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§ 1. Main results

This short note contains four theorems: two results on the lower
central series of the pure braid group of a Riemann surface and two arith-
metic analogies of these theorems.

Let us describe the first two results. Let R be a Riemann surface of
genus g, let [[7_, R denote the n-fold product space of R, and let F; R
denote the subspace

F,,R={(z;, 2, - - -, Z,) € _U1R|ziq&zj, if i==j}.

The space F, ,R is a K(x, 1)-space, and the fundamental group of F, ,R
is the pure braid group with # strings of the Riemann surface R (cf. Birman
[2], Chap. 2).

In general, for a simplicial complex X we define the holonomy Lie
algebra of X over Q in the following way (see [12]). Let

n: H(X; Q)—> A H(X; Q)

be the dual of the cup product homomorphism. Let Z(H,(X; Q)) be the
free Lie algebra generated by H,(X; Q) over Q. We identify the homo-
geneous part of degree 2 in P(H(X; Q) with A\* H(X; Q). We denote
by J the homogeneous ideal of Z(H,(X; Q)) generated by the image of 7.
The holonomy Lie algebra g, over Q is defined to be Z(H,(X; Q))/J.
Let

FngD. . .D]‘mng. .

be the lower central series of g, defined recursively by
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Flgx=gX and Fm+1gX=[gX’ Fmgx]s (mgl)'

We denote by gr,, (gx) the successive quotient I",,gx/I"..gx. We obtain
the associated graded Lie algebra

gr(gy)= gﬁ;lgrm (8x)-

Let £ be the Malcev Lie algebra of X over Q, which is also called the
nilpotent completion of the fundamental group of X over Q (see [17]).

When X is a compact Kéhler manifold (see [5], [17]), or X is the com-
plement of a complex hypersurface in the complex projective space (see
[11], [17]), we have an isomorphism

IR

Bx=Zx

of Lie algebras over Q, where { is the nilpotent completion of gg.
We shall show that a similar result holds for F; ,R.

(1.1) Theorem. Let R be a Riemann surface of genus g=1. Put
X,=F, ,R (n=1), then we have an isomorphism of Lie algebras over Q:

gxnggxn'

Especially this isomorphism induces an isomorphism of graded Lie algebras
over Q:

gr gy, =[gr m(X,)®,0.

Let X be an algebraic variety over C, and =,(X) its fundamental
group. Let

F17F1(X)=751(X)3F27T1(X)D < DIym(X)D- -

be the lower central series of m,(X). Let p(m) be the rank of the abelian
group gr,, (m(X)=1",7(X)/ [, m(X). Let b,(X) be the i-th Betti num-
ber of X.

In [1], Aomoto proposed to find examples of K(x, 1) varieties satisfy-
ing the identity:

®) T A=y ="5 (b0

as the formal power series in Z[[t]] of variable ¢ with coefficients in Z.
Several examples of such varieties are known (see [6], [12], [13]).

(1.2) Theorem. Let R be a Riemann surface of genus g=1. Set
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X,=F,,Rn=1). Then

(1) gr, (z(X,)) is a free Z-module for any m=1;
and

(i) For X=X, the identity (P) is true.

Remark. In this case, the right hand side of (P) is given by

(1—2gr+9) [T {1 g+ 1}

Now let us explain the latter two results. Fix a field K and a prime
number / distinct from the characteristic of K. Let X be a smooth al-
gebraic variety defined over K, and & be the pro-/ completion of the al-
gebraic fundamental group m,(X X K, x) of XX K. Then we can con-
sider the “non-abelian” /-adic representation

¢: Gal (K/K)—>Aut (9)/Inn (%),

where Aut (%) is the group of bicontinuous automorphisms of ¢ equipped
with compact-open topology. Then Aut (%) is a profinite group and the
normal subgroup Inn (%) consisting of inner automorphisms is a closed
subgroup of Aut (%) (cf. Thara [10], Section 1).

Let us consider the closed higher commutator subgroups {I,%}mz
defined recursively by

Flg:g and Fm-Hg:[ga Fmg] (mzl)’

where —— means the closure. Since each I, ¢ is fully-invariant under
any continuous endomorphism of %, the representation induces an /-adic
representation

¥ Gal (K/K)—>Aut (gr,, (9)®2Q)).

