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Introduction

In this paper an application is made of certain numerical invariants
introduced by Libgober [9], called “quasi-adjoint characters”. To each
germ of an analytic function f at a singular point p and to any other germ
of an analytic function ¢ at p one may define the quasi-adjoint character
x,(p) by studying the family of cyclic covers over f and the adjointness
properties to these cyclic covers of canonical differentials with ¢ as a coef-
ficient (for precise definitions see (2. 4)). Each x,(p) value is in [0, 1).

The main result of this paper is the

Theorem (3.1). Let {f,} be any 1-parameter family of germs of analytic
Sunctions at the common singular point 0 e C". Let ¢ be a germ of an
analytic function at 0. Let £,(t) be the quasi-adjoint character associated to
fiand ¢ at 0.  Then, if £,(0) & (0, 1), one has

’Cgs(t )£/c¢(0)
Jor all t sufficiently close to 0.
This is of particular interest because of the following. For each ¢,

let U,= U} be two Milnor balls for a representative of f, (denoted by f,).
Let p be a C~ function which is 1 on U, and 0 off U;. Define the gener-

alized functions on C=(U7, C) I(s, «p):f | fe* | Podxdx. This is often
ot

denoted by | f;[** for short. Let B,(¢) be the largest pole of I,(s, ). Then
there is a simple relation between «,(z) and B,(¢) given by £4(¢)-+1=84()
if k4(¢) € (0, 1). Thus, (3.1) implies as a corollary

Corollary (3.8). If £4(0) € (0, 1) then B,(t)< B4(0) for t near 0.

To understand this condition it is helpful to remark that if ¢ is a local
unit at 0, then «,=0 iff 0 is a rational singular point of . More generally,
k,=0 iff ¢ is adjoint to fat 0.
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(3.1) and (3.8) when combined with results of Loeser and Varcenko
provide an extension of Steenbrink’s result on the lower semi-continuity of
the spectrum (and of the Arnol’d Index) of a hypersurface singularity
which is not a rational singularity. If w=¢dx is a holomorphic n-differ-
ential in an open neighborhood U, U D\ J, U}, there is associated to w an
initial exponent «,(w) of significance in the mixed Hodge structure on the
vanishing cohomology of the hypersurface f,. Theorem (4.6) shows that
for {f,} as above, if ay(w) € (—1,0) then a,(w)>ayw) for ¢ near 0. In
particular, when the Arnol’d index o(f;) of £, is in (0, 1), this gives the lower
semicontinuity of the o(f;) at 0.

This in turn leads to an alternative basis for Loeser’s proof of a con-
jecture of Teissier. This conjecture states a general property for the largest
pole of the generalized function | f** by connecting it to the polar invari-
ants of f and its restrictions to generic linear planes of codimension i=1,
2, .--,n—1. (3.8) can be used to extend this conjecture to obtain esti-
mates for other a(w) with values in (—1, 0) (cf. (4.16)). Nonetheless, the
conjecture is only an approximation, formulated by a pair of inequalities.

On the other hand, recent efforts have provided precise results on the
poles of the distribution | f | where | | is the norm in any local field X of
characteristic O and f'is a function of two variables defined over K. These
results are summarized in Section (1) and serve as a standard to which the
results in Sections (4), (5) should be compared. Improvements in the
conclusions from Section (4) can hopefully lead to results of analogous
precision.

The last section extends Igusa’s theory somewhat. It uses the results
in Sections (3), (4) to obtain upper bound estimates (lower bounds can not
be shown in general, as yet) for the largest poles of the extended zeta func-
tion over a local field K, when these poles lie in (—1, 0). The estimates
have the same form as those given in Section (4) and are shown by using
any complex embedding of K. .

Conversations with Profs. Kashiwara, Blass, Laufer, and M.
Spivakovsky have been very helpful and much appreciated.

Section 1.

Let K be either (A) a finite extension of Q, for some prime p, (B) R
or (C) C. These different possibilities are denoted by cases (A)~(C) in the
following.

Let f: (K?% 0)—(K, 0) be a germ of a K-analytic function which is
irreducible in the ring K{x,, x,}. To f is associated a finite sequence of
positive integers (n, 8, - - -, B,) (the characteristic sequence) with n=multi-
plicity of f at 0. The ratios 8,/n are the Puiseux ratios of the branch
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determined by fin K% We assume n>2.

In all three cases, a distribution | | determined by f can be defined
on an appropriate space of “test functions” and has been studied in [7].
[10, 11], [12, 17]. 'We summarize here the conclusions of these investiga-
tions all of which are based on the explicit canonical resolution of the
singularity 0 [10].

The space of test functions. Let UC K* be an open neighborhood of
0 containing no other singularity of {f=0} in U and on which f is K-
analytic.

Case (A). y(K?) is the Schwartz-Bruhat space of complex valued
functions which are locally constant.

Cases (B, C). Define &, (K*)={¢: U—K: supp (¢) is compact in U
and ¢ is a C* function}.

Definition (1.1). (A) For x ¢ K, define | x|, =g ~°"*® where g=p°,
c¢=[K: Q,] and ord (x)=min {{: x € #%}. Here, & is the unique maximal
ideal of the valuation ring ZC K consisting of the elements with K-norm
atmost 1. If x£0, x ¢ &, ordg (x)=—ord,(1/x). ord,(0)=+ oo.

(B) |x|g is the standard absolute value in R.

(©) |x|¢=x-x=mod (x)"

Remark (1.2). K*is a locally compact additive group with norm the
supremum norm |(x, ¥) | =sup {|x|x, | ¥|x} and a unique Haar measure du
for which

J\ dp=1.
{(@,9): (@, 9) | g <1}

Remark (1.3). For Re(s)>0 and ¢ € #5(K?) I,(s)= j o | gy is

analytic.

The results of the papers referred to above have investigated the
analytic continuation to C of I,(s), subject to the property that ¢(0)=0
(cf. Remark (1.7) below however).

The poles and residues of I,(s), $(0)==0, have been determined as
follows.

Let e®=n, e =g.c.d. (e, B,).

Set
— Bi+n

e

r,

R — Biet VB, _(eD—e@ D)4 ... 4 B (e —e®)
e o® :
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Set B(i)=max {B;,,— f;, e?®} for i=1,2, - - -, g—1. Define ¢, &, &,
so that

ri_e“ P—R,_;

51+1=—_——j{7——’
R B __{_‘@(i—l)
1= et 1 ,
&+ R,
and
— (i
53+1:M fori=2,3, -+, g.

R,

Theorem (1.4). The numbers —r,/R,, —r;/R,, - - -, —r /R, are non-
integral poles of order 1 of I,(s) in cases A, C and, if i>2 and g.c.d. (r,, R,)
=1, —r,/R, is a pole in case B.

Theorem (1.5). Up to a non-zero positive constant factor which de-
pends only on f,

Res I,(s) = ¢(0) L) |x[z2]1 —x[t2 dx#0
s-—Ti P

Ry

if g.cd.(r;, R)=1and ¢ € Sy;(K*). Here D, is the divisor in the canonical
resolution w: X,s—U such that R,=mult,, (f-x), r,—1=mult,, (det dr).
D, is a P(K) in all cases. ,

Remark (1.6). Asin [10, 11], [17], one can either explicitly evaluate
the integral in all three cases to show it is non-zero or, as shown in [7], one
can derive that such an integral (when correctly interpreted) is a product
of three non-zero gamma functional values (the gamma function in case
(A) is that defined by Sally and Taibleson [21]). As such, in all cases, the
value of the integral can even be shown to be positive if i=1 and negative
if i>1. Note that this is a conclusion that cannot be obtained from [10]
in case (B) but can be from the representation of the value for the residue
in [11] in case (C).

Remark (1.7). For an extension of these results to those involving
I,(s) when ¢(0)=0 is allowed, see [11].

