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§ 1. Main results 

This short note contains four theorems: two results on the lower 
central series of the pure braid group of a Riemann surface and two arith­
metic analogies of these theorems. 

Let us describe the first two results. Let R be a Riemann surface of 
genus g, let IT f- 1 R denote the n-fold product space of R, and let F0,nR 
denote the subspace 

n 

Fo,nR= {(z1, Zz, •'·,Zn) E IT Rlzi:;t:zj, if i:;t:j}. 
i=l 

The space F0,nR is a K(:r, 1)-space, and the fundamental group of F0,nR 
is the pure braid group with n strings of the Riemann surface R ( cf. Birman 
[2], Chap. 2). 

In general, for a simplicial complex X we define the holonomy Lie 
algebra of X over Q in the following way (see ll2]). Let 

be the dual of the cup product homomorphism. Let .!l'(H 1(X; Q)) be the 
free Lie algebra generated by Hi(X; Q) over Q. We identify the homo­
geneous part of degree 2 in .!l'(Hi(X; Q)) with /\ 2 Hi(X; Q). We denote 
by J the homogeneous ideal of .!l'(Hi(X; Q)) generated by the image of r;. 
The holonomy Lie algebra gx over Q is defined to be .!l'(H 1(X; Q))/J. 
Let 

be the lower central series of gx defined recursively by 
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(m";?_l). 

We denote by grm (gx) the successive quotient I' mgxf I' m+igx. We obtain 
the associated graded Lie algebra 

00 

gr (gx)= EB grm (gx). 
m=l 

Let ff x be the Malcev Lie algebra of X over Q, which is also called the 
nilpotent completion of the fundamental group of X over Q (see [17]). 

When Xis a compact Kahler manifold (see [5], [17]), or Xis the com­
plement of a complex hypersurface in the complex projective space (see 
[11], [17]), we have an isomorphism 

§x~ff X 

of Lie algebras over Q, where §x is the nilpotent completion of gx. 
We shall show that a similar result holds for F0,nR. 

(1.1) Theorem. Let R be a Riemann surface of genus g~ I. Put 
Xn=Fo,nR (n";?_l), then we have an isomorphism of Lie algebras over Q: 

Especially this isomorphism induces an isomorphism of graded Lie algebras 
over Q: 

Let X be an algebraic variety over C, and rri(X) its fundamental 
group. Let 

be the lower central series of n"i{X). Let p(m) be the rank of the abelian 
group grm (rri(X))=I' mrri(X)/I' m+1rri(X). Let MX) be the i-th Betti num­
ber of X. 

In [1], Aomoto proposed to find examples of K(;r:, 1) varieties satisfy­
ing the identity: 

= 2dimX 

(P) IT (I-tm)p(m)= .I; (-l)iblX)ti 
m=l i=O 

as the formal power series in Z[lt]] of variable t with coefficients in z. 
Several examples of such varieties are known (see [6], [12], [13]). 

(1.2) Theorem. Let R be a Riemann surface of genus g> I. Set 
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Xn=Fo,nR (n>l). Then 
( i) grm (tr1(Xn)) is a free Z-module for any m >I; 

and 
(ii) For X =Xn, the identity (P) is true. 

Remark. In this case, the right hand side of (P) is given by 

n-2 

(1-2gt+t 2) n {1-(2g+i)t}. 
i=O 
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Now let us explain the latter two results. Fix a field Kand a prime 
number l distinct from the characteristic of K. Let X be a smooth al­
gebraic variety defined over K, and '§ be the pro-I completion of the al­
gebraic fundamental group n-i(XxxK, *) of XxxK. Then we can con­
sider the "non-abelian" l-adic representation 

cp: Gal (K/K)~Aut ('§)/Inn('§), 

where Aut ( '§) is the group of bi continuous automorphisms of '§ equipped 
with compact-open topology. Then Aut ('§) is a profinite group and the 
normal subgroup Inn ( '§) consisting of inner automorphisms is a closed 
subgroup of Aut ('§) (cf. Ihara [IO], Section 1). 

Let us consider the closed higher commutator subgroups {I' m'§}m;;:i 
defined recursively by 

{m>l), 

where -- means the closure. Since each I' ml§ is fully-invariant under 
any continuous endomorphism of '§, the representation induces an l-adic 
representation 

Here grm (<§)=I' m<§/I' m+i<§ for each m?.1. Thus we have a graded Lie 
algebra over Qi: 

00 

gr(<§)@z,Qz=ffi grm (<§)@z,Qz 
m=l 

with an action of the Galois group Gal (K/ K). 
Now let us define the etale analogy of the holonomy Lie algebra. 