Here gr, (9)=1",9/T",,.,% for each m>=1. Thus we have a graded Lie
algebra over Q,;:

£ (9)02.0= 3 £ (9)82.0,

with an action of the Galois group Gal (K/K).

Now let us define the étale analogy of the holonomy Lie algebra.
Let Hi(X X K, Q;) be the i-th [-adic étale cohomology group of X X K.
Let H, be the dual Gal (K/K)-module of H'(X X K, Q,), and

y: H——> A\* H,
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be the dual Gal (K/K)-homomorphism of the cup product
/\2 HI(XX Ks QL)__)HZ(XX K-s Ql)

Let Z(H)) be the free Lie algebra generated by H, over Q,. Then #(H,)
has a natural action of Gal (K/K) by universality.

The homogeneous part Z(H,), of degree 2 in £(H,) is naturally
identified with A*H,. The image of » defines a subspace of Z(H,), in-
variant under Gal (K/K). Let J be the ideal in #(H,) generated by the
image of . Then we put

8x,.=ZL(H)J,

and call it the érale holonomy Lie algebra. We define the lower central
series {I',,8x,1}mz: in the same way and we denote by gr(gy,) the as-
sociated graded Lie algebra over Q,.

Let C be a geometrically connected complete smooth algebraic curve
of genus g defined over K. Then we can define an open subvariety F; ,C
defined over K in the n-fold product []%, C similarly as F; ,R for a Riem-
ann surface R.

(1.3) Theorem. Let C be a geometrically connected complete smooth
curve over K. Put X,=F, ,C (n=1), and let &, be the pro-1 completion of
the algebraic fundamental group w(X,X K, x). Then we have an isomor-
phism of graded Lie algebras over Q, with Gal (K/K) actions:

gr (8x,,) =8r(9,)Q2,Q..

Let us formulate an analogy of Aomoto’s problem. Recall the [-adic
representation

Yt Gal (KJK)—>Aut (gr (9)®7,0))

defined for an algebraic variety X over K. Then for each element ¢ of
Gal (K/K), we can consider the characteristic polynomial of +,(¢) with
variable ¢:

det (1—yr(0)2™).

Form an infinite product

[T det (1 —rn(0)™)

in the formal power series ring Q,[[¢]].
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For X an algebraic variety over K, an arithmetic version of the identity
(P) may be formulated in the following way:

Q  Jldetl—vu@m=" 3 (1) tr (lhmran)t

for ¢ e Gal (K/K).

(1.4) Theorem. Let C be a geometrically connected smooth complete
curve over K of genus g=1. Let 4, be the pro-l completion of the funda-
mental group (X, XK, %) of X,=F, ,C. Then

(i) gr.(%,) is a free Z,-module for any m=1;
and

(iiy For X=X, the identity (Q) is true.

Acknowledgement. We are indebted to Prof. K. Aomoto and Prof.
Y. Ihara for many ideas and helpful discussions on the subject of this
note, and we would like to acknowledge them. The second named author
would like to thank Max-Planck-Institut where a part of this work was

achieved.

§2. A simple lemma

Let G be a group, F a normal subgroup of G, and H=G/F the quoti-
ent group of G by F. Let [F, F] be the commutator subgroup of F.
Then we can define an action of H on F*=F/[F, F]:

p: H——>Aut (F*)

by
h(fmod[F, F))=gfg"*mod[F, F]  (he H,feF),

where g is an element of G such that A=gF e G/F.

