 1.4) and
write it locally in the form

VI

B
W= ﬁzlga dz® N d2P,

with a system (2, 2%, ..., 2™) of holomorphic local coordinates on X. Let
C>(X)c (resp. C*°(X)r) be the set of all complex-valued (resp. real-
valued) C*° functions on X. Then for this w, we can define the associated
Poisson bracket [, ]: C®°(X)c x C®(X)c — C®(X)c by

[0, 9] = > P (9t — 0a¥a), @9 € C(X)c,
a,B=1
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where (g#*) is the inverse matrix of (g,5) and

Yo i= 2 i D0
o 1= aza,cpa iR

In this section, we shall give a natural realization of g as a complex Lie
subalgebra of C*®(X)¢, which will later turn out to play a crucial role
in our approach. Now, to each ¥ € C*(X)c, associate complex C'*°
vector fields Vy and Wy on X by

n _a 8
Wy 1= — Z ¢ 1/’5@,
a,B=1
V,p = W¢ - W—?/):

We first recall the following classical fact:

Fact 2.1. /—-1C*®(X)g is a Lie subalgebra of C=(X)c. More-
over, for any ¢, ¥, n € C*(X)¢c, we have:

(1) Ve Vgl = Vi and [0, 9] = Vo1

(2) If X is compact, then fX[go,z/J] nw" = fx o [, n] W™

Let p be the space of all functions ¢ € C*°(X)¢ such that Wy is holo-
morphic on X. Then by comparing the holomorphic (1,0)-components
of [V, Vy| and Vi, 4, we immediately obtain:

Corollary 2.2. [Wy,, Wy| = Wi,y for all o, € p, e, pisa
complex Lie subalgebra of C°(X)c and the C-linear map: p 3 ¢ —
Wy € HY(X,0(T X)) is a complez Lie algebra homomorphism.

Now, choose a norm h € H for £ such that ¢;(£,h) = w (cf. 1.2).
(Note that such an h is unique up to constant multiple if X is compact.)
Moreover, to each Y € g, we associate the function £u(Y) := h™'(Yh) €
C>®(X)¢. Then by setting § := Image(£y), we have:

Theorem 2.3. (1) We,(yy =Y for all Y € g. In particular, § is
a subset of p. (2) The C-linear map &n: @ — § 1s a complex Lie algebra
isomorphism.

Proof. (1) Take a sufficiently fine Stein cover X = U;cr U; of X.
Fixing an arbitrary ¢ € I, we express ) on U; in the form:

e 3]
= v v Ocrr.
vy gzla 57 (a7 € H°(U;, 0)),
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where (2!, 2%, ..., 2™) is a system of holomorphic local coordinates on U;.
Let e; be the local base for £ over U; as defined in 1.1, and write h as
h;e} on U; for some h; € C®(U;)r. An infinitesimal form of (2) of 1.4
yields
u:=—(Ve;)/e; € H'(U;, 0).

Moreover by ¢;(£,h) = w, we have (logh;),; = —g,5 for all § and 7.
Since & (YY) = Y(logh;) + u, it now follows that:

Sa 9
W&.(J’) = — Z gﬂ (a7(10gh,’)7 + u)g —8—;&—

a,B,y
_ fa, v 9 _
——ZQ a (loghi)yﬁ—a_a_y'
a,B,y z

(2) In view of (1) above, it suffices to show [£n (D), n(D2)] = En([D1, V2])
for all Y1, Y, € g. For simplicity, we put {1 := &n(V1) and (o := £n(Dh).
Then by Y1h = (;h and Y, h = (;h, we have:

En([V1, Y2))h = [V1,h]h = Y1 ((h) — Vo (Gih) = (D1(2 — DeGi)h.
This together with (1) above yields
En([V1, M2]) = NiGa — Valo = Wi, (G2) = We, (G1) = G, G,
as Tequired. QED.
Remark 2.4. Note that the kernel of the mapping
W:p - HY(X,0(TX)), W,

is exactly H°(X,0) (= C if X is compact). Suppose now that X is
compact and that w is a K&hler form. Then the Albanese mapax: X —
AIb(X) of X naturally induces the Lie group homomorphism

ax: Aut’(X) — Aut’(Alb(X))(= Alb(X)),

where Aut’(-) denotes the identity component of Aut(-). Let Py be the
kernel of this homomorphism ax, and Py the associated Lie subalgebra
of HY(X,O(TX)). Then P, has a natural structure of a linear algebraic
group (cf. Fujiki [6]), and by a theorem of Lichnerowicz [16], the image
of the mapping W is exactly po. Hence,