Let Hi(XX K, Q1) be the i-th l-adic etale cohomology group of XX xK. 
Let Hi be the dual Gal (K/K)-module of H 1(XXK, Q1), and 
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be the dual Gal (K/K)-homomorphism of the cup product 

A 2 H 1(XX K, Qi)~ H 2(XX K, Qi)-

Let £'(H 1) be the free Lie algebra generated by H 1 over Qi. Then £'(H 1) 

has a natural action of Gal (K/K) by universality. 
The homogeneous part £'(H 1) 2 of degree 2 in £'(H 1) is naturally 

identified with A 2H 1• The image of 'I/ defines a subspace of £'(H 1) 2 in­
variant under Gal (K/K). Let J be the ideal in £'(H 1) generated by the 
image of 'I/· Then we put 

and call it the etale holonomy Lie algebra. We define the lower central 
series {I' mgx,i}m;.;i in the same way and we denote by gr (gx,i) the as­
sociated graded Lie algebra over Qi. 

Let C be a geometrically connected complete smooth algebraic curve 
of genus g defined over K. Then we can define an open subvariety Fo,n C 
defined over Kin the n-fold product flf =1 C similarly as F0,nR for a Riem­
ann surface R. 

(1.3) Theorem. Let C be a geometrically connected complete smooth 
curve over K. Put Xn=Fo,nC (n>l), and let C§n be the pro-/ completion of 
the algebraic fundamental group i.i(Xn X K, * ). Then we have an isomor­
phism of graded Lie algebras over Qi with Gal (K/K) actions: 

Let us formulate an analogy of Aomoto's problem. Recall the /-adic 
representation 

defined for an algebraic variety X over K. Then for each element a of 
Gal (K/K), we can consider the characteristic polynomial of ,Jr,,.(a) with 
variable t: 

Form an infinite product 

co 

IT det (1-,Jr,,.(a)tm) 
m=l 

in the formal power series ring Q1[[t]]. 
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For X an algebraic variety over K, an arithmetic version of the identity 
(P) may be formulated in the following way: 

oo 2dimX 

(Q) n det(l-tm(a)tm)= .I: (-l)'tr(o-li¼(XXK,Qi)W 
m=l i=O 

for o-e Gal (K./ K). 

(1.4) Theorem. Let C be a geometrically connected smooth complete 
curve over K of genus g >I. Let 'ff n be the pro-I completion of the funda­
mental group rr1(XnXK, *) of Xn=Fo,nC. Then 

( i) grm( 'ff n) is a free Z 1-module for any m > 1; 
and 

(ii) For X =Xn, the identity (Q) is true. 

Acknowledgement. We are indebted to Prof. K. Aomoto and Prof. 
Y. Ihara for many ideas and helpful discussions on the subject of this 
note, and we would like to acknowledge them. The second named author 
would like to thank Max-Planck-Institut where a part of this work was 
achieved. 

§ 2. A simple lemma 

Let G be a group, Fa normal subgroup of G, and H=G/Fthe quoti­
ent group of G by F. Let [F, F] be the commutator subgroup of F. 
Then we can define an action of Hon pab=F/[F, F]: 

by 

h(fmod [F, F])=gfg- 1 mod [F, F] (he H,f e F), 

where g is an element of G such that h=gF e G/F. 

(2.1) Lemma. Assume that the action p is trivial (i.e. p{H)={l}) 
and that F is free group of rank r~2. Let {I' mG}m;.;1, {I' mF}m;.;1 and 
{I' mH}m;.;1 be the lower central series of G, F and H, respectively. Then we 
have the following: 

(i) I'mF=I'mGnFfor any m>l; 
(ii) grm(G)=I'mG/I'm+iG is a free abelian group, if grm(H)= 

I' mH/I' m+iH is a free abelian group; 
(iii) We have 

for any m~l. 
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Proof It is easy to deduce (ii) and (iii) from (i). In fact, we have 
an obvious exact sequence of groups: 

l---+I' mGnF---+I' mG---+I' mH---+l 

for each m> I. Assume that (1) is true. Then the above exact sequence 
reads 

1---+ I' mF---+ I'm G---+ I' mH---+ I 

Hence the sequence of modules: 

(for any m> I). 

is exact for any m> I. It is well known that grm (F) is a free abelian 
group, if F is a free group (cf. [16]). Thus the statement (ii) and (iii) 
follow immediately from the last sequence. 