(2.1) Lemma. Assume that the action p is trivial (i.e. p(H)={1})
and that F is free group of rank r=2. Let {I',Glnzts {I'nF}tnz and
{IH }nz: be the lower central series of G, F and H, respectively. Then we
have the following :

(i) I',F=I,GNFforany mz=1;

(i) gr,(=I,G/T,..G is a free abelian group, if gr,(H)=
' HIT,. ..H is a free abelian group;

(iii) We have

rank gr,.(G)=rank gr,(F)+rank gr, (H) for any m=1.
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Proof. Tt is easy to deduce (ii) and (iii) from (i). In fact, we have
an obvious exact sequence of groups:

1—>T,GNF r,G I H—>1

for each m>1. Assume that (1) is true. Then the above exact sequence
reads

s F—>I,.G—>], H—>1 (for any m=1).
Hence the sequence of modules:
l——gr,(F)——>gr,(G)—>gr(H)—>1

is exact for any m=>1. It is well known that gr, (F) is a free abelian
group, if F is a free group (cf. [16]). Thus the statement (ii) and (iii)
follow immediately from the last sequence.

Let us prove (i). Regard G as an automorphism group of F by con-
jugation:

g(x)=gxg™! (xe F,geG.

Then the action of G on F is compatible with the filtration {I", F} of F,
since higher commutators I", F are fully invariant subgroups of F. Recall
an exercise of Bourbaki [3] on the induced filtration of an automorphism
group of a filtered group. For each x € F, set

vp(x)=sup {m|x e ', F} (especially yz(1)= o0),
and define a function v on G by
E)=inf {v,(x~'g(9) — s ()}
(2.2) Sublemma. ([3], Chap. 2, §4, Exercise 9). For any m e Z, put
Gn={g e Glu(g)=m}.
Then {G,} >, defines a decreasing filtration on G such that G,=G, and
G, G]CG,,,  foranyk, [=0.

The proof of the above sublemma is passed to the reader as an ex-
ercise.

By assumption that p: H——>Aut (F*™) is trivial, the group G also
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acts trivially on gr, (F)=F. Since gr(F)=®;_, gr.(F) is generated by
gr,(F) (cf. [16]), G acts trivially on the whole gr(F). Hence G,=G.

Therefore the filtration {G,},=, is a central filtration.
Note that the lower central filtration decreases faster than any other

central filtration, i.e.
r,Gca, for any m=>1.
Then we have
r.,Fcr,GNrFcCG,NF for any m=>1.
Thus, in order to prove (i), it suffices to show that
G.NFCI,F for any m=>1.

Assume that x e G,,F. Then

€] ve(p-x(y ) =v(yxy ' x Y Z=m-+vy(y), for any y € F.

Write vy(x)=k and v (¥)=1. Since the rank r of Fis at least 2, we can
choose y in F such that

xmod [, ,,F and ymod[,,.F

are linearly independent elements in the graded free Lie algebra gr(F).
Then we have

[y, xX]=yxy'x7 € [y F—T i1 F

(cf. Corollary 5.12 (jii) of Section 5.7, p. 342 of [16]). Thus by (%), we
have

k+I1=m+1, ie. k=m,

which in turn means x e I, Fc I, F.
Since x is an arbitrary element in G,, () F, we have

G.NFCI,F

as desired, which completes the proof of our lemma.

§ 3. Proof of Theorem (1.2)

Assume that n=1. Then Theorem (1.2) is proved by Labute [15]
for g=2, and trivial for g=1, since G is abelian in the latter case. Let us
show Theorem (1.2) by induction on n.
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Consider the projection mapping =: F,,,..R=X,,,—F, .R=X, de-
fined by

(Zla Tt Zn+1) € Fo,n+1R*"—>(Z1= MR Zn) € F(),'nR-

Then the fibre of z is a punctured Riemann surface

R_{pl, i '9Pn}9

and r is a locally trivial fibration (cf. Birman [2], Chapter 1).
Since X, is a K(x, 1) space, and the fibres of = are connected, we have
an exact sequence:

(31) 1_>771(R’—{p1’ ot 'apn})—)ﬂl(XnH)_—)ﬂl (Xn)—_)l

Set G=n,(X,.,), F=n(R—{py, - - -, p,}p) and H=r,(X,). Then Fis a free
group of rank 2g+n—1,if n==1. Thus in order to apply Lemma (2.1),
we want to know the monodromy mapping:

o H——Aut (F*)=Aut (H,(R—{ps, - -+, Do}, Z))

is trivial. We observe that the exact sequence (3.1) admits a section s:
H——>G and that G* is isomorphic to the direct sum F**@H*. The in-
jection F*»—G® is compatible with the action of an element of H via s.
For x e H, the monodromy p(x) can be written in the form

p(x)-g=s(x)-g-s(x)™*

for g e F, which means that H acts trivially on G*. By using the com-
patibility it follows that H acts trivially on F*®, Therefore the assump-
tions of Lemma (2.1) are satisfied for the groups appearing in the sequence
@3.D.

