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Group Cohomology and Hecke Operators 2
Hilbert Modular Surface Case

Michio Kuga

In the previous report [27], the authors developed the functorial
behavior of Hecke operators operating on group cohomologies, and
applied them to arithmetic Fuchsian groups to prove some congruence
relations between eigenvalues of Hecke operators. There the authors
promised to present similar congruence relations for Hilbert modular
groups by the same principle. The author of the present report partly
fulfills the promise. Namely, Theorem (3.4) in the last page of this
report is a direct analogue for Hilbert-modular-surface case of Theorem
(2.2.3) of the previous report [27].

The author would like to thank the following people:

(1) Walter Parry and Chih-Han Sah were co-authors of the previous
report. Occasional conversations with them were very helpful to prepare
this report, especially in 1.6 and cohomology of I™®.

(2) Salman Abdulali, Min Ho Lee, Troels Petersen and Monica Petri
were note-takers and helpful critics of my lectures on this subject. Based
on their notes, this report was made.

§ 1. Notations and known facts

1.1. Standard notations of Z, Q, R, C are used for the ring of
integers, ficlds of rationals, reals, and complex numbers.. In general, the
notation K denotes a field of characteristic zero, usually K=0Q, R or C.
The finite field with ¢ elements is denoted by F,. For an integer n, the
cyclic group of order n is denoted by Z, or by Z/nZ; if n is a prime
number ¢ it is also denoted by F,. In general, for a module .# and an
integer n, the cokernel #/n.# of the n-multiplication x—nx is denoted by
A, and the kernel is denoted by ,.#={x e #; nx=0}.

In this note, as a module .# we consider #/=C, R, Q, Z, Z,, in
particular F,, C/Z, R/Z, Q/Z, or a finite direct sum of them; so .#, and
A are always finite modules.

For a group G, G/[G, G] is denoted by G**; [G, G] is denoted by G©,
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[GD, GP] by GP, etc.

If a group I' is operating on a set £, for a point x € £, the isotropy
subgroup {¥ € I'; ¥(x)=x} of x is denoted by [,

The direct product of two groups A, B is denoted by 4 X B here, but
if A and B are both abelian groups, the notation A® B is also used. For
an abelian group A4, n-fold direct product (direct sum) is denoted either
by A" or by nA.

For a locally compact abelian group A, the Pontrjagin dual of A4 is
denoted by 4.

, For a real quadratic number filed X =Q(v d), d denotes the discrim-
inant, A the class number, ¢, a fundamental unit.

The ring of integers in K is denoted by O, the group of units by
O*={+1}X{ef; ne Z}.

For a prime number p, we denote by e, f,, g, the ramification
index, the degree of p in O, and the number of prime ideals of £ contain-
ing p respectively. Thus e, f,g,=2; e,=2iff p|d; (—1)sr=—(—1)/»=
(d/p)=the quadratic residue symbol, for odd p, ptd; and with y=
@*—1/8, ,=(1/2)3—(—1)) and g,=(1/2)(3+(— 1)) for odd d.

The two embeddings of K into R are denoted by ¢, and ¢,; we rather
consider K as already embedded in R, and we denote by ¢, the identity
embedding, and by ¢, the conjugation. Thus ¢(v d)=+'d >0, and
o(V d)=—+"d <0.

N(e) denotes the norm ¢(a) @) of an element «a e K, tr ()=
o(a) + @) denotes the trace.

For an ideal n of £, N(n) denotes the norm [O: 1] of n.

The norm N((1—¢)) of the principal ideal (1—¢}) is particularly
important in the later sections; we denote it by

my=N((1—e))=|2—tr ()!.

For an ideal n of £, the reduction £—O/n mod n is denoted by v,.
The same notation is used for the reduction: M,()—M(O/n).

The image of the units-group £©* by the reduction v, mod n is
a subgroup of (O/n)*; the subgroup will be denoted by K=K(n), the
cokernel (©/n)*/K is denoted by H = H(n). '

The order A(q)=|H(q)| of the cokernel H(q), as a function of prlme
ideals q is a very unpredictable function. But it is easy to see

 Lemma (1.1.1). If q is of degree 2 over Q, i.e. N(q)=gq*® with a
rational prime q, then |K(q)| must divide 2(q +1); thus, (q—1)/2|h(q), if
Sa=2.

The upper half plane {z=x++—1y € C; y>0} is denoted by © or
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by $*, on which SL(2, R) operates by the fractional linear transforma-
tions: ~

<CcZ 3) 1 z——>(az+b)/(cz+4d).

For a Fuchsian group I, SL(2, R) the quotient /',\9 is denoted by
U=U(I"y). I'; also operates on the lower half plane ~ ={z=x++—1y;
y<0}. I'\9 is denoted by U-=U~(I").

A “Hilbert modular” group I'cSL(2, R)™ operates on X H®
X XO™ (e,=). The quotient I'\©*X .- xXH*" is denoted by
Ueteom Uersesm([7), U+ >+ js denoted by U.

1.2. Groups discussed here. Let K=Q(v/ d) be a real quadratic
field with class number A=1, and such that N(g)= —1. The Hilbert
modular group SL(2; ) is denoted by I'(1); I'(1)/+1 by I'(1). The
ordered pair p=(¢;, ¢;) of embeddings ¢,, and ¢, of K into R embeds
(1) into SL(2, R)X SL(2, R)=SL(2, R}>. Thus I’(1) and I'(1) act on

the space HX H=9"
For an ideal n of £, we put

)= {(z Z) e ['(1); ¢=0 (mod n)}
and I'y(n)=1I",(n)/+1. Also we put

()= {(a tbl,) e I'(1); b=0 (mod n)}

4

and Iy(n)="'I((n)/+1. Also

f”(n):{(? 3) e l'(1); <g 2)5(5 ?)(mod n)}

and v
I(my=I(n) if n1%2,
=Im)/+1 if ns2
In this note we consider as 1 a product:
(1.2.1) =00z " Gu"Gns1°*

of m distinct prime ideals q; (=1, - - -, m), among which q,, -- -, q, are
of the degree 2 over @, i.e. N(q,)=¢3, and q,,s, - - -, 0, are of degree 1
over Q, i.e. N(q,)=gq,, where g, (i=1, - - -, m) are rational primes.
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We assume furthermore that (11, 64)=1, and that there exists a prime
number £ such that

(1.2.2) (4, 6dn)=1,
g,=1(mod ¢)  for i=1,---,n,
qg,=%=1 (mod 4) for i=n-+1, ---,m,
(¢, N(1—e)=1.

Once such an ideal 1 is chosen and fixed we denote I°y(n) by I, I"y(n)
by I'.  'We assume that I has no elliptic element. This is true if one of
q;(j=n+1, ..., m)satisfies(—1/g;)=—1,and one of ¢, (j=n+1, - - -, m)
satisfies (—3/g,)= —1, and d =5 (cf. [41], [42]).

In 1.4, we shall see that H'(I", C)=Hom (I"**, C)={0} (Th. (1.4.4)).
This also comes from a result of Margulis [33].

Hence I'**=1I"|[I", I'] is a finite group, and by the congruence sub-
group theorem of Bass-Milnor-Serre, there is an ideal m of © such that

[, > (m), and [I7, I']D>I(m).
Let us note here that "5 —1, but [[7, '] 3 —1iff n 32, 2 that
b= ['ab[ 4] for n % 2.

