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§ 1. Introduction 

Let a be a positive irrational number. It has been the subject of 
many mathematicians (e.g. Sierpinski [24], Lerch [20], Weyl [30], Hecke 
[12], Hardy-Littlewood [8]-[11], Behnke [4] [5], Ostrowski [21], Spencer 
[27], S6s [25] [26], Kesten [15], Erdos [6], Lang [19] and ... ) to study as 
precise as possible the asymptotic behavior of the sum 

I; ({an}--_!_) 
n;,,X 2 

as X tends to oo, where {Y} is the fractional part of y and n runs over the 
integers > 1. It does not seem that even for a quadratic irrational a this 
sum is understood in a satisfactory way. 

Towards this problem Hecke [12] has introduced and studied the 
zeta function defined by 

Zh)~ 2= {an}-½ 
n=l n• 

for Re(s) > 1. 

If a=J D or 1/,/ D, D=.2 or 3 (mod 4) and D is a square free integer 
>1, then he has shown that Zh) can be continued analytically to the 
whole complex plane with simple poles at most at the points 

S= -2k+211:i n , 
- log'T}n 

k, n=O, 1, 2, · · · 

where 'T}n is the fundamental unit of the quadratic number field Q(J D) 
or the square of it. As a result, he has obtained an explicit formula for 
the Riesz mean of the second order. Precisely, he has shown that for 
the above a and for any positive o, 
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I; ({an}-_!_)(1og X) 2 

nSX 2 n 

1 1 =-Gi(a) log3X +-Gz(a) log2 X +Gia) log X 
6 2 

~ + I: CnX(2•in)/(log ~D) + ocx-1 +6), 
n=-= 

where Gi(a), Gz(a) and G.(a) are the coefficients in the Laurent's expan­
sion 

and Cn's are the constants which do not depend on X and satisfy 

Moreover, G1(a) and Gz(a) have been evaluated, implicitly, as follows. 
We put after Hecke [12], when N(eD)= 1, 

((s; V1) = I; sgn (µµ') ' 
(µ) IN(µ)!' 

where (µ) runs over the non-zero principal integral ideals of Q( JD), N(µ) 
is the norm ofµ, µ' is the conjugate ofµ, sgn (µµ') is the sign ofµµ' and 
l;,D is the fundamental unit of Q(v D). Then 

GiCv D)={,c~; v1)vn 
n:2 Iog eD 

and 

if N(eD)= -1, 

if N(eD)= 1, 

where r is the Euler constant and ('(s; v1) is the derivative of ((s; u1). 

The purpose of the present paper is to improve and extend Hecke's 
result and to express Gi(a) and Gz(a) in a different form. Our extension 
is to get the explicit formulae for the Riesz mean of the first order and 
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for the Cesaro mean of the first order. Namely, we shall show the follow­
ing theorems. 

Theorem 1. Let a=../ D or 1/../ D, D=.2 or 3 (mod 4) and Dis a 
square free integer >I. Then for any positive o, 

I; ({an}-_!_)(1og X) 
n:aX 2 n 

where Gi(a) and Gia) are the same as above and Cn's are the constants 
which do not depend on X and satisfy 

for n=;t=O. 

Theorem 2. Let a be the same as in Theorem 1. Then for any 
positive a, 

_!_ I: ({an}-__!_)cx -n) 
X n:aX 2 

00 

= Gi(cx) log X + I: cnx<2•in)/(log ~D) + ocx-113+.1), 
n=-oo 

where Gi(a) is the same as above and Cn's are the constants which do not 
depend on X and satisfy 

for n=;t=O. 

Theorem 2 may be compared with Hardy-Littlewood's examples in 
pp. 247-248 of [IO]. 

To prove Theorems I and 2, it is necessary to have a deeper study on 
Z.(s) in Re(s)::=::; 1. Hecke [12] has shown that for any positive o and for 
ain -a 1::::=a::::=l, 

H(s )Z.(s) « t 1-•+•, 

whereweputs=a+it, t>t 0, H(s)=fH'= 0 (1-7J;•- 2k) and a1 is any odd 
integer (~ 1). We need to improve this. For this purpose we shall 
estimate the order of 

z.(~ +it) as t-+oo. 