Let us prove (i). Regard G as an automorphism group of F by con­
jugation: 

g(x)=gxg- 1 (x E F, g E G). 

Then the action of G on F is compatible with the filtration { I' mF} of F, 
since higher commutators I' mF are fully invariant subgroups of F. Recall 
an exercise of Bourbaki [3] on the induced filtration of an automorphism 
group of a filtered group. For each x e F, set 

( especially II F(l) = oo ), 

and define a function II on G by 

11(g) =inf {11F(x-1g(x))-11F(x)}. 
xeF 

(2.2) Sublemma. ([3], Chap. 2, § 4, Exercise 9). For any m e Z, put 

Gm={g E Gl11(g)>m}. 

Then {Gm}m;,;1 defines a decreasing filtration on G such that G0 = G, and 

for any k, l>O. 

The proof of the above sublemma is passed to the reader as an ex­
ercise. 

By assumption that p: H---+Aut(£&b) is trivial, the group G also 
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acts trivially on gr1 (F)=Pb. Since gr (F)= ffi;;;~o grm(F) is generated by 
gr1 (F) (cf. [16]), G acts trivially on the whole gr (F). Hence G1 = G. 
Therefore the filtration { Gm}m;,;i is a central filtration. 

Note that the lower central filtration decreases faster than any other 
central filtration, i.e. 

for any m;::,:_1. 

Then we have 

for any m>l. 

Thus, in order to prove (i), it suffices to show that 

for any m~l. 

Assume that X E Gm n F. Then 

Write vF(x)=k and vp(y)=l. Since the rank r of Fis at least 2, we can 
choose y in F such that 

are linearly independent elements in the graded free Lie algebra gr (F). 
Then we have 

(cf. Corollary 5.12 (iii) of Section 5.7, p. 342 of [16]). Thus by (#), we 
have 

k+l>m+l, i.e. k;::,:_m, 

which in turn means x E I'kFcI' mF. 
Since xis an arbitrary element in Gm n F, we have 

as desired, which completes the proof of our lemma. 

§ 3. Proof of Theorem (1.2) 

Assume that n= 1. Then Theorem (1.2) is proved by Labute [15] 
for g~2, and trivial for g= 1, since G is abelian in the latter case. Let us 
show Theorem (1.2) by induction on n. 
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Consider the projection mapping 11:: F'o,n+iR=Xn+c+F0,nR=Xn de­
fined by 

Then the fibre of 11: is a punctured Riemann surface 

and 11: is a locally trivial fibration (cf. Birman [2], Chapter 1). 
Since Xn is a K(11:, 1) space, and the fibres of 11: are connected, we have 

an exact sequence: 

(3.1) l--*11:1(R-{Pt, • • ·,Pn})--*11:i(Xn+1)--*1l:1 (Xn)--*1. 

Set G=11:1(Xn+i), F=11:1(R-{Pt, · · ·,Pn}) and H=11:i(Xn). Then Fis a free 
group of rank 2g + n - 1, if n > 1. Thus in order to apply Lemma (2.1 ), 
we want to know the monodromy mapping: 

is trivial. We observe that the exact sequence (3.1) admits a section s: 
H--*G and that Gab is isomorphic to the direct sum pabffifiab. The in­
jection pab_.Gab is compatible with the action of an element of H via s. 
For x e H, the monodromy p(x) can be written in the form 

p(x)-g=s(x)-g ·s(x)- 1 

forge F, which means that H acts trivially on Gab. By using the com­
patibility it follows that H acts trivially on pab_ Therefore the assump­
tions of Lemma (2.1) are satisfied for the groups appearing in the sequence 
(3.1). 

Set p0(m) = rank grm (G), p_im) = rank grm (F), and pH(m) = 
rank grm (H). Then we have 

® ® ® 

(3.3) IT (1-tm)pa(m)= IT (1-tm)PF(m) IT (1-tm)Pzr(m) 
m=l m=l m=l 

by (iii) of Lemma (2.1), and grm(G) is a free abelian group if and only if 
grm(H) is free abelian. Set 

n 
P(t; Xn)= I: (-l)'btCXnW-

i=l 

Then we have 
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(3.4) P(t; Xn+i)={l-(2g+n- l)t}P(t; Xn) 

for n>l, since the fibration 1r: is locally trivial. By Witt's formula ([16], 
Chapter 5), we have 

00 

(3.5) [I (1-tm)PF(m)= l-(2g+n- l)t. 
m=l 

Thus Theorem (1.2) is valid for X,.+i, if it is valid for Xn. Since the case 
n= 1 is settled by Labute [15], we can complete the proof of Theorem (1.2) 
by induction on n. 

