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Arithmetic of Some Zeta Function Connected with 
the Eigenvalues of the Laplace-Beltrami Operator 

Aldo Fujii 

§ 1. Introduction 

Let .:10 =0:::;;:.:11 <.:12 ~ • • • run over the eigenvalues of the discrete 
spectrum of the Laplace-Beltrami operator on L2CH/I'), where His the 
upper half of the complex plane and we take I' =PSLC2, Z). It is well 
known that .:11>¼, We put 2i=¼+r; for j~O. In our previous work 
[7], we have introduced and studied the zeta function defined by 

Z.(s)= I: sin (ar;\ 
r;>O rj 

where a is any positive number and the series is convergent for Res> 1. 
Using the Selberg's trace formula, which will be stated below, we have 
shown that Z.(s) is an entire function for any positive a. In this paper we 
are concerned with the arithmetical properties of the values of ZaCs) at 
S= 1 or s=O. In particular, we obtain some new expressions of the values 
of Dirichlet L-functions at s= I and a new proof of Dirichlet's class 
number formula for the real quadratic number fields. 

To explain a general principle, we recall a primitive situation. Let 
,Cs) be the Riemann zeta function and let r run over the positive imaginary 
parts of the zeros of ,Cs). We have introduced in [5] the zeta function 
defined by 

C(s) = I: sin (ar) , 
T>O f' 

where a is any positive number and the series is convergent for Re s>O. 
We have shown under the Riemann Hypothesis that this is entire for any 
positive a. The value of (.(s) at s= 1 has been known long before by 
Guinand [9]. Namely, (a(l) as a-oo, is essentially 

-½e-<112la ( I: A(n)-e•), 
n~ea 

where A(n) is the von Mangoldt function defined by 
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A(n)={~og p 

for Re s>l 

if n=pk 
otherwise, 

where p runs over the prime numbers ::::::2 and k runs over the integers 
~ 1. On the other hand, as a by-product of the proof of the analytic 
continuation of (a(s), we can show that 

lim (a-log n)(.(0)= _ A~n). 
a-Iogn '\f n 

The zeta function Z(s) which corresponds to ((s) has been introduced 
by Selberg: 

00 

Z(s)= D D (l-N(P 0tk-•), 
[Po} k-0 

where {P0} runs over all primitive hyperbolic conjugacy classes in I' and 
N(P 0) is the square of the eigenvalue (greater than one) of a representative 
element P0• The Selberg's trace formula describes the location of the zeros 
and the poles of Z(s) and we see that Z.(1) and z.(0) will describe some 
properties of the distribution of the von Mangoldt function .A(P) of Z(s), 
where we put 

A(P) = log N(P 0) 

l-N(P)- 1 

for a hyperbolic conjugacy class { P} satisfying P = N with an integer k > l 
and we put N(P)=N(P 0)k. 

Here we state the Selberg's trace formula as follows. Let h(r) satisfy 
the conditions; 

1) h(r)=h(-r) 
2) h(r) is analytic in the strip \Im r\<½+c:, c:>0 
3) h(r)=O((l +\r\ 2)- 1-') in this strip. 

Then we have 

I:h(r 1) 

=2-f00 rth(n-r)h(r)dr+f 00 (2-+- 2 ~(e""i 3 +e-srf 3)) h(r) dr 
6 - 00 - 00 2 3,/3 e""+e-nr 

+ 2 "-' ~ log N(Po) (k I N(P )) 
L.J ~ N(P )k12 N(P )- k/2 • g og o 

{Po} k-1 O - O 
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+- h(r)~(½+ir)dr-- h(r)-(l+ir)dr 1 Joo I 1 Joo I'' 
21t' -oo cp 1r -oo I' 

-2 log 2 ,g(0)+½(l-cp(½))h(0), 

where the left hand side is over all the solutions r1 of all the equations 11 

=¼+r] for j=0, 1, 2, ... , 

g(u)=l.J 00 ctruh(r)dr and cp(s)=,vtrI'(s--iX( 2s-l) 
21t' - 00 I'(s)C(2s) 

(Cf. Selberg [16] and Hejhal [101). 
Using this formula we obtain first the following expressions of Za(l) 

and Za(0). 

Theorem 1. As a- oo, 

Za(l)= \- I:; Ji_(P) sgn(a-logN(P)) 
4-v 7r {PJ,a;,JogN(P) N(P) 

x r _ _ y-112e-v dy ( ( 1 ) J(!/4)(a-logN(P))2 ) 

2 0 

+e<1t2l«(e1' 4-l)+Aa cos a+O(l), 

where 

Theorem 2. 
( i) lima_210gnCa-2 log n)Za(0)=(1/1r)(A(n)/n). 
(ii) lim«-1ogN(Pi)(a-log N(P 1))Za(0) 

=(1/21t') I:1PJ,N(P)=N(P1) (A(P)/,vN(P)), 
where {P1} is any hyperbolic conjugacy class. 