We shall reduce our problem to the estimate of the sum 
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I:; ({an}-1-)eitlogn_ 
n;:;.X 2 

In fact, we shall treat this for any irrational a and we can show the fol­
lowing theorem. Let ,fr=,fr(t) be any positive non-decreasing function 
which is defined for t > l. An irrational number a is said to be of type 
<t if 

qJJqaJJ>l/t(q) for all positive integers q, 

where we put 

IIYll=Min({y}, 1-{y}). (Cf. p. 121 ofKuipers-Niedereiter [18]). 

Theorem 3. Suppose further that ,t,,(y)y- 112+ 6 is decreasing for an 
arbitrarily small positive o. 

If a is irrational of type < ,fr, then for t > t0, 

za(1-+ u) < t 116 log2t + (t(t) + I:: t(k) ) log t. 
2 l;:;.k;:;.t k 

If one uses Kolesnik's method<*>, then one might improve the constant 
1/6 a little bit. 

For a quadratic irrational a of the form stated above, we see, by the 
convexity argument, that for any positive o 

{

t2/S-a+6 

H(s)Zh)< t<t-a)/s+J 

if -a 1<a<½, 
if ½<a<l. 

This improves Hecke's estimate stated above and enables us to prove 
Theorems 1 and 2. As a by-product, we can also improve Hecke's 
explicit formula stated above in the following form. 

Theorem 4. Let a be the same as in Theorem 1. Then for any posi­
tive o, 

I:; ({an}-1-)(iog X)2 

n;:;.X 2 n 

1 1 = - G1(a) log3 X + - Gz(a) log2 X + Ga(a) log X 
6 2 

~ + I:: cnx<2~in)/log~D+0(X-4/s+6) 
n=-oo 

*' (added in proof) This method has been superseded by Bombieri-Iwaniec (cf. 
Ann. Scuola Normale Sup. Pisa vol XIII n. 3 (1986)). 
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where Gi(a), Gz(a) and Gs(a) are the same as above and C/s are the con­
stants which do not depend on X and satisfy 

We now turn our attentions to our evaluation of G1(a) and Gz(a). 
We state our results for a general quadratic irrational a. For this pur­
pose, we shall introduce some notations. We may suppose that a<l. 
If the continued fraction expansion of a is not purely periodic, we put 

1 1 1 1 a=-- -- -- --- and 
b1+ bz+ bs+ • • • + bx+a 

_ 1 1 1 1 
a=------ ---, 

a1+ az+ as+ • • • + ax+a 

where M, K, bi, · · ·, bx, a1, · · ·, and ax are integers > 1 and ((a1, ···,ax)) 
is the cycle of the continued fraction expansion of a. If the continued 
fraction expansion of a is purely periodic, we put a=a. When K= 1, 
we suppose an obvious modification of the description below. We define 
a 1 for j = 1, ... , K by 

1 a=---, a1 
a1+a1 

1 _ 1 
---, • · ., lXx-1=---
az+IXz ax+a 

andax=a. Thecycleofa 1 is ((a1+1' ···,ax,a 1, ···,a 1)) forj=l, ···, 
K-1. We put 

1 E1=- and 
a 

forj=2, ···,K. We put 

E~=- 1- and 
a1 

E' j 

+(-1) 1- 2a1a}-1 · · -a:az) 

for j =3, 4, · · ·, K+ 1, where we put ixx+i =a 1. We put Ax=aa1 · · ·ax-1· 
For j = 1, 2, ... , K, we put 

D1=EiAii:1+(- I)K+IAx)+(-1) 1a1 • • •ajEK. 
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Forj=2, 3, ·. ·, K+l, we put 

D1=E1(Ai 1+(- I)K+lAx)+(- I)1- 1&2 •• • a1E'x+1> 

and D~=E'x+i· We put D 0=Ek and Dx+1=Di-

Let c and d be the denominators of the fractions 

respectively, where we put d=l when M=l. Let Bz(x)=x 2-x+1/6, 
Bi(x)=x-1/2, B2=Bz(O) and B1=Bi(O). 