Open Question. It would be interesting to extend these results to a
convenient class of analytically reducible functions. Are there classical
analysis type identities which can be used to show that certain ratios arising
via resolution data (that is, ratios of form (1),= — (14 mult, det dx))/
mult, (fox), D an irreducible reduced component of the exceptional locus)
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are genuine poles of the [,(s)? In the irreducible case, and over R, the
residue at s= —r,/R; is a sum of three beta functional values associated
to the three intersections of the divisors D; with other divisors. That the
residue is always non-zero implies that these points of intersection do not
affect the property that —r,/R, is a pole of I,(s). In what way can one
detect a non-trivial modification of this in the reducible case. That is,
when would the positions of intersections of a divisor D with other divisors
determine whether the ratio 1, is or is not a pole of the I,(s) when ¢(0)=0
or ¢(0)=0. The phenomenon of jumping of roots of the local b-function,
discovered by Yano [32] is presumably related to this.

Section 2.

Quasi-adjoint characters were introduced by Libgober [9] in his study
of the Alexander module for plane curves. Nonetheless, they can be used
in other settings. To state their definition we recall for the reader’s con-
venience the definition of the adjoint ideal as given in [19].

Definition (2.1). Let X be a reduced complex analytic hypersurface
of dimension n. Let p € X be an isolated singular point of X (isolatedness
is not essential to the definition but in the following it is the only type of
singularity that will be considered). Let f be a local defining function of
X at p. This defines a local embedding of X into C"*!. In complex

coordinates (x,, - - -, x,,,) centered at p, the n-differentials
N
dx,- - dx,,, (=Ddxdxdx, --dx,,, = (=D"'dx;---dx,
fz; ’ f-‘ﬂz ’ ’ f$n+1

patch on the nonsingular part X, of X to give a meromorphic differential
on X, denoted by ox. As discussed in Section 3, ¢ generates an @, module
near p, called the dualizing sheaf and denoted wy. Let g be a local
section of @, defined in an open neighborhood W of p in X. The germ
of g at p is adjoint to X at p if the n-differential o, =(gdx,- - -dx,.)/folw
satisfies the L* condition

2.2) I 0 A5, < o0
U-UN =0}

for any relatively compact open subset U of W with pe U.

Remark. It follows from Lemma (1.3) of [19] that g is adjoint to X
N

at p if one replaces w, by any of the w,=(—1)*"'((gdx,- - -dx,- - -dx,)/f)-
If (2.2) holds for one w; it will hold for all the ;.
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Now, let 2 (C", 0)—(C, 0) be the germ of a complex analytic function
with isolated singular point at 0. Let 0 e UCC™ be an open neighbor-
hood of 0 over which f: U—{f=0}-»C—{0} is a Milnor fibration. Let
me N. We define the cyclic cover X, of {f=0} of degree m by the local
equation

Fm('xos Xis * 0 s xn):x{)n—f(xla St xn)

in an open neighborhood X, x UCC"*! of (0,0). Here, X, is an open
neighborhood of 0 in C and is independent of m. Thus, 3, C X, X U for
all m.

Let ¢ € I'(U, 0y). The local section ¢ determines a local section,
also denoted by ¢, of 0, near (0, 0).

Following Libgober we define the function +,(m)=min {k: x§-¢ is
adjoint to 3, at (0, 0)}. The basic theorem about ,(m) is

Theorem (2.3).  Either \r,(m)=0 (i.e. ¢ itself is adjoint to ,, at (0, 0))
or there is a unique rational number r, in (0, 1) such that \rs(m)="{[m-r;].

Definition (2.4). «, is the quasi-adjoint character associated to ¢. If
the singular point of %', also needs to be specified, we do so by writing
£,(p) (here 140, 0)). For different singular points p the values of x4(p)
will be different in general. Similarly, when p is specified, we will use the
notation r,(p, m).

The interest in the £, comes from the

Theorem (2.5). Let U'c U be two Milnor balls for a representative
of f. Let p be a C* function which is 1 on U’ and 0 off U. Let B, be the
largest pole of the analytic continuation of the generalized function | f [** evalu-
ated at ¢, that is,

1Gs, ¢)=IU f 1 | $P pdx,d, - - - dx dx,.

Then, k,—1=p, if £; € (0, 1) or, equivalently, if ,> —

Proof. For f, as above, introduce the set of triples ./, =
{(ord, (fox), ord, (det dx), ord, (¢ o x)): D is a component of the excep-
tional locus 7~*(0) where x: X,..— U is a local resolution of f- ¢, defined in
a neighborhood Uj of 0}.

This is the evident generalization of the array of multiplicities [10]
whose study is sufficient to detect the largest root of b,(s), corresponding
to ¢ with the property ¢(0)0. However, when ¢ also vanishes at 0, it is
necessary to include the data ord, (¢ o ) in .2, as well.
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Given #: X...—U a local resolution of f-¢ in U, set

(2.6) B,=max, {:.(L’ffgl%?;t C(l ;)o-;)ord »(dom) .

D is a component of n‘l((—))}.

From standard arguments in [11] one can immediately see that g, is
a root of b,(s), as well as a pole of | f|*, if B, € (—1, 0).

To prove (2.5), at least for all m >0 (which evidently suffices), one can
use any of three methods. The argument based on the L* criterion of [19]
can be found in a more general form in (2.13) below. Another short
argument can be based on Hodge Theory (applied to the Thom-Sebastiani
function defining the cyclic covers X)) and the characterization of ad-
jointness in terms of the values of the exponents in the spectrum of the
singularity [14]. However, here we want to give a “classical” type argu-
ment, inspired from Zariski’s original argument calculating, in effect, the
quasi-adjoint character for the cusp [34].

Let o, be the generator for the dualizing sheaf of 5, (in modern
parlance). The criterion for adjointness is [19] that for any compact
analytic n-chain 7 on ¥,

Q.7 j xigos, oo,

Let 0 be the fixed singular point of f. Let U=U; be a neighborhood of
0 containing no other singular points of f in its closure. One then may
think of 3, as branched over the hypersurface £, defined by fin U.

2
|
Z,cuccee.
Let z: X,..— U be an embedded resolution of {f¢=0} in U. Let X},

=X, X v 2, and 3, — 37, the normalization of the analytic space 3.
One has the commutative diagram

PYLLES

Pll l’?
X, ,esl+ Uu .

Observe first that if supp (7:) does not contain (0, 0), then (2.7) is
clearly satisfied. Next, because 3, i$ normal and p, is proper and onto,
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it suffices to check (2.7) in the codimension<1 part of 3. That is, if
& =p7({fon=0}), a subvariety of 3,, (non-reduced) it suffices to check
(2.7) on 3, and for compact analytic n-chains 7 intersecting /=% ,., in
at most a codimension 1 subvariety of Z’. For if 7 lies in &’ then p, blows
7 down to the point (0, 0). Since 3, is normal, if 7 only intersects X’ in a
codimension >2 subvariety, then the pullback p¥(xf¢o;, ) can be extended
holomorphically across 7 so that (2.7) is satisfied.