(iii) lima-+o(l/(1/a) log (1/a))Za(0)= -2/1t'. 

From Theorem 1, we can deduce the following 

Corollary 1. As a-oo, 

Thus we see that Za(l) plays the same role in the theory of the distri
bution of .ii(P) as does C..(l) in the theory of prime numbers. 

By the way, we must recall here an important Kuznecov's version of 
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the Selberg's trace formula which may be stated as follows (Cf. Kuznecov 
[12], [13]). Let h satisfy the following cqnditions; 

1) h(r)=h(-r) 
2) h(r) is analytic in the strip Jim rl:S:LI with Ll>3/4 
3) h(r)=O~r1- 2-•) as lrl-oo, for some e>0. 

Then we have 

1 J"" I:, h(r J) = - rth(rcr )h(r )dr 
6 -oo 

+J"° (1-+_2 -(enr/3+ e-rT/3)) h(r) dr 
- 00 2 3./"3 e'" +e-~' 

1 J"" ( 1C I'' I'' +- log---(l+ir)--(½+ir) 
re - 00 2 r r 

- {;' (1 +2ir)- r;' (I-2ir))h(r)dr 
e; e; 

+½h(0)+4 'f3B(n)g(21ogn+-v':=4), 

where g is the same as before and B(n) is the residue at the point s= 1 of 
the function [;(2s) I:.:-1AnCc)/c•, AnCc) being the number of the solutions of 
the congruence 

(mod c). 

If we use this formula instead of Selberg's, we obtain different ex
pressions for Za (1) and Za(O). Namely, we get the following results. 

Corollary 1'. As a-oo, 

Za(l)=( I:, B(n)-e( 1l2,a)+O(a). 
n;;i;e<112:la 

Theorem 2'. For an integer n>3, 

lim_ (a-2log n+-v'~)za(O)=_!_B(n). 
a-2 log (n+Jn•-4)/2 2 TC 

It is important to combine (ii) of Theorem 2 and Theorem 2'. It 
gives first the following 

Corollary 2. For an integer n~3, 
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_!_ I; A(P) B(n), 
2 ltrPl=n ,./N(P) 

where tr P=a+d if (~ :) is a representative of {P}. 

We remark that B(n) can be rewritten explicitly using the value of 
Dirichlet L-function L(s, X) at S= 1. Thus Theorem 2' and Corollary 2 
implies the following theorem, which gives some new expressions of L(l, X). 

Theorem 3. Let n be an integer >3. Suppose that n2 -4=Q 2D and 
D is square free. Let X be the character of the quadratic number field 
Q(,./n2 -4). Then 

L(l, X)=rrF(n)- 1 lim _ (a-21ogn+J~)za(O) 
a-2Iog (n+ ./n•-4)/2 2 

where we put 

1 (fJ(n)= I; -, 
ltrPl=n 11(P) 

and v(P) is de.fined by P=P 0<PJ with the primitive hyperbolic class {P0} 

attached to {P}. 

We remark that the second expression of L(l, X) in the above Theorem 
can be rewritten in terms of the quadratic number fields. For this we 
introduce some notations (Cf. Andrianov-Fomenko [1]). Let d be a positive 
integer satisfying d2 ln2 -4. Let h(n2 -4, 2d) be the number of the classes 
of the quadratic forms ax 2+2bxy+cy 2 with b2-ac=n 2-4 and (a, 2b, c) 
= 2d. Let r;,,. be the fundamental unit of Q( ,./ n2-4). Let k be the integer 
such that (n+Jn 2-4)/2=r;~. Let v(n, d) be defined by 

v(n,.d)=Max{11; 111k and 
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Then we can rewrite Theorem 3 as follows. 

Theorem 3'. Under the same notations and assumptions as in Theorem 
3, we have 

log n+-v'n2"=4 
L(I, X)= 2 ( ~ h(n2 -4, 2d))F(n)-i. 

,vn2 -4 d•in•-4 l.l(n d) 
d>O ' 

From this Theorem we can derive the following corollary. 

Corollary to Theorem 3' (Dirichlet). Let D be a square free integer 

> 2. Let X be the character of Q( -v' D ). Let D be the discriminant of this 
field. Let e(D) be the fundamental unit and h(D) be the class number (in the 
wider sense) of this field. Then 

Thus we have obtained Dirichlet's class number formula using the 
spectral analysis. 