(3.6) Remark. Fix a prime l. Let F,, Gn+i,i, and G,.,1 be the pro-/ 
completions of the groups 1r:1(R-{Pt, · · ·,p,.}), 1r:i(Xn+i), and 1r:i(Xn), re­
spectively. Then we have an exact sequence of groups: 

(3.7) 

In fact, since Gn,i acts trivially on H 1(F, Z/lZ)=Hom (Ph, Z/lZ), this 
follows immediately from Proposition 4 of Friedlander [7]. Or one can 
note that the exact sequence: 

(3.8) 

l~1r:i(R-{Pt, "" ·,Pn})/I' m1t'1(R-{Pt, "" "Pn}) 

~1r:i(Xn+1)/I' m1t"i(X,.+1) 

~1r:i(Xn)f I' m1t'i(Xn)~ 1 (for any m> 1), 

which follows from Lemma (2.1). The last exact sequence readily implies 
(3.7). 

§ 4. Proof of Theorem (1.1) 

We shall use the same notations as in the previous sections. 

(4.1) Lemma. We have an isomorphism: 

Proof In the case n= 1, we can show by an elementary computation 
that the complex (R(X1)., a.) defined in (4.13) is acyclic. Thus we obtain 
the desired isomorphism in this case. Let 1r:: Xn+c+X,. be the natural pro­
jection map. The fiber of 1r: is a punctured Riemann surface 

Z,.=R-{Pt, · · ·,p,.}. 

We have the following exact sequence of holonomy Lie algebras: 
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(4.2) 

which admits a section a: gxn-+gxn+1· 
We shall show that the associated Hochschild-Serre spectral sequence 

degenerates at the E2-term. Let us recall that gzn is a free Lie algebra of 
rank 2g+n- I. Hence we have Hi(gzn; Q)=O for j> 1, therefore we 
have the following exact sequence: 

(4.4) 

which admits a section a*: HP(gxn; Q)-+Ef· 0,p>O. Thus we have split 
short exact sequences: 

On the other hand, by using the same argument, we see that the Serre 
spectral sequence 

associated with the fibration n: Xn+1-+Xn degenerates at the £ 2-term, which 
gives an isomorphism 

By means of the hypothesis of the induction and (4.5), (4.6) we obtain the 
desired isomorphism. 

(4.7) We have 

dim r jgXn/I' j+lgXn =rank r jni(Xn)II' J+1niCXn), j~ I. 

Proof Since the holonomy Lie algebra gxn can be written in the 
form gxn=L(Hi(Xn; Q))/J with some homogeneous ideal J generated by 
elements of degree 2, it is clear that we have a free U(gxJ-resolution of Q 

(4.8) 

satisfying the following conditions: 
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(i) degp/u)=deg u+ I for any homogeneous element u of K 1• 

(ii) K1 is a free U(gxn)-module of finite rank. 
By taking the U(gxJ-dual sequence of (4.8), we have 

H 1(gxn;Q)~K'j, j>0 

211 

where v means the U(gxJ-dual. By means of Lemma 4.2, we obtain an 
isomorphism 

Let Kj denote the homogeneous part of degree m of K1• By considering 
the exact sequence of Q-vector spaces 

K m PJ Km+l . • . --------+ j --------+ j - 1 --------+ . • • 

induced from the sequence (4.8), we obtain the formula 

(4.9) 

where X(p)=dim U(gxn)P. We put p(i)=dim [I' 1gx/I' 1+1gx]- We know 
by Poincare-Birkhoff-Witt (see [20]) that 

= = 
(4.10) I:; X(p)tP= [1 (l-t 1)-p(Jl_ 

p-0 J-1 

It follows from Theorems (1.2), (4.9) and (4.10) that 

p(J) = rank I' Jni(Xn)/I' J+1niCXn) 

which completes the proof. 

Let X be a polyhedron. By using a theorem of Sullivan ([17] (5.11)) 
and the definition of the holonomy Lie algebra gx we have a surjective 
homomorphism 

7r J: gx/ I' Jgx--------+!E x/ I' J!E x, j> 0. 

In the case X = Xn, we have proved that 

Hence we obtain that the homomorphism 1r 1 is an isomorphism for any 
j>0, which completes the proof of Theorem (1.1). 

( 4.12) Remark. The resolution ( 4.8) may be explicitly given by the 
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complex (R(Xn)., o.) defined in (4.13). We can prove it in the same way 
as in [12]. This resolution will be used in the remark (6.4). 