Thus, it suffices to consider the following situation. Let % be a chart

in & .., with coordinates (u,, - - -, u,) such that
Sor(uy, - -, u)=ufr- . .ulr
don(uy, -, u)y=uM- . - y7~(unit)
detdn(u, - - -, u,)=ul- - .ul»(unit).
Thus,

PEOE™60, )y, =XETm LU0 e (unit)dh, - - - dty
1 sp

Set 7 =p; ()N (2,)s,- From the above remarks, it suffices to assume
that supp(7) lies in #. In @, xt=foz(i)=u>"- . -ul». Let 0: %(m)—
pr{(%) be an m"-fold cover of p;(#%). Let (v, -- -, v,) be coordinates on
%(m) so that u,=v. Lifting pF(x}~"*'¢a ) to %(m) one obtains

7

PHCE™1G03 sty =" [T vy ermeneso s en-no=otuni) | do, - -dos
=1

Since ¢ is proper and onto p; (%), (2.7) can be verified for any chain
7 with support in p7(%) by verifying it in %(m). Using the argument in
the proof of Lemma 1.3 (i)=>(iii) [19], it follows that (2.7) will be satisfied
if and only if

kN, +m(m;+b)+(m—1)(1—N)> —1 fori=1, .- ., n

This holds if and only if

k>max {m( N,—(1+4+m, +b) _ i)}
P N, m

Thus, in p;*(%), the smallest possible k for which

k>max {m( No—(+mi+b) l)}>k——1
i N, m

K2

for all m >0 is given by the expression
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(=5

where i=a is that value at which —(1+4m,+5,)/N, is largest. Since 5, is
covered by open sets of the form p; (%), % a coordinate chart of X, as
above, we see that the smallest possible & for which x%¢ is adjoint to X,
at (0, 0) is given by

[m-x,] for m>»0

where r,=pf,+1, B, defined in (2.6), if 8,> —1 (or equivalently if «, ¢
(0, 1))

Remark (2.8). It would be very interesting to know how to extend
(2.5) to poles B, less than —1.

Remark (2.9). Let f define a germ of a real analytic function at 0 in
R". Assume 0 is a singular point for f. Let ¢ be a real analytic function
defined in a real neighborhood U of 0. Let p be a C= function which is
identically 1 in a smaller open neighborhood of 0 and is 0 off U. Define

L= f o, dx,.

One can define g, and «; asin (2.4), (2.6). However now, one has
the relation B, +1<«, if g;> —1.
Let A be the adjoint ideal sheaf of X', (cf. Section 3 for definition).

Remark (2.10). Let C(m)=(0;,/A; )03 be the conductor of 3,
at (0, 0). C5(m) admits a C{x,} module structure by x, multiplication.

Let ¢ denote the class of ¢ in C5(m) and N, the C{x,} submodule
N,=C{x,}. ¢ generated by ¢. Then it is clear that ,(m)=lengthg,,N,.

In this way, the information about the leading pole of I,(s) has been
coded into the length of a certain C{x,} module.

If p,(m)=dim¢ C,,, ;(m) then we see that p,(m) =73, 4 (m) for some
finite subset of local sections ¢; of 0.

K. Watanabe has used a notion of “L*“ integrability”” (introduced by
Sakai [20]) for isolated normal singularities (X, x). When (X, x) is the
germ of a cyclic covering of a hypersurface, (X, (0, 0)) in the prior nota-
tion) we can use the above considerations to help analyze this notion in
more detail.

Following the notation as above, let 8 € I'(2,,—(0, 0), O(dw;)) be a
section of the sheaf of d-fold tensor products of the dualizing sheaf of %,.

In local coordinates (x,, - - -, x,) defined in a C"*! neighborhood Y
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of (0, 0) (using the local embedding of ¥, into C"*! determined by the
choice of defining function F,), 6(x) can be written in the open subset
{oF,[ox,#0} N X, N Y (denoted from now on as {x,=0}N23,!) as

_ 5(x) . Qd__ ®d
009 = - A )= D)

where 4 is a section of @, defined (at least) in YN X, —{(0, 0)}. 4 deter-
mines a section § A\ of (wy, A@y,)®% defined in YN X ,,.
Observe that

.11 IN 5|{zo¢0}nzm=|512[(02m/\Ezm]{xoae())nzm]@d

=1ﬁ " (dx, d, - - -dx, dx,)®"
m 0.

One interprets this last equality as follows. The smooth manifold
(2,)s, is a real manifold of dimension 27. On it, there is the sheaf of
germs of complex valued C> functions, denoted ¢3,. The sheaf 2%7),
is an invertible @3, module. Similarly, w;, A@;, is an invertible 03
module. 4AF, in the open set {x,#0}N 2%, determines a section of
[Q6,,1%¢ on this open set. This is written in (2.11).

1t is, of course, independent of which partial derivative of F,, is used
to represent ¢y, in an open subset of X,

To 6\ @ is associated a section of the sheaf of continuous (n, n) dif-
ferentials on (X,),,. This is written in {x,%0}N %, as

2/d
dx, dx,- - -dx, dx,.

Ayi/a =‘ b(x)
@GNy | (BF,./0x,)* |

That it is a section of this sheaf is left to the reader to check. To
say 0 is L¥¢ integrable at (0, 0) (i.e. (§ AG)Y? is a section of the sheaf of
L%? integrable (n, n) differentials on a punctured neighborhood of (0, 0) in
(2'1)sp) is to say that I (8 /\F)/* < oo for each relatively compact

U=V Nizo=0}
open set V'C X, containing (0, 0).

In analogy to the functions +,(m), assume now d is a section of 0.

Define the function

¢4(d, m)= min {k: x{)‘—(é%);l e

=40, is L** integrable at (0, G)}.

s(d, m) can be computed in the same way as is 4(m).
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Consider the diagram

I X X 3,

U
12 lpe,
Xees —U
Fia
where r is an embedded local resolution of {f-§=0} in U and p, are the
natural projections.

Let {V,} be a finite open cover of X, for which there are coordi-
nates (x{*, - - -, x{*) centered at a point p® in z~*(f~*(0)) such that

Som=(x{")"1®. .. (x{)¥ = .(local unit)
§om=(x{)P® . . .(xE)@ . (local unit)

det dr=(x{=)™@ . ..(x)™@.(local unit).

Since xT'=fin X, |x[f=|f"™ in 2, and |x,[F=]|feox["'™in ¥, Xy
X,

res*

Consider the pullback of (6, A\8,)"* on p;%(V,). One checks that it
is given by

[x{®]er@. . .| x{@ e |focal unit in V,|dx,dx, - - -dx,dx,
where
C@=2]E @ +b@+m@— "D )]
dim m
0,/\8,is L** integrable iff its pullback to each p;*(V,) is L¥“ integrable.
This will be so iff k satisfies the inequality

@12) kM@ Zd(m—1)M (@) —m(b,(@)+m (a)) —dm
for j=1, ---,n. (Thatis, C(a)= —2 for all j.)

Rearranging, one has that k& must satisfy

k>m{de(a)‘(d+bj(a)+mf(a)) _ d _} for all j=1, -- -, n
- M () mM (a) T

The least k must therefore be

k(o) = n}ax [[(d — (d+bf§‘02(’z)mf(a)) ) . m]}

Hence,
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Lo(d) =max k(@) =[m- pa(d)],

where

#5(d)=d+n:ajx [— (d+bf§j?;)m.¢(a)) ]

Define i(d) = ps(d) —d.

When d=1, we evidently recover the formula of Theorem (2.5) for
¢=0. For d=1, By(d) is not so easily related to a pole of the analytic
continuation of

Iy(s)= J [ 18 pdx,ds, - - -dx,d%,.
U

For this depends on derivatives of §orx of order d—1 (as well as other
factors which need not be detailed here) along the divisors in X,,.
Nonetheless we have shown by the above discussion the

Theorem (2.13). For (X,,, (0, 0)) the germ of a cyclic cover of an iso-
lated hypersurface singularity the function, introduced by K. Watanabe, [31]

oY —di P(Zm—(oa (_))9 0(dw2m))
ad(zm: (05 0))’_d1mC Lz/d(Zm)

(defined for a neighborhood of (0, 0) in X)) admits an expression
0,= ; Ca(d)

where the summation is over some finite subset of sections 6 of 0, whose
classes modulo L¥(X,)) are distinct and non-zero.

Remark. It would be interesting to know if for each d one had an
upper semi-continuity property for the §,, in the sense that if f, is a one-
parameter family of germs of hypersurfaces at a common singular point 0,
then the function §,(¢t) =6 ,(2,.(¢), (0, 0)) is upper semi-continuous at =0
for each d and m.