In our case of I'=1"(1), n=gqy, * -+, G, §: 74, for i #j, and (n, 6d)
=1, a standard calculation shows that we can take m=6u, and that

== (/[ (m))*
='W/ (6))“><Mﬂn GIE )
=[] o,
ql6n
where
@, =(Fy)*=Z sy Wwith Nq=g’< for q|n,
Z. iff f,=1
o= z l /2 for q|2,
{1} iff ;=2
and
Z, iff fi=1
?,= l /s for q|3.
{1} iff f,=2
We put

nqﬂ ¢q=¢2, which is =Z% or = {1},
nqls @q=@3, which is = Z% or = {1},
0, X 0,=0,.
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The projection map P,: I’ —@, of '=1I"y(n) to a factor @, of I'™=
[T @, is given as follows:
For a prime ideal q dividing n,

Pq: Fo(n)_—_)@qu;'q:(@/q)X9
w w
r= (a b)l——-——~—-—->P N =v,(a)
c d q q
i.e. P, associates to a 2 X2 matrix 7 =(2Z 2) the reduction mod q of its
(1, D-entry a. '

If f;=1, thus @,= [],,; D,= Z%, then for a prime ideal q dividing 2,
the projection map P, of I" to @,=Z, is given as follows: for an element
7 apply the reduction y,, which sends I” onto SL(2, Z,), which is isomor-
phic to the symmetric group >, of 3 letters, then consider the sign,
sign (v,(1)) of the permutation v,(7). The map signoy,: ['—>{+1}=2Z, is
the projection: P,=sign oy, '

For an element 7= (g 2_1> the formula:

P(N=vb) e Olqg=2,

is observable easily.

If f,=1, thus @,= Z%:, then for a prime ideal q dividing 3 the projec-
tion map P,:['—0@=2Z, is given as follows: uq(f’) is isomorphic to
SL(2, F;), which has a homomorphism onto A4,, the alternating group of
4 letters, which has a homomorphism onto 4,=Z,. P, is the combination
of these 3 homomorphisms:

P:[—>SLQ, F)—>A——>A4,=Z,
For an element 7 of the shape 7= (8 2_,), the formula

P(y=vfa'-b) e Dlq=2Z,

is observable easily.

We denote the order of cyclic groups @, appearing in the decomposi-
tion /**=[] @, by g, (i=1, - - -) in some ordering. Thus y, are one of
(g7¢—1) or 2 or 3, and

I**=0z,.
Thus ..
Ir®=®z,)/ +1.
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We denote [[7, ['] by '®=T"™, Note that '® 3 —1. Also denote
[, r®] by I'®. I'® and I'® are arithmetic subgroup, and we have

Iro={rel; P(N=1, q|6n}
= {7’ el"; P(n=1, TE((I) T) mod n},
TOSTOSP((6n)™),

for a sufficiently large integer m.
Thus ['O*=I"®/I'® js a finite abelian group whose order divides
some power of 6mn, and therefore, is coprime with £. Namely,

Lemma (1.2.3). HY(I'", F,)=Hom (I"®®®, F,)={0}.

(RU (0)) X (RU(o0))=(RU(c0))*is a part of the boundary 3(£*) of
$* in PY(C)’. This part is denoted by P(R). A map o=(¢p, ¢;) of
K U (o) to PY(R)? is defined by :

{?(“)2(?’1(“), o) e R®  for acKk,
@(00)=(00, o0).

A point in the image Im (p)=¢(K U(c0))C P (R)* is called a cusp.
Im (¢) is also denoted by P'(K), by identifying a € K U(c0)=P'(K) with
the image p(@)=(¢i(), p:(@)). )

SL(2, K) operates on PY(K), so does I'(1) and I'(1). 'In our case
of h=1, the action of I'(1) on P'(K) is transitive. The isotropy group of
o0 =(o0, ), denoted by I".(1), is '

Fu=(r e P 1) =eo}={r= (4 ) e F)}

4

={r=(" 2), ad=1,a,b,d e, a, de@x}.

Similarly, I'.(1)={7 € I'(1): 7(c0)= 0o} =1"(1)/ % 1 is defined.

Thus the space PYK) of cusps is identified with I'(1)/[".(1)=
r/mr.Q). 5

The isotropy subgroup I',()={r e I'(1); 7(a)=0a} of an arbitrary
cusp a=g(o), (g € I'(1)), is I',(1)=gI".(1)g~*. Similarly I",(1) is defined,
and I',(1)=g[".(1)g~* with the obvious implication.

For a subgroup I'c (1), a I'-orbit of cusps is called a.I'-cusp or
simply a cusp. A I'-cusp containing a cusp « is denoted by [«] or [¢].
For an index finite subgroup I in I'(1), the number f= f; of I'-cusps is
finite; and the set {c,, ¢;, « - -, ¢;} of I'-cusps is identified with the double-
coset-space I'\I'(1)/I".(1). ‘
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Choose a system {g,, - - -, g,} of representatives g, (i=1, -- -, f) of
double-cosets: I'(1)=\ I'g,I"..(1), then a;=g,(c0) (i=]1, - - -, f) repre-
sent I'-cusps ¢;=[e;], (=1, - -+, f).

For a cusp a € P(K), the isotropy subgroup I',={r e I": 7(a)=ca}
in I' is obviously I',=I"NT",(1). If a, B e PY(K) are I'-equivalent, then
I',, I are conjugate in [

In our case of I'=1"y(n), n=qy- - -G, 0,74, (for i£5), the number
f=fr of I'-cusps is fr=2™ The set {q,, - - -, q,,} of prime ideals g, is
abbreviated as {1,2, ---,m}. A map D of {q;, -- -, q}={1,2, - - -, m}
to the set {41, —1} is called a “sign-distribution” on {1,2, - - -, m}.
There are altogether 2™ sign-distributions; and the set of them we denote
by 2.

For each sign-distribution D ¢ 9, take an element g, ¢ I'(1), such
that

(0 9) moda if DlaI=+1,
&r=
(L §) modac it Day=—1,

for all i=1,2, --+,m. Then, the double-coset space I'\I"(1)/I" (1) is
represented by {g,; D € 2}, and thus ['-cusps are represented by a,=
go(0) (D € D) (cf. [42)).

For a sign-distribution D e @, the product of prime ideals g, with
D(g,)= —1 is denoted by n(D)=[] pu~-19: which is an ideal containing
n.  Also put m(D)=[] pey=+19: 50 that n=u(D)-m(D).

The isotropy subgroup I'., of oo in I" is obviously I',,=1"(1), since
I'.)cl'yn)=I'. The isotropy subgroup I', of a=g(), (g € I'(1)), is
.= ONr=gr.WgHNr=g.(HNg I'g)g t. Thus I', is iso-
morphic to I (1) Ng g, which we will denote by I'.. For a=a,=
go(e0), I, is isomorphic to

I =T ON gl (g, ={1=(§ 5) e 1= b end)
=TI N Ty(n(D)). '

By the same inner automorphism: x—g3'xg, of I'(1), which sends
I, to I',, I'=1",(n) is sent to the subgroup :

85, 8p=85'T"{(M)gp=1T(m(D) N ‘I'(n(D)),

which we will denote by I"=17}.
As we can see easily,
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r;zrw(1)={(g g); d=a ae O, be Q}/—_l—l,
is a semi-direct product of the ° squares of units” (OX)={e* e e ¥}

with the additive group £ of integers; i.e. [, =" (1)=(DX)*X Q.
Also

[ =07 =T.(1) N Tn(D)= {(g Zr)? aeD*, be n(D)} / +1,

is 1somorph1c to the semi-direct product: (O*)*X n(D).
Also, it is easy to see that

r. r={(p 9)sbea-9o}
[l 2,,]={((1) f);be(l—eg)n(p)}.

Thus

(1 2 3/) onbE(DX)ZX(D/(l—53)5D)=Z><gws

- I =(©%)X ((D)/(1— (D) =Z X %,
where

.23 Y= o=,

bp=%0,=Y. =Y )= n(D)/(1—e)n(D),

are finite abelian group of the order |%..|=|%,|=|N(1—¢)|.
We consider a direct-sum decomposition of the finite abelian groups
@ or %, into the direct sum:

goo = @Zm ga = @Zma,p

0,17

of cyclic group Z,,’s. Orders m of cyclic groups are divisors of N(1—¢j).
The injection ¢,: I',=—>[" induces the homomorphism

4, T2—>T™=T] @,

It is easy to see that for a prime ideal q dividing n, the image of
P, o 4, is the subgroup K(q)=p,(0*)C(D/q)* spanned by units of O (see
1.1.1), which has the order | K(q)| coprime with #.