For a pair of positive numbers (w1, w2), let I'z(z, (w1, w2)) be the 
double gamma function introduced and studied by Barnes [2], [3] (Cf. also 
Shintani [22]), where z is a complex number. As in Barnes [2] [3] (Cf. 
also Shintani [22]) we define the positive constant pz((w1, w2)) by 

-logpz((w 1,w 2))=1im(.! I; (a+mw 1+nw2)-•I +loga). 
a- +o as m,n.:l 8=0 

We put 

S(w1, W2)=- 1-(B 2 (w 1+w 2)w!+2B1(w 1+w 2)B1w,w2+B 2~). 
2W1W2 W1 W1 

We put 

c(j)= c'(j) = { 
1 ifj=l, { 1 ifj=l, 

a1···a.f-l if2<j<K, · a2···a 1 if2-5:,j~K, 

c(j)=(-1) 1c(j)(Ai/+(-1)K+ 1Ax-Ex) for I <j "'5:_K, 

c(j)=(-l)!+l(c•c(j + l)(Ai 1 +(-I)K+ 1Ax-Ex) 

-d-c'(j)(Ai 1+(- l)x+tAx-E'x+1)) 

and c(K+l)=l. 
We put further for real a and b, 

for l~j~K, 

OO b1 OO b1 
Fi(a, b)=I:-- and F;(a, b)=I;--. 

1=1 I +a' 1=1 1-a 1 

Under these notations our results may be described as follows. 
Theorem 5. For any purely periodic quadratic irrational a, 

{ 
0 if K is odd, 

G(a)- 1 x 
1 - ----" ( 1)1S(D D) 

log (}/Ax) f:'1 - J-1> 1 
if K is even. 
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Theorem 6. Let a be purely periodic quadratic irrational. If K is 
odd, then 

Gz(a)=__!_ t (-1) 1S(D 1_ 1, D1) + __!_ ± (-1) 1(F,(-At, - ii/(j)) 
2 1=1 12 1=1 D1 

x( D 1 - 1 +-0-)+F 1(-At, c(j) )(-.!!L_+a 1))-l.a+l.. 
D 1 a1 D 1 _ 1 D1 _ 1 12 4 

If K is even, then 

1 ±(-l)ilog(I'z(D 1_,+D 1,(D 1_ 1,D 1))) 

log (1/Ax) 1=1 pz((D1_ 1, D1)) 

+(l.+ l log (Ai/+(- l)K+IAx)) £, (-1) 1S(D 1_1, D 1) 
2 log (I/Ax) J=l 

+l. t (-1) 1(F2(Ab - a/(j) )( D 1- 1 +--0-) 
12 1=1 D 1 D 1 a 1 

+F2(At, c(j) )(-.!!L_+a 1))-l.a+l.. 
D 1_ 1 D 1_ 1 12 4 

Theorem 5'. If a is quadratic irrational and not purely periodic, then 

{ 
0 if K is odd, 

G1(a)= (-l)M+i -0( I)IS(D dD' D dD') 
----L.., - C 1+ j, C J+1+ J+1 log(l/Ax) J=l . . 

if K is even. 

Theorem 6'. Suppose that a is quadratic irrational and not purely 
periodic. If K is odd, then 

1 1 M+l 
Gz(a)=- 12a+ 4 + ~ (-l)"S(q,_i, q.) 

+l.(- l)M+l t, (-1)1S(cDJ +dD;, cDJ+I +dD;+,) 
2 J=l 

where q, is the denominator of the fraction 
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1 1 1 

for v S:, M and q M + 1 is the denominator of the fraction 

1 1 1 1 ---- ---, 
b1 + b2+ • • • bM+ al 

If K is even, then 

1 1 M+l 
Gz(a)= --a+-+ 1:: (-l)·S(q,_i, q.) 

12 4 •=l 

+(-l)M+t(_!_+ l log (A1/+(- I)K+tAx)) 
2 log(l/Ax) 

If we combine Hecke's evaluation stated before and ours of Gi(a) 
and Gz(a), then we get some new expressions of C(l; v1) and C'(l; v1). 

Let D be a square free integer > 1, D=2 or 3 (mod 4) and let a=../ D -
[,/ D]. Since a+2[../ D] is reduced quadratic irrational, a has the fol­
lowing purely periodic continued fraction expansion 

1 1 1 1 

· · · + ax-1 + 2[../ D]+a 

for K>2 and 1 
2[,/ D]+a 

for K=I. 