Set  pg(m)=rank gr, (G), pp(m)=rank gr, (F), and py(m)=
rank gr,, (H). Then we have

(3.3) ﬁ (1—-tm)Pa<m)= ﬁ (l_tm)pp(m) ﬁ (l_t’m)pg(m)
m=1 m=1

m=1

by (iii) of Lemma (2.1), and gr,(G) is a free abelian group if and only if
gr,(H) is free abelian. Set

Pt X =3 (— B

Then we have
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(3.4 P(t; X, )={1—Qg+n—Dt}P(t; X,)
for n=1, since the fibration # is locally trivial. By Witt’s formula ([16],
Chapter 5), we have
(3.5) [T (1—tmyerm=1—(Q2g+n—1t.
m=1

Thus Theorem (1.2) is valid for X, ,,, if it is valid for X,. Since the case
n=11is settled by Labute [15], we can complete the proof of Theorem (1.2)
by induction on n.

(3.6) Remark. Fix a prime/. Let F,, G, ., and G, , be the pro-/
completions of the groups z(R—{p,, - - -, P.}), m(X,. 1), and =,(X,), re-
spectively. Then we have an exact sequence of groups:

3.7 l—F—G,,,,—>G,,,—>1.

In fact, since G, acts trivially on H'(F, Z{I{Z)=Hom (F**, Z/I Z), this
follows immediately from Proposition 4 of Friedlander [7]. Or one can
note that the exact sequence:

1—“>7E1(R—{p1’ : 'aPn})/ani(R"{Pn ctt pn})
(38) ”“—)nl(XnH)/Fmﬂ:l(XnH)
—> (X )/ (X)) —>1 (for any m=>1),
which follows from Lemma (2.1). The last exact sequence readily implies

3.7).

§ 4. Proof of Theorem (1.1)

We shall use the same notations as in the previous sections.
(4.1) Lemma. We have an isomorphism:
Hi(gx,; Q=H'(X,; Q), Jj=0.

Proof. In the case n=1, we can show by an elementary computation
that the complex (R(X,)., 0.) defined in (4.13) is acyclic. Thus we obtain
the desired isomorphism in this case. Let r: X, ,,—X, be the natural pro-
jection map. The fiber of # is a punctured Riemann surface

Zn::R_{pla M '9pn}'

We have the following exact sequence of holonomy Lie algebras:
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Ty

4.2) 0—>gaz, (S5 S 8x, 0

which admits a section ¢: gx,—>Qx,.
We shall show that the associated Hochschild-Serre spectral sequence

(4.3) EPi=H"gyx,; H(Qz,; Q)==H"""(8x,,,; Q)

degenerates at the E,-term. Let us recall that g, is a free Lie algebra of
rank 2g+n—1. Hence we have H¥(g,, ; Q)=0 for j>1, therefore we
have the following exact sequence:

* d
44) o ERH Gy, Q> Ef T EPY
#
S HP gy, Q>

which admits a section ¢*: H?(gy,; Q)—E%°, p=0. Thus we have split
short exact sequences:

(4.5) 0—>EP—>Hgy ,,; Q)—>EL'—>0.

On the other hand, by using the same argument, we see that the Serre
spectral sequence

E}'=H"X,; H(Z,; Q)==H"""(X,.:; Q)

associated with the fibration =: X,,,,—X, degenerates at the F,-term, which
gives an isomorphism

(46  HX,,; Q=HX,; Q@H"(X,; Q®H(Z,; Q)].

By means of the hypothesis of the induction and (4.5), (4.6) we obtain the
desired isomorphism.

@4.7) We have
dim Fjgxn/rjngx,,:rank Fj”l(Xn)/Fjﬂﬂl(Xn)» j=1.

