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On the Injective Envelope of the Residue Field
of a Local Ring

Hideyuki Matsumura

0. In this note a ring will mean a commutative noetherian ring.
When we say ‘(4, m, k) is a local ring’, we mean that A4 is a local ring, m
is its maximal ideal and k is its residue field.

1. Let A4 be a ring and M be an A-module. The injective envelope
E=E (M) of M is defined by the following properties:

(1) Econtains M as a submodule, and E is an essential extension
of M.

(2) E s an injective 4-module.

The first condition is usually easy to check, while the second is sometimes
not so easy to verify.

When (4, m, k) is a local ring, E:=E (k) has the following remarka-
ble property: if N0 is an 4-module (not necessarily finitely generated),
then Hom, (N, E)=£0. (To see this, take a non-zero element x of N and
set I:=ann (x). Then there is a non-zero A4-linear mapping Ax~A/I—
A/m=k—E; extend it to an A-linear mapping N—E:) Moreover, since
E is an essential extension of k, it is easy to see that Ass,(E)={m}, and
consequently every element of E is killed by a suitable power of m, so that
E can be viewed as a module over the completion 4 of 4. Matlis ([1]
Theorem 3.7) showed that Hom,(E, E)=A4, in other words every endo-
morphism of the A-module £ is realized by multiplication by exactly one
element of 4. In particular, E is a faithful A-module (i.e. 2 e 4, aF =
0=>a=0). Using these facts we obtain the following characterization of
E (k) when A is complete.

Theorem 1. Let (A, m, k) be a complete local ring and E be an A-
module containing k as submodule. Then E is the injective envelope of k if
and only if

(a) E is an essential extension of k, and

(b) Eis a faithful A-module.
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Proof. The necessity of these conditions has been already explained.
(Here the completeness of A4 is not needed.) Let us prove the sufficiency.
Let D be the injective envelope of E. Then D is also an essential exten-
sion of k, so that D=F (k). We have to show that D=E. Consider the
exact sequence 0—E—D—D/E—0, and apply the contravariant exact
functor Hom,( , D) to this sequence. We get the following exact se-
quence:

0——>Hom, (D/E, D)—>Hom (D, D)—>Hom, (E, D)——>0.

Since Hom (D, D)= A by the cited theorem of Matlis, the hypothesis (b)
on E implies that the arrow Hom (D, D)—Hom,,(E, D) in the last exact
sequence is injective. Therefore Hom,(D/E, D)=0, hence D/E=0 as
wanted.

Remark 1. The completeness of A is superfluous when 4 is a one-
dimensional analytically irreducible local domain, because in that case any
non-zero ideal of A contracts to a non-zero ideal of 4, so that E is faithful
as A-module if it is so as A-module. On the other hand, if 4 has an ideal
I+#0 such that ANI=0 and if we set B=A/I, then {x ¢ E,(k)|Ix=0}=
Hom (B, E (k))=Eg(k) is an A-module satisfying (a) and (b) but not
isomorphic to E,(k), because it is not a faithful 4-module.

Remark 2. In the case when 4 is an artinian local ring this charac-
terization was found by Yuji Yoshino several years ago and was used in
his Matser’s Thesis [2]. - In his proof he used the fact that if M is an 4-
module of finite length then its Matlis dual Hom, (M, E(k)) has the same
length as M. I put Yoshino’s criterion in my Japanese book [3] as an
exercise. It was when I was revising the book for the English edition that
I noticed the possibility of generalization as above. In afterthought, the
theorem is implicitly contained in [1; Theorem 4.2] or [9; Theorem 5.21
Corollary, p. 154]. But in the present form it does not seem to be widely
known, and the purpose of the present paper is to show its usefulness by
applications.

One can transform Theorem 1 in a more symmetric form, as follows.

Corollary. Let (A, m, k) and E be as in the theorem. Then E is the
injective envelope of k if and only if

(@) for every non-zero element x of E, there are elements a € A such
that ax € k and ax+0; and

(b") for every non-zero element a of A, there are elements x € E such
that ax € k and ax=+0.

Proof. (a’) is just a restatement of (a). The condition (b’) is stronger
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than (b), while (a) and (b) together imply (b’).
Now we turn to applications.

2. Let (R, m,, k) be a complete local ring and set F:=E,(k). Let
A:=R[X] denote the formal power series ring over R in one variable X.
Then A is a complete local ring with residue field k. Let E=F[X "] be
the set of the polynomials in X ~' with coefficients in F, and make it an
A-module by the following convention:

for a € R, & e F, and for integers n, m>0,

(@)X -mm if m>n,
axX"-EX "= .
. 0 otherwise.

Since a polynomial f(X )=§&+&X "+ ... 4+£&,X ¢ is killed by X* for
i >q, the product of /(X ~*) and a formal power series > a,X* has a mean-
ing, and E becomes an 4-module. This E is an injective envelope of the
A-module k=A/(m,, X). In fact, if

f(Xﬂl)=$0+$1X_l+' : '+‘SqX_q EE’ &q?ﬁo,

then there exists @ € R such that 0aé, € k, and then (aX9)f(X ')=ag,
e k. Therefore E is an essential extension of k. If

"I/'(X)=apo+ap+1Xp“+ crc € Aa ap3&0°

then there exists & € F such that a,£+0 (since Fis a faithful R-module),
and so Y(X)-(6X ?)=a,£+0. Therefore E is a faithful 4-module.

3. Let k be a field and A=k[X], ---, X,] be the formal power
series ring over k. Then k[X{, ---, X;'] is an 4-module by the conven-
tion :

X-G-o if g, >a, for i=1, ---,n,

X Xt= .
0 otherwise.