We shall prove Theorem 1 in the section 2, Corollary 1 in the section 
3, Theorem 2 in the section 4, Corollary 1' in the section 5 Theorems 3 
and 3' and its corollary in the sections 6 and 7. 

We remark that the results of the present paper have been announced 
in "Zeros, Eigenvalues and Arithmetic" [6]. 

Finally, the author wishes to express his thanks to Professor 
Bruggeman who has kindly sent the author a Kuzencov's [13] which was 
hard to obtain. 

§ 2. Proof of Theorem 1 

Here we evaluate Z.(1). We remark that for Re s>3/2, 

Z.(2s- l)I'(s)=f 00 x•- 1 (~ cr•z sin (ar)r)dx 
0 r>O 

= f f1 +f 00)(x•-1 ~ e-r•z sin (ar)r)dx \JO 1 r>O 

=li(s)+Ih), say, where r runs over rr 

Iii)=~ sin (ar) -r•. 
r>O r 

Using Selberg's trace formula with 
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h(r)=e-((l/ 4)+r•)x sin (ar)r 

and 

g(u)= (u-a) e-(U-a)2/4xe-(l/4)X+ (u+a) e-(U+a)0/4:,;e-(1/4):,; 

8..j1r x3/2 8../n x3/2 , 

Ji(s) can be written as 

where each term is defined below and of the form 

I(s,f(x))= J: x•- 1f(x) dx. 

Our evaluation of each term at s = 1 is as follows. 

We remark that 

Js(l)=J(l, -½ ~ h(r0)e' 114'"') 
(l/4l+r~-o 

= ( ea/2 - e- a/2)( el/4 - 1 ). 

Ill)= 1(1, _!_ e'' 14'" 1-f"" r th(1r:r)h(r)dr) 
2 6 -oo 

= 1( 1, ! f r2 sin (ar)e-r•xdr) 

+I 1, -- --~~-dr ( 1 ·f"" r 2 sin (ar)e-r•x ) 
3 0 e2rr + 1 

=1 5(1)+/s(l), say. 

Ill)=l ( 1, ! f>2 sin (ar)e-'""'dr) 

+1( 1, ! r r2 sin (ar)e-'""dr) 

=lll)+Js(l), say. 

Iil)= _!_f1 sin (ar)G(r2, l)dr, where we put 
6 0 

24:3 
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6Iis) = sin a G(l, s-l)+ ( a cos a + sin a )G(l, s- 2) 
2 4 4 

+ ( a c;s a a 2 st a )G(l, s- 3) 

- as cos a G(l, s-4)-_!_F 1 (s-3)-_!_aFz(s-4) 
16 4 4 

a4 as 
+-Fi(s-5)+-Fz(s-5). 

16 8 

where we put 

Fi(s-3)= J: x•-s(f Y- 2 sin (ar)e-r•xdr )dx= J:x•-sj9i(x)dx, say, 

and 

Fz(s-4)= J: x•- 4U~ Y- 3 cos (ar)e-r'xdr )dx= J:x•- 4fiz(x)dx, say, 

By evaluating the Laurent coefficients at S= 1 of each term in the right 
hand side, we get 

6/s(l)= sin a (·-Co -E(O))+( a cos a + sin a )(Co-l-E(-l)) 
2 4 4 

+ ( a c;s a a 2 st a ) ( _ ~ CO + ! _ E( _ 2)) 

- as cos a (_!_Co _ _!!_ - E( - 3)) - _!_A1 
16 6 36 4 

_ _!_a( cos a(-~+_!_ C0 +E(-1))-fiz(l) + _!_aA2 
4 2 4 2 2 

_ _!_ cos a_ sin a) 
2 a 2 2a 

+-1-a4As 
16 

+_!_as( _ _!_ j9z(l)+_!_cos a(_!!_- Co + _!_ E(-3)) 
8 2 2 72 12 2 

+-1-(- cos a_ sin a+ cos a)+ sin a +_!_aAs) 
2a as a 2 2a 12a 4 
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where we put 

a 4A1 =8(-~A 4 +,B1(l)+l.sin a(I-e- 1)+.!.a cos a-l.a,Bz(I)) 
2 2 4 2 

-2a 2 sin a+a 8 cos a(Co -1-E(-1))+2a%(1), 

a 8A2 =aA 1 + 1-cos a+ 2a,Bi(I) + 2a sin a(.!.+_!_ (CO -1- E( -1))) 
2 4 2 

+a 2 cosa(- ~ Co+ !-E(-2))+a 2,Bz(l), 

a 2A8 =: ,81(l)+acosa(! Co-!! -E(-3))+ ~ a,Bz(I) 

_ _!_ a- 8(-10 cos a-10 a sin a+5a 2 cos a-12a 8A 2) 
3 

+~sin a(-1+12(- ~ Co+ !-E(-2))). 

