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Fibre Products of Noetherian Rings

Tetsushi Ogoma

This talk is about fibre product of noetherian rings. The first half is
a commentary of the results already published elsewhere, and the second
half is new, hence we will give the proof.

Now let me begin with the chain problem of prime ideals. Recall
that a chain of prime ideals p,Cp,Cp,C - - - Cp, is saturated if there is no
proper prime ideal between p, and p,,, for any i (0<i<n--1) and we draw
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a picture of it as the following i‘" . The length of the chain is n. We
Po

say that a noetherian ring A is catenary if for any pair g of prime ideals
in A, the lengths of all saturated chains between p and q are the same. A
noetherian ring A is universally catenary if any A-algebra of finite type is
catenary.

The theorem that a geometric ring (an algebra of finite type over a
field) is (universally) catenary is a classical result and it was a problem
whether every noetherian ring is (universally) catenary. Nagata constructed
counter examples to the problem for the first time, and his construction is
suggestive and useful to our topic of today. So let us review:

Nagata’s example ([9, Example 2]). Let K be a field and take a regular
semilocal K-algebra domain (R, m, n) such that dim R,>dim R, and that
K~R/m~R/n. Of course, we need an idea to construct such an example
and really he had, this is the first point. The second point is to take the
subring A=K+ (mNn) of R. What happens in the process of taking 4

nr n

from R? A picture of typical maximal chain in R looks like

and that in 4 looks like , identifying m with n.
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This example raised other problems on chain conditions ([15], [10]),
which I do not mention here. Anyway, in spite of keen study on the uni-
versally catenary property, it seems to me that much attention was not paid
to a problem as the following:

For a given picture, does there exist a noetherian ring whose spectrum
contains saturated chains corresponding to the picture? (cf. [2], [3] and [8])

The following are two of such types.

Question 1 ([11, Remark 5.7]). If aring A is universally catenary, then
does A have a codimension function?

Recall that ¢: Spec A—Z is a codimension function if ¢(q)—¢(p)=
ht q/p for any pair of prime ideals pCq. It is well known that if a ring 4
has a dualizing complex, then A4 is universally catenary and has a codimen-
sion function [7, Chapter 5, § 7. But considering sufficient conditions for
a ring of having a dualizing complex, we come to a problem whether the
above two are independent each other or not. Really, if 4 has a codimen-
sion function then it is easy to see that A4 is catenary. But A4 is not neces-
sarily universally catenary by Nagata’s example (take R as dim R, =1).
And Question 1 asks whether the converse holds. In fact, if we get a ring
with spectrum which contains saturated chains corresponding to the picture

w then Question 1 is negative.

Question 2 (R.Y. Sharp [18, Problem 3.11]). Let M be a balanced big
Cohen Macaulay A-module and let p be an associated prime of A-module
M(a,, - - -, a,)M for some M-sequence a,, a,, - --a,. Then is it true that
the localization M, of M at p is a balanced big Cohen Macaulay A,-module?

Recall that M is a balanced big Cohen Macaulay A-module for a local
ring A if M is a big Cohen Macaulay 4-module for any system of para-
meters of 4. For a big Cohen Macaulay module, even the change of
order of a regular sequence could violate the regularity of new sequence,
which makes it difficult to deal with such modules. So Sharp defined this
notion and proved several properties similar to finite Cohen Macaulay
module ({19], [20]). But as for the localization, it was left open, which is
Question 2. '

b\
If we get a ring containing as saturated chains with

a 2

0 0. minimal, then Question 2 is negative. The point is that for an ele-
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ment a in A4 to be a part of system of parameters of 4, @ must not be con-
tained in q, U q,, but for b in 4, to be a part of system of parameters of 4,,
b can be contained in q,4,. _ ,

Now we come up to the fibre product. We recall that a diagram

A5 4,
[ R
A—>A4,

is a fibre product of AI—SDE>A(,<ﬁ—A2 ina catégory % when, for any com-
mutative diagram ‘ ‘

A4,

[

X—>A4,

in ¢, there exists a unique morphism X—»A which makes the diagram
commutative. When & is the category of commutative rings, the subring
{(a,, a,) € A, X A, | ¢(a) =@x(a)} Of the direct product A, X A, satisfies the
above condition and the fibre product always exists in this category.

From now on, lgt us assume the fibre product

A5 4
PIT 4 T%
A—>A4,
D2

is given and fix the following notation.

@:@1 o P1=(y° Py C=S01(A1) N S02(A2)’ Ker ¢, =a,,
Vo={@'(p)|p ¢ Spec C}, Vi={P;1(p)|p e Spec 4, p D as}
(i=1,2).

Then we have,

Theorem 1 ([12, Theorem 3.1], see also [4] and [6]).