Section 3.

This section will state and prove the upper semi-continuity theorem
described in the Introduction.

Let UC C" be an open neighborhood of 0 as in Section 2. Let TCC
be an open neighborhood of 0 in C. We are given a 1-parameter family
of representatives of germs f;: (C*, 0)—(C, 0), defined in U for each t e T.
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We interpret this to mean that there is a complex analytic function F: U X
T—C so that if z=: {F=0}—T is the projection to ¢, the fiber z~'(z) =f,"%(0)
liesin U. We assume f has an isolated singularity at 0 and then by shrink-
ing U, if necessary, we may assume, by the Preparation theorem, that when
f: also has an isolated singularity at 0 for each #==0 the fiber z~!(¢) has only
finitely many critical points of {f,=0} in U. Let x,(¢), - - -, xx(¢) be these
critical points. Let p,,(,(f;) be the Milnor number of the germ at x(r).
It follows that p(f) >3 71 pto,0(f)- [24].

To each ¢, x,(¢), and each ¢ e I'(U, @), there are quasi-adjoint charac-
ters, denoted by «,(x,(¢)), as defined in Section 2. For the critical point
0, we use the notation 0, resp. 0 to denote 0 as a critical point of f, resp. f,
=/

Upper semi-continuity will take the following form

Theorem (3.1). For f,: (C", 0)—(C, 0) a 1 parameter family of germs
of complex analytic functions with isolated singular point at 0 for each t, then
for t0 and t sufficiently close to 0, one has for all ¢ e I'(U, Oy)

£4(0,) < ,4(0),

where U is an open neighborhood of 0 satisfying the properties described in
the second paragraph of the section.

Proof. Following notation of (2.3), recall that f,(x;(?), m)=
[m- g (x(2))] =inf{k: xi¢ is adjoint to the germ of {xJ—f,(x,, - - -, x,)=0}
at (0, x,(2))}. Set X, (t)={x'—fAx,, - -+, x,)=0}. To show the theorem,
it suffices to show r4(0,, m) <+4(0, m) for ¢ near to 0. This follows from
the fact that if x,(0,)=a(t)/8(¢) and «,(0)=a/b, then for fixed ¢ not zero,
set m=B(t)-b. If y,(0,, m)=ba(t) <40, m)=ap(t) then a(t)/p(t)<alb
as wanted.

Remark (2.10) says that the inequality involving values of +, would
follow if there was a theorem which showed that lengthg,, N,(t) <
lengthe,,; N4(0), where for any 7, Ny(t) denotes the C{x,} submodule of
(05,(8)/4:,(t)) 0,5, generated by ¢.

Such a theorem was essentially proved by Elkik [3]. Here we sum-
marize those parts of her results pertaining to Theorem (3.1). Necessarily,
we use the analytic (derived) category.

Given the open neighborhoods T of t=0in C, X, of x,=0 in C and
Uof0in C”, set Z=Tx X,X U. 1In Z, there is a closed analytic sub-
variety X defined by the equation xI*—F(t, x,, - - -, x,)=0. Letz: X—
T be the projection to ¢. Having chosen U as above, = has “finite relative
singular locus” (“lieu singulier relatif fini”’). That is, 7|y, is a finite map
by the Preparation Theorem. Also, = is flat with fiber dimension n.
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To discuss properties of the relative dualizing complex for an analytic
morphism 4: X—S is helpful at this point. To any such 4 one can con-
struct in a functorial way a complex R}, (or 4'(0,) in Verdier’s notation
[30]) satisfying these properties. (All of which will hold in the bounded
below derived category D/,(0) of complexes with coherent cohomology
sheaves).

(3.2) (a) (Base change). Let7: W—S be any analytic morphism.
In the diagram

Y=XXW-—5X

b

Ry /w :L?*R:Y/S

(b) If &i: X—S is a flat morphism with fibers of dimension d then
R} ,s is a bounded complex of S flat ¢ coherent sheaves with (Tor) ampli-
tude [—d, 0].

(c) If each fiber of 4 in (b) is a Cohen-Macaulay variety (i.e. local
rings are Cohen-Macaulay rings) then

H(Ry,5) =0 if j#d.

(d) For ¢: X’—X a projective morphism R¢, R #om,_, (F, Ry,/s)=
R #Hom,  (Rp4F, Ry,s), for any coherent ¢ .module F.

‘When S is a point, denote Ry, s by R.

When X is a hypersurface defined by an equation G in C™**, the sheaf
H ™(Ry)=wy is an ¢y module generated on X,, by the differential o,
which, in a C™*' neighborhood of a point p at which (3G/3z,)(p)+0, is
written in the local coordinates (z,, - - -, z,,) as

N
1)j_1£?~0...dzj...dzm“ [1,2’ 8]
0G/oz, x

Let g: X’—X be a resolution of singularities of the analytic variety X
equidimensional of dimension d (equidimensional for simplicity). X’ is
smooth so 0. .. is Cohen-Macaulay at x’. The Grauert-Riemenschneider
Theorem asserts that Rép,(R%.)=0 for i >0 [4].

Construct the distinguished triangle in D}, (05)

VAN

pxRx——> Ry

O'X:(—
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where the horizontal arrow is that dual to the natural morphism in
D¢i(0x)

Oy—>Rp, 0.

by application of duality ((d) above).

Consider the homology of Ny. By the long exact sequence of coho-
mology applied to the triangle,

1) H Y (NY)=H %Ry if i#d

i) H YNy)=H “Ry)/osH “Ry)=cok (o, 0y —>wy) Where wy=
HYRY), wy,=H YRYy).

iliy HYNY) is a coherent @, module with support in X, for all i.

From [2], the adjoint ideal sheaf of X is defined as 4; =
ann,, [cok(pywy—wy). Thus, Ox/Ay~H 4N%) as O modules sup-
ported on X, with stalks which are finite dimensional C vector spaces.
(It is also well known that if x is an isolated singular point of X for which
0y, is normal and Cohen-Macaulay of dimension d then dim¢(0x/A4y),=
dimg R0, (0x ), [33])

The discussion needs to be relativized now by consideration of the
analogous objects in the fibers of a flat morphism 4: X—.S of fiber dimen-
sion d (and equidimensional for simplicity) as above. Assume first that
h: X—S admits a simultaneous resolution. Thus, there is a projective
morphism ¢: X’—X such that i) X’ is smooth; ii) (2o ) '(z) is smooth
for each ¢ e S, and iii) /1 o ¢ is flat.

We can then construct two distinguished triangles by considering
this diagram

(3.3) X' ft )= X125 X
S

bl

Xx{t}=X,—>X

h,l ' lh

{t}—>8
At first we have the triangle
N,
+1
($)«Ry;—> Ry, .

in D(X,)
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By property (3.2) (a) we have that Ry, =Lj}Ry,s and Ry,=
L(j)*Ryys. 80, (¢4 Ri;=L($)5(J1)*Rirys=LjF ¢ Rxs.
The triangle in D, (X)

N/s

N

PRy s—>Ry/s

(where NY,s is the mapping cone for ¢,R%.,s—R%,s) induces by applica-
tion of j¥, the triangle

Lj¥N%s

(3.4) +/ N

Ljf¢yRys—>LjfRy;s

in DE(X).
From the above identifications, however, and by the isomorphism of
mapping cones in a derived category [5], we therefore have that

(.5 Ny, =Lj{Nys.

In general, a simultaneous resolution of 4 only will exist off a proper
analytic subvariety of S. By (3.2) (a), we may then reduce the analysis of
the comparison of the complexes N, (and in particular their homology
sheaves H~%(NY,)) to the situation where S is an analytic curve in a neigh-
borhood of a distinguished point s such that for S—{s}, h: X—h~'(s)—
S'—{s} admits a simultaneous resolution but the fiber £7!(s) possesses an
obstruction to the simultaneity.