Po = p/Ker W=p/C.
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Remark 2.5. In the case where £ is anticanonically quantized with
X = N, the Lie algebra homomorphism ¢, was first observed by Futaki
(through a definition quite different from ours) in the earlier version of
[7] (see [11; 3.1]), though his original argument was later replaced by the
new one in [7]. In this particular sense, our approach here is regarded as
a natural generalization of forgotten Futaki’s original approach to our
log-harmonic bundle cases.

§3. Factorization of the character T, 1

For a fixed symplectic form w in Sz, we choose an element h of
H, such that ¢;(£,h) = w (cf. 1.2). In this section, assuming X to
be compact, we shall express T as a composite of two Lie algebra
homomorphisms and then prove Theorem 1.6. A nontrivial example of
an Einstein non-Kihler symplectic form will also be given (cf. 3.3).

3.1. We here regard C as an abelian one-dimensional complex Lie
algebra. Let A, : C°(X)¢c — C be the C-linear map defined by

Ao(p) = /X pu™,  peC®(X)e,

and we endow C*°(X)c with the natural structure of a complex Lie
algebra coming from the Poisson bracket defined in §2. Then A, is a
complex Lie algebra homomorphism, i.e., A, vanishes on the commuta-
tor subalgebra of C*°(X)c, since by (2) of Fact 2.1 applied to = 1, the
identity [, [p,%]w™ =0 holds for all ¢,% € C®(X)c. Now for Y € g,

Ao(n(P)) = Au(h™H(Yh)) = Ten(Y)  (cf. (1.4.2)),
and hence we have:

Theorem 3.2. T, n = Ayon, and in particular, Tz n is a complez
Lie algebra homomorphism.

Until the end of this section, we set X = N, and assume moreover
that £ is anticanonically quantized (cf. 1.5). Then £ = A, L = K;,l,
and we can naturally regard each Q € £ (cf. 1.2) as an element, denoted
by hq, of Hy, via

ha(€,0) = £ < Q, (V-1)"ULAL>, 0#4££cL,

where <, > denotes the ordinary contraction of forms by vectors, and
the plus or minus sign is chosen in such a way that the right-hand side
is always positive. We shall now prove Theorem 1.6:
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Proof of 1.6. In view of 3.2, it suffices to show the latter half of
1.6. (For this latter half, our proof down below goes through even if

Sa=¢.) Let @ € £. Then there exists an r € R such that
rQ = (v/=1081og(Q))™ = (2mc1 (L, ha))™.

Now, for any Y € g, we denote by Y the complex Lie derivative (d o
iy +iyod)Q (= d(iyQ)) of Q with respect to the holomorphic vector
field Y. Then, in view of 1.5, we have:

TA(Y) = /

N
r

:W/Nm:@/b,d(iym:o‘

ha3'(Vha) er(L, ha)" = /N {(9)/9} &1(L, ho)"

Q.E.D.

Remark 3.3. The result of Koiso and Sakane [15] on the existence
of non-homogeneous Einstein-Kahler metrics is true also for the Einstein
symplectic case. In fact, in the definition of “tight pair” in [17; p.731],
replace the condition (2) by

“w is an Einstein symplectic form satisfying v/—198log(w™) = w”,

and moreover, in place of the assumption “Y is a Fano manifold” in [17;
Theorem 10.3], we assume the following:

(1) (c1(W)+tei(Lq))¢[W] # 0 whenever —n" <t < n'.
(2) e1(Y)™[Do] # 0 # c1(Y)™>[Dy), where my = dime Dy and
Moo = dimg Des.