A,= r sin (ar)r- 4(1-e-r')dr, 

G(l, s)=T(s)-E(s) and Co is the Euler constant. 

ls(l) = _ _!_Joo sin (ar) G(r2, I)dr. 
3 o e2 "' + I 

1 (1) =1(1, _!_ e(l/4):,;Joo (.!.+ 2 _ (enr/3+e-nr/3)) h(r) dr) 
9 2 -oo 2 3../ 3 err +e-nr 

=Joo (.!.+ l_(err/S+e-rr/8)) sin (ar) G(r2, I) dr. 
- 00 4 3../ 3 err +e-rr r 

/ 10(1) =1(1, e<11•>x I; £ log N(Po) -g(k log N(P 0))) 
{Pol k=l N(P 0)k 12-N(P 0)-k/Z 

=- 1- I; A.(P) sgn(a-IogN(P)) 
4-{""i a"elogN(P) ../ N(P) 

X I' - - y-<112>e--vdy ( ( 1 ) J (1/4)(a-log(N(P))2 ) 

2 0 

+ 1 _ I; A.(P) J00 y-<1i2>e--vdy. 
4../ 7r {P) ../N(P) (l/4)(a+logN(P))• 

[ 11(1) =1(1, e<ii,>x J00 h(r) cp'(l.+ir)dr 
21r -oo cp 2 

--- h(r)-(l+ir)dr 
e(l/4):c Joo I'' ) 

21r - 00 r 

245 
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=1(1, log 7r J= e-r•x sin (ar)rdr) 
2rr -= 

+1( 1, - 2~ [ e-r•x sin (ar)r'§(r)dr) 

+I 1, -- e-r•x sm(ar)r--(l+2zr)dr ( 1 J= . ,, . ) 
7r -= ' 

=l 1ll)+J 13(l)+J 1ll), say, where we put 

'§(r)=-(l+ir)+-(1-ir)+- -+ir +- --ir . I'' I'' I'' ( 1 ) I'' ( 1 ) 
r r r 2 r 2 

I1ll) =1(1, log rr ax-312e-<114Ja•x-1) = log rr J= x-<112Je-xdx. 
4J 7r 2J 7r (1/4)a2 

11/1)= ~- ~ A(n)sgn(a-2logn) 
2-v 7r a";a2 logn n 

X ( r( ~ )-Il/4)(a-2logn)2 y(l/2)e-Ydy) 

+ 1 _ f; A(n) J= y-1;2e-vdy 
2J 7r n-2 n (l/4)(a+2logn)2 

/ 13(1) =l( 1, - ;rr J: e-r•x sin (ar)r, '§(r)dr) 

+1( 1, - ! r e-r•x sin (ar)r log rdr) 

- :7r 1(1, r e-r•x sin(ar)r- 1dr) 

+1( 1, - 2~ r e-r•x sin (ar)r· '§i(r)dr) 

b =l 1/l)+l 1ll)- -/ 1/l)+/ 19(1), say, where 
2rr 

we remark that by Stirling's formula, 

/ 1ll) = -·- sm (ar)r- 1G(r2, l)'§(r)dr. 1 JI • 
2rr o 

/ 19(1) = -- 1-J= sin (ar)r- 1 - '§i(r)(l -e-r 2)dr. 
2rr 1 

as r---+oo. 
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-8../rrf"° x- 5t2e-"'dx+2a 8f.'f' xe-r•x cos (ar)drdx). 
(l/4)a2 0 0 

In a similar manner, we get 

l f'f' -- cos (ar)e-"''"(2+log x-a 2r2 log r-log x)drdx 
11:a o o 

_ a_ x-(1/2) e-ve-(l/4)a•x _ e iax CT"° (f I -a•x/4(1+y)) d 
4../11: 1 0 ../l+y y 

+ r x-<112Je-<tt4Ja•x( E(O)+log x+ h ea•xta)dx 

-8. a- 8 x- 2 ----~dydx . f
"° fa•x/8 e-Yyl/2 ) 
1 o l-(4y/a 2x) 

Finally, we get 

/ 1ll)=/(l, -log 2-g(O)) 

log 2 f "° -(1/2) - xd =----= X e X. 2../ 11: (l/4)a2 

This completes our explicit evaluation of Za(l). 
Taking the order of the magnitude as a- oo into account, we get our 

Theorem 1. 

§ 3. Proof of Corollary 1 

In this section we shall study further the main term in the formula 
of Za(l) in Theorem 1. 