( 4.13) Definition. Let X be a simplicial complex and let Bx be the 
holonomy Lie algebra of X. We define the complex (R(X)., a.) in the fol­
lowing way (cf. [I], [12]). We denote by U(Bx) the universal enveloping 
algebra of Bx equipped with the structure of a graded algebra such that 
deg x= 1 for an element x e H 1(X; Q). We put 

R(X)k=Homu< 9xi(U(Bx)®Hk(X; Q), U(Bx)) 

and we define ak: R(X)k-.R(X)k-l to be the right U(Bx)-module homomor­
phism defined by 

for J. e R(X)k and <p e Hk(X; Q), where {w1} denotes a basis of H 1(X; Q) 
and {x1} denotes its dual basis of Hi(X; Q). 

§ 5. Proof of Theorem (1.3) 

In the first place, we show that the statement of Theorem (1.3) is also 
true for arbitrary curves. 

(5.1) Proposition. Let X be a smooth geometrically connected alge­
braic curve defined over K. Let '§ be the pro-! completion of the funda­
mental group 1ri(XX K, *) of X with l ='-i=ch (K). Let Bx ,i be the et ale 
holonomy Lie algebra of X. Then we have an isomorphism of graded Lie 
algebras over Qi with action of Gal (K/ K): 

gr (Bx,i) ~gr ('§)®z,Qi. 

Proof Let n be the cardinality of X - X, where X is the smooth 
compactification of X, and let g be the genus of X. Assume that the 
characteristic of K is 0. Then by a standard argument, we see that it suf­
fices to show our proposition when K is a subfield of C. 

Since gr1(Bx,i)~Hl/XX K, Qi) v as Gal (K/K)-modules, and gr1('§)(8) 
z,Qi is also isomorphic to the dual Gal(K/K)-module of Hli(XXK, Qi), we 
have a natural homomorphism of graded Lie algebras with Gal (K/ K)­
actions 

By applying the comparison theorem of Artin [9], we can see that the 
image of 



Pure Braid Group 213 

r;: H~lXXK, Qz)V~/\ 2 {H~/XxK, Qi)V} 

is contained in the kernel of 0 by Theorem (1.1). Therefore the homo­
morphism 0 factors through 

gr (Bx,1)~gr ((9')®z,Qz. 

Applying again the comparison theorem, we have the isomorphism of 
Proposition by Theorem (1.1). 

When the characteristic of K is positive, we can lift the quasi-projec­
tive curve X to a smooth curve X defined over a field K of characteristic 
0. Then (9' and the pro-/ completion of iri(XX K, *) are isomorphic by 
Grothendieck [8] or by Popp [18], which completes the proof of our pro­
position. 

The proof of Theorem (1.3) is similar to the proof of Proposition 
(5.1). Once one can establish an isomorphism of Theorem (1.3) as graded 
Lie algebras such that it induces the tautological isomorphism 

at degree 1, then the universality shows that this isomorphism of graded 
Lie algebras is compatible with the action of Gal (K/ K). 

Thus, the comparison theorem of Artin [9] shows that Theorem (1.3) 
follows immediately from Theorem (1.1 ), when K is of characteristic 0. 

When K is of positive characteristic, we can lift the curve C to a 
smooth projective curve C over a field K of characteristic 0. Then we can 
define Xn=Fo,nC, which is a lifting of F0,nC to characteristic 0. Then, 
applying the argument of specialization to the fibring 

where Vis a geometric fibre of it, we can show a diagram: 

(exact) 

(exact) 

by induction on n (cf. Remark (3.6)). Here (9'v (resp. (9'y) is the pro-/ 
completion of the fundamental group of the geometric fibre V (resp. V) of 
ir: Xn+i-+Xn (resp. it), and (9'n (resp. <1 n) is the pro-/ completion of 1r1(Xn X 
K, *) (resp. iri(XnXK, *)). Hence we complete the proof of Theorem 
(1.3). 



214 T. Kohno and T. Oda 

§ 6. Proof of Theorem (1.4) 

We discuss that the statement of Theorem (1.4) is valid for arbitrary 
curves. This result includes the case n= l in Theorem (1.4) as a special 
case, since X1 = C. 

(6.1) Proposition. Let X be a smooth geometrically connected al­
gebraic curve over K with X =I= Pk, and let <§ be the pro-! completion of the 
fundamental group 11:i(XxK, *) with l=!=ch(K). Then we have 

( i) grm( <§) is a free Zi-module for any m ~ l; 
and 

(ii) IT ;;;,-1 det (l -tm(a)tm)= .Z:to ( - l)i tr (a- 1 !Hit<xxx,Q,l)t i. 