Let ¢: X’—X be a resolution of singularities of X. For te S—{s},
we may assume ¢~ (X, =h"'(t))=X is a desingularization of X,. To (3.3)
we again refer.

We now consider only the fibers of 4 for t-£5. Again, we obtain that
Ny ,=Lj}Ny,s for t+s. However, we cannot yet extend this to N,

If 4: Z— X, is a desingularization of X, we of course have the triangle

Ny,

(3.6) +1,/ '\

V4 Rz—> Ry,

(using the absolute dualizing complexes for X, Z).
We observe that the fiber X7, of (%0 ¢) can contain a desingularization
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Z of X, as follows. If the fiber (40 ¢)~'(s) in the smooth variety X’ is not
already smooth, one can construct an embedded desingularization of X7
GX’ that is, a smooth variety X’ and a proper bimeromorphic map §: X’
— X" so that § is an isomorphism off X7 and so that §-*(X?) is locally in
normal crossing form. The strict transform of X’ in X’ is a desingulari-
zation of X]. Let Z be this strict transform. Then ¥=¢o§: Z—X, can
be used in (3.6). So, this says that one can always find a desingularization
¢: X'—X of X for which the strict transform Z of X, is a desingularization
of X, and such that p,: ZCX;=¢"(X,). Moreover, 4: Z—X, equals
@50 pz Where ¢, =¢|z,: X=X,

There is a natural morphism R;— RY, [5] which induces a morphism
a: P Ry;—>($,) Ry, in DEy(X,) so that one has a commutative diagram of
complexes

‘F*R'Z—)(Sbs)*R.Xg

Ry

s

Now consider the analogue of (3.3)

X' x {s)=X1-Lsx7
S
¢ y
(3.7) Xx{s}=X,—2>X
S
lh
{s} B
As before, we have by (3.2) (a) that Ry, = L(j;)*R%/s, so that (¢,) R,
=Lj¥¢.Rx; Also, Ry, =Lj¥Rys.
Thus, we have two distinguished triangles in D, (X,).

CO.

N, Lj¥N%s
+1 / \ and —V
‘P*R'ZTR}S Lj¥ey R}'/S?L_J' FRY/s
4) 4,

with morphisms
a: v Rz—>Lj¥¢, Ry s

and



258 B. Lichtin

B=id: Ry,—>Lj*Ry,s

commuting with » and #.
Since D/, (X) is a triangulated category, there is a morphism

coh
7:Ny,—>Lj¥N%s

so that (@, 8, 7) is a morphism of (4,) to (4,).
If one now constructs the mapping cone over 7

one finds that only H~¢-*(E") can be non-zero (d=dim X,).

Hence, H% (Ny,)—H % (Lj¥N%,s) is a surjection.

Applied to the situation of interest here this says that for n: X—7,
the family of hypersurfaces {x7—F(t, x,, - - -, x,)=0}C T'X X; X U one has

D) For 120, ®F, (05, ()/A (1)) =iFR%,(N',r) with
x(2), - - -, xx(2) the singular points of 3,(¢), and i,: {t}—T the inclusion
as a morphism in the category of analytic spaces.

i)y For t=0, (0z,/As..0)0n—>iF R (Nx, ) is a surjection.

The observation that is necessary to make now is that the sheaves
H'(NY%,,) are coherent and supported on X,;,.. Thus, since z: X;,,—T is
finite, 7, is an exact functor on the category of ¢y modules with support
contained in Xg,,. Moreover, r, (a coherent ¢ module with support
in Xg,) is a coherent ¢, module. Thus, the sheaves R'm (N%, )=
Hi(n,(NRY%,r)) are actually of the form z,H’(N%, ) and are therefore 0,
coherent modules.

This discussion has sketched Elkik’s argument that proved the upper
semi-continuity of the dimensions of the conductor C,,, at isolated singu-
lar points x(¢) in fibers X, of a flat equidimensional morphism X—S.

It is also the discussion that allows one to extend her argument to
give a proof of Theorem (3.1) as follows.

This is based on the main conclusion from her argument. That is,
for each ¢ e T, if x,(2), - - -, xx(t) are the singular points of z~'(¢) there is
a C-vector space surjection

H,: (";9(@Em(t)/AEm(t))z,-(t)'—>[7r*H—d(N:Y/T)]t'
Let C=[].(®,[05,.y/ 45 nw)s ) be a bundle over T. C can be made

into a sheaf on T as follows. Think of x, H~%(N%,,) as the total space of
the 0, sheaf 7, (H~%(NY,,)) constructed in the above discussion. We then
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have 7 (H *(Ny, )= [, 7(H *(N%,7)).. The C-linear surjections H,:
C,—ny(H *(Nx,r)); induce a topology on C via the topology on the total
space 7, H %(NY,,). It is the weakest topology which makes H= |] H,
C linear and continuous. In this way, C is provided with a topology which
also makes it into a sheaf of C vector spaces over T. (Thatis, if r,: C—T
and m,: n H %NY,;)—T are the projections then m,=m, H is continu-
ous.)

Given a fixed section ¢ e I'(U, Op), there is an evident section of C
corresponding to ¢. That is, a,: 1—@®; .y, Where g, (, is the class of ¢
in (0z,,/As,0)s,m- Then Hoo, gives a section of m (H %(Ny,,)). We
denote this section as s(g).

To obtain an Oy, module structure on the stalks of w, (H 4(N%,))
consider the diagram

Y X {1} X X2 Y= XX(TX X)) —> X
TXXg l T
T 7z i3

(X X=ls  TXX, — 2 5T
u(t, x,)=t.

The morphisms u and # are flat. Hence, #*H ~%(N,r) is a coherent
0y module and #,4* (H %Ny, r))=u*r, (H *(N%,r)) is a coherent O, «,
module. Its support is contained in 7X {0} since for x,0 and #,in T,
let W be an open neighborhood of (, x,) lying outside 77X {0}. Now,

(& *)H ¥ (N )Y W) =L@ (W), @*H " *(Nr) ls-10m)-

Since H~%(NY,r) is a sheaf with support in Xj;,, and X;,,,CTX{0} x U
by the defining equation of the variety X in TXX,X U, #*H 4Ny, ) is
zero when restricted to 27*(W). So, the stalk of (#,4*)(H 4(N%,) at
(2,5 x,) must also be zero.

Denote this 0, x, module by M. Then the module v}M is an Oy, ,
=C{x,} module and is the result of the base extension u. Since M is
Oryx, coherent, it also follows that

lengthey,,, (vFM)<lengthc,,, (Vi M).

We now only need to replace M by a coherent @, x, submodule as-
sociated to the section ¢ of @;.

This is accomplished by using the section s(#). The base change
morphism u lifts s(¢) to a section s(¢) of M. As such, we obtain an Oy,
submodule of M by setting P;=0r,x, (s(¢)). It is clearly of finite type.
Thus, P is a coherent @, y, submodule of M. It then follows that for z
inT :
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lengthg,,, (vFP,)<lengthg,.,, (VFP,).

To complete the proof of Theorem (3.1), we need only note that the
base change u extends the C-linear sheaf homomorphism H: C—
o H 4Ny, ) to a C{x,} module homomorphism H so that H,: N,(t)—
U¥P, is a C{x,} module isomorphism for 0 and H,: Ny (0)—v§P; is a
C{x,} module epimorphism. This completes the proof of (3.1).

We state the desired corollary.

Corollary (3.8). Let f, be a 1-parameter family of germs of a analytic
functions at the common isolated singular point 0. Let U,c U/, be a pair of
Milnor neighborhoods for a representative of f,. (Thus, each fiber f;'(w) is
transverse to the boundary of U, andU, for all w near to 0 and f, is a C*
fibration off the singular fiber containing the unique singular point 0.) Let
0. be a C= function which is 1 on U, and O off U;. Define the generalized
Sfunctions on C=(U;, C)

I, = 11 iodnds, - dx,dx,.