Lemma (1.2.4). 4, (") £(I"*), and 4, (I"*®) has the order coprime
with 4.
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From this, it is also easy to see that

Lemma (1.2.5). The subgroup (I**/3,4.(1"®)) of {-torsion elements
in I'**/(Z4,(I"*)) is isomorphic to F?, where n is the number of prime ideals
q, in 1t with N(q,)=¢q%, ¢,=1 (mod £) (see 1.2.1, 2).

Comment. In this report, we restrict our attention to the Hilbert-
modular group I', and keep off from quaternion-Hilbert-modular groups.
Why? Because, for an arithmetic subgroup in the multiplicative group
in a divison quaternion algebra, the congruence subgroup theorem (abbr.
c.s.th) is not yet proven. Let B be a quaternion algebra over a totally
real number field K. In B, we can construct arithmetic discontinuous
groups ['=1"y(n), similar to our Hilbert-modular cases. They operate
on £* and produce algebraic surfaces U=1"\$* if B splits at exactly 2 oo-
places of K. While many of our results in this note are still valid for
such I', the Lemma (1.2.3), which will play an essential role in a later
section, is no longer valid because the lemma depends on the c.s.th.
However if someday one could prove the c.s.th. for a I" of this type,
then total results of our note shall become valid for that .

1.3. Arrows discussed in this note. The notation GR denotes one
of the groups discussed in 1.2, i.e. GR is either I" or I™, or I, or I'%,
or a finite abelian group.

A short exact sequence:

(SName) [ G N ,/@..f?.» M yees0

of GR-trivial modules .#, is denoted by broken arrows.--~; we call £,
the Ist term, .#, the 2nd, .#, the 3rd.

The long exact sequence caused by the short exact sequence (SName)
is denoted by (LName), i.e.,

(LName) v SH™(GR, M)rrees H'(GR, M)t H'(GR, M ;)-ereeee

In (LName) arrows are also denoted by broken arrows. Notations
for induced maps of « (or of B) are also denoted by the same symbol
a(or p). The connecting homomorphism H"(GR, .#,)--->H"*(GR, #,)
is denoted by 4.

The following is a table of short exact sequences used in this note.

i

(SC): Owevves Zovesens Covvois O Zorrros0
(SR): 0-vve> Zoenne SRS R|Z o0
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(Sil): O ...... ‘*Fg'"ff")Q/Z'"{")Q/Z"‘f"—>0
Corresponding long exact sequences are denoted by (LC), (LR), - - -,

etc.
- Combining long exact sequences (LQ), (Lv,), (Li;), we have a com-
mutative diagram:

YGR, Q| Z) >

| | |
(DNA. 1.3.1) | Lo Lo
: : P |
...... >HYGR, Q) s H GR, QZ)-+ > H(GR, Z) -+
} 5 | |
| | & I v,
| I |
v v ia v
) I >HYGR, F)-eereeee >H¥GR, F)->0
I | |
| | i B
| I . 1
¥ ¥ 0 ¥
...... >HYGR, Q) > HY(GR, Q|Z) -+ H(GR, Z)-+-r
| |
g 1
| |
¥ v
H GR, Z) -+
f 5
[ |
| |
| |

We call this diagram a DNA (Q—v—i,). Similarly, DNA (R—v—1,);
DNA (C—v—1,) are defined.

For a compact oriented manifold M with boundary 0M the exact
sequence of relative cohomologies with coefficient group

‘ 8

(REL1.32) ——>H?(M, M, M)—>H?(M, M)—>H?*OM, M)—
is denoted by unbroken arrows. The arrow r: H*(M, #)—H?(0M, #)
is called the restriction. ,

In our note, M is a manifold obtained from the Hilbert modular
surface U=1"\$? by chopping off neighbourhoods of I'-cusps; and

H*(M; M)=H*(U, #)=H*(I', M)

and

H?(oM, M)= @ H! Ty ).
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Thus the restriction » combined with the projection @ H (I, M)~
H*(I",,, #)— is denoted by r,,, which is the restriction of H?(I', #) to
the subgroup I, .

ap?

The natural mapping I’——A—ﬂ”"’, (or Fa—fl—“ﬂ’i") induces homo-
morphisms A: H?(I"*®, 4)—>H*(I", A), (or 2,: H?*(I"**, 4)—>H*(I,, MA)).
A and 4, are called lift of inflation; they are denoted by unbroken arrows.

The inflation 4: H*(I'**, 4)—>HX[", A) is a part of the Hochschild-
Serre exact sequence:

(HS1.33) ——>H(I'®, M) > H([™, M)y —>HT, A)

where I'®=[I", I'].
In particular if H'(I"®, #)=0, the inflation 1: H*({™**, #4)—H*I", #)
is injective. This, combined with the Lemma (1.2.3), gives

Lemma (1.3.4). The inflation 2: H(I'*, F,)—H¥I", F,) is injective.

Lemma (1.3.5). The inflation 1: H*(I"**, C/Z)—~H*I ', C/|Z) is in-
Jective on the subgroup ;H*(I"**, C|Z). ‘

Proof. Since HY(I'®, C/Z)=1"™"*" has order coprime with £.

Lemma (1.3.6). The inflation A: H'(['*®, #)— H'(I", #) is always
injective. ‘

Proof. Easy, or well known.

Broken arrows ---» are maps caused by operations on coefficient
modules, and unbroken arrows — are maps caused by operations on mani-
folds or groups; and thus broken arrows and unbroken arrows are com-
mutative.

The inclusion i,: I",—I" induces the homomorphism 4,: I"**—1"%,
which makes the commutative diagram:

r,-=r

(13.7) Aal y
Aa

Fib 3 Z"ab
i, induces the restriction r,: H*(I", #)—>H*(I",, #); A induces the infla-
tion A: H*(I'**, #)y— H*(I", #). The homomorphism induced by
d,: I'*>>I"* we denote by p,: H¥(I'™, M)—H*(I"2, A): this is also
called a “‘restriction”. The homomorphism induced by 4,: I',—I"" is
denoted by 4,: H*(I"®, #)—H*([",, #), and is called inflation.
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Inflations and restrictions 2, 4,, 7,, and p, form the commutative
diagram:
HHT®, M) H(T, )
(1.3.8) 2 %
HXIT, M)-5H¥T,, M)
In later sections, the same symbol of arrows, (say r), appears in

several different locations. In order to distinguish them, we put labels to
them like r[1], r[2], r[3], - - -, 4[1], 4[2], A[3], - - - etc.

1.4, From works of Hirzebruch{Harder. Cohomologies H"(U, C)=
H™(I", C) of Hilbert modular varieties U=1"\™ are extensively investi-
gated by Hirzebruch and Harder. Here [” is an arithmetic subgroup of
SL(2, K), and K is a totally real number field with [K: Q]l=m. Here we
quote some results from Harder [28], for m=2.

Let (M, 0M) be the 4-manifold M with boundary d M, obtained from
the Hilbert modular surface U =1"\$* by chopping off neighborhoods of
cusps. (for details see Harder [28]). Then ‘

H'(M, =)=H"(U, —)=H"(I, —),

(1.4.1)
H'(oM, —)=® H'(I',, —),

for a I'-trivial module —.
Since M is a 4-fold with boundary and oM is a compact 3-fold
without boundary and with f connected components, we have

H(M,C)=C, H(M, oM, C)=0, H M, C)=0,

1.42
(142) HYM, oM, C)=C, HGM, C)=C’, H¥OM, C)=C".

Since I',=Z X u(D), I'**=Z®%, for a=ua,, (see § 1.2), we have with the
Poincaré duality:

H'(OM, C)y=@H'(I',, C)=C’/, H@OM,C)=C.
Consider the exact sequence of relative cohomologies:
{0} C o

(1.43)  O—>HYM, gM, C)——»HO(AQ, C)—i>H°(ag&l, )
Cf

— SH'(M, M, C)—>HY(M, C)L>H‘(aijlll, o)
I

0
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C f
I
— > HY(M, M, C)—> H (M, C)— > H*(3M, C)
C f

' I
— > HYM, 3M, C)—> H\(M, C)——>H'3M, C)
c

I
—>HYM, oM, C)——>0.