Then [17; Theorem 10.3] is valid if we further replace (b) in that theorem
by “Y admits an Einstein symplectic form”. For instance, let Cy be an
irreducible nonsingular projective algebraic curve (defined over C) of
genus go = 2 and take an ample holomorphic line bundle Ly over Cp
satisfying K¢, = L(;@(2g0—-2)’ so that ¢;(Lo) generates H?(Cy,Z). We
then put W := Cy X Cy, and let p: Ly — W be the holomorphic line
bundle pr;i LE* ® pryL®~* over W (1 < k < 29y — 3), where pr;: Cp X
Co — Cj denotes the natural projection to the ¢-th factor. Now, take
the Einstein-K&hler form (associated with the Poincaré metric) wp on
Cy in the cohomology class —2mc; (Co)r. Then w := —(priwy +priwp) is
an Einstein symplectic form satisfying v/—180logw = w. Note that wp
is naturally regarded as a Hermitian (fibre) metric for the line bundle
Kaﬂl. Hence, we have a natural Hermitian metric h for Ly such that



350 T. Mabuchi

R®(2=290) coincides with wy. We now define p : Ly — R by p(£) :=
€]l klfe"||* for any £ = £'®* @ £"®* in the fibre (L1)(5,y) of Ly over
(z,y) € Co x Cy with &' € (Lg), and £ € (Lg)y — {0}. Let Y be the
projective bundle P(E*) := (F minus zero-section)/C*, where E is the
rank 2 vector bundle Oy @ L; over W obtained as the direct sum of the
trivial line bundle Oy and L;. Now for simplicity, put & := k/(2g0 — 2).
Since
1

/:t(cl(W) +ter(Le)) dt = e (W)W /_lt(l — k24%)dt =0,

we have Fy = 0. Hence there exists an Einstein symplectic form on Y.
Actually, let ®(t) be the polynomial

t
B(t) = ~/ 5 (1 — K*s?) ds, -1<t<1,
-1

and define a C* function A = A(p) in p by

p* = exp {—/OA d(t)~1(1 - n2t2)dt} .

Then 1 := v/~18(A(p)) p~%(p*w)? A8p A 8p on L; extends to a volume
form on Y, and it is easily checked that /—108logn is an Einstein
non-Kiahler symplectic form on Y.

Remark 3.4. Letusset X = N, G = Aut(N), and consider the case
where £ is anticanonically quantized. Assume further that w € EKg,
i.e., w is an Einstein-K&hler form in the class ¢;(X)r. We then express
w just as in §2, using holomorphic local coordinates, and put:

n _ 82
— Be
= aﬁzzlg 922078

Let Kerc(Ll, +1) (resp. Ker,;g(Cl, + 1)) be the space of all functions ¢
in C®(N)¢ (resp. v/—1C°°(N)R) such that (I, + 1) = 0. Note that
in our case, we have £ = (K")g, § = H°(N,O(T'N)), and moreover w
is naturally regarded as an element (denoted by h(w)) of H,. Now, the
well-known Matsushima’s theorem [18] asserts that:
(1) {We; ¢ € Kerg(Ll, + 1)} = g (cf. §2);
(2) {We; ¢ € Kerjg(l, + 1)} coincides with the C-vector space
£ (C g) of all Killing vector fields on the Einstein-Ké&hler mani-
fold (N, w).
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By 1.6 and 3.2, this can be stated in the following slightly stronger form:
én(w)(Kerg(Uo +1)) = g and &n(w)(Kerg(Ll, +1)) = E.

In view of the identity A, (Kerc(U, + 1)) = {0}, this expression has the
advantage that, for v € EK. as above, the vanishing of Fy is quite nat-
urally understood (see for instance Futaki [8] for similar observations).
We can now summarize Matsushima’s theorem and the vanishing of Fy
for w € EK just in the following one commutative diagram:

4 — H°(N,O(TN))
Q_{J,Eh(w) O El&h(u)
Ker;g(Cl, +1) — Kerg(Ol +1).

§4. The moment map

Let w € 8¢, and choose an element h of H, such that ¢;(£,h) = w.
We then define the moment map uf’h: X — g* associated with the
quasi-holomorphic G-action (cf. 1.4) on £ by

(hgn(@)Q) = (Ea)(2), z€X,

where g* denotes the space of C-linear functionals on g. Note that, in
our definition of uﬁh, there is no ambiguity of translations even if G is
not semisimple. Let g’ be a (possibly real) Lie subalgebra of g and G’ be
the corresponding connected Lie subgroup of G. If ¢’ is a complex Lie
subalgebra of g, then we again have the moment map uf,’h: X - g*

associated with the natural quasi-holomorphic G’-action on £. For the
remaining case where g’ is not a complex Lie subalgebra, we can still
define pg,,h as follows. In this case, let g’* be the space of all C-linear

functionals on {g'}c, where {g'}c denotes the complex Lie subalgebra
of g spanned by g'. We then put p%  :=p'opul, (= 'u'fg'}c,h)’ where
p': g* — g'* is the natural projection induced by g’ — g. Then, in any
case, it is easy to check