Let ¢ be an analytic function defined in an open set containing \ ), U,. Let
B4(t) be the largest pole of the analytic continuation of I,(s, ). Then if B,(t)
> —1 for all t, one has that for t sufficiently close to 0

Bo(1)< 4(0).

Remark (3.9). Clearly, it suffices to require only $,(0) to be in (—1, 0)
in order to conclude (3.8) from (3.1).

Remark (3.10). Although the above proof applies to show an upper-
semicontinuity of the «,(0,) if f; is a l1-parameter family of real-analytic
germs, each of which having a singular point at 0 ¢ R, it does not imply
that the corresponding B,(¢) are upper semicontinuous. From Remark
(2.9), one only knows that 8,(¢)+1<x,(0,) for each 7. Indeed, Varcenko’s
example [26] indicates that the B,(f) need not have any type of semi-
continuity behavior in general if one works only over R.

Section 4.

There are two applications of Theorem (3.1) we wish to describe in
this section. We will need to state first some definitions and results of
Arnol’d and Varcenko. In the following, the open neighborhoods U of 0
in C" and T of 0 in C should satisfy the properties of the neighborhoods
U, T considered in Section 3. As there, f: U—T is a defining representative
of an isolated hypersurface singularity.
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Let w € I'(U, 2%) be a section of the sheaf of holomorphic n-differen-
tials in U. Let

Hoa= 11 H, (f7'(1),C)and #" = []
teT—{0} teT—{

0, €)

be the homology and cohomology bundles associated to the Milnor fibra-
tion f: U—f~(0)—T—{0}. The Leray residue w/df=Res(o/(t—f))|;-y
determines a section of #"~!

¢: t—>[o/df|;-1n]=cohomology class of w/df};-i,.

Let 5(¢,) be a fixed cycle representative in H,_,(f~!(¢), C). By means
of the fibration f on U—{f~*(0)}, 6(¢,) can be transported in a possibly
multi-valued manner to a cycle in each smooth fiber f-'(z) in U. Denote
this class by d(¢).

Define I(t, 6, ) =I o/df. Tt is a classical theorem that in any
a)
angular sector a<larg (t)<b, 0<{b—a<2r, one has a series expansion [16]

@.1) I(ts,0=Y ¥ 5 L 4,6 o)nr).
A€4 a€L(2) k=0 k! ’
where i) /A is the set of eigenvalues of monodromy action on H"*.
i) LA)={a>—1: exp (—2zia)=2}.
iif) The right hand side in (4.1) is single valued and converges in
each sector, for |#| sufficiently small, to the function I defined in
that sector.
Following Varcenko, define now the index a(w) associated to w.

Definition (4.2). Set a(w)=min {«: for some k, A, (3, )0 for
some family {3(¢)} of cycles constructed as above}.
Also define the Arnol’d exponent ¢(f) of the germ of fat 0 to be

Definition (4.3). o(f)=min {a(w)+1: 0 ¢ I'(U, 2%)}.

Basic results proved by Varcenko [27] allow one to connect the lead-
ing poles 8, of the generalized function |f " and the indices a(w) in a
precise manner. We state this in the

Theorem (4.4). Let (x,, - - -, x,) be a system of holomorphic coordi-
nates in the open neighborhood U of 0 in C™. Let o=¢(x,, - - -, X,)dx,- - -
dx, be an element of I'(U, Q%). Then, if 8,> —1, one has a(w)+1=—§,.

Remark. This is independent of the coordinates since f;=p;.4 if G
is a local unit in U.
From (4.4), there is an immediate corollary
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Corollary (4.5). If p,=p, then o(f)=—p, (where p,=p; for ¢ any
local analytic unit in U).

We now apply Corollary (3.8) and Remark (3.9) to obtain the first
application of (3.1).

Theorem (4.6). 1) (Steenbrink-Varcenko) If {f.} is any l-parameter
Sfamily of germs of analytic functions at the same isolated singular point 0 in
C™, then one has ‘

a(f)=a(fy)

Jor t sufficiently close 10 0, if o(f)<1.

2) In the situation of (1), let U, be a neighborhood of 0 on which there
is defined a representative of f, satisfying the property that f,: U,—T, is a
Milnor fibration. Let U be an open neighborhood of O containing \ ), U, and
let we I'(U, 2%). Assume w=¢(x)dx. Let o(t)=w|y, and define o (w(t))
to be the initial exponent of w(t) for f,. Then, if B,(0)>—1, one has the
inequality

a(0(1)) > a(0(0)), for all t sufficiently near 0.

Proof. This is immediate from (3.8), (3.9), (4.4). Note that 2)is a
distinct extension of the lower semi-continuity theorem of Steenbrink,
stated in 1), although the version proved by Steenbrink does not require
that ¢(f;)<<1. Note that in the non-rational singularity situation Varcenko
also used Elkik’s theorem to prove the semicontinuity of the Arnol’d index
[29]. (2) is however a distinct refinement both of [22] as well as [29].

Theorem (4.6) can be used to give a proof of an extension of a con-
jecture of Teissier using the same idea as Loeser did to prove the con-
jecture [13]. A sketch of [13] follows first and then we present our
extension of the conjecture.

Let f: (C*, 0)—(C, 0) be a germ of an analytic function with isolated
singularity at 0. Let U, T be as above and f: U—T a representative of
the germ. Teissier associated [23] a finite set of numbers {(e,, m,)} to f.
These form the polar multiplicities for fin U. The ratios ¢,/m, are called
the polar invariants.

Let H be a generic plane of codimension i through 0 in U. The defi-
nition of generic is given in [23]. One of its consequences is that the set of
polar invariants of f1,,, a representative in H\ U of the germ at 0 of f/,,
is independent of H. Denote this set by {e{"/m{"}.

The original form of the conjecture was [25]

n—1 1
(47 2R s
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For fa germ at 0 e C? of an analytically irreducible plane curve with

characteristic sequence (n, f;, - - -, f,), one knows the following.
1,1 .
a) o(f)=—+— ifo(f)<I
1
b) 1-+sup{e,/m,} = B where
R ng—l

Bi="81 Ba=rg1Be-1+(By—By-) for g=2, - - -, g, and if e@=g.c.d.(e*D,
By then n,=el4"b/e®,

One can show [18] that B, /(n,- - -n,_,) = (¢ + B,—1)/n, where p is
the Milnor number of f at 0. Thus, the lower bound in (4.7) for this f
can be considerably smaller than the value for o(f).

On the other hand one also has that

I S S
By 1+inf{e,/m}

This suggests an improvement of (4.7) can be made by conjecturing

1

n—1 1
4.8
( ) Z l—I—Sup {e(z)/m(i)}

YN 2
i=0 1+inf{e”/m{P}

Loeser [13] has proved the following version of (4.8)

1
[mf{e(“/m(“}
= 1
0 14-sup {e/mP}

(4.9) 72

- 1
]] > G(f) = ; 1+ [[sup {e‘”/m(”}]]

I~

1+
=

He does so by using Steenbrink’s theorem (4.6) (1), valid without any
restrictions o( f;) [22].

Given f: (C", 0)—(C, 0), choose coordinates (x,, - - -, x,,) in a neigh-
borhood of 0 so that x,==0 defines a generic hyperplane for f in the sense
of Teissier [23].

Define the two pairs of families of functions as follows.

I} Sete=inf{e,/m;}and A=[a]+1.

Define F,(x,, - -+, x,) =f(txy, X5 - -+, X,)+x2 and G(x,, - -+, x,)=
f(xl’ ) Xn)-i—tXf.