Here, Ax= 1/eD and that N(eD)= -1 if and only if K is odd. Using the 
same notations as above, we get the following corollaries. 
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Corollary 1. If N(en)= l, then 

Corollary 2. If N(en) = l, then 

('(1; V1)= - 2~ (t (- l)JJog ( I'zCD1-1 +DJ, (DJ-1, DJ))) 
JD J=t pz((DJ_1, DJ)) 

+ ( -r-log 2ir+ ~ log en+log (en-e 1;1)) t
1 

(- l)JS(DJ-1, DJ) 

+ log en(_!_ [-VD]+ 2-) 
12 4 

+2-log en£ (-l) 1(F2(en2, - aiU) )( DH +~) 
12 J=t D 1 D 1 o:1 

In view of Stark-Shintani's conjecture (Cf. Stark [28], Shintani [23] 
and also Arakawa [l]), one may formulate a conjecture on the values of 
the linear combination of Gz(o:)'s. In this context· it is of interest to 
extend our results to any algebraic numbers of degree greater than 3. 

We shall estimate the sum 

L, ({o:n}-2-)eitlog n 
n;;,X 2 

in the section 2. We shall prove Theorem 3 in the section 3, Theorem 1, 
2 and 4 in the section 4, Theorems 5 and 6 in the section 5 and Theorems 
5' and 6' in the section 6. 

§ 2. Hybrid estimates 

Suppose that ,jF is a positive non-decreasing function. Let ex be any 
irrational number of type <f. Let t>t 0 and let l4;:_N~N'~2N. We 
shall estimate the sum 

By the Fourier expansion of {o:n}-1/2, we get for any M ~ l, 
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S = - I; _l_ I; sin (2nkan)ettlog n + o(-1- I; _l_) 
1:;,k:;,M k11: N:;,n:;,N' M N:;,n$,N' llanll 

=S 1 +s 2, say. 

S2 < _!.N(logN+,r(2N)) by3.ll ofp. 131 ofKuipers-Niedereiter[18]. 

We suppose first that t/(211:N)<I. Then 

S1 = ( I;' + I;" )- 1- I;" sin (211:kan)ettiog n 
1:;,k;.M 1;.k$.M k11: N:;,k$.N' 

=Si+S~', say, 

where in Si, k satisfies llkall/2>(t/211:N) and in Si', k satisfies llkall/2~ 
t/(211:N). We see first that for k in Si, using van der Corput-Kusmin­
Landau's lemma (Cf. p. 115 of Koksma [16]) for the first derivative of the 
function 211:kay±t logy, 

I; sin (211:kan)ettlogn<I/llkall-
N~n~N' 

Hence 

Si< I; l <log2 M +t(M)+ t ,r(k) 
1;.k;.M kllkall k=I k 

by 3.12 of p. 131 of of Kuipers-Niedereiter [18]. 
We see next that for k in Si', using van der Corpt's lemma (Cf. 

Theorem 5.9 of Titchmarsh [29]) for the second derivative of the function 
211:kay±t logy, 

Hence 

Si'< Jt I; l < .JT(1og 2 M +t(M)+ _t: ,r(k) ). 
1:.k:a.M k II ka II k=1 k 

Taking M = N, we get 

S < Jt (1og2 N + ,fi,(2N) + _t
1 
tt) ). 
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We suppose next that ,/T 4;.N <t/2rr. Using van der Corpt's lemma 
for the second derivative of the function 2rrkay ± t logy. we get 

Taking M = N, we get 

S 4:.. ,/Tlog N +,fr(2N). 

We suppose finally that t 1184;.N <t/2rr. If we use van der Corpt's 
lemma (Cf. Theorem 5.11 of Titchmarsh [29]) for the third derivative of 
the function 2rrkay ± t logy, we get 

I; sin (2rrkan)eH1ogn4;._N - +N 112 _ • ( t )116 ( Ns )116 
N&n&N' N 3 t 

Thus we get 

and 

S14:.. I; l_ (N1t2t1t6 + Nt-1t6) 
l&k&M k 

S 4;. (N 112t 116 + Nt -1l6) log N + ,fr(2N), 

by taking M = N. Thus we have proved the following 

Lemma 1. Let t > t0 and 1 4;. N < N' < 2N. Suppose that ,fr is a 
positive non-decreasing function and a is irrational of type < ,fr. Then 

{
./T(log2 N +t(2N)+ f;,

1 
,frkk)) if t/2rr<N, 

4:.. ,- ,-
'\f t log N +,fr(2N) if -v t 4;.N ~t/2rr, 

(N 112t 116+Nr 1t6) log N +t(2N) if t 1134;.N <t/2rr. 

Using this we get if ,/T 4;.N <t/2rr, 

S'= I; {aJ~ ½ emogn4;._(,/Tlog N +,fr(2N))/,/ N. 
N&n:,,N' 

This is 
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provided that t 213~N <t/21e. If t 113~N <t/21e, then 

S'~(t11s+Nit~t-11s) log t+,fr(t)t-11s. 