Proof. Since the holonomy Lie algebra gy, can be written in the
form g, =L(H(X,; Q))/J with some homogeneous ideal J generated by
elements of degree 2, it is clear that we have a free U(gy,)-resolution of Q

14}

(4.8) BN LN SPENGRN JLLNy SEEN SN

satisfying the following conditions:
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(i) degp;(u)=degu+1 for any homogeneous element u of K.
(i) K;is a free U(gy,)-module of finite rank.
By taking the U(g )-dual sequence of (4.8), we have

H(gz,;:Q=K}, j=0

where ¥ means the U(gy,)-dual. By means of Lemma 4.2, we obtain an
isomorphism

Hi{X,; Q=KY, j=0.

Let K7 denote the homogeneous part of degree m of K;. By considering
the exact sequence of Q-vector spaces
.. ~——>K?LK;"_+11—>- ..

induced from the sequence (4.8), we obtain the formula

(4.9) (z X(p)tp)(; (— 1B (X)) =1.

where X(p)=dim U(gy,)?. We put p(j)=dim[[",a5/]";.18x]. We know
by Poincaré-Birkhoff-Witt (see [20]) that

(4.10) > Uppr=]] (1 —17)0,
p=0 i=t
It follows from Theorems (1.2), (4.9) and (4.10) that
p(j)=rank I ;a(X,)/I" ;. m(X,)
which completes the proof.

Let X be a polyhedron. By using a theorem of Sullivan ([17] (5.11))
and the definition of the holonomy Lie algebra g, we have a surjective
homomorphism

Tyl QX/F;'QX*—>$X/F]-$X’ Jj=0.
In the case X=X, we have proved that
dim [I",g%/I";,:9x]=dim [ Zx/T ;1L x]

Hence we obtain that the homomorphism z; is an isomorphism for any
j=0, which completes the proof of Theorem (1.1).

(4.12) Remark. The resolution (4.8) may be explicitly given by the
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complex (R(X,)., 0.) defined in (4.13). We can prove it in the same way
as in [12]. This resolution will be used in the remark (6.4).

(4.13) Definition. Let X be a simplicial complex and let g, be the
holonomy Lie algebra of X. We define the complex (R(X)., 3.) in the fol-
lowing way (cf. [1], [12]). We denote by U(gy) the universal enveloping
algebra of g, equipped with the structure of a graded algebra such that
deg x=1 for an element x ¢ H,(X; Q). We put

R(X),=Homy,,(U(g)®H (X Q), U(gx))

and we define 9,: R(X),—R(X),_, to be the right U(gy)-module homomor-
phism defined by

0 A(1Qp)= Z(; x,Qw’ Ugp)

for 1e R(X), and ¢ e H*(X; @), where {»’} denotes a basis of H(X; Q)
and {x,} denotes its dual basis of H,(X; Q).

§5. Proof of Theorem (1.3)

In the first place, we show that the statement of Theorem (1.3) is also
true for arbitrary curves.

(5.1) Proposition. Let X be a smooth geometrically connected alge-
braic curve defined over K. Let 4 be the pro-1 completion of the funda-
mental group m(XXK, %) of X with I>xxch(K). Let gy, be the étale
holonomy Lie algebra of X. Then we have an isomorphism of graded Lie
algebras over Q, with action of Gal (K/K):

gr (gX,l) =gr (g)®lez-

Proof. Let n be the cardinality of X—X, where X is the smooth
compactification of X, and let g be the genus of X. Assume that the
characteristic of Kis 0. Then by a standard argument, we see that it suf-
fices to show our proposition when K is a subfield of C.

Since gr(gy,) = H: (XX K, Q) V as Gal (K/K)-modules, and gr,(#)®
2,0, is also isomorphic to the dual Gal(K/K)-module of H} (X X K, Q)), we
have a natural homomorphism of graded Lie algebras with Gal (K/K)-
actions

0: gr (Z(H (XX K, Q))—>gr (9)®7,Q:.