In this diagram r¢: HY(M, C)=H‘ (", C)—»H'(0M, C)=®H¥I",, C)
are the sums r*=@r?, of restrictions ri: H(I', C)—»H([",, C). For these
rt, Harder showed that: r° is the diagonal map: C—C"; r! is the zero
map; r? is surjective; and r® has codimension 1 image. He denoted the
kernel of r* by H{(U)=H¥(M)=HiTI).

Denote the  “variable” in §* by z=(z,, z,), and write: z,=x,+ iy,
(a=1,2). Put w,=(/4ri)(dz,Ndz,[y?), (@=1,2). w, and w, are
SL(2, R)*~invariant closed two forms on §? so they determine de Rham
cohomology classes on U; these cohomology classes we denote by the
same symbols w,, w,e H¥U, C). w, and w, span a two dimensional
subspace W =Cw,+ Cw,C H*U, C).

The upper half plane § is also denoted by $*, and the lower half
plane {z=x+1iy e C; y<<0} is denoted by §~. The arithmetic discontin-
uous group I'CSL(2, R)* also operates on H* X O™, O~ XH*, HXH~;
and the quotients I'\O* X O™, 'O XH*, [\ X H~ are denoted by
U+-, U~*, U~ respectively. U is also denoted by U**. The “partial-
conjugation map”’

O 9" X9 3 (21, 2)—>(21, 2) € DT XY

induces a diffeomorphism @+~ of U** to U*~. Similarly diffeomorphisms
O-+:U**—->U"*, 0 : Ut*—U~" are defined. )
The space of I'-cusp forms of weight 2 on §?* is denoted by Sy(I").
For an automorphic form ¢(z)=¢(z;, z,) € Si(I"), the holomorphic
2-form

w=w,=¢(z)dz, /\dz,

on §* is I'-invariant; and w induces a holomorphic 2form won U. The
de Rham cohomology class defined by w=w, is also denoted by w=w,.
Then the map:

U+ S > o—>w, e HY(U)
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is injective. The image of the map ¥ *+ is denoted by A** or by S**.
The space of I'-cusp forms on $* X O~ of weight 2 is denoted by

S, * X&)
For an automorphic form ¢ e Sy(I", §* X H~), the holomorphic 2-
form w=w,=¢(2,, 2,)dz,/\dz, defines a de Rham cohomology class w, e

HYU*").
The image of
0—>8.(1, 9* X O )—>HYU*")
w w

——— >
¢ W,

in H¥U*") is denoted by S*~.
Furthermore, we put (+-)*(S+*")=A4*-cC H*U).
Similarly, we define
S, X", STTCH(U*), A= *")XS~")CHU);
S, 9 X97), ST"CHYU™ "), A~=(O)S )cHXU).

We put
A+ A+ A+ A" =A=A().

Now, results of Harder [28] include
Theorem (1.4.4) (Harder).

H\(I', C)=0,
HYT', C)=ker (r*; H(U, C)—>H*0M, C))=ADW.

If the quadratic number field K has a unit ¢, with ¢,()>0,
©(5,)<0, then put E =<g" (1)> Then the map E,: z=(z,, z,)—>E(z) =
(0:1(e0)z1, 0u(e5)z,) sends §* X H* to H* X O, and induces the bi-holomor-
phic isomorphism of Uto U*~, if :

(1.4.4) ET'=TE,

is satisfied. For our group I'=1"y(n), and for I'="'I"(n), I'=I(n) the
condition (1.4.4') is satisfied.
The bi-holomorphic isomorphism
E:U=U+*"
induces the isomorphism:
E 6}: c St ~ S ++
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Similarly

’__ —5—1 0
E=(T8 )

gives the isomorphisms: Ej: U=U-*, E{*: S-+=S**, Also

(4 9

induces isomorphisms: C: U= U--, C*: S--=S**. So one has
Lemma (1.4.5). If N(eg)= —1, then A=4S(I").

1.5. Trivial information. Since (M,9M) in 1.2 is an oriented
connected compact 4-manifold M with boundary oM =0, we have

H(M, M)y=M,  H(M,M, 4)=1{0},
H(M, My=M,  H(M, oM, M)={0},
H(M, 4)={0},  H(M, M, M)=M,
HYM, 4)={0),  HM, oM, M)=A,

(1.5.1)

for arbitrary constant coefficient-module .#.

Since H¥(I", #)=H%(M, A), we have
H(, M)=M, H (I, M)= M,

H(I', 4)={0},  HYI', #4)={0},
for an arbitrary I -trivial module .#.

Since the cusp group I, is the fundamental group of a compact
orientable 3-manifold Y,=1",\ Y., with contractible universal covering ¥,
without boundary, (1.4 and Harder [28]), we have
HO(Faa ﬁ):,ﬂ, HO([’” */”)=V%a
HS(Fw j):.,ﬂ, H3(I’a’ “4)='/¢a

(1.5.1)

(1.5.2)

for an arbitrary I, -trivial module .#. Thus

HOM, M)y=M",  H@GM, M)=.M",

(1.5.2) .
HGOM, My=M',  HOM, M)=.M".

Since H(I',, Z)=1I"%", our knowledge of the structure of I'*=Z® %,
=Z®(DZ,,, and the universal-coefficients-thecorem and Poincaré-
duality imply
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H,, Z)=TI*"=Z®%,=Z®(DZ,),

HYI',, Z)=Hom (I'**, Z)=2Z,

HXYD,, Z)=H(I'., Z)=T?=ZD(DZ,),

H(I'\, Z)y=H'I',, Z)=2Z,

H(T,, #)=(H(I,, Z)QM)DTor(H(I ., Z), M)
(1.5.3) =((ZD%)QM)DTor(Z, M)= MG M)D{0}

= MD(DA.,),
H\T,, #)=Hom (H(T",, Z), #4)DExt (H(I,, Z), M)

=Hom (Z&®Y.,, M)=M4DHom (¥, M)=MD(D,.A),

Hy(Io, M)=HI",, M)=MD(Dy M),
HYL,, M)=H(I ., M)= MD(DMy)-

for a I ~trivial module .#.
In particular for a prime number £, coprime to N(1 —e})

(1.5.4) HY[., F)=F,  HI',F)=F,
Our knowledge of " =[] &,=®DZ,, implies

HI,Z)=T"=[] 0,=®Z,,
H\I", Zy=Hom (I'"**, Z)={0},
HY(M, oM, Z)=H(M, Z)=H([", Z)=1I",
H(M, oM, Z)=H'(M, Z)=H\I', Z)={0}.

(1.5.5)

Thus the universal-coefficients-theorem gives

H(T, #)=(H(I', Z)Q4)D Tor (H(I', Z), A))
=(["*@M)DTor (Z, M)=T"RM=D.A,,

HYI, Ay=Hom(['*, 4)DExt(H(I", Z), #)
=Hom (I, A)=D(,,A).

(1.5.6)

This information and Poincaré duality imply

HM, M)y=T"QuM=M,,

HY(M, M)=Hom([*, M)= , A,
HYM, oM, M)=HM, M)=DA,,
H(M, oM, M)y=H'M, M)=®, M.

(1.5.6)
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In order to estimate H¥[)=H*(M)=H,(M, M), we need to use
the exact sequence of relative cohomology:

ore— 4 e HYT, Z) zs
H*(ajllllz, Z)———>H3(M,l I;M Z)—>H3(]Il‘{z, Z)——>H3(8{1il, z)
z
—H 4(M,”81M, Z)—>0.

(1.5.7)

Here the map 4: @I'*—I™ is the map 4=@(4, o proj), described
in 1.2. Thus

(1.5.8) HXI', Z)=Z''®™/®4,I"*)=Z' '@ (torsion part).
This, combined with Lemma (1.2.5), implies that the /¢-torsions of
H¥I'", Z) is isomorphic to F7; thus:

Lemma (1.5.9). HY, Z)=F:.

By Lemma (1.2.4), we see also

Lemma (1.5.10). The image of &: H*(0M, Z)—~H*(M, oM, Z) is a
subgroup of HX(M, oM, Z) with the order coprime to £.