This is 

~t 1' 6 log t +,fr(t)t- 116, provided that t 1' 3~N ~t 213. 

Thus we get the following 

Corollary 3. Under the same assumptions as in Lemma 1, if 1 ~t 113 

~N S:,.t/21e, then 

I; {aJ; ½ eitlogn~ tt/e log t +,fr(t)t-11s. 
N-:i,n::i,N' 

§ 3. Proof of Theorem 3 

We suppose further that -,fr(y)y-11w is decreasing for an arbitrarily 
small positive o. Suppose that U }> t > t0• Then for Re (s) > 1, 

z.(s)= I; {an}-½ + I; {an};-½ 
n::i,U n• n>U n 

= I; {an}-½ + o(J& fu t(Y) dy), 
n::i,U n• lj• 1 J 

where we have used Lang's estimate [19]: 

I; ({an}-½)~fu -,fr(y) dy. 
n-:i,U 1 J 

The last expression is valid for Re(s)>O. Hence, 

z.(_!_+u) = I: {an}-½ + I: {an}- t 
2 n<<tl/S nl/Z+it tllS<<n'ii,t/2< nl/Z+it 

+ I: {an}-½ +o(-t-fU -,fr(y) dy) 
t/2,::i,n::i,U n1/2+it ljl/2 1 y 

=Sa+S4+S 5 +0(S 6), say. 

Sa~t11s, 

S4 ~{t 116 log t+t(t)t- 116) log t, 

by Corollary 3 in the section 2. 
Using the first part of Lemma 1, we get 
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S5<{t112u- 112(1og2 u +ifr(2U)+ I:; ,tr(k)) 
1:a,k:.U k 

+Ju ..jtlogy (1og2y+,fr(2y)+ I:: ,fr(k) )dy 
t/2r y 312 1:a,k:a,y k 

<{logt(,fr(t)+log2t+ I:: ,fr(k) )· 
1:a,k:a,t k 

Letting U tend to oo, we get our Theorem 3. 

§ 4. Proof of Theorems 1, 2 and 4 

In the present case ,fr(y)<{ l. Hence by Theorem 3 we get 

za(; +it) <{t116 log2 t. 

Using this we get for each odd integer 0-1>1 and for any o>O, 
H(s)Za(s) <{ t «1+•1H112- •l/<112+•1)) + (1/S·<• +•,J1<112+, 1JJ +a 

for -0- 1 <a<½, 

where s=o-+it and we have used the convexity argument with Hecke's 
estimate stated in the introduction. Letting o-1 tend to oo, we get for 
each odd integer o-~> 1 and for any positive o 

H(s)Za(s)<{t 213-a+a 

We shall prove only Theorem l. Let X> X0• Let k be an integer 
>k0• We can take T1r. such that 

We consider the integral 

J f2HT, x2 
I=--. Za(s)- 2 ds. 

2m 2-iTk S 

Then 

I= I:: ({an}-__!__) log X + o(.£_)· 
n:a,X 2 n T% 

On the other hand, moving the line of the integration to 
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we get 

+o(f2 Xq [Z.(a±iTk)[ da) 
-I/3+2o [a±iT"[ 2 

+o(fTk x-1/3+2o [Z.(-t+2a+it)lat). 
-Tk l--t+2o+itl 2 

Using the above estimate of z.(s) and letting k tend to oo, we get our 
Theorem 1 with 

Cn = Res (Z.(s)) 1. 2 ~jn[- 4/ 3+a 
S=2sin/log ~ D ( 2rczn ) 

log Y/D 

The proofs of Theorems 2 and 4 are similar. For Theorems 2 and 4 
we evaluate the integrals 

1 f2+iT• x• 1 f2+iT• x• 
- Z.(s)---ds and - Z.(s)-ds 
2rci 2-iT• s(s + 1) 2rci 2-iT• s 3 

respectively. For Theorem 4 we move the line of the integration to 

§ 5. Proof of Theorems 5 and 6 

We use the same notations as in the introduction. We suppose in 
this section that a is purely periodic irrational <I, hence a=a and we 
omit writing the tilder hereafter in this section. We denote the denomi­
nator of the v-th principal convergent to a by q, for v= 1, 2, · · ·. We 
put q0 =I. Then, 

and generally 

q, +a,q,_1 = l/(aa:1 · · · a,_1), 

where we put a,=a 1 if v=j(mod K) and 1 <j ~K. Hence we get, by 
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induction on j, that for 1 ~I::::. K, 

q,=E,+(-l)'a1a2·. ·a1, 

229 

where E1 is. defined in the introduction. Generally, we get for l!=O, 1, 
2, · . · and j = 1, 2, · . · , K, 

qx,+1=Ai/E 1 +(-1)1a1a2· · ·a 1qx,· 

In particular, we obtain for li=O, 1, 2, ... 