(1) (K&a(e)g.gn(92))(Ad(9)Y) = (ug n(2))(Y)

forallge G,ze X,Yeg.
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Remark 4.1. Suppose G’ is such that ¢'-h = h for all ¢’ € G’ (and
this condition is satisfied if both X and G’ are compact and G’ preserves
the symplectic form w). Then, in view of (1.4.1), we have the inclusion
¢n(g) C V—1C>®(X)r. Now by (1) above, u% ;: X — /-1gg is
G'-equivariant, where gg denotes the space of R-linear functionals on
g’ endowed with the natural coadjoint G'-action. Hence, in this case,
our uf‘:,’h is nothing but the ordinary moment map (c¢f. Guillemin and

Sternberg [14]).

Definition 4.2. Recall that the (n,n)-form w™ is naturally regarded
as a signed measure on X, where either w™ or —w" is a positive measure.
If uf, is proper, then the push-forward (u%,).(w™) of the measure

w™ by uf’h is a well-defined signed measure on g*, and is called the
Duistermaat-Heckman’s measure associated with the moment map ugﬁ’h.
Note that (p% ), )«(w™) is zero outside the closure of the image of pZ, .
If X is compact, then we denote by 6. 4 n € g* the barycenter

Jeew X {Bgn)+ (@™} (x) (_ Jeeor X {lpgn)(@™)}Hx) )
Jor (g n)a(wm) - (e (£)"X])

of the Duistermaat-Heckman’s measure (4%, ).(w™). Now, we shall show
the following (cf. [17]; see also Futaki [9]):

Theorem 4.3. Suppose X is compact. Then we have the identity

fc,60 = (c1(L)*[X]) ™ T¢ n, and in particular for any (possibly real) Lie
subalgebras g1, g2 of g with g1 C ga,

02,00(Y) (= (1 (L) X)) ' Tew(Y)) = bc,5,m(Y)  forallY € g,

i, P12(0c,9.,0) = Oc,6,,n, where p12: g5 — g denotes the natural
projection induced by g1 C ga.

Proof. Tt suffices to show fng‘ X {(uﬁh)*(w")}(x) =Trn. Let
Y € g. Then this required identity follows immediately from

[ X0 w0 = [ ata@)en
x€g* X

- /X En(Y) ™ = Te (D).

Q.ED.
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§5. (C*)"-actions and the theorem of stationary phase

In this section, we consider the case where X is compact with G =
(C*)" for some 0 < r € Z. Let K (= (S!)") be the maximal compact
subgroup of G, and ¥ the corresponding Lie subalgebra of g. Moreover,
by S¥, HE, we denote the set of all K-invariant elements in S¢, H,
respectively. Then for any w € 5 , there exists an h € HX, unique
up to constant multiple, such that cl(C,h) = w. The purpose of this
section is to obtain, as a corollary of the theorem of stationary phase,
the independence of T 1, on the choice of h in HX (cf. Remark 5.3).

Let X< be the fixed point set of the G-action on X, and write X
as a union U?_, X; of the connected components. Recall the classical
fact (due to Atiyah, Guillemin and Sternberg) that the image of the
moment map uﬁh: X — /=18, is the convex hull of the finite set
uﬁh(XG) (see for instance [13]). Now, the isotropy representation of G
along each X; induces a natural infinitesimal action of g on the normal
bundle (denoted by E;) of X; in X. In particular, F; splits into a direct
sum of holomorphic vector subbundles (possibly with n; = 1):

Ei:@jEij: JI=L4L2,...,n

to which we can associate nontrivial characters x;; € g* such that every
Y € g acts on E;; as scalar multiplication by +/—1x;;()’). Choose a
K-invariant Hermitian connection for each E;; and let §);; be the corre-
sponding curvature form. Then the theorem of stationary phase asserts
that (cf. Duistermaat and Heckman [4], [5], Atiyah and Bott [1}):