Comment. For a quaternion-Hilbert-modular group I'=1",(n)C B,
in a quaternion algebra B over a totally real number field, of which
exactly two oco-places split B, formulas in this section should be changed
to

(1.5.1.1'-B) H'(, £)=HU, #y=H, £)=H(U, 4)
=H(I', #)=H(U, #)=H I, #)=HYU, M)=.M4.
(1.5.5-B) H\I', Z)=H'(U, Z)=H(', ZY=H(U, Z)={0},
H(I', Zy=H(U, Z)=HI', Z)y=HYU, Z)=I""
=3 finite abelian group.
(1.5.6-B) H(, #/)y=H(U, #4)=HI', 4)y=H¥U, M)=1"Q.4,
H\I', #)=H'U, #)y=H([', #)=H{(U, 4)
=Hom (I"**, .#).

However the Lemma (1.5.9) is no longer valid. We can only say that

dimp, (H'(T, Z))2n.
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1.6. Finite abelian groups. The multiplicative semi-group of Z is
denoted by (Z, x). Let m be a space integer: me Z. On an abelian
group 4, the m-multiplication x—mx of 4 into A4 is denoted by (m)=(m),.

For an integer =0, the module 4 with the “modified” action
(m): x—nrx of the multiplicative semi-group (Z, x) on A is denoted by
A(v). In particular, A(0) is a (Z, x)-trivial module.

Let {¢,},cr be a finite collection of finite cyclic groups ¥,=2Z, ),
a e T, indexed by a finite set T={1, 2, - - -, ¢t}. The function defined by:
T > a—n(a)=|%,]| is denoted by n: T—Z,. Weput ¥,=@,.,%,. For
a subset SC T, we put Z;=®,.s%,, and we consider it as a space sub-
group of %,. Also we put n(S)= the greatest common divisor of n(a),
aesS. If S=¢, we put ¥,={0}, n(g)=1.

Let 2={0,1,3,5,7, ---} be the set of positive odd integers and
zero. A function f of 2 to Z is defined by: f(0)=0, and f(r)=(r+1)/2,
for odd r.

A function D: T— of T to 2 is called a “dimension-distribution”.
For a dimension-distribution D, we put f(D)=73,.rf(D(a)), deg (D)=
ez D(a), Supp (D)={a & T: D(@)>0}, and Z[D]=Zysupo 5, (/D). For
a @ ,-trivial module .# and for a dimension-distribution D, we put

%[D]:Z[D]®‘/”:'/ﬂn(Supp D)(f(‘D))’ and
‘/%<D>=Z[D] * Vﬂ:n(Supp D)‘/%(f(D))?
where 4 x B=Tor (4, B).
For A=Z, Z{(D)=0, for M#=Q/Z, Q/Z[D]=0, and Q/Z{(D)=

Z[D)]. For M=F, F{D)=F][DI=F/(f(D)) if ¢|n(D), =0 if £tn(D).
Then we have an obvious exact sequence:

(1.6.1) 0—>F,[D}—>Z[D}—-> Z[ D}

F,[D] 0.

If D,, D, are two dimension-distributions with Supp (D;) N Supp (D,)
=¢, D, || D, denotes the dimension distribution defined by D, || D,=
max (D,, D,). Then for such D, and D,, we have

Z[D\)x Z[D,)=Z[D, || D,],
Z[D1]®Z[Dz]=Z[D1 U Dz]-

For a positive integer r, and for a non-zero dimension-distribution
D: T—Q, with s=|Supp (D)|, d=deg (D), we define an integer m(r, D)
by

m(r, D)=(52})
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al/(b!(a—b)Y) if 0=b<a,

where

a
=<1

b
0

Then

(1, D) :
m(l, D)=
0
@ n)={"
m(2, D)=
0
1
1
m(3,D)={
1
0
1
(4, D) !
m(4, D)=
2
0

if 0=b=a,
otherwise.

iff d=1, s=1, f(D)=1,
otherwise,
iff d=2, s=2, f(D)=2,
otherwise,
if d=3, s=3, f(D)=3,
if d=3, s=1, f(D)=2,
if d=2, s=2, f(D)=2,
otherwise,
if d=4, s=4, f(D)=4,
if d=4, s=2, f(D)=3,
if d=3, s=3, f(D)=3,
otherwise.
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The effect of m-multiplication: (m): %, 3 x—>mx € 9,, (m e Z),
on the homology group H. (%, .#), (or on the cohomology group

H*(%, #)), is denoted by (m), (or by (m)*, respectively).
(or with (m)*) H (%, #) (or H¥(%,, A)) is a (Z, x)-module.

Theorem (1.6.2). For a positive integer r >0
Hr(gT9 Z)=® m(r, D)Z[D])
D

With (m),

where the summation extends over all the dimension-distributions D.

Obviously, H(% ,, Z)=Z.

Theorem (1.6.3). For a % p-trivial module #, we have

H(% 7, M)=M,

Hl(gTa '/”)= gT ®Vﬂ=a€6@' V%n(a)(l)’

HA% 7, M)=3m(r, D)ZIDIQMDEm(r—1, D)Z|D] y.M
= Sm(r, D)A[DI®Zm(r—1, D).A{D).

Ho(gTa ‘//{)z{O}.
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Hl(gTa ‘m:Hom (gTs ‘/ﬂ)z ®n(a)-/%(1)z
H (%, M)y=Zm(r, D)A{DYDEm(r —1, D)#[D] for r>0.
In particular,

Corollary (1.6.4). For a field K of characteristic zero,

H"(%;, K)=0 for r>0,
(Q/Z)(0) for r=0
H (%, Q/Z2)={%,(1) Sfor r=1
Zm(r, DX(Q/Z) D) for r>1,
Z(0) for r=0
H"(%,, Z)=40 Jor r=1
Em(r—1, D)Z[D] for r>1,
F,(0) for r=0
H7 (%, F)={t(H)F(1) Sfor r=1

2(m(r, D)y+m(r—1, D)F,[D] for r>1.
Here t(£)=|T(£)] is the number of elements of the set
T(W)={aeT: {|na)},

and the sum 2 extends over all the dimension-distributions D with Supp (D)
cT(9).
In particular,

Corollary (1.6.5).

HY% 1, Z)=2Z(0),
HY% , Z)={0},
H% r, Z)=a§ Z,o(D=%.(1),

H3(§T, Z)= @ %::T Zn(a,b)(z),
H4(gT3 Z): Z Zn(a,b,c) (3) @‘IEZ; Zn(a)(z)(_D Zn(a,b)(2)9

{a,b,c}cT {a,b}cT

and
Ho(gr, F)=F/\0),
HY %y, F)=1tF(}),
H¥% 1, F)=(t(t —1)/2)F @1 F(1),
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H& ¢, F)=(t(t — 1)(t —2)/6)F (3)Dt F(2),
HY G 1, F)=(t(t —1)(t —2)(z —3)/24)F(4)
D@t —D/DFB)D(t(t +1)/2)F2),
where t =1(£)=|T(¥)).

From these formulas, we have

Lemma (1.6.6). If a homomorphism 4. #—% of a group # to the
abelian group %, has the image A(H) in (%,, then the ‘‘restriction”
po=4d%: H(%,, F)—H"(#, F,) is the zero map for r >0.

Let us apply this lemma to our %,=17"", s#=1"", A=the natural
homomorphism 4,: I"®"—["™" (see §1.2). Since P, 4,(I"™")CK(q) for
every q|un, we have 4(I"*") C 4(I"*), (see 1.2.4). So:

Lemma (1.6.7). The restriction map p,: H'(I'**, F)—~H"(I"**, F,) is
the zero map for r >0.

We put
H*(%,, #)*={x e H¥ G, M): (—D)*x=x},

U88) i@y, d)y —(x € H¥(@ gy t): (—1ix=—3),

where (—1)*=the effect of the (— 1)-multiplication: %, x—>—x¢e %,
on the cohomology. :
For #=F, with odd ¢, we have the “eigenspace-decomposition”

H*(gm FJ)ZH*(gTﬁ FA)+®H*(gT= Fe)_-
With the expression:
H*(%r, F))= ZD] (m(r, D)+m(r —1, D)F,[D],

we have

HX% ., F)*= 2. (m(r, D)+m(r—1, D))F,[D],

D: f(D) even

H¥@ 5, F)'= 3 (n(r, D)+m(r—1, D)FID}.