Hence, by induction on li, we get for li=O, 1, 2, ... , 

Now it is well known that for Re(s)>2, 

where [;(s) is the Riemann zeta function, 

00 00 

<li(s)=I;(-1)'[;,(s) and (.(s)= I; (hq,_1+kqJ-• 
11=1 h,k=l 

(Cf. (4.1) and (4.3) of Hardy~Littlewood [8]). 

We decomopse <P(s) as follows. 

We notice that for 1 <j <K, 

h k = Aj? (hD- kD) (-I)K·Ax 
qK,+j-1 + qK,+J Ai/+(- I)K+IAK J-1 + j + Ai/+(- I)K+1AK 

X(-l)J-lc(j)(A 1/+(-I)K+IAx-Ex)(h-kaJ 

1 (A-•P ( I)K•A•Q) say 
Ail+(-I)K+IAK K ,- - K j' ' 

where D1 for O~j ~Kand c(j) for 1 <j ~Kare defined in the introduc­
tion. For even j, 
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since E 1 and EK are >O. When K is even andj is odd, 

+ · · · +aJlt:}_ 1 • • -a;as(l-a3a 2))(A 1/-AK) 

+--~ ---1 +--~aKaK-1 l-aK-1aK-2 a1· · ·a 1( 1 ) a1· · ·rx1( ( ) 
AK aa1 AK 

+ · · · +aKai-1 · · -a;a,(l-a3a2)) 

>O. 

In a similar manner, we see that when K is odd and j is odd, 

We now get for Re(s)>2, 

where we put 

[H= 

x I: (Ax'P 1 -(-1)K·AKQ1t· 
h,k~l 

s(s+l)· · -(s+l+l) 
/! 

and 
00 Ql 

Z (s)- "' J 
1' 1 - n;'i;-;!1 P'/z 

and the justification of the interchange of the summations is verified in a 
similar way as in p. 62 of Hardy-Littlewood [8]. For l :,t=O, 

[s] i?(j)( - 1 )l z Z1,h)= I! £41,iZ/s), 

where c(j) is defined in the introduction and we put 

and 
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Since Zis) is regular in the whole complex plane save for simple poles at 

S= 1 and s=2, the same is true for [:]zt,i(s). Using the same argument 

as in pp. 63-68 of [8], we see that Zh) is regular in the whole complex 
plane except at most at the points where 

1-(- l)(l+l)K A}_t21 =0. 

In particular, we see that if K is odd, s=0 cannot be the pole of Za(s). 
When K is even, the residue of IP(s) at s=0 is 

l 0 (-1) 1Z (0) 
log (1/AK) f:::1 J,o • 

We now evaluate Z 1,0(0). 
For Re(s)>2. 

Hence we get 

where log z is supposed to take its principal value, /().) is the path indi­
cated below and ). is a sufficiently small positive number. 

This is valid for all complex s except positive integral values (Cf. p. 29 of 
Hardy-Littlewood [9] and Chapter 13 of Whittaker-Watson [31]). In 
particular, we get 
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By Barnes [3] (and also 1.10 of Shintani [22]), we get 

Z-(0)= l (B"( Dj_,+D, )n2 
1 ' 0 2D D • D J-i 

j-1 j J-1 

Thus we have completed the evaluation of the residue of <P(s) at s=O, 
hence that of z.(s) at s=O. 

We next evaluate the constant term of the Laurent expansion of <P(s) 
at s=O. If K is odd, it is 

l ~(-l)'Z (0)+~(-1)'~ cz(j)(-l)z gJ,, 1Z,(O). 
2 _f:-'1 '' 0 f:-'1 (;j_ (l +( - 1)1A~)/! 