F(a) = 1 _ ~ A(P) sgn(a-log N(P)) 
4../ 11: e•1•<N(P)<e••1• ../ N(P) 

a-.IogN(P) 

X (r( ~ )-J:a-logN(P))•/4 x-(l/2)e-xdx) 

= ----= y-c112J I' - - x-<112>e--"dx d(y+R(y)) 1 f e••I• ( ( 1 ) f (a-logy)•/4 ) 

4J 11: ea 2 0 
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+~ y-<112, I' - - x-<112>e-"dx d(y+R(y)) 1 f"" ( ( 1 ) f (a-Jogy)•/4 ) 

4../ 1o •• ,. 2 0 

=(l'i+..l\)+(.S 3 +.S 1), say, where we put 

1: A(P)-y=R(y). 
N(P)$.y 

= Y e•/2_ e e-<tf4Jx•dx+O(e-c••) I '(l) (l/4)+(1/2)af~ 

../1o ../1o 0 

= e•t2(l - e114) + 0( e- 0 • 2), where C is a positive absolute constant. 

.S2+.S4= R(e•)I'(½) +O(e-c••)+ l_f•••1• R(y)H(y)dy 
2../ 1' e•12 4../ 1' e• 

1 f"" - 1_ R(y)H(y)dy, 
4-v 1' ec1,.,• 

where we put 

H(y)=y-a12(- ~ r( ~ )+ ~ t•-1ogv)'t4x-112e-"'dx-e-<•-1ogv>•1•) 

=Y- 312H 1(y), say. 

Here we remark the following lemma which can be proved in a 
standard way (cf. Section 11 of Hejhal [10]). 

Lemma. 

R(x)=O( I: ii.(P))+O(x 2e•r- 1)+O(x 112(1ogx)- 1) 
IN(P)-xl;;.e-• 

x1/2+tr xp/2 
+I:-.+ I: -, 

lr1;;.T i+1r llm(p/2)!;;.T p/2 

where p runs over the non-trivial zeros of C(s), a>O, T satisfies T>x 2 ~ I, 
T~r or r/2 and 
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Now 

fesa/2 
I5=. ea R(y)H(y)dy 

=feSa/20( I:: A(P))H(y)dy +feSa/, 0 (eaY 2)H(y)dy 
ea IN(P)-yl;:,e-a ea T 

I 9 = I:; --. . - -.- Hi(y)dy 1 ([yirH 1(y)]e'a/o fe'"'' yir 1 ) 

lrl;:,T ½+zr zr ea ea Zr 

< I:; _1 + I:; _1 
lrl;:,T \r\2 lrl;:,T \r\3 

<log T. 

1 ([ yp/2-1/2 Je'"'' 1 fesa/2 ) 
I10< 1,fur[r\ (p/2)-½ H1(Y) ea - (p/2)-½ ea yP/2-1/Zfli(Y)dy 

< I:: _1 
lrl;:,2T \7\2 

<l. 

Thus we get, by choosing T = e0 a with some positive constant C, 

Similarly, we get 

f:~,,,,a R(y)H(y)dy<rx. 

Thus we have proved that 
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F(a)=e<112Ja(l-e114)+ R(ea) +O(a). 
2eaf2 

~ A (P) (r(_!_)-f (a-logN(P))2/4y-(l/2)e-v dy) 
N(P)?:.e•aJ•,N(P):,,eC1/2la ./ N(P) 2 O 

<{e-Ca•, 

we get our corollary. 

§ 4. Proof of Theorem 2 

We shall evaluate ZaCO)I'(½). We use the same notations as in the 
section 2. We shall write down explicitly the values of Ii(s) at s=½ for 
eachj. 

11(_!_)= ~ sin(ar)f~ y-<112,e- 11dy. 
2 r>O r• 

ls(~)=! (e(l/2)a_e-(l/l)a) I: x-(l/2)e(l/4)xdx. 

11(~)= ! J:rsin(ar)G(r 2, ~)dr. 
6/8(,~)= ~ sina·G(l, - ~)+ ! (acosa+sina)G(l, - ~) . 

where 

Fi(-; )=4·a- 2
( ! fii{l)+ si~ a (r(- ~ )-E(-~)) 

+ ! acosa(r(- ~)-E(-~))+; fizCl)), 

F1( - ~ ) = ;:/ F1 ( - ; ) + p1 (1) + si~ a (r (- ~ )-E ( - ~)) 
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+ :2a cosa-(r(-; )-E(-; ))-; .132(1)), 
F,(-; )= ;;(2p 1(- ~)+fii{l)+ si~ a (r(- ;)-E(- ;)) 

+J 0acosa(r(- ~)-E(-~))+ ~ ·fiz(l)), 

251 

F2(- ~)=-! (2-j3z(l)+cosa(r(-;)-E(-;))-aF 1(- ~)) 

and 

F2 (- ;)=-; (2-pz(l)+cosa-(r(- ~)-E(-~)) 
-aF 1(- ;))· 

1 ( 1 )- - 1 f' -(1/2)foo r2 sin (ar)e-r•x d d 
6 - - - X ------ r X. 