Since H(% ,, F,)=Hom (%, F,)=F(1), so
Hl(gz'a Fe)z(?z-, Fe)_-
Also .
HY% 1, C|Z)=% (1)=H"%, C|Z)".
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By the Kunneth theorem for ¢,=[[ Z,.,, we have
H%,, Fg)={®b HNZ (0, F)QHNZ 5, FOYR{D H(Z, (02, FO)};

and.it is also observed easily:
Lemma (1.6.8).
H %, F)' = @ HY%,, F)®H%,, F),
HYG ., F) =@ H%%,, F)).

Thus
dim H¥%,, F))*=t(t —1)/2; dim HY% ,, F)~ =1,
with t=1({). Also since H{(% ,, Z)=2%,(1), (1.6.5),
| HY% 1, Z)" ;HZ(%, Z).
Y v,

The short exact sequence: 0—>Z—>Z—>F,—>0 generates the
long exact sequence:

(1.69) 0—> H'%,, Z) —> H{@ 5, Z) ——> H %, F)

{0} @m(1, D)F,[D]
— > HY%,, Z) ——> HY%;, Z) ——> H %, F)

®m(l, D)ZID]  ®m(1, D)Z[D] {®m(1, DYF,[D]}
®{®m(2, D)F D]}

——> H (%7, Z) ——>- - -

®m2, D)Z[D] ,i.e.,
(1.6.10) 0——®m(l, D)F,[Dl—>®m(1, D)Z[D]—>®m(1, D)Z[D]

®m(1, D)F[D] |
— @ —>®m2, D)Z[D]—>- - -
®m(2, D)F D]

This is just the “linking” of the exact sequences (1.6.1). In particular,
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Lemma (1.6.11). The (LZ)-sequence for GR=% is

O-vres H(@ 1, F))ores HYG gy Z)-o s H G 7, Z)

...... ')HZ(gT, FZ)—""""—)O
D =H"%r, Fy)
Qeerees _>H2({¢T, Fz)+ ..... b..-)H:’(fﬁT’ Z) ...... > ,l.e.,

W(HZ(gT’ Z))sz(gT, Fé)_’
and
0 restricted on H (% ,, F,)* is injective.
We shall apply this lemma for & ,=1"" in Section 2.

The big diagram of DNA(Q —v—i,) for GR=%, (see 1.3.1) is, noting
that H"(%4,, @)=0 for r >0;

(1.6.12) | |
| ¢ 1 ¢
! = 4
Ovrereens sHY G 1, QJZ)-wiees HAG 5y Z)-overenees >0
! I
; 4 I' Yy
i I
v = ¥
¥ (P ) BR, ~H %, F,)
| id I
i I
y = 4
O-evvveeen SHX G 1, QI Z)-weseers H(G gy Z)evevneone >0
I :
I i
! }
[ [P N ANy SH Gy Z)eeeroenee >0
{ I
| I
I I
¥ v

Hereafter, we identify H (%7, Q/Z)=H" (%, RIZ)=H" (%, C|Z)
with H™*Y(%,, Z) for r >0; this turns the ladder to a string.

(1.6.13) o +H % 1, Q|Z)=H % 7, Z)-->H*(% , F))

(written horizontally).
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§2. Less trivial information

2.1. Combining exact sequences (LQ), (Lyv,), and (Li,), we construct
the diagram DNA (Q—v—1i,) for GR=1I". (See 1.3.1).

(DNA 2.1.1)
I |
K K
v a1y ¥
HYL, C)eereere SHYT, C|Z)-wwrvion SHYT, Z)eweeneene >HYT, C)
% | '
{0} | o121 | v
: ;
II’IZ(F, F) = HU,F)
I
i | o1
¥ o41 ¥
.......... SHYT, C|Z)wrteees HYL, Z)oerevennes
i i
| 1
I 1
¥ ¥

In this diagram:
Lemma (2.1.2). Since H'(I", C)=0, §[1] is injective.
The DNA for GR=%,=1"", is (see 1.6.12):

(DNA 2.1.3)
| {
i |
| {
(o TR SHY '™, C|Z)wwrrereee SHY I, Z)orrienns N
| |
[ i
I I
¥ ¥
HXI™, F) HX[™, F)
| }
I I
! {
[} R SHHI™, C|Z)-rrrren SHYL™®, Z)ewrerieens N
! |
i |
i [
v ¥

Combining these two DNA’s by inflations 4: H*(I™®, —)—>H*([", —),
we have
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2.1.4) HYT, C|Z)weveveenne: >H¥I", Z)
1] : i
! 2] }
HY (L™, C|Z ) evereeene- >H2(F“b Z) i :
| ' | |
I ! ! I
! | ' |
| . '
. |, HYI', F)=—=—==HI,F)
s T |
; I e |
H2 Z"ab’ Fg):HZ(F Fg) II :
! ! | :
! | | ]
| T, Y
| { HY L, CZ)weereereenes >HYI", Z)
E 4] :
J - v 5]
HXI, C[Z)-wrrn " w-HY ™, Z)

Or, identifying H™(I'*, C/Z) with H™*'(I"**, Z), we have

3l
(2.1.5) (o FURRURR > H!(p C/Z)--~-------[--1--- Z(F Z)
1] N 2 /
< DI
b N /
H(T*, €12)= 1", 2) TN
\ /

|

|
ols1=2)

|

A
HY ™, F)

i[2]=4[6]
! [4]

E 251

¥
HYI™, C|Z)=HI"™, Z)
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In this diagram:
Lemma (2.1.6). [1] is an isomorphism:
A1): HY(™*, C/Z)=H'(I', C/Z).

Proof. The inflation A[1] is injective, (1.3.6). Since H'(I", C/Z)=
Hom (I, C/Z)=HYI™**, C/Z)=1"" is a finite group, A[l1] must be
surjective.

Corollary (2.1.7). A[2] is injective.
Lemma (2.1.8). A[3] is injective.
Proof. This is Lemma (1.3.4) restated.

Comment. The Lemma (2.1.8), which is essential in a later section,
is valid only for our I"=I"y(n) of the Hilbert-modular case, and not valid
for the similar I'=1"|(n) of the quaternion case, since Lemma (2.1.8),
which is same as Lemma (1.3.4), which depends on Lemma (2.1.3), whose
proof used the congruence subgroup theorem. However “If we replace
H(I'**, F,) by adelically continuous cohomology group, then A[3] become
injective?” might be an approachable conjecture, which shall be also
helpful for our purpose if it is true.

Lemma (2.1.9). In H'(I', F)),
vl lI(H*([", Z)0) N ABWHY ™, F,)*)=1{0},
where H¥I™*, F,)* is the (++1)-eigenspace of (—1)*. (See 1.6.8).
Proof. Chasing the diagram (2.1.5),

v(HXI", Z)ior)=1Im (v[1] o 5[1])=1Im (v,[1] o 8[1] = A[1])
=Im (23] o 3[SD) = ABIH*(I™, F)"),

by the Lemma (1.6.11). Since A[3] is injective (Lemma (2.1.8)), and since
H¥(I™, F)y* N HX[™, F,)"={0},
we have (2.1.9). Q.E.D.
Lemma (2.1.10). In H¥I', F,), put

ABIHX™, F)*) N Ker (8[3)=E.
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Then dim (E)=n(n—3)/2.

In particular if n=4, then E=+{0}. Here, n=the number of prime
ideals of order 2, q|n, with the properties described in (1.2.1, 2).

Proof. Since 2[3] is injective,

dim ABYHX™, F,)*)=dim H ™, F,)* =n(n—1)/2,

(apply 1.6.8' for &,=1"" t=n). Also Im (3[3)=,HXI", Z)=F?, (see

1.5.9). So, dim (E)=(n(n—1)/2) —n=n(n—3)/2. Q.E.D.
We put

(2.1.11) HYI, F)=HXT, F)/v(H*(I", F)o),

and the projection map of H*(I", F,) to H*(I", F,) is denoted by .
Also we put

(2.1.12) Dy=p oy,

Put

(2.1.12) E=uE).