II) Set p=sup {¢,/m} and B=[g]+1.

Define F~t(xv ] xn) :f(txb Xo5 2t s xn)'*_xlB and Gt(xb Tty xn):‘
f(xu Ty xn)—}-txf.

(4.10) implies (cf. [13] for the proof of the equality part of (4.11.1))
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(4.11) 1) o(G)=0(G,)>0(G,) for t=£0
i)y o(F)=0(F)>a(F) for t==0.

In addition, one also has by the invariance of the Arnol’d exponent
in a p-constant deformation [28] that

(412 D) o(F)=a(F)=0(F)
i) o (61) =0 (ét) = o(éo),

as well as the equality in (4.11.ii)). (The {F‘t}, t+#0, form a p-constant
deformation [23])

Remark (4.13). Under the assumption that f'does not define a rational
singularity at 0, theorem (4.6) can be used to prove (4.9) in the same way.

To see this it suffices to observe the following.

Let H, be a generic plane of codimension 1 [23]. Set f=f|,,.
Choose coordinates in U such that x,=0 defines H, in U. Let B be the
integer in II above. By the additivity of the Arnol’d exponent with
respect to the Thom-Sebastiani operation one has

o O+5D) =0l £)+ o(xE) =o(f )+ 1.
(4.11) implies that

o[ D)= ol +0) = - <o/ O+ 5D ol ).

Now let 0CH,,_,CH,_,C---CH, be a generic flag in U of planes
such that codim H,=i. Here generic should mean that H,,, is a generic
hyperplane for the germ of f® =f|,, at the isolated singularity 0, in C*"*
in the sense of [23]. Let x,, - - -, x,, be coordinates in U such that for each
i, UNH,={x;=--.-=x,=0}. Set0, to be the origin in UN H,.

Let a;=inf{e{/m{}, A,=[a;]+1;

Bi=supfe’/mP},  B,=[p]+1.
Define for each 7, the functions
ng)('xi’ ) xn) =f<i)(txi5 Xivs * s xn)—l_xz{‘i
Ggi)(xis Tt xn) =f(i)(xi’ Xitts * s xn)+tx;:4i
ﬁgi)(xia ] xn)=f(i)(txia Xivr * " xn)+xiBi
Ggi)(xh Sty xn)::f(i)(xi’ Xisrrs * 0% xn)+txiBi
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Repeating the above reasoning shows that each f defines a non-
rational singular point at 0,. Thus, one has the inequalities (4.11), (4.12)
for each i. This gives (4.9) by a simple manipulation.

On the other hand the fact that (4.6) applies to exponents other than
the smallest implies that (4.9) can be extended. Let p(x)=x...x!» be a
monomial in the coordinates (x,, - - -, x,) defined in (4.13). Set w=p(x)dx,

«-dx,. If the exponent a(w) lies in (—1,0), one can use Varcenko’s
description of the Mixed Hodge Structure on the vanishing cohomology
of Thom-Sebastiani polynomials [27] to estimate «(w) as follows.

Set w, =xidx, and w,=x%. - - xirdx,- - -dx,, so that w=w, Aw,. Then,
when one considers w to be a holomorphic section of the cohomology
bundle for the function V4 xf*=F, resp. of the cohomology bundle for
the function f® 4 xP1=F, one has that () = a(w,) + a(w,) + 1 where a(w,)
equals (i,/4)—1 resp. (i,/B)—1, and a(w,) is the exponent of the section
w,/df® for the cohomology bundle for the function .

For g: U—C a Milnor fibration of a holomorphic function with iso-
lated critical point at 0, denote by «,(w) the value of the exponent associ-
ated to the section [w/dg] of the cohomology bundle 52" for g. Then in
the notation of I, IT above, one deduces from (4.6) part 2 that

(4.15.1) aswam(@)+1<a (@) + 1< a0, 0(0)+ 1,

that is,

’ (4152) af(l)(wz)'l' 1 + %Saf(w)+1 S Olf(1>((t)z)+ 1 -+ %
1 1

Thus, « (0)<<0 implies a,u(w,)<O0.
Applying this n—1 times in the same way as (4.13), using [28] applied

to the entire spectrum, not just the Arnol’d exponent, in the analogues of
(4.11), (4.12), one has the

Theorem (4.16). If w(x)=x{...xldx,- - -dx, is such that « () e
(—1, 0), then in the notation of (4.13) one has the pair of estimates

n—1 l n

(4.17) L —lI<aw) <

i L,
j =0 A,

=]

<.

Remark (4.18). The basis of (4.6) and (4.16) lies in theorem (4.4) as
well as (3.1). How can one extend (4.4) to exponents greater than zero,
in the sense of identifying the value of an exponent from the resolution
data of multiplicities? A similar question is the content of Remark (2.8).
In that it is also not clear how to describe the poles 8, from resolution
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data once j, becomes smaller than —1. Perhaps the best candidates for
such an extension would be the “leading” exponents, studied by Loeser
[14].

Section 5.

In this section we extend Igusa’s theory of “Forms of Higher Degree”
[6] to allow test functions which may vanish at the singularities of the
form. We then apply (4.16) to obtain upper bound estimates for the lead-
ing poles in (—1, 0) of the extended zeta function defined below. Such
estimates as well as the precise formulae derivable from [11] in the case of
two variables (cf. (5.11)), therefore have a number theoretic interest. Un-
fortunately, there is as yet no p-adic cohomological interpretation to these
results.

We briefly recall the constructions at the base of [6].

Let K be a local field which for the purposes here is a finite algebraic
extension of @,. Letfe K[x,---x,]. On the additive group K" there is
an “additive” Haar measure p denoted |dx,|- - - |dx,|=|dx,- - -dx,| which
is an n-fold product measure of the additive Haar measure. 'We normalize
the measure by forcing p(R")=1 where R is the ring of integers in K. Let
F(K™) be the space of Schwartz-Bruhat functions on K". These are
complex-valued functions which are locally constant with compact support.
Compeact refers to the metric topology on K" defined via the sup norm on
K". Thatis, [(v, - - -, U,)|x=max |v, |z Where |v]g is the unique extension
to K of the standard p-adic norm on Q,

For fe K[x,, - - -, x,), ® € #(K™) define

Z(s, @):Im_v:m 1f(ars - - - %) 0 dx].

For Re (s) >0, Z(s, @) is analytic in s for each @ e #(K"), as can be
seen easily. Adapting the idea of the proof when K=R or C, Igusa
showed that Z(s, —) has an analytic continuation to C with poles at a
finite set of negative rationals. Examples of the explicit continuation may
be found in [12, 17].

The use of #(K") as the space of test functions is not absolutely neces-
sary for Igusa’s theory. One can extend the space to include norms of
polynomials cut off by a function in &(K™) to maintain the boundedness
of the support of the test function.

Such a test function need no longer be locally constant in a neighbor-
hood of a point on the zero locus of the polynomial. Its support in the
metric topology, although bounded, need not be totally bounded. Thus,
the support need not be compact, although it will be contained in a com-
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pact set. B

So, define F(K™)={(: K"—>C: {=1 7., ¢;-|ps(x)| where ¢, ¢ (K™,
pieK[xb - '5xn]}' -

Define a zeta function for £ ¢ #(K™) by

Z6.0=[ It

Note that if { is in F(K"), K*"—{f{=0}=K"—{f=0}—{{=0}=
supp () —{f=0} is what one integrates over in any case and Z(s, {)=
Z(s, ©), as defined by Igusa . In this way Z is a generalization of the local
zeta function of Igusa.

We show

Theorem (5.1). The zeta function Z (s, £) admits an analytic Continu-
ation to C with poles at finitely many negative rationals. In general, Z (s, —)
admits poles of arbitrarily large absolute value in Q_. These poles lie in
[finitely many arithmetic progressions.