2 3 o o ez.r + l 
10(_!_) f'x-c112>f00 (_!_+ l _ (e~r/3+e-~rt3)) C' 0

" sin (ar)r drdx. 
2 = o - 00 4 3..,/3 e~•+c~• 

/ 10(_!_) = 1 _ ~ A(P) 1 C ((a+logN(P))•)/4 
2 2..,/ tr {Pl ,vN(P) (a+log N(P)) 

+-1- ~ A(P) 1 ,e-((a-logN(P))'l/4, 
2,VTC a .. logN(P) ..,/N(P) (a-log N(P)) 

I ( 1 )- log tr e- (1/4)a• 
12 2 - ..,/ tra · 

114(_!_) = 1 ~ A(n) 1 e-CCa-2logn)•)/4 
2 ..j tr a .. 2logn n (a-2 logn) 

+ 1 f; A(n) 1 ctca+21ogn>'>t4 
,Vtr n=2 n (a+2logn) 

/ 15(_!_) = - - 1-f 1 
JC c112> f I e- ''" sin (ar )r(§(r.)drdx. 

2 2tr O 0 

b I ( 1) +I ( 1) b ( f' -c112> -:r:d -- 11 - 1a - =-- cosa x e x 
2tr 2 2 2tra o 

-2foo cos (ar) e-•'dr-2..,/TC f1e-c114>a•x-1dx 
1 r 2 0 
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1 Joo - - e- r• sin (ar )r -~i(r )dr 
7r: 1 

1 fl Joo +- x 1l2 r 8 , ~i(r)e-r•x sin (ar)drdx. 
7r: 0 1 

/ 16(~)=-:a(cosa·G(l, - ~)+2f r 2cos(ar)e-' 2dr) 

-~ ,V1C e-Ve-(l/4)a•x -~=- -dX ( foo(fl e-(a•x/4(1+11))) dy 

4rr: 1 0 ,vl+y y 

+ r e-<1t4>«""'(J~·logx+E(0))dx 

+: (f:'IB e-vy-1f2dy+,v8 a-1,e-a•ts) 

- 8 • a- sf loo x- (3/2)f Oa• x/B e- V y'/2 dyd x) 
1- (4y/(a 2x)) 

- 2: u: e-' 2 cos (ar) log rdr 

+ J:x- <112> J: r2e- r•x cos (ar) log rdrdx). 

I ( 1 )- log 2 -(1/4)a• 
1s 2 -- aJ 1r: e . 

Combining all these together, we get an explicit expression of 
I'(½)Za(O). Taking into account of the dependence on a, we get our 
Theorem 2. 

§ 5. Proof of Corollary 1' 

We shall prove Corollary 1' using Corollary 1 and Corollary 2. Let 
R(x) be the same as in the section 3. 

By Corollary 2, we get 

I:; B(n) = __!_ I:; A(P) 
n&X 2 N(P)~'£,VN(P) 

where we put 

=__!_f'£ y-<112>d(y+R(y))+O(l) 
2 a 

= i11z + ~ i-(1/2) R(x) + 1 f>-3/ZR(y)dy+ 0(1), 
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The last integral can be treated by the section 3 and is 

O(log x). 

We put ea=x. Then by Corollary 1, we get 

Za(l)=½e-< 112,a R(ea)+ O(a) 

- I:; B(n)-ea 12+O(a) 
n~ea12+e-rx/2 

=( I:; B(n)-eaf 2)+O(a). 
n~ea/2 

§ 6. Proof of Theorems 3 and 3' and Corollary to Theorem 3' 

253 

Suppose that n2 -4= Q2D with the square free integer D. Let 15 be 
the discriminant of the field Q( Jn 2 -4 ). We use the same notations as in 
Theorem 3. We remark first that 

,c2s) TI vp(s, n) 
p 

( 1 )( 1 (n2 4))-1 =,(2s) TI 1+- 1----=-- I: vp(s,n)vz(s,n) 
Ptn 2 -4 p 8 p 8 p p/n2-4 
p>2 p>2 

( 1 (n2 4))-1 
( 1 )- 1 

( 1 )- 1 
=,(s) TI 1-- --=-- TI 1+- vis, n) 1+- vz(s, n), 

ptn 2 -4 p• p p!n•-4 p 8 28 

p>2 p>2 

where ( n2
; 4 ) is the Legendre symbol (cf. Kuznecov (13]). Hence we get 

B(n)= TI (1-_!__(n2
- 4 ))- 1 TI (1+_!__)-1 vp{l, n)(1+_!__)-1vz(l, n) 

ptn•-4 p p p/n 2 -4 p 2 
p>2 p>2 

=L(l, X)(l-_!__X(2)) TI (1-_!__X(p)) CT (1+_!__)-1vp(l, n) 
2 plQ p p/n2-4 p 

p>2 p>2 

( 1 )- 1 
X 1+2 vz(l, n) 

=L(l, X)F(n). 