Proof The part (i) follows from a result of Labute [14] by the 
comparison theorem of Artin, if the characteristic of K is 0. If ch (K) > 0, 
then we can lift Xto characteristic 0, and apply the result of [13] or [15]. 

Let us show the part (ii). By Theorem (1.3), tm(a) are semisimple 
elements of GL (grm (<§)®z,Qi) for all m~ l, if tiCa) is semisimple. Since 
each characteristic polynomial det (l-tm(u)tm) depends only on the 
semisimple part of tm(a) in the Jordan decomposition of tm(a), it suffices 
to show (ii), when ,y,i(a) is semisimple. 

Also we may extend the field of base from Qi to the algebraic closure 
Qi- Thus we can assume that ti(a) is represented by a diagonal matrix 
with respect to some basis of gr1 (<§)®z,Qi-

Let g be the genus of the smooth compactification X of X over K. 
Put n=the cardinality of X-X. If g=0 and n<2 or g=l and n=0, 
then '§ is abelian. There is nothing to prove in this case. Assume that 
n>0 and '§ is not abelian. Then '§ is a pro-/ free group, hence gr('§) is 
a free Lie algebra over Zi generated by gr1 ('§). Thus, when Xis non­
complete, our proposition is reduced to show the following. 

(6.2) Lemma (cf. [3], Chap. 2). Let {Xi, X 2, • • ·, X,i} be a set of q 
letters, and let L be the free Lie algebra generated by { X 1, ••• , Xq} over a 
field F. Let {Si, · · ·, Sq} be q elements of F-{O}, and let i-m(Si, S2, • • ·, Sq) 
be the linear mapping Lm-Lm on the homogeneous part Lm of degree m of 
L, induced by the mapping 

q q 

I: aixi ~ I: aisixi 
i=l i=l 

on L1• Then we have 
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When X is a complete curve, it is necessary to see the results of 
Labute [14] more precisely. We have to formulate an analogy of Lemma 

. (6.2) in this case. Note that '§ is a Demushin group of genus g, and the 
intersection form on H 1(XX K, Qi) defines a skew symmetric bilinear form 

Here Qi(l) is the module Qi with Gal (K/K) actions via the cyclotomic 
character. Recall the structure of gr('§) (cf. [14], [16]). In order to com­
plete the proof of Proposition (6.1), it suffices to show the following. 

(6.3) Lemma. Let {Xi, · · ·, Xg, Y1, • • ·, Yg} be 2g letters, and let L 
be a free Lie algebra generated by {Xi, · · ·; Xg, Y,, · · ·, Yg} over F. Let 
J be the ideal of L generated by Ef=1 [Xi, Yi], and g=L/J be the quotient 
graded Lie algebra. Let 

be the linear mapping on the homogeneous part gm of U(g) with degree m, 
induced from the mapping on the set 

(1 <i<g). 

Then we have an identity 

Proof When Si=S 2 = · · · =Sg= 1, the identity of Lemma is the last 
formula in Theoreme 2 of Labute [14]. Actually, we can see readily that 
Theoreme 2 of [14] implies immediately our Lemma. We give some 
multi-degree for the generators. Consider the free module E8f =o Zui gen­
erated by g + 1 letters ui (0 < i < g ). Then we define that the "degree" of 
Xi is u0 +ui for each i (1 <i<g), and the "degree" of Yi is u0 -ui. Then 
the relator Ef=1 [Xi, Yi] has the degree 2u0• We extend this multi-degree 
so that for any element A in gm, the equivalence: 

!"m(S1, • • ·, Sg)·A=S'f.' 1 • • -S;'K·A 

{==:}A is of multi-degree mu0 + Ef=1 miui, holds. 

Then the formula (1) 

U(t)= V(t) 
1 +ta V(t) 
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in Theoreme 2 of [14] reads (after the correction of sign before tdV(t), 
which is an obvious mistake) 

D det {1-Tm(S 1, • • ·, Sg)tm}-1= V(t) , 
m=t l+t 2 V(t) 

with V(t)=[l-{.I;f= 1 (St+s; 1)t}]·1, in our setting. This completes the 
proof of our Lemma. 

Now let us start the proof of Theorem (1.4). We have settled the 
case X1• Let us proceed by induction on n. Consider the map 7r: Xn+i­
Xn. Let 7J be the generic point of Xn, and Yj the geometric point over 71. 
Let V~ be the geometric fibre of 7t' over rj. Then V~ is a curve which is an 
open subscheme of CX xk(rj). Let ff be the pro-/ completion of 7t'i(V~, *). 
Then Gal (k('ij)/k(71)) acts on gr(ff)= EB;;:=1 grm (ff). 