By repeated use of the preceding example, or by direct verification of the
conditions (a) and (b) of the theorem, we see that k[X[?, - - -, X ;'] is the
injective envelope of the residue field £ of 4. This was proved by North-
cott [4] by a different method. The elements of k[X{*, ..., X;!] are
called inverse polynomials. They were known and used by Macaulay [5]
in 1916 already. ‘

4. Let A be a discrete valuation ring and let z, k, K be, respectively,
a prime element, the residue field and the quotient field of 4. It is well
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known that an 4-module M is injective if and only if it is divisible (i.e.
M =gM). Since A has only two prime ideals, there are only two inde-
composable injective 4-modules (up to isomorphisms), and they are K and
K/A. In particular, K/A=E (k). This follows also from our theorem,
as the conditions (a) and (b) are easily verified for K/4. Note that, since
K =A[z""], we can write E (k)=(x"'A+r A+ - - ) A=,>(rn" "4/ A).

5. According to the structure theorem of I.S. Cohen, every complete
local ring (A, m, k) is of the form

A=C[XI’ o '9Xn:u/1’

where C is either a field (in this case we have C ~k), or a discrete valua-
tion ring with residue field k, and 7 is an ideal of C[X;, ---, X,]. If E’
denotes the injective envelope of the C[X,, ---, X, ]-module k, then
E (k)=Homgy (4, E)={¢ e E’'|I16§=0}=(0:I)5.. One can explicitly
describe E’ by the results of the preceding three sections, and so one can
hope to get an explicit description of E (k) when the ideal I has a simple
form.

6. Let N={0,1,2, ---}and let 4 be a finitely generated submonoid
of N*. Let{a, B, ---, 7}C 4 be a system of generators of 4, and let

A:=k[X°*, X*, ..., XT|Ck[X,, - -, X,.]
where k is a field. Thus,
A={3] c;X*|c, e k}.
2€4d

Weset E:=k[X -, X% ... X "|Ck[X]!, ---,X;']. Then E is a vector
space over k with basis {X~*|2e 4}. We make E an A-module by the
following formula:

forv, pe 4,

X if py—ye A,

X Xt= ]
0 otherwise.

Note that, if v, >y, for some 7, then g—v has a negative coordinate and
consequently y—y ¢ A. The set k[X;%, ---, X;'] is a k[X,, ---, X, ]-
module by the convention in Section 3, hence also an 4-module by restric-
tion of scalars, but F is not a submodule of this module; E is rather a
factor module of kK[X7?, - - -, X;'] by the A-submodule X, yn_, kX

Again it is easy to check (a) and (b) of the theorem, so that E is the
injective envelope of the residue field k of A.
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7. Let (R, m) and (S, n) be local rings such that RCS, nN R=m,
and S/n=R/m=:k. An R-linear map p: S— R satisfying p| =1 is called
a Reynolds operator. Let N be an S-module and M be an R-submodule
of N. Suppose S has a Reynolds operator p: S—R. Then an R-linear
map p*: N—M is called a Reynolds operator compatible with p if

0*(s&) =p(s)& for se S, £e M.

(Note that we have, in particular, p*(¢)=¢ for £ e M.)
The following theorem (in the 0-dimensional case) was the main
application of Theorem 1 in Yoshino [2].

Theorem 2 (Y. Yoshino). Let R, S, k be as above and assume that

(1) R is complete,

(2) S has a Reynolds operator p: S—R, and

(3) Eg (k) contains an R-submodule M containing k and there is a
Reynolds operator p*: Eg(k)— M compatible with p. Then M=E(k).

Proof. Let 0£& € M. Then we can find an element s € S such that
0+#s¢ ek. Since s&=p*(s&)=p(s) and p(s) € R, we see that M is an
essential extension of k as R-module. Next, let 0%r e R. There is an
element 7 of E4(k) such that O%rye k. Then ryp=p*(rp)=rp*(y), hence
rM=£0. Thus M is a faithful R-module.

8. Graded case

Let R=@,.z R, be a Noetherian Z-graded ring. In the following,
when we say graded module we mean Z-graded R-module even when R is
N-graded. For graded modules M and N, define

Hom (M, N)=@ Homy(M, N),,

where Hom (M, N), is the abelian group of the R-linear maps M—N
which increase the degree by n. Denote by H(R) the abelian category
whose objects are graded R-modules and in which the group of the mor-
phisms from M to N is given by Hom (M, N). This category has enough
injectives by [6] (1.10). An object N of H(R) is, by definition, injective if
the functor Hom,( , N) is exact. If M is a graded module and Nis a
graded submodule of M, M is said to be an essential extension of N (in
H(R)) if every non-zero graded submodule of M has a non-zero intersec-
tion with N. The injective envelope of a graded R-module M is denoted
by E,(M); this is, by definition, an essential extension of M in H(R) which
is injective in H(R).

The category H(R) was systematically discussed by S. Goto and K.
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Watanabe in {7]. They mainly considered the case where R is N-graded
and R;is a field k. Then the field &k is denoted by k when it is viewed as
the graded R-module R/(R,+R,4---). They proved that Eg(k) is
identical with Ej(k) and Ej(k)=Homy(R, k). Ikeda [8] discussed the
more general case where R is N-graded and R, is a local ring with maximal
ideal m and residue field k. Let E denote the injective envelope of the
Ry-module k, and let E denote the graded R-module such that E;=F and
E=0, for n-#0. Set M=m-+R,+R,+--- and k=R/M. Then Ikeda
showed that E,(k)= Hom.(R, E), and that Homg(E.(k), Ex(k)) =
R®Rolio. Therefore, in this situation, assuming that R, is a complete
local ring we can prove the graded version of our Theorem 1 by a similar
method.
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