By applying the comparison theorem of Artin [9], we can see that the
image of
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70 Hy(XX K, Q)Y ——> N {H (XX K, @)}

is contained in the kernel of § by Theorem (1.1). Therefore the homo-
morphism @ factors through

gr(gy, ) —>gr (92,0,

Applying again the comparison theorem, we have the isomorphism of
Proposition by Theorem (1.1).

When the characteristic of K is positive, we can lift the quasi-projec-
tive curve X to a smooth curve X defined over a field K of characteristic
0. Then % and the pro-/ completion of 7 (XX K, %) are isomorphic by
Grothendieck [8] or by Popp [18], which completes the proof of our pro-
position.

The proof of Theorem (1.3) is similar to the proof of Proposition
(5.1). Once one can establish an isomorphism of Theorem (1.3) as graded
Lie algebras such that it induces the tautological isomorphism

g (gx,)=H (XX K Q)= gr(9)®,,0,

at degree 1, then the universality shows that this isomorphism of graded
Lie algebras is compatible with the action of Gal (K/K).

Thus, the comparison theorem of Artin [9] shows that Theorem (1.3)
follows immediately from Theorem (1.1), when K is of characteristic 0.

When K is of positive characteristic, we can lift the curve C to a
smooth projective curve € over a field K of characteristic 0. Then we can
define )?n-——Fo,né, which is a lifting of F; ,C to characteristic 0. Then,
applying the argument of specialization to the fibring

~ ~ T ~
Vs X, —>X,,
where ¥ is a geometric fibre of #, we can show a diagram:

0—>9yp G 2

D

| |
0 G, Gss ©,——>0 (exact)

0 (exact)

by induction on # (cf. Remark (3.6)). Here %, (resp. %) is the pro-/
completion of the fundamental group of the geometric fibre ¥ (resp. ¥) of
r: X, ., —X, (tesp. #), and &, (resp. Z,) is the pro-/ completion of (X, X
K, %) (resp. (X, X K, x)). Hence we complete the proof of Theorem
(1.3).
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§ 6. Proof of Theorem (1.4)

We discuss that the statement of Theorem (1.4) is valid for arbitrary
curves. This result includes the case n=1 in Theorem (1.4) as a special
case, since X;=C.

(6.1) Proposition. Let X be a smooth geometrically connected al-
gebraic curve over K with X+ P%, and let 4 be the pro-I completion of the
fundamental group m(X X K, %) with [#ch (K). Then we have

(i) gr.(9) is a free Z,-module for any m>1;
and

i) 5o det (1= y(0)t™) = S (= I tr (07t .00t

Proof. The part (i) follows from a result of Labute [14] by the
comparison theorem of Artin, if the characteristic of Kis 0. If ch (K)>0,
then we can lift X to characteristic 0, and apply the result of [13] or [15].

Let us show the part (if). By Theorem (1.3), v,.(¢) are semisimple
elements of GL (gr,, (9)Q,,Q,) for all m=>1, if (o) is semisimple. Since
each characteristic polynomial det (1 —),(0)t™) depends only on the
semisimple part of +,(¢) in the Jordan decomposition of (o), it suffices
to show (ii), when (o) is semisimple.

Also we may extend the field of base from Q, to the algebraic closure
Q,. Thus we can assume that yr(¢) is represented by a diagonal matrix
with respect to some basis of gr, (9)®,0,.

Let g be the genus of the smooth compactification X of X over K.
Put n=the cardinality of ¥—X. If g=0 and n<2 or g=1 and n=0,
then & is abelian. There is nothing to prove in this case. Assume that
n>0 and % is not abelian. Then ¢ is a pro-/ free group, hence gr(%) is
a free Lie algebra over Z, generated by gr,(%). Thus, when X is non-
complete, our proposition is reduced to show the following.