Let I' be the subgroup 

of 

Gal (k(rj)/k(71)) = Gal (K(Xn)/ K(Xn)). 

Here K(Xn) (resp. K(Xn)) is the function field of Xn over K (resp. K). Then 
the composition: 

I' ~Gal (k(rj)/k(71))~Aut (gr (ff)) 

factors through 7t'1(Xn X K, * ), because 7t' is a smooth morphism. (Gro­
thendieck's specialisation theorem). By an argument similar to that of 
the proof of Theorem (1.2) ( cf. Section 3), we can show that 7t'i(Xn X K, *) 
acts trivially on gr (ff). A fortiori, I' acts trivially on gr (ff). Therefore 
Gal (k(rj)/k(71))/ I'~ Gal (K(X,.)/ K(Xn)) acts on gr (ff). Since Xn is geome­
trically connected, i.e. K(Xn) is a regular extension of K, 

Hence Gal (K/K) acts on gr(ff). 
The fibration 

induces an exact sequence 
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as we have already seen in Section 5. If we put F=ffe, G= <§,.+1 and H= 
<§n, then the three groups also satisfy the assumption of Lemma (2.1). 
Thus we have an exact sequence 

which is easily checked to be an exact sequence of Gal (K/K)-modules. 
Recall that HltCV~, Qi) is a Gal (K/K)-module which is dual to 

gr1 (ffe)®z, Qi, i.e. n'i(X,. xK, *) acts trivially on it. In other words, the 
first direct image R 1it'*Qi of Qi with respect to it': Xn+i-+X,. is a constant 
local system. Thus, by the spectral sequence of Leray, we have an iso­
morphism of Gal (K/K)-modules 

Ht(X,.+ 1 XK, Qi)~Ht(X,.XK, Q1)ffi{Ht- 1(X,.XK, Qi)®H 1(V~, Qi)}. 

(we omit subscprit "et" from now on). Therefore 

=(I -tr (a- 1\H1cv~,Q,l)t){%; (-1)' tr (a- 1\H•<xnxK,a,i)ti} 

for any a e Gal (K/K). Thus in order to complete the proof of Theorem 
(1.4) by induction on n, it suffices to show that for {"1'm,..-Ca)} with respect 
to ffe, the identity 

~ 

IT det (1-tm,Aa)tm)= I-tr (a- 1 \n•cv~.ao)t 
i=l 

is valid. Since the last identity is shown by Proposition (6.1), we can 
complete the proof of Theorem (1.4). 

(6.4) Remark. We want to discuss an extension of Theorem (1.4) 
for automorphisms a of X = Fo,n C. Under the same notation and assump­
tion as in Theorem (1.1), we consider the universal enveloping algebra 
U(Bx,i) of the etale holonomy Lie algebra 9x,i of X. Any automorphism 
a: XXK-+XXK of XxK induces an automorphism H 1(a) of H 1(XX 
K, Qi). Since H 1(a) is compatible with the cup product, H 1(a) induces an 
automorphism U(a) of U(gx,i) by the universality of U(gx,i). Similarly 
Gal (K/K) acts on U(gx,i)-

Put 

Kf=Homu<sxjU(gx,i)®a 1H 1(XXK, Q,), U(gx,i)). 

Then we can define a derivation o: Kt-+Kt- 1 as in Section (4.13). Then o 
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is compatible with the action of the Galois group Gal (KJ K) and with any 
automorphism a of XX K. Moreover, if a is defined over K, the actions 
of Gal(K/K) and a on the complex {Ki} commute. By the comparison 
theorem of Artin and the specialization theorem, the complex: 

~Kf~Kf- 1~---~Qi~O 

is also exact. 
Let ,frn(a) be the action of a e Aut (X) on the homogeneous compon­

ent of degree n in gx,i· Let us consider the induced graduation on U(gx,i), 
and let ¥Jp{<1) be the restriction of U(a) to the homogeneous part of degree 
pin U(gx,i)- Then the above complex implies an equality: 

(#) (to tr ¥J/<1)tP )C~x tr ca-lln•cxxK,Q,))t') = I. 