By Lemma (2.1.9).

(2.1.12") E=E.
Put
(2.1.12") E, = [3]"Y(E).

Since A[3] is injective,
(2.1.13) E,=E=E.
Furthermore, we combine restrictions

re: H¥(O, —)—>H*([",, —),
po: H¥(I™, =)——>H*(I'?, —),

and inflations
As H¥(I'™, —y——>H*(",, —)

to the diagram (2.1.4), and have a commutative diagram:
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(2.1.19) HXT, Z)——>H 2(1},, Z)
1
! |
] }
! I
' |
# ra[1] Y
HXT, Z)— HYI,, Z)
! i
| i
: Yy 'IVe[Z]
I I
1 |
Y Fol2]
EcHXI', F)— —>HXI,, F)
A[3] E 2 :
* 1
15 i
HYI'®*, F)———>HT3", F) j ¢
Pq
I HYI, Z)————>HT., Z)
In this diagram:
Lemma (2.1.15). r[2I(E)={0}, r.[2]+2[3]=0.
Proof. r2I(EYCr]2] o ABI(H*(**, F)))
=2, 0 p(H¥[*, F,))=0 since p,=0,
(see Lemma 1.6.7). Q.E.D.

Put
r=r[l]= ﬁ r1]:

HXT, Z)=HYM, Z)—>®HXT",, Z)=H*(oM, Z),
p=p[l1=2_ p{1]:
HY(T, ;«*,)=H2(M, F)—>®HYTI,, F)=H'(4M, F,).
Lemma (2.1.16). E Cy,ker (¢[1])).

Proof. Since §(E)=0, ECy,(H*[", Z)). For an arbitrary element
x € E, take a representative y e H(I", Z): x=y/(y). Put z,=r[11(y) e
HYI,, Z), z=(z,)=r[1{(y) e ®HY [ ,, Z)=H*(®M, Z). Since y[2](z)=
vif2] o r[1J(») = r[2] o v(») = r[2](x) =0, (see Lemma 2.1.15), hence
z=r[1(») € 4(H*(OM, Z)). Take an element u=(u,) e DH [ ,, Z)=
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H*(0M, Z) such that z=r[1](y)=4u. The image 6(u) ¢ H}(M, oM, Z) of
v under §: H*(OM, Z)—H*(M, M, Z) is denoted by z.

By Lemma (1.5.10), the order k of # is coprime with £: so take
integers a, be Z such that ak+¢b=1. Since 6(ku)=ko(u)=kiz=0,
ku e ker (8)=Im (r[1]). Take an element ve H*I", Z) such that r[1] (v)
=ku. Put w=ky—{v. Then r[1Jw)=k(r[11()))— 4(r[1}(v))=kz— Lku
=kfu— tku=0.

Hence: w e ker (r[1]). Moreover v,(w)=kv(y)— fv,(v)=kx. Hence
kx ey, (ker (r[1]).

So, x=1x=(ak +bf)x=akx+blx=a(kx) e v, (ker (r[1]). Q.E.D.
In the following diagram (2.1.17), we put

& =ker (r[1]),

& =ker (r[0} o i)=1i"" (ker (r[0])).

2.1.17) HT, )= H*(M, O)— s (oM, C©)

} if1] if2]

I [
1 |
| 1 1
& CH(T, Z)=H M, Z)— s 1GoM, Z)

)

H(oM, C|Z)
Then,

Lemma (2.1.18). m’'cécé&’' cHY I, Z),
where my=N(1—¢l).
Proof. Take an element x ¢ 8’. Then,
0=r[0] o i[1](x)=i[2] o r[1](x),

so r[1}(x) € 8(H'(OM, C/Z))=H*(OM, Z),.,,=DY, (see 1.5.3). Since |Z,|
=m,, 0=myr[11(x)=r[1](mx). Hence mx e &. Q.E.D.

Corollary (2.1.19). Inv,H¥I, Z), v(&)=v/(&).
Proof. v(&E)DOv (&) Dy (myE)=mp(E)=v(&") because (£, my)=1.

Comments. For a quaternion Hilbert modular group I'=I"y(n) in a
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quaternion algebra B, with BOR=—M(R)*®H™?, only statements up to
2.1.7, are known to be true. Statements after 2.1.7, depending on
Lemma (2.1.8), the injectivity of 2[3], are not yet authorized. In order
to prove the injectivity, we need not have the whole c.s.th., but it is
sufficient to know that [[I", I'], [, I']] is a congruence subgroup.

Or, for our purpose, a weaker conjecture:

dimp (H'(I"®, F)I™)<c, dimg(I"*") + ¢,

shall support similar results.

§ 3. Hecke operators

3.1. For a definition of Hecke operators see [16], [24], [27]. For
the action of Hecke operators on group-cohomologies see [16], [27].
Here, we use the same notations as in [27].

Hecke operators are also considered as algebraic correspondences of
U, sending cusps to cusps. More precisely, for T=I&I°, put U,=
(I'NETEND?, fi=the natural covering map of U, to U, f,=the mor-

S
phism of U, onto U induced from z—&(z) e §*; then Ue:I;U is the

£

algebraic correspondence. Maps f; and. f; send cusps of U, ((I'N&''E)-
cusps) to cusps of U(I™-cusps). Let (M, 6M) be the manifold M with
boundary M =], Y, (¥, are connected components) obtained from U
by chopping off neighborhoods of cusps, and let (M,, M) be a manifold
M, with boundary 9M,= || Y, , (¥, are connected components) obtain-
ed from U, in the same way.

Then (fi(M,), fi(6M;)) is homotopic to (M,3M) in U in a space
canonical way. Also (f;(M,), f:(6M})) is homotopic to (M, oM) in U in
a similar way; and thus we have homomorphisms:

f{k: H*(Mﬁ _)_)H*(Mé" _)9

[ H¥ M, —)——>H*(M,, —).
Since f,, f, are finite coverings, we can define ‘“‘the trace map”, or “the
transfer”:

fil*: H*(ME’ _)“QH*(M’ '—)’

f HX(M,, —)—>H*(M, —),
which are defined as follows: a cochain ¢, on M, is given. For a chain z

on M, put c(z)=c,(f7(2)). c¢ defines a cocycle on M if ¢, is a cocycle;
and ¢,—c induces a homomorphism f%: H*(M,, —)— H*(M, —). The
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homomorphism f% : H*(M,, —)—H*(M, —) is defined similarly.
The action T* of a Hecke operator T'=(I"&I") on H*(M, —) is
defined by

T*=fto fi: H¥M, —)—>H*(M, —).

The action coincides with the action of T'=(/'¢€l") on H*(I", —) defined
in [16], [24], [27]. Also, since f;, f;: dM.—dM (with adjustment by the
canonical homotopy: f(6M,)—08M), are finite coverings, we can define
the action:

T#=ftofi¥: H*OM, —)y—>H*@OM, —)

of Hecke operator T=(I"¢I") on the cohomology of the boundary.

Also actions T* of Hecke operator 7" on the relative cohomology
H*(M, 3M, —) are defined similarly, and we can observe that the exact
sequence:

(Rel) —~H*(M, oM, —)—->H*(M, —)—>H*@M, —)
of relative cohomology is compatible with the actions T* of T.
3.2. For our I'=1"y(n), we take as 4,

a b\ det&>0,c=0modn
AZA =3 — ; )
o {5 <c d) a=d mod 3, (ad, 6n)= 1}

The coset-space 4/I"" is a finite abelian group, which we denote by 4.
4% is isomorphic to @y X [],, 9%, and 4/ =[], D,- Thus,

Lemma (3.2.1). The action T* of T ¢ R(I**, 4**) on H*(I™**, —)is
the scalar-multiplication of deg (T'), where — is a A°*-trivial module. (See
[271, Theorem 1.5.2). ‘

In the diagram (2.1.17), we put

&' =i[1]"* (ker (r[0])) =ker ([0] o {[1]),
&=Xker (r[1]).