Proof. Unlike the situation in [6], if z: X— K™ is a resolution of
singularities of {f=0}, as embedded in K", the preimage =~' (supp ({))
need not be compact. On the other hand, the analytic continuation of an
integral of the form

G2 [ e,

where U is a compact open subset of Z{ minus the locus {x,- - -x,=0},
can always be explicitly determined by the evaluation of (5.2) as

k3
I I Ix;
i=1J R~{z;=0}

One can use the resolution theorem to arrive at a local situation as
in (5.2) by applying it not to the ideal sheaf ()@, but to (fp)Ug. if =
¢|p|. Note that if (=73 ¢,| .}, and if {;=g,| p,/, Z(s,0)=>.2(s5,¢,), so
that the analytic continuation of Z(s, ) would be determined by that for
the individual Z(s, &,).

If V=supp (§), where {=g¢|p|, V is compact. Let z: X—>K" be a
proper birational morphism between K™ and a smooth K variety X which
is an isomorphism off the singular locus of {fp=0} and for which in a
neighborhood (in the K-analytic topology) of a point z in = *({fp=0}),
there are K rational coordinates y,, - - -, y, such that (5.3) holds:

(53) f° ﬂ(yla . 7yn)= Vl(y)Hyfh

Mis+m1ldxii.
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pon(yy, « -, ya)=ViWIIyr
det dﬂ(yla R yn)"—: V3(y)Hy1z,h'

Since the V, are units in the neighborhood of z, by shrinking the
neighborhood we may assume that | V,(y)|=|V(z)| for all points (y,, - - -,
y,) in the neighborhood and i=1, 2, 3.

Consider now #~!(V). Because it is compact, it can be covered by
finitely many compact open affine discs each of the form D, =z, (%)™
for some positive g. It is possible to find the z, and g so that D,ND,;=¢
if i=%j[6]. In each D, there are local K coordinates centered at z, so that
equations of the form given in (5.3) hold in D,.

It is convenient to form the set of multiplicities of forx, por, detdn
along the divisors in #~'(fp~'(0)). Let D,, ---, D, be the irreducible
components of z='( fp~*(0)).

Form the set

(5.4) A, ={(multy,(for), mult,,(ponr), mult, (detdn)): i=1, ..., M}.

Evidently, (5.3) says that for each i=1, .- ., n, the triples (M, r,, b,) are
elements of A/,.
Consider now Z(s, £): we then have

- N

(5.5) Z(s,0)= g a,|Viz)' | V(z)|| Vi(z.)]
eyl iyl

Thus the analytic continuation of the term

[, e ior ot sl

can be determined very easily. Indeed, this term equals

q—[(bj+7‘j+1)g+8g‘Mj]

6o [ rripeian)=3 a0 -

j=1 _q'[(bj+Tj+1)+ij]
where g=p". Here, p=char %/ and r=[K;Q,].
Each term admits poles at the » ratios
(5.7 sj—_—_—(lj__bfiﬂ, if M,+0.
M;

If M;=0, one understands the analytic continuation of the term to be
possible to all of C in a trivial way.
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Thus, Z(s, ¢) is a sum of terms each of which admits a pole at at
most n negative rationals. This gives the desired analytic continuation
for Z(s,2) to C. Note too that one can force b ; to grow arbitrarily large
simply by setting p(x,, - - -, x,,) to equal f° for v=1, 2, - - ..

This proves theorem (5.1).

Remark (5.8). Consider one of the ratios s, in (5.7). LetD,, - - -,
D,, be t~hose divisors in which the value s, arises as a fraction of the form
—(1+b,+7)/M, where (M,, 7,, b,) e A", (defined in (5.4)). Assume that
s, satisfies the following property

(¥) Let D, be a divisor in z~(fp~*(0)) and D;N D, ,#¢ for some v=1,
-+, k. Let (M, r;, b;) be the element of .4, corresponding to D,. Then

_(I+bj+r]l
s0>—~—~‘Mj .

Such a ratio s, must be a pole of Z(s, &) if >0 in supp (¢) and supp (¥)
contains the singular locus of {fp=0}. For in this case the sign of the
residue of any term of form (5.6), forming the contribution to Res Z(s, £)

§=80
in a neighborhood of a point which either lies in or intersects some D, ,
must be positive. So, the total value of Res Z(s, £) is just a finite sum of

§=380
positive quantities and cannot be zero.
Let us agree to consider in the following only those { whose support

satisfies the condition {fp=0},,Csupp (¢).

Remark (5.9). For given {=4¢|p|, peKlx,, ---, x,], set B =
sup {—(1+r;-+b,)/M,;: (M,, r;, b,) is an element of the set of multiplicity
triples 4", obtained by constructing a resolution defined over K, r: X—K*,
so that both ( fox) and (p o x) are locally in normal crossing form}. We
then have that if ¢ has constant sign on V'=supp(¢) and ¥ contains the
singular locus of { fp=0} then g, is the largest pole of Z(s, £) with the sign
of the residue at s=f, given by the sign of ¢. The value j, depends only
on p then. We henceforth denote it by 3,,.

The value of g, depends, a priori on the field K. This is because the
set of divisors, rational over K and used to determine the set of ratios, the
maximum of which is 8, clearly may change if one works over an exten-
sion of K. To emphasize the dependence on K, denote the ratio as ,(K).

On the other hand, there is a finite extension L of K with the property
that if L’ is any finite extension of L then for p e K[x,, - - -, x,], B,(L")=
B,(L). One sees this by looking over K.

Any resolution =: X— K" obtained as in Theorem (5.1) is determined
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as a composition of birational morphisms. Hence, = is defined over a
finite extension, say L, of K obtained by adjoining to K all the coefficients
used in the finitely many rational maps comprising z. Moreover, X itself
is rational over L if we include the coefficients of all defining equations
(polynomials over K) used to define X in its various affine neighborhoods.
Thus, 7 descends to a resolution z,: X,—L" of f.p as discussed above.
The multiplicity data forming 4", as determined by z, is therefore the
same as the set .4, as determined by =.

Clearly, one has 8,(K)< g,(L).

Now, over K or L one can also define the quasi-adjoint characters at
a singular point & of { f=0} exactly as was done in section (2). Let £,(§, K)
resp. £,(&, L) be these characters for the polynomial p.

If 0 is an isolated singular point of {f=0}, then one has ,(K)< 8,(L)
=£,(0, L)—1if £,(0, L) € (0, 1). This is because adjointness is a property
defined purely algebraically. Thus, to evaluate £,(0, L), one notes first
that «,(0, L)=£,(0, K). Then observe that «,(0, K)=«,0, C) because
one can work within K or within C by “choosing” an embedding K GC.

Because 0 is an isolated singular point in the complex hypersurface
{f=0}, one now obtains an upper bound estimate for 8,(K) in.terms of
the polar invariant data from section (4). Observe that this data is inde-
pendent of the embedding KCGC. Indeed, if p(x)=x%...xi, then if
(0, C) € (0, 1), one has £,(0, C)=1+,(C), with 8,(C) the largest pole
of I(s) (2.6). One also knows that when §,(C)e(—1,0) then 5,(C)=
—(a(pdx)+1). From (4.16), one has under the assumption imposed
there the inequalities stated in (4.17). Thus, one concludes

(5.10) BB =F(O)<— 5 1.

Loeser has also observed (5.10) independently [15].

Remark (5.11). If f defines a germ of an irreducible plane curve at
0 in K* with characteristic sequence (1, §,, - - -, 8,), one can show that for
a monomial p(x, y) in coordinates centered at 0, the quantities 8, in
(—1, 0) are independent of the intermediate field L and depend only upon
K. Moreover, the values of certain 8, are computed in [11]. Indeed, from
the analysis in [11], some of the smaller poles of

AL élpl

can also be determined. In this way, the results of [17] are extended.
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