On the other hand we see that 

n+Jn~-4 
1 A(P) log 2 
2 I: 1N(P) = 1n2 -4 (f)(n). 

ltrPI =n 'V 'V 

Hence, by Corollary 2, we get 
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1 n + -v'ii2=4 
og 2 

L(l, X)F(n)= -v'n2_4 (f)(n). 

This proves our Theorem 3. 
Let d be an integer satisfying d 2\n2 -4. Let H(n, d) be the number of 

the classes {P} such that \tr P\=n and Ll(P)=(a-o, /3, µ)=d, where 

(; !) is a representative of {P}. Then we remark first that 

H(n, d)=h(n 2 -4, 2d) (cf. Andrianov-Fomenko [1]). 

To prove Theorem 3' we have only to prove the following lemma, where 
we use the same notations as in the introduction. 

Lemma. 

1i(P)=1i(\tr P\, Ll(P)). 

Proof 

Suppose that \tr P\=n, 7/n is the fundamental unit of Q(-v'n2 -4) and 
r;~=(n+-v'n 2 -4)/2 as in the introduction. We denote li(n, Ll(P)) by v0• We 
put m=r;~1•0 +r;:;/1"0 • For each li\k, we put C(l!)=(r;~-r;;;_k)/(r;~1·-r;:;;_k1•). 

Let (; !) be a representative of {P}. We put 

1( a-o) 2 m+ C(li0) 

Then it is easily seen that 

_µ~ 
C(lio) 

1 ( a-o) 
2 m- C(li0) 

A e SL(2, Z) and A' 0 = (~ !)· 
Here we remark that if {A'}"={P}, then li\k and 

Ll(P) = Ll(A'") = C(li )Ll(A'). 

Hence, the conjugacy class {A} must be primitive, since otherwise:there 
exists some integer Ii'> 1 such that 



Laplace-Beltrami Operator 255 

and 

C(1/l.i0)\ L1(P), 

and it contradicts with the definition of l.io- Q.E.D. of Lemma 

We now proceed to prove Corollary to Theorem 3'. Let D be a 
square free integer >2. We use the same notations as in Corollary. We 
choose the integers n and Q (~ 1) such that 

n2 -4=Q 2D 

and (n+Q../D )/2 is the smallest among (n', Q')'s which satisfy 

n'+Q'../D -~:c-------> 1. 
2 

We remark that if Ns(D)= 1, then 

and if Ns(D)= -1, then 

s(D)= n+../ir=4 
2 

Under the present situation we see that l.i(P) = 1 and 

<[J(n)= I:; h(n2 -4, 2d). 
d'ln'-4 

d>O 

We shall rewrite <[J(n) further as follows. For d2 \n2 -4, letfd (> 1) be 
defined by 

Then 

if D=4D, 

and 

if D=D. 
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By Theorem 4 in Chapter 2 and Problem 20 in Chapter 3 of Borevich
Shafarevich [2], we have 

h(n 2 -4, 2d)=2•(d)h(D)fd n (1-X(p)), 
e1, Pita p 

where we put 

o(d)= {~ 
if Ne 1 ,=-l, 
if N e1,= 1, 

e 1 , is the fundamental unit of the order @ 1 , and e 1 , is the index of the 
unit group of @ 1 , in the unit group of the maximal order ( cf. Borevich
Shafarevich [2]). Hence if D=D, then 

{
2h(f5) I:; d TI (1-X(p)) 

dlQ Pld p 
@(n)= 

h(D) I:: d TI (1-X(p)) 
dlQ Pld p 

If D=4D, then 

{
2h(f5) I:; d TI (1-X(p)) 

dl(Q/2) pld p 
@(n)= 

h(i5) I:: d TI (1-X(p)) 
dl(Q/2) qld p 

Thus we have shown that 

1 n+-v'ii2=4 
og 2 

-v'n2_4 @(n) 

when Ne(D)= 1, 

when Ne(D)= -1. 

when Ns(D)= 1, 

when Ne(D)= -1. 