1) V,is a closed subset of Spec A and is isomorphic to Spec C.

2) Spec A—V, is a disjoint union of open subsets V, and V in Spec A.
3) V, is also isomorphic to open set defined by a, in Spec A4,.

4) V,UV, is isomorphic to Spec A/Ker p,. i=1,2.
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We shall get a general idea of the theorem if we understand the fol-

lowing special cases.
a) Suppose ¢, and ¢, are surjective. In this case, Spec 4,==SpecC

and it is understood as a closed subset of SpecA, and Specd,. Then
Spec A is the union of the spaces of Spec A4, and Spec A, identified at this
closed subset.

A4
4, Ty, A
— T

b) Suppose 4,=Kisa field and that A, is a semilocal ring such that
A,/m~KxX KX K where m is the Jacobson radical. Then we see that
Spec 4 is the space identifying all the maximal ideals.

KXKXK
K/ '\"A2 A

o o ©°

o/"\'_\‘\

H

*
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Now we have the example of Nagata as a fibre product of K—-KX K
= R/(mNn)«R and we get the counter examples to Question 1 and
Question 2 as follows.

Question 1. With R in Nagata’s example, take the fibre product of

KXK ' :
] R K[X](X)H(X—l)

Question 2. Let S be a ring whose spectrum contains a saturated chains
corresponding to the following picture. Take the fibre product of

S/p

e

s S/pllx, ¥1l
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In Question 2, we can really find a required balanced big Cohen
Macaulay module which gives a counter-example to Sharp’s question [12,
Example II].

In these examples, we can directly prove that the rings are noetherian
but it is natural to ask when the fibre product of noetherian rings is again
noetherian. The answer is the following:

Theorem 2. Suppose A, and A, are noetherian. Then the fibre product
Ay X 4,4 is noetherian if and only if

1) C is noetherian and

2) aja? and a,/al are finite C-modules.

Proof. See [12, Theorem 2.1].

We can apply these two results to scheme theory. That is, suppose
two noetherian schemes X, and X, with closed subschemes Y, and Y, re-
spectively are given. For an affine morphism f: Y,]] Y,— W with some
condition, consider the quotient space g: X || X,—Z which is universal in
the category of spaces such that g|, ,»,=/fand that g is isomorphic out-
side the closed subset Y,[[Y,. We can state the condition that such a
quotient space exists in the category of noetherian schemes. (See [12, § 4]
for the exact definition and the proof.)

W

“ N\ YA A

In particular, for a hypersurface Y in a projective n space P* and for
a finite covering f: Y—W, we obtain the quotient space of P by fin the
category of algebraic varieties [12, Theorem 4.2].

Now we apply fibre product to another topic. For injective modules
and dualizing complexes, they decompose as follows.

Proposition 3. Let E=E, (A/p) (p € Spec A) be the injective envelope
of the A-module Alp. Suppose A, (i=1, 2) are finite A-algebras. Then we
have E=E,|] z E, where E;=Hom,(4,, E) (i=0, 1, 2). In particular, if 4,
has a fundamental dualizing complex I, (i=1, 2) such that Hom ,(A4,, I,)~
Hom, (4, I5), say Iy, then 1,]]; I, is a fundamental dualizing complex of A.

Proof. See[11, §3]. A similar assertion of the second half is found
in [5].

Now as an analogy of chain problems, we consider the situation where
¢, is surjective (i=1, 2), Kerg,=p is a non-zero prime and 0 in 4, is



178 T. Ogoma

primary to p. Then the picture of the fibre product 4, X 4 4, looks like
Spec 4, with “tail” or something corresponding to the Kergp,. And if
dim(4,),>>1, then p is an embedded prime [13, Lemma 2.1]. (By abuse of
notation, we write p instead of ¢,(p), etc.)

4, 4, 4, A[X]

SRR SN APA

If we change 4, by 4,[X] in the above fibre product, we see that the
prime corresponding to p is not an associated prime.

Conversely, if p is an embedded prime of a noetherian ring 4, take a
decomposition 0=0,Nb, such that b, is a p-primary component of some
normal primary decomposition of 0 and that p & Ass, A/b,. Then we have
A=A[b;X 45, A/b;, Where b,=D,+b,.

The picture in the above argument is not so accurate and contains
some problem, but the process of ‘excluding’ the embedded primes works
like that and we can apply this to another Sharp conjecture in small dimen-
sional cases.

Conjecture (Sharp [17, (4.4)]). If R has a dualizing complex, then R
would be a homomorphic image of a finite dimensional Gorenstein ring.