Fact 5.1. Let Y € t be such that xi;(V) # 0 for any i and j.
Moreover, put ¢; = [[;<, det {(2mv/=1)7"(Qu; + x4;(V)idg,;) }- Then

< ﬂﬁh’y >\ wm _ a < ﬁ"eﬁ,h,y > _1
exp| ———| — = exp | ——=—— ] ¢; " exp(w).
x 27 n! — Jx. 27

We now observe that H°(X;,|0*|?) = C*. Moreover, the restriction
L; of £ to X; admits a natural bundle action of G induced from £. We
then have real Lie group homomorphisms

kit G — Ry, i=1,2,...,p,

such that every g € G acts on £; as scalar multiplication by «;(g). Let
(£i)+: Grear (=2 g) — R be the corresponding Lie algebra homomorphism.



354 T. Mabuchi
Then for any z € X;, Y € £ and h € HX
{h7'(Yh)}(z) = —{h YR — V=17 - Yr)h}(2) = ;v ~1(k:)(J - YR),

where the left-hand side is nothing but (ufh(a;))(y) Hence, for each i,
the image uf’h(Xi) is a single point independent of h. We now choose

a general R-basis {}1,),..., Y-} for € such that x;;(Zr_jax Vi) # 0
for any i, j when 0 # (a1,4as,...,a,) € Z". Further, define a system
(v1,92,---,yr) of real linear coordinates on /—1&g by

yr(n) =< (2m/=1)"1n, Vi >, n € V-1t
We then have the following consequence of Fact 5.1:

Corollary 5.2. The Duistermaat-Heckman’s measure (uf’h)*(w")
on /=18 is independent of the choice of w € Sp and h € Hy.
Proof. Let (v',h') € Sc xH be another pair such that ¢;(£,h') =

w'. Replacing (V1,Ys,...,Yr) by its constant multiple, if necessary, we
may assume that both ufy(X) and pfy, (X) are contained in V := {n €

V= E,‘,‘R; lye(n)| < 1 for all k}. Since pf,(Xi) = pfy (Xi), and since
Jx, ¢ Tlexp(w) = [y b X, ! exp(w'), the identity in Fact 5.1 implies

1
/X exp(— < BEp > Shoymee) >) ()"

:/ exp( <ch,2k 1meYr >) w
X;

for all ¢ and all m = (my, m,,...,m,) € Z" — {0}. Hence by setting
dv = (pgn)s(W™), V' = (uEn)«((@)"), Pm = exp(v/ =1L meye),
and T := /—18, we have:

/¢mdvz/<pmdv’
T T

for all m € 7. Since every continuous function on V of compact support
is uniformly approximated by finite linear combinations of the pu,’s, we
have dv = dv’, as required. Q.E.D.

Remark 5.3. By Theorem 4.3, (¢;(£)"[X])"!T¢ n is the barycen-
ter Oz g n of the Duistermaat-Heckman’s measure (uf,h),,(w")‘ This to-
gether with Corollary 5.2 shows that T 1, is independent of the choice of
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hin HX. Actually, 5.1 and 5.2 assert the stronger fact that (,uf’h)*(w")

is completely determined by the data on the fixed point locus X and its
normal bundle via the Fourier transform (see Guillemin and Sternberg
[14; §34] for another characterization of such a measure).

Let G' be a connected linear algebraic group, defined over C, and
H' (= (C*)" for some r) its maximal torus. Then the Lie algebra g’ of
(' is written as a direct sum of vector spaces

(5.4) g =b+> Cy,

where )’ is the Cartan subalgebra corresponding to H', and we have a
finite subset A of h'* such that each Y, € g’ is related to x € A by

Ad(g)yx = X(g)yx, g e H'.

Note that C),’s are Lie algebras associated with 1-dimensional unipo-
tent subgroups of G'. In §5, we obtained a fairly good description of
the Lie algebra character T on Cartan subalgebras of g. Now, in view
of the decomposition (5.4), it remains to study the behaviour of T on
Lie algebras associated with unipotent subgroups of G, which we shall
discuss in detail in the next section.

§6. G,-actions and the character T,

In this section, we assume that X = N with £ quantized by L
(cf. 1.5), and let ¢;(L)r > 0, so that N is projective algebraic. We
moreover assume that G is a linear algebraic group, defined over C, which
acts biregularly on N. Let U be an arbitrary 1-dimensional unipotent
subgroup of G (assuming such a subgroup exists), and by u = CY, we
denote the corresponding Lie subalgebra of g, where Y is a C-base for u.
We choose 0 < g € 7 such that L®7 is generated by global sections. Let
{00,01,...,0m} be a C-basis for S := H(N,O(L®?)). Note that, via
the U-action on L, the unipotent group U acts naturally on S, which
induces an infinitesimal action of 4 on S. Since U is unipotent, Jordan’s
normal form of Y allows us to assume without loss of generality that

(1) Yoo =0;
(2) Yo; = eioiy, 1<i<m,

where e; € Zis 0 or 1. For 0 < ¢ € R, we define a Hermitian metric
h. € Hy, for L by

he := (272, 52ioi6i)_l = {27, (¢'a;) (" c‘n)}-l.
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Now, the infinitesimal action of Y on h. (cf. (1.4)) is written as
Vhe = —h2{EM,e¥ (Vo) 5:} = —e h2 {S7, (esie* 0i-1)(°3:) } -

Put v; := e;e*"lo;_; and w; := €'0;. Then by the Cauchy-Schwarz
inequality, the absolute value |h7 ! Vh| of A1 Vh, is estimated as follows:
2 |ZR v _ |52, viws|® 2

) 2 _ < = <€k
lhe " Yhe|” = * = w2~ (B, vl (B0, widy)
o i=1 =1

Note that ¢; (L, h.) is positive semi-definite as a pull-back of the Fubini-
Study form on P™(C). Therefore, for every 0 < ¢ € R,

T ()| = ITe.hya V)] < /N A7 Vhe| e1(L, he)™
S/Necl(L,he)"zecl(L)"[N].

Let ¢ tend to 0. It then follows that T:(Y) = 0, i.e., Tz vanishes on u.
Thus we obtain:

Lemma 6.1. For any unipotent subgroup U of G (of arbitrary
dimension), the complez Lie algebra homomorphism T : g — C vanishes
on the corresponding Lie subalgebra u of g. In particular, if Ty # 0, then
G contains an algebraic subgroup isomorphic to G,, (= C*).

~ Let N(= X), G, L be as above. We moreover use the notation
B€Q ¢, G- R; and py: G — Gy, in [10]. Then, under the same
assumption as in [10; (5.1)], the following equality holds for all g € G:

Formula 6.2. ¥ (g) = |det(py (9)I° (9 € G).

Proof. By the Chevalley decomposition, we can express the iden-
tity component G of G as a semidirect product Ry X Uy of a reductive
algebraic subgroup Ry of G° and the unipotent radical Uy of Gy. Let Gy,
S1 be the same as in [10; §5]. Since G is linear algebraic, G° coincides
with the identity component of G, and hence R; is regarded as the iden-
tity component of S;. In particular, by [10; (5.1)], the formula 6.2 is true
for g € Ry. Recall that the Lie algebra homomorphism (¢,).: g — R
associated with ¢, : G — Rj is nothing but Re(T) (cf. 1.5). Hence, by
Lemma 6.1, 1, is trivial on Uy. Moreover, the algebraic group homo-
morphism p,,: G — G, is trivial on Uy. Therefore, the formula 6.2 is
true for g € Uy, and consequently, also for g € G°. Since for any g € G
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there exists 0 < v € Z such that ¢¥ € G, it now follows that

¥1(9) = (W(g"))" = |det(ppr(9”)) " = |det(ppr(9)))°,
as required. Q.E.D.

T

Note that, by taking the infinitesimal form of 6.2, we obtain the
identity Tz = B (det op,,)« on g. Now, consider the case where L is an-
ticanonically quantized with ¢;(/N)g > 0. Then Lemma 6.1 and Formula
6.2 above immediately prove Theorem 0.1 and (0.2) in the introduction
respectively. Finally, recall the following conjecture of Futaki:

Conjecture 6.3. Let N be a compact complex connected manifold
with ¢;(N)g > 0. If moreover Fy = 0, then N admits an Einstein-
Kihler metric.

If 6.3 is affirmative, then Matsushima’s theorem and 6.1 above show
that any compact complex connected manifold N with ¢;(N)g > 0 ad-
mits a nontrivial biregular G,,-action unless Aut(NV) is finite. At present,
however, we can find neither strong reasons for 6.3, nor counterexamples
to it.
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