(6.2) Lemma (cf. [3], Chap. 2). Let {X,,X,, ---,X,} be a set of q
letters, and let L be the free Lie algebra generated by {X,, - - -, X} over a
field F. Let {S,, - - -, S;} be q elements of F—{0}, and let 7,,(S;, S,, - - -, S,)
be the linear mapping L,—L,, on the homogeneous part L., of degree m of
L, induced by the mapping

q ['4
; aiXi»—-—>§ a,S, X, (e, e F(1<i<q))

on L,. Then we have

?:Is

det {1—c,(S,, - -, Sq)tm}zl_(i Si>t.
1 t=1
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When X is a complete curve, it is necessary to see the results of
Labute [14] more precisely. We have to formulate an analogy of Lemma
(6.2) in this case. Note that ¢ is a Demushin group of genus g, and the
intersection form on H'(X X K, Q,) defines a skew symmetric bilinear form

gr (9)®2,0, X gr(9)®,,0,—>Q,(1).

Here Q,(1) is the module Q, with Gal (K/K) actions via the cyclotomic
character. Recall the structure of gr (%) (cf. [14], [16]). In order to com-
plete the proof of Proposition (6.1), it suffices to show the following.

(6.3) Lemma. Let{X,, ---,X, Y, ---,Y,} be2g letters, and let L
be a free Lie algebra generated by {X,, - -5 X,, Yy, - -+, Y} over F. Let
J be the ideal of L generated by > 5.,[X,, Y,], and g=L/J be the quotient
graded Lie algebra. Let

Tm(Sla B Sg): Gn—>8n

be the linear mapping on the homogeneous part g,, of U(g) with degree m,
induced from the mapping on the set

X—>S.X, and Y,—>S;'Y, (1<i<g).

Then we have an identity
I det {1— (S, - - -, Sg)t’"}———1—{i(Si+S;‘)}t+t2.
m=1 t=1

Proof. When S;=S,=--.=5,=1, the identity of Lemma is the last
formula in Théoréme 2 of Labute [14]. Actually, we can see readily that
Théoréme 2 of [14] implies immediately our Lemma. We give some
multi-degree for the generators. Consider the free module B¥%., Zu, gen-
erated by g+ 1 letters u;, (0<i<g). Then we define that the “degree” of
X, is u,+u, for each i (1<i<g), and the “degree” of Y, is u,—u,. Then
the relator > %, [X,, ¥;] has the degree 2u,. We extend this multi-degree
so that for any element A4 in g,, the equivalence:

Tm(Sb Tty Sg)A:S;M . 'S?g'A
&> A is of multi-degree mu,+ > ¢_, m,u,, holds.

Then the formula (1)

U(t):_li(_t)__
1+14¥7(2)
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in Théoréme 2 of [14] reads (after the correction of sign before 12V (z),
which is an obvious mistake)

20)
1422V (Y

f:ls

det {1—7,(Sy, - - -, S )™} =
1

with V(¢)=[1—{>3¢.,(S;+S7D}™", in our setting. This completes the
proof of our Lemma.

Now let us start the proof of Theorem (1.4). We have settled the
case X;. Let us proceed by induction on n. Consider the map =: X, ., —
X,. Let 5 be the generic point of X, and 7 the geometric point over 7.
Let ¥, be the geometric fibre of z over 5. Then V; is a curve which is an
open subscheme of CX ¢k(7). Let & be the pro-/ completion of z,(V,, ).
Then Gal (k(7)/k(7)) acts on gr(F)= P _, g, (F).

Let I" be the subgroup

Gal (K(X,,)/(K(X.,))
of

Gal (k(7)/k(7)) = Gal (K(X,.)/K(X.,).

Here K(X,,) (resp. K(X,)) is the function field of X, over K (resp. K). Then
the composition:

I'—>Gal (k(p)/k(m)—>Aut (gr ()

factors through (X, X K, %), because # is a smooth morphism. (Gro-
thendieck’s specialisation theorem). By an argument similar to that of
the proof of Theorem (1.2) (cf. Section 3), we can show that z,(X, X K, %)
acts trivially on gr (#). A fortiori, I' acts trivially on gr (¥#). Therefore
Gal (k(7)/k(9)/I" = Gal (K(X,)/K(X,)) acts on gr (¥). Since X, is geome-
trically connected, i.e. K(X,) is a regular extension of K,

Gal (R(X,)/K(X,)) = Gal (K/K).