On the other hand, Poincare-Birkhoff-Witt theorem implies that 

00 00 

IT det (l -,frn(a)tn)- 1= ~ tr ¥J/<1)tP. 
n=l p=O 

In fact, in order to prove the above identity, after extending scalars from 
Q1 to (lt, it suffices to show the identity for semisimple automorphisms 
H 1(a) of H 1(XX K, Q1)®Q1• Then we can choose a basis in each homo­
geneous part of Bx,i, such that ,Jrn(a) is represented by a diagonal matrix. 

Thus the last two identities show that in Theorem (1.4) we can replace 
an element a of Gal (K/ K) by an automorphism a of XX K. 

(6.5) Remark. Let Z[G] be the group algebra of a group G over Z, 
and let /be the augmentation ideal of Z[G], i.e. the kernel of the augmen­
tation map Z[G]-z. Then we can define a filtration F,G on G by putting 
F,G={x e Glx-1 e /'}. These subgroups F,G are called dimension sub­
groups of G. Let G = 1r1F0,nR for a Riemann surface of genus> I. Then, 
combining Theorem (1.2) (i) with a result of Quillen ( cf. Corollary 4.2 of 
[19]), we have an equality 

I',G=F,G 

for any r. 

References 

[ 1 ] Aomoto, K., On the acyclicity of free cobar constructions I, Proc. J apa:i. 
Acad., 53, Ser. A (1977), 35-36; II, ibid. 53, Ser. A (1977), 78-80. 

[ 2] Birman, J. S., Braids, links, and mapping class groups, Ann. of Math. Stu­
dies, 82, Princeton Univ. Press, 1974. 



Pure Braid Group 219 

[ 3] Bourbaki, N., Elements de mathematiques; Groupes et algebres de Lie; Chap. 
2, Algebres de Lie libres, Hermann, Paris, 1972. 

[ 4] Brieskorn, E., Sur les groupes de tresses (d'apres V.I. Arnold), Seminaire 
Bourbaki 24• annee 1971/1972, Leet. Notes, no. 317, Springer, 1973. 

[ 5] Deligne, P., Griffiths, P., Morgan, J. and Sullivan, D., Real homotopy theory 
of Kahler manifolds, Invent. Math., 29 (1975), 245-274. 

[ 6] Falk, M. and Randell, R., The lower central series of a fiber type arrange­
ment, Invent. Math., 82 (1985), 77-88. 

[ 7] Friedlander, E., K(rr, l)'s in characteristic p>0, Topology, 12 (1973). 9-18. 
[ 8 ] Grothendieck, A., Revetements etales et groupe fondamental (SGA 1), 

Leet. Notes, no. 204, Springer, 1971. 
[ 9 ] Grothendieck, A. et al., Theorie des topos et cohomologie etale des schemas 

(SGA 4), Leet. Notes, no. 269,280,305, Springer, 1972-73. 
[10] Ihara, Y., Profinite braid groups, Galois representations and complex multi­

plications, Ann. of Math., 123 (1986), 43-106. 
[11] Kohno, T., On the holonomy Lie algebra and the nilpotent completion of 

the fundamental group of the complement of hypersurfaces, Nagoya Math. 
J., 92 (1983), 21-37. 

[12] --, Serie de Poincare-Koszul associee aux groupes de tresses pures, Invent. 
Math., 82 (1985), 57-76. 

[13] --, Poincare series of the Malcev completion of generalized pure braid 
groups, preprint, IHES, 1985. 

[14] Labute, J. P., Algebres de Lie et pro-p-groupes definis par une seule relation, 
Invent. Math., 4 (1967), 142-158. 

[15] --, On the descending central series of groups with a single defining rela­
tion, J. Algebra, 14 (1970), 16-23. 

[16] Magnus, W., Karrass, A. and Solitar, D., Combinatorial Group Theory, In­
terscience Publishers, 1966. 

[17] Morgan, J., The algebraic topology on smooth algebraic varieties, Publ. 
IHES, 48 (1978), 137-204. 

[18] Popp, H., Uber die Fundamentalgruppe einer punktierten Riemannschen 
Flasche bei Characteristik p>0, Math. z., 96 (1967), 111-124. 

[19] Quillen, D. G., On the associated graded ring of a group ring, J. Algebra, 
10 (1968), 411-418. 

[20] Serre, J.P., Lie algebras and Lie groups, Benjamin, 1965. 
[21] Sullivan, D., Infinitesimal computations in Topology, Publ. Math. IHES, 47 

(1977), 269-331. 

T. Kohno 
Department of Mathematics 
Faculty of Science 
Nagoya University 
Nagoya 464 
Japan 

T. Oda 
Department of Mathematics 
Faculty of Science 
N iigata University 
Niigata 950-21 
Japan 