If K is even, it is 

l ~ ( l)iZ' (0) 
log (I/Ax) f:-', - 1'0 

+(_!_+ l log(Ai:'+(-l)x+iAx)-£ (-I)'ZJ,o(O) 
2 log (I/Ax) 1-1 

~ ( I)' ~ 1 cl(j)( -1)1 gJ. z .(o). 
+f:-',- f;;;-i_1-A~ /! 1 ' 11 

For t;;=;:;I and for I~j-;;;;_K, 

(-l)1 gJ Z(O)= (-l)i (( 1)(-a)l- 0(-1) 1 /!D D-:L-1 
/! J,l j 121! 0 j J-1 J 

+ (i)(-aj)z-,(-1)1-1(!-l) w1i 

+ (t ~ 1)(-a,)i-<1-1>( -1)1-1(/ - 1) !D1~1 

+ (Dc-ay-1(- l)1l!D,D1~1 1 

=_!_(-!!..L)!(~+-1 ) 
12 Dj Di aj 

+ _!_ (-1-) l(~ + a 1)· 
12 D1 _, D 1 _, 

Hence the last term of the above formula for the constant term for odd K 
is 
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and that for even K is 

where F1 and F2 are introduced in the introduction and 

O<A <I O<I aiU) I <I 
K ' D-

J 

and O<I c(j) I <L 
D1-1 
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Finally, we evaluate z;,0(0). By the above integral expression of Z 1,o(s), 
we get 

-I''(l)-rri f e-(D;-1+D;)z dz 
2rri rc,J (I -e-D1- 1•)(I -e-D1•) z 

This completes our proof of Theorems 5 and 6. 
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§ 6. Proof of Theorems 5' and 6' 

We shall describe only how to change the argument of the previous 
section. We suppose, as in the introduction, that 

and a is purely periodic. If we denote the n-th principal convergent to 
a by Pnlfi.n, then the denominator qM+n of the (M+n)-th principal con­
vergent to a satisfies 

for n~ 1, 

where c and dare introduced in the introduction. 
We shall first get some formula for ft.. We have first that 

1 for v~2, 

where we putjJ 1=1. By induction onj, we get for I~j<K, 

where E~ is introduced in the introduction. Generally, we get for 
v=0,1,2, ··· andforj=l,2, ···,K, 

In particular, we get 

Hence, by induction on v, we get for v=O, I, 2, ... 

A-·+( l)•K+IA, 
- =E' K - K +(-l)K•A· 

PK.+1 K+I Ai/+(-1y+1AK K· 

Now, we decompose <J)(s) as follows. 

M+l K = 
<J)(s)= ,6 (- })•(.(s)+ ,6 ,6 (-})M+Ke+J+l'M+K.+j+h) 

v=l j=l 1,1=0 

<J)i(s) is regular except simple poles at most at s= 1 and 2. To treat <J)ls), 
we note first that for 2~j ~K, 
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hflxv+j +kflxv+J +1 

=A-·(hE'.+kE'. +(-l)j-l a2 •• ·a 1E'x+1 (h-ka. )) 
K J J+l A.i/+(-l)K+IAK J+l 

+ Ax" (-I)Kv+j-1 t:X2·. ·aj (A-1+( I)K+IA E' ) 
Ai/+(-I)K+IAK K - x- K+l 

Forj=l, we put Ei=O and a2 • • ·a1 =1, then the above formula holds 
also in this case. Hence, we get for 1 ::S:: j -;;;;,K, 

h- ..Lkp- _ Ai_"(hD;+kD;+1) + Ax(-I)Kv+Hc'(j) 
Pxv+j, Kv+j+I- Ai_l+(-I)K+IAK Ai_l+(-I)K+IAK 

x (Ai_1 + ( - I )x +1A x - E'x + 1)(h-ka j + 1), 

where n; and c'(j) are introduced in the introduction. Using this we get 
for I::S::j::S::K and for J.1=0, 1, 2, 

hqM+Kv+j +kqM+Kv+j+I 

= c(hqKv+ J +kqxv+j +1) +d(hflxv+ j +kflxv+J+1) 

=(Ai_ 1+(-l)x+iAx)- 1(cAi_"(hD1 +kD 1+1) 

+c(- l)R"Ax(-I)jc(j + I)(Ai_1+(-l)K+IAx-Ex) 

X (h-ka1+1)+dAi_"(hD;+kD;+1)+d(- l)Kv 

X Ax(- 1y- 1c'(j)(Ai_ 1+( - I)K+IAx-E'x+1)(h-ka1+1), 

The rest is clear and we may omit writing it. 
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