This is a generalization of a theorem of Reiten [16, (7) Theorem],
which says that if R is a Cohen Macaulay ring with canonical module- K,
then the principal idealization RiX K is a Gorenstein ring. L

By the above argument and by virtue of Proposition 3, we can reduce
the conjecture to Cohen Macaulay case if dimA<1. With a little more
device of fibre product, we can prove the conjecture in case of dim 4 <2
[13, Theorem 3.7]. Recently, Aoyama and Goto proved the conjecture in
case of dim A <4 with A local [1], but the conjecture is still open in general
case.

Another result on fibre product is the following.

Theorem 4.  With surjective ¢, and ¢,, suppose that A, is Cohen Ma-
caulay local ring with grade a,>1 and that A, is local, (S,) and equidimen-
sional. Then A is Gorenstein if and only if one of the following holds,

1) trivial, that is, a,=0 and A~ A, is Gorenstein or

2) A, is Cohen Macaulay and o, are canonical modules of A; (i=1, 2).
In case 2) A, is also Gorenstein.

The proof was improved by J. Nishimura, and we will show his proof
here.
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Proof (Nishimura). We have only to consider non-trivial case. Then
a,2:0 and we have an irredundant decomposition 0=a, N a, in 4 by the
property of fibre product.

Since grade a,>>1 and since 4, is local, (S,) and equidimensional, we
see that a, and a, have no common prime divisor if 4 is (S;). So if A,=
Ala, is Cohen Macaulay and A4 is Gorenstein, then 4,= A/a, is Cohen Ma-
caulay by [14, Proposition 1.3]. In this case a,=Hom,(4,, 4) and a,=
Hom, (4,, A) are canonical modules of 4, and A4, respectively.

On the converse, it is sufficient to prove. that 4 is Gorenstein under
the assumption of 2). To do this we may assume that A4 is a complete
local ring. Then we can take a Gorenstein ring B such that dim 4 =dim B
and that 4 is a homomorphic image of B. Now to the exact sequences
of A-modules

R B ¢—— O
“——R<—o0O

>0

0—>aqa, > A,
0—>aqa, >0

O
O e

gained by fibre product, apply the functor Homz( , B). We get

0 0
0—Homy (4,, B)——>Homy (4,, B)—>Hom,, (a,, B)——>Ext} (4,, B)—0
0—Hom,, (4,, B)—>Hom, (4, B) —>Hom, (a,, B)—>Ext} (4,, B)
Hom,, (a,, B) —>Homy (1, B)

Extl, (4,, B) —> Extl (4, B)

Y

0
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Since 4, and 4, are Cohen Macaulay rings of the same dimension
equal to dim B with canonical modules a, and a, respectively, we have

Ext}L(4,, B)y=Ext,(4,, B)=0,
Homg(a,, B)~A4,, Homyg(a,, B)=~ 4,,
Homy(4,, B)~ay, Homy(4,, B)=~a,
and that
Hom(4,, B)=0.

Thus we have a commutative diagram

0 0
a ~
\ |
0—> a,—>Hom; (4, B) A, >0
0—>aq, > A,—> Ext} (4, B) —>0
A
0 0

because two homomorphisms from Homy (4, B) to Ext}(A4,, B) are natural
maps defined by taking residue classes modulo the submodule Hom, (A4,, B)
@Hom(4,, B)=a,Ba,. So we have Homy(4, B)=4,X 4, 4,=4 and 4
is Gorenstein.

Appendix.

In connection with Theorem 2, Professor Buchsbaum asked me if the
fibre product always exists in the category of noetherian rings. Unfortu-
nately, I found that the answer was no, but since his question might lead us
to better understanding of fibre product, we show the counter example.

Take an algebraic extension field L over a field K such that [L: K] =oo.
Consider two natural homomorphisms ¢,: K—L and ¢,: L[X]—L defined
by ¢,(X)=0. Then we see that the fibre product 4 of ¢, and ¢, in the
category of general commutative rings has the form 4= K-+ XL[X] which
is not noetherian.

Suppose there exists the fibre product B of ¢, and ¢, in the category
of noetherian rings. Then there exists a unique homomorphism f: B—4
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which makes the diagram commutative. We show that the image f(B) is
equal to 4, which is a contradiction because the homomorphic image of a
noetherian ring is again noetherian.

Take « € L and consider the ring C(a) =K+ XK(a)[X]. Since natural
homomorphisms C(a)—L[X] and C(a)—K make the diagram commuta-
tive and since C(a) is noetherian, we see that there exists a homomorphism
C(a)— B which makes the diagram commutative. That is, C(a)Z f(B)Z 4.
Since |, ¢, C(a)= A, we have f(B)=A.

Acknowledgment. The authour express his thanks to Professor Nishi-
mura for his valuable suggestions.
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