Hence Gal (K/K) acts on gr(%).
The fibration

T
Vﬁ > X n+l ) X n
induces an exact sequence

l—>F G, - —>FG,—>1
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as we have already seen in Section 5. If we put F=%,G=9,,, and H=
%,, then the three groups also satisfy the assumption of Lemma (2.1).
Thus we have an exact sequence

0*°—)grm ('g;)—>grm (gn+1)—)grm (gn)'_‘éoa

which is easily checked to be an exact sequence of Gal (K/K)-modules.

Recall that H%(V,, @) is a Gal(K/K)-module which is dual to
g1, (F)Ryz, Q,, ie. m(X, X K, ) acts trivially on it. In other words, the
first direct image R'z,Q, of Q, with respect to =: X,,,—X, is a constant
local system. Thus, by the spectral sequence of Leray, we have an iso-
morphism of Gal (K/K)-modules

H‘L(Xn+1 X KZ QL) —:—"/HZ(Xn X K) QL)®{H7‘—I(X1L X K) QL)@HI(VW Ql)}

(we omit subscprit “ét” from now on). Therefore

2n+1
Z{; (=D tr (07 mecxnsax 00t
2n )
==t @ 0] 2 (= Dt 0 ez )t

for any ¢ ¢ Gal (K/K). Thus in order to complete the proof of Theorem
(1.4) by induction on #, it suffices to show that for {y,, -(¢)} with respect
to %, the identity

le det (1—p, o)t ™) =1—tr(c* lmrg.0n)t

is valid. Since the last identity is shown by Proposition (6.1), we can
complete the proof of Theorem (1.4).

(6.4) Remark. We want to discuss an extension of Theorem (1.4)
for automorphisms ¢ of X=F, ,C. - Under the same notation and assump-
tion as in Theorem (1.1), we consider the universal enveloping algebra
U(gz,,) of the étale holonomy Lie algebra gy, of X. Any automorphism
0: XX K—-XXK of XxK induces an automorphism H'(g) of H(X'X
K, Q). Since H'(o) is compatible with the cup product, H'(s) induces an
automorphism U(e) of U(gy,) by the universality of U(gy,;). Similarly
Gal (K/K) acts on U(gy,)-

Put

Ki= Homng,,)(U(Qx,z)®Q1H1(X>< K, Q), U(gx,)-

Then we can define a derivation 6: K*—K*"! as in Section (4.13). Then ¢
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is compatible with the action of the Galois group Gal (K/K) and with any
automorphism ¢ of XX K. Moreover, if ¢ is defined over K, the actions
of Gal(K/K) and ¢ on the complex {K;} commute. By the comparison
theorem of Artin and the specialization theorem, the complex:

KKl Q0

is also exact.

Let +,(0) be the action of ¢ € Aut (X) on the homogeneous compon-
ent of degree nin gy ,. Let us consider the induced graduation on U(gy ),
and let ¢, (o) be the restriction of U(g) to the homogeneous part of degree
o in U(gy,;). Then the above complex implies an equality:

® <§0tr %(‘7)”) (2 E e (G lHi(sz?,Qz))ti> =1

On the other hand, Poincaré-Birkhoff-Witt theorem implies that

#) [, det(1—v, @) "= 5 g (0)r"

In fact, in order to prove the above identity, after extending scalars from
Q, to @,, it suffices to show the identity for semisimple automorphisms
H'(¢) of H(X X K, Q)®0,. Then we can choose a basis in each homo-
geneous part of gy ;, such that (o) is represented by a diagonal matrix.

Thus the last two identities show that in Theorem (1.4) we can replace
an element ¢ of Gal (K/K) by an automorphism ¢ of XX K.

(6.5) Remark. Let Z[G] be the group algebra of a group G over Z,
and let 7 be the augmentation ideal of Z[G], i.e. the kernel of the augmen-
tation map Z[G]—Z. Then we can define a filtration F,G on G by putting
F,G={xe G|x—1eI"}. These subgroups F,G are called dimension sub-
groups of G. Let G=r,F; ,R for a Riemann surface of genus>1. Then,
combining Theorem (1.2) (i) with a result of Quillen (cf. Corollary 4.2 of
[19]), we have an equality

I'.G=F,G

for any r.
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