Then
HY T, Z),céc&cH(, Z),

and H¥I", Z)/&’ has no torsion element. We put



144 M. Kuga

Hz(['3 Z)freesz(Fb Z)/Hz([': Z)tom
g;ree': gl/HZ(F’ Z)tora
éafree = éa/Hz(F5 Z)tor'

Then &;rees Errees H (I, Z)sree are torsion free and
éafreecéat,'reecHz(Fa Z)free'

Take a Z-basis (e, &,, - - -, €, Of Eireo, then (e, €,, - - -, ;> is extendable
to a Z-basis (e, €, - -+, €y, €p1s v+ €40 Of HYI, Z)eree, and iey), i(ey),

-+, i(ey)) is a C-basis of ker ([0]), and {i(e)), i(e,), - - -, i(e,)) is a C-basis
of HXI', C). Since {e;, e, -+, ¢e,> is a Z-basis of the free Z-module
&l applying the reduction §,=poy, (&;=P/e)), - - -, &, =D/e;)> is an
Fbasis of

ﬁl(éagree)'_“Vz(éa,)/vé(Hz(F’ Z)tor) :y[(g)/(HZ(F’ Z)tor)’
which we denoted by &; and we know that
ZDE=E, (see 2.1.13).

Take a Hecke operator T & Z(I", 4). The characteristic polynomial of
T* on H¥(I', C)=H*U, C), (or on ker (A[0)=H¥(I", C)) is denoted by
P(T, u) (or by P,(T, u)). Let (t,,) be the matrix representing the action
T* of T on &%, With respect to the Z-basis (e, e, -+, €,». () isa
matrix with entries in Z. Since {(i(e,), i(e,), - - -, i(e;)> is a C-basis of
ker (r[0]),

P (T, wy=det (ul—(t,;)) € Z[u].

On the other hand, since {Je), - - -, Dfe,)) is an F,-basis of &, we
have

PY(T, u)=(the characteristic polynomial of T* on &) e F,[u],

where P‘=the reduction modulo £ of P.

Now, E,, E, E are isomorphic as T-modules, and since the action of
T on E,CH*I™,F,) is scalar-multiplication by deg(7T), (see Lemma
(3.2.1)), we have:

T*|g=deg (1)l
Since £ &, as F,-linear subspace, we have

(u—deg (T))"| P4(u),
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where h=dim (F)>n(n—3)/2. (see Lemma (2.1.10)). Thus,

Lemma (3.2.2). The characteristic polynomial P /T, U) of Hecke-
operator T e A(I", 4) on HY(I", C) is in Z[ul, and divisible by (u— deg (¢))*
in modulo £, where h=n(n—3)/2.

Comments. For T=17,= F(g ?)F of a prime ideal p=(x), >0,

of £ such that (p, 61)=1, deg (T,)=N(p)+1.

Lemma (3.2.2) implies that the eigenvalues 4 of T on H%([', C)
are algebraic integers, and there are at least /1 eigenvalues 2, such that
A,=deg (T) mod [ for a prime divisor [ of £ in the field Q(4, - - -) generated
by eigenvalues of T.

Also the lemma implies: dimg HX(I", C)=n(n—3)/2. Is this a trivial
inequality ?

3.3. Hecke operators on S(I"). Since
HYU, CYy=A(I"DW, W=Cw,Cw,,
and since
T*(w.)=deg(Tw,,  (2¢=1,2)
is easily seen, we have:
P (T, u)y=P (T, w)-(u—deg (T))’,

where P (T, u) is the characteristic polynomial of T* on the subspace A.
So,

PA(T9 u) € Z[U],
and if n(n—3)/2=2, then with ' =n(n—3)/2—2=(m—4)(n+1)/2,
(u—deg ()" | PY(T, u).

The Hecke operator T'=1"6I"=[[ ., I'§; operates on Sy(I", $*X H?),
(e, =+, —) by

T(p)=2. p(£(2)) -n(det £)(c 2+ di) - (¢ P2+ diP))

for o € Sy(I, H* X H*), where

1 1 2, 2.
E‘_ ((a’E ) bi )) (a’g ) bi )))
i ? .
c1(:1) d1(:1) C,,(;Z) d1(;2)
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The map *#: ST, H* X OF)—H*(U#) is commutative with actions of
T*; so S*# is a Hecke-ring-stable subspace of H*(U~#), (For notations
+r, 0 ete. see 1.4).

Since the (partial) conjugation map: 6*%: H* X H*—>H* X H? com-
mutes with the action of ge GL*(2, R)’, 6+?: H{U*f)— H*(U) also
commutes with Hecke operator actions 7% Thus 4*f (a, f=+, —)
are Hecke-ring-stable.

Denote the characteristic polynomial of T* on S,(I', $*X H¥) by
Pgs..s(T,u). Then it is also the characteristic polynomial of T* on S*?#
and on A*#, and

P (T, uy="Ps..(T, Ps, (T, )Ps- (T, w)Ps— (T, u)
=|Ps++(T, )Ps. (T, w)f,
since Pg,,=Pgy__, and Pg,_=P,_,.

We assume that N(g)=—1; let us assume that ¢,(g,)>0, x(g,)<<O
without loss of generality. Put

£=( 1)

then the map E,: H* X H*—H* X H~ etc defined in Section 1.4 gives an
isomorphism E¥: S*-=S8**, etc. For T=I¢&I" ¢ X[, 4), define TZ
by '

TE=ETelE;'=T(ELE; ),

and extend T— T #° to the automorphism.T— T Z° of the ring Z(I", 4).
Then for we S*-, we have
EF(T*(w)=T*(EFW)).
Thus
Py, (T, u)y="Pg, . (T", u).

ri=(5 9)

with &f= —¢;', and TZ=ETE,', E;¥: S-*=S**; then we have

Similarly define

EX(T*w) =T (Es*(w)) for we S+
and
Py (T, u)=Ps..(T%, u).
Also, define
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-1 0
c=("o 1)
and T°=CTC-!, C*: §~~=§**; then we have C*(T*(w))=T(C*(w))
for we S~7; and
Ps- (T, u)=Ps..(T° u).
Thus,
P T, uy="Ps(T, yPs(T ™, wyPs(T ", )Ps(T°, u),

where P(T, u) is the abbreviation of Pg..(T, u). In particular:

Lemma (3.1.1). If T=TE=T%=TC, then

P (T, uy'=P(T, U).

The assumption T=T%=T%=T¢ is true if T=1¢" with &=

(8‘ g) In particular, it is true for 7=7, with a prime ideal p of O

such that (p, 6n)=1, such T, is defined as
r 0
T=r (o 1)F
with
p=(n), z>0.

These automorphisms E,, E;, C=E,o E; of the Hecke-ring Z(I", 4)
form an abelian group @={E,, E{, C, 1}=Z,X Z, with 1=id. So T=
TE5=TE=T° is true for T=T,+(T)?+(T)F4(T)° or for T=(T,)
with some T, € Z(I", 4).

3.4. The final result. Summarizing all of the above, we have

Theorem (3.4). Under assumptions described below, the characteristic
polynomial Py(T, u) of the Hecke operator action T on Sy(I") is divisible by
(u—deg (T))* modulo | where h=[(n—4)(n+1)/8]+1.

Assumptions.

(1) K=QW d), d>0, with h=1, N(e)= — 1, d£5.

) I'=I(n) in the Hilbert modular group with n=q;---q,;
q.#9q; (#Jj); Na,=q; for i=1, ..., n; Nq,=gq; for j=n+1,---, m,
where g, are rational primes; (—1/g;)= —1 for some ¢, (j=n+1, - - -, m)
also (—3/g;)= —1 for one of j=n+1, . .-, m; (n, 6)=1.

(3) There is a rational prime number £ such that: (¢, 6n)=1, ¢,=1
mod £ for i=1, --., n: ;%1 mod £ for j=n+1, --., m; (4, N(1—¢}))

=1.
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(4) T=TI&l € AT, 4) with &= (g g)
In particular, T'=T, for a prime ideal p of O with (p, 6m)=1.
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