{

2h(i5) lo! e(D) I: d TI (i - X(p)) 
Q-v' D dlQ Pld p 

- 2h(i5) log s(D) I:: d TI (l - X(p)) 
(Q/2)-V fj di (Q/2) Pld p 

if D=4D. 

Thus our problem is reduced to show that 

(1-_!__X(2)) TI (1-X(p))v2(1,n)(1+l:..)-1 TI (1+l:..)-1vp(l,n) 
2 plQ p 2 PIQ p 

P>2 p>2 
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{
_!_ ~ d fl (1-X(p)) if D=D, 
Q rtlQ plrt p 

- _l_ ~ d fl (1- X(p)) if D=4D. 
Q/2rtl(Q/2) pld p 

We shall prove this in the next section. 

§ 7. Completion of the proof of Corollary to Theorem 3' 

We shall prove the last formula in the last section. We suppose first 
that n is odd. Then D=D and D=5 (8). Hence 1-½X(2)=1+½ and 
v2(1, n)= 1. Thus we have to show that 

fl (1- X(p))(1+.!.)-1 vp(l, n)=_!_ ~ d fl (1- X(p)). 
PIQ p p Q rtlQ Plrl p 
p>2 

Suppose that Q=pf'P[°· · ·Pf' with different odd primes Pi,P 2, • • ·,p,. 
Then the right hand side is 

So it is enough to show that for pg II Q, 

If p'\-D, then p 2g II n-2 or p 2g II n + 2. 
If p ID, thenp 2g+111n-2 or p2g+ 111n+2. 

We remark that if n= ±2 (p 2K), then 

{

p+l 
p-1 

vp(I, n)= -g 

(1+.!.) l-p +Fg 
p I-p-1 

and that if n= ±2 (p2g+ 1), then 

if X(p)= 1, 

if X(p)= -1 

( 1) 1-p-(g+!) 
vp(I, n)= 1+- ----. 

p 1-p-1 

Thus if p'\-D, then 
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(1-X~))(1+; r\p(l, n) 

=.{(11+1..)1-p:K +rg 
p l-p 1 

On the other hand, if pi,.D, then 

rg I: an (1-xc~')) 
dlpg P'ld p 

=rg( 1+( 1- X~))t1p1) 

={(\+l.)1-p:g +rg 
p l-p 1 

If p\D, then 

and 

Thus we have proved our assertion for odd n. 

if X(p)=l, 

if X(p)= -1. 

ifX(p)=l, 

if X(p)= -1. 

l-p-<g+l) 

1 F 1 

We suppose next that n is even. We devide the present case into 
the cases 1-1, 1-2-1, ... and III as follows 

u V w 
n=8k+2 k=2 2ckl 2 2+c 1-1 

k=22c+lk' k'=l (4) 1 3+c 1-2-1 

k'==.3 (4) 3 3+c 1-2-2 

n=8k-2 k=2 2<k' 2 2+c 11-1 

k=22c+lkl k'=l (4). 3 3+c 11-2-1 

k'=3 (4) 1 3+c 11-2-2 

4\n 3 1 III;; 
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In the above table k"?:. I, c>O and 2'\-k'. The column U denotes the residue 
class of D mod 4, the column V denotes the exponent of the power of 2 in 
Q and the column W denotes the number of the classification which we 
shall use below. 

As is seen in the odd case, we have only to check the 2-part of Q. 

(I-1) and (II-I). D=4D. Q/2=21+cQ', 2'\-Q'. 

2-1-c ~ d CT (1-X(p))=2-2-1-c. 
dj2l+C pjd p 

vz(I,n)= 1+- ~~~. ( 1) J-2-c-Z 
2 I-2- 1 

(l-½X(2))vz(l, n)(I +½)- 1=2-2- 1-c. 

(I-2-2) and (II-2-1). D=4D. Q/2=2 2 +cQ1, 2'\-Q', 

2- 2-c ~ d CT (1-X(p)) =2-2- 2-,. 
dj22+C pjd p 

vz(l, n)=(l+½)(2-2-c- 2). 

(1-½X(2))vz(l, n)(l+½t 1=2-2-,- 2• 

(l-2-1) and (II-2-2). D=D. Q=2 3+'Q', 2'\-Q'. 

2-a-, ~ d CT (1-X(p))=2-2-a-,. 
d!23+c p!d P 

vz(l, n)=(l+½)(2-2-a-c). 

(l-½X(2))vz(l, n)(I +½t 1=2-2- 3 -c_ 

(III). D=4D. 2'\-Q/2. 

(1-½X(2))vz(l, n)(I +½)- 1= 1 

_1_ ~ d CT (1-X(p))= 1. 
2/2 d!2/2 